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to thank Greg Anderson for asking me about the signs and directing me to papers of
Matthews. He has also computed the valuation of Gauss sums for generic primes, by
using his theory of Baker functions in characteristic p.

0. Background
Notation

F,: a finite field of characteristic p containing ¢ elements

K: a function field of one variable with the field of constants F,
co0: a place of K of degree one

H: maximal abelian unramified extension of K split at oo

A: the ring of elements of K with no poles outside oo

#: a prime of A of degree d

K, : the completion of K at oo

Q: the completion of an algebraic closure of K

h: the class number of K

g: the genus of K

Drinfeld modules, Gauss sums (see [2, 4, 10] for more details)

0.1 Fix a local parameter ¢t at oco. For xeK*, define deg(x)eZ and
sgn (x)eF} to be the exponent in the highest power of ¢ and the coefficient of the
highest power, respectively, in the expansion of x as a Laurent series in 1}, with
coefficients in F,.

0.2 Let L be a field containing A and let L{F} denote the noncommutative ring
generated by the elements of L and by a symbol F, with the commutation relation
Fl = [°F, for all /e L. By a Drinfeld A-module p over L (in fact, ‘sgn-normalized, of
rank one and generic characteristic’, but we shall drop these words) we mean an
injective homomorphism p: A — L{F} (ae A+ p, € L{F}) such that, for all ae 4 —{0},

deg (a)

pa= Z pa,iF" pu,fEL’ pa,0=a’ pa,deg(u)zsgn(a)'

=0

Two Drinfeld A-modules p, j are considered isomorphic (say over L’ o L) if there is
a nonzero /e L’ such that I'p, = p, I’ for ac A.

0.3 Minimal L such that a Drinfeld 4-module over L exists is H up to
isomorphism. Note that the degree of the extension H of K is h. There are A
nonisomorphic Drinfeld 4-modules over H, Galois conjugates over K to each other.

0.4 For a Drinfeld module p over K, define the exponential e(z) = e,(z) of p as
the power series characterized by e(az) = p,(e(z2)), for all ae 4 and e(z) = z + higher-
order terms in z. Then e(z) is everywhere convergent in Q; it has coefficients in H. The
kernel of the function e is a rank one A4-lattice in Q and hence can be described as
=i, o/, for some 7 = 7_,€Q and an ideal &/ of 4. The fundamental period # (in fact, it
has been defined only up to multiplication by elements in F}) of e(z) can be thought
of as an analogue of 2zi and is known to be transcendental [13]. We have #*'e K,
just as (2ni)*eR. The nonarchimedean nature of Q then gives the product formula
e(z) = z[ [ (1 +z/4), where the product runs over the nonzero elements 1 of the lattice
.

0.5 Let L be an algebraic closure of L. For ae A, define ‘a-torsion of p’ as
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A, ={ueL: p,(u) = 0}. For an ideal I of 4, we define ‘I-torsion of p’ as A, :={ueL:
pu) =0, for all ie I}. It is an A-module under p. By adjoining A, ({ nonzero) to K, we
obtain another type of cyclotomic extension of K. In analogy with the classical case,
K(A,) = H(A,) has Galois group (4/1)* over H, and the decomposition (also inertia)
group at an infinite place of H is F} < (4/I)*. Hence the degree of H(A,) over its
‘maximal totally real’ subfield H(A,)* is g—1.

0.6 Let 4 be a prime of 4 of degree d. Choose an 4-module isomorphism
w:A/f— A, (an analogue of additive character) and let x;, (jmodd) be
F,-homomorphisms A4/ — L, where L is a field containing K(A ), indexed so that
X = x;s1 (special multiplicative characters which are ¢’-powers of ‘Teichmiiller
character’, say y,). Then we define the Gauss sums

8= g(XJ) == Z Xj(z_l) w(2).

ze(A/p)*

1. Valuations at o

1.1 Let p be a Drinfeld module over K with the corresponding lattice #&/. Let
# be a prime of 4 of degree d. Consider the Gauss sums as defined in 0.6. Note that
A, ={e(fir): re 7'/} and that g,e AF o((t™)).

THEOREM 1.2. The degree of the Gauss sum is same as the maximum possible
degree of a s-torsion element.

Proof. Let Rc 4'o/ be a set of representatives modulo &/ of the lowest
possible degrees. It is easy to see that there is an F,-basis {r,,...,r,} of R such that
{ry+r,0,+...4r,6,:6,€F } is exactly the subset of monic (that is, of sign 1) elements
of R of maximal degree.

We can assume that the torsion points y(r) are just e(7ir), for r€ R. The product
formula in 0.4 shows that the degree of w(r) is maximal when the degree of r is
maximal. Now, y being additive, the maximal degree is the degree of w(r,). It is
enough to show that this top degree does not get cancelled in the summation.
Since both y and y, are F -linear, and ¢—1 = —1 in characteristic p, we have g, =
Y 2z p(z), where now the sum is taken over the monic representatives of
#7'of [s£. If we note that y,(r,) is a basis of F. over F,, the theorem then follows
from the following lemma.

LemMma 1.3. If f,,....f, is a basis of F a over F, then

1
I= 0.
O‘E‘qfl+f;02+---+fd0d *

Proof. Let

k
M(xy,....x)=]1 IT 4%, 051+ ... +x,6,).
j=1 6;€F,
Then with P(f) =[] (t+ 1.6, + ... +/,6,), where the product is over all 6, € F , we have

L =P(f)/P(f,) and P(f) =M, ... .0/ M(f,,....f)). As P(t) is an F linear
polynomial, P'(¢) is just the coefficient of ¢ in P(f) and hence equals [[(f,8,+...
+/20,), where now the product runs through 6,€F, not all zero. But this is just
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