On the Fourier coefficients
of modular forms II

Douglas L. Ulmer

In this paper we continue our study of the p-adic valuations of eigenvalues of the
Hecke operator U,. In [U2], we proved that the Newton polygon of the characteristic
polynomial of U, on certain spaces of cusp forms of level divisible by p is bounded below
by an explicitly given (Hodge) polygon. Here, we investigate the extent to which this result
is sharp. In particular, we want to find the highest polygon with integer slopes which lies
below the Newton polygon of U, (its “contact polygon”). Knowledge of this polygon yields
non-trivial upper bounds on dimensions of spaces of forms defined by slope conditions. In
some cases, we can go much further, giving formulae for the dimensions of spaces of forms
of certain slopes in terms of forms of weight 2. This can be viewed as a generalization
to higher slope of well-known results of Hida [H] on the number of ordinary eigenforms,
i.e., eigenforms of slope 0. What underlies all of our results is very fine information on
a certain crystalline cohomology group associated to modular forms. In a future paper
we will exploit this information further and prove congruences between modular forms of
various weights and slopes. This allows us to get good control on the Galois representations
modulo p attached to certain forms of weight > 2.

The first section of the paper gives our results on modular forms and then in Section 2
we give the cohomological results underlying these theorems. The main results on modular
forms are 1.4-1.8 and the most important technical result is Theorem 2.4. There is a

summary of the rest of the paper at the end of Section 2.
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1. Slope decompositions Fix a positive integer M and a non-negative integer k£ and
let Sk42(I'1(M)) be the complex vector space of cusp forms of weight k + 2 for the con-
gruence subgroup I'; (M) of SLy(Z). Let Si4+2(I'1(M); Q) be the Q-vector space of forms
all of whose Fourier coefficients at the standard cusp oo are rational numbers; accord-
ing to a theorem of Shimura ([Sh], 3.52) this is a Q-structure on Siy2(I';1(M)). For any

commutative Q-algebra R define
Skt2(l1(M); R) = Sk42(T'1(M); Q) ®@q R.

This space carries an action of Hecke operators Ty for all primes ¢ | M, U, for £|M, (d)
for d € (Z/MZ)*; if R contains an M-th root of unity ¢, we also have an action of the
operator w¢ ([Sh], Ch. 3 or [Mi], 4.5 and 4.6). If M = MM, with (M;, M;) = 1, then
we have operators (d)s, for d € (Z/M;Z)* and (d)rr = (d)nr, (d)pr,- If R contains the
@(My)-th roots of unity pg4(ar,) (Where ¢ is Euler’s function), then we have a direct sum
decomposition
Spia(T1(M); R) = & Sk+2(L1(M); R)(¥)
V:(Z/MIZ)*—R
where f € Skio(I'1(M); R) lies in Sk42(T'1(M); R) () if and only if (d)a, f = ¥(d) f for

all d € (Z/M,Z)*.



Now fix a prime number p, a non-negative integer k, and an integer N prime to p.
Let R = Q, be the p-adic numbers. We can apply the above constructions with M; = p,

My = N, and we get a direct sum decomposition:

p—2
Sie2(T1(pN); Qp) 2 @D Skr2(T1(pN); Q) (x*)
a=0

Il
=¥

where x : (Z/pZ)* — Z, is the Teichmiiller character (characterized by x(d)
(mod p)). (Note that we are not decomposing for characters modulo N.)

We want to consider the action of U, on S = Si12(I'1(pN); Q,p)(x*) when 0 < a <
p — 1. As is well-known, this action is semi-simple (since S is then a space of forms new
at p) and its eigenvalues o are algebraic integers all of whose complex embeddings satisfy
aa = p*+1) ([Mi], 4.6.17). Let v be the valuation of Q, normalized so that v(p) = 1.
Then if « is an eigenvalue of U, on S, we have 0 < v(a) < k+ 1. We define v(a) to be the
slope of the eigenvalue, and if f € S ® Q,, is an eigenvector for U, with eigenvalue o, we
will also call v(«) the slope of f. If f is an eigenform with slope i then for all { € p,n,
we f is an eigenform with slope k 4+ 1 — <.

We will also have occasion to consider the action of U, on Sii2(T'1(pN); Q)P0
the space of forms which are old at p; this is isomorphic to the sum of two copies
of Si4+2('1(NV); Qp) embedded via the standard degeneracy maps. Although this ac-
tion may not be semi-simple, the eigenvalues of U, are again algebraic integers o which
have absolute value p*+1)/2 in every complex embedding. Thus the slopes of forms in

Sk1+2(T1(pN); Q)P0 are also in the interval [0, k + 1]. We also note that

det (1 = UpT|Sk+2(T1(pN); Q)P ~°M) = det (1 = T, T + (p) np" ' T?|Sp12(T1(N); Qp)) -
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To ease notations, we define

_ _ J Sk42(T1(pN); Qp)(x*)  if b0 (mod p—1)
=50 = { ST (PN QUM b2 0 (mod p— 1) (L)

Elementary linear algebra gives a unique decomposition

S%@SA
A

(compatible in an evident sense with the Hecke operators) such that all of the eigenvalues
of U, on Sy have slope A\. More generally, for I an interval of real numbers, let

Sr =P S

Ael

We want to study the dimensions of the S; for certain intervals I, especially those of the
form [i] or (7,7 + 1) where i is an integer in the range 0 < ¢ < k+ 1. In particular, we want
to relate these dimensions for different values of £ and a.

A convenient way to package information about dimensions of subspaces defined by

slopes is via Newton polygons. Recall that if
d
P(T)=1+aT+ - +aT" =[[(1 - uT)
i=1
is a polynomial with Q,, coefficients and with the factors «; ordered so that v(a;) < v(ait1),
then the Newton polygon of P with respect to v is defined to be the graph of the continuous,
piecewise linear, convex function f on [0,d] with f(0) = 0 and f/'(z) = v(a;) for all
x € (i — 1,4). This polygon can be seen to be part of the boundary of the convex hull in
the plane of the points (0,0) and (i,v(a;)) for i = 1,...,d. In particular, if the v(a;) € Z,

then the breakpoints of the Newton polygon (i.e., the points (x,y) on the polygon where

f changes slope) have integer coordinates.



Given non-negative real numbers [y, ..., [,, define the associated Hodge polygon to be
the graph of the continuous, piecewise linear, convex function f on [0,lp + --- + [,,] with
f(0)=0and f'(z) =diforallz € (lo+---+li—1,lo+---+1). In [U2], we proved that the

Newton polygon of the polynomial
P(k,a) =det (1 - U,T|S(k,a))

is bounded below by an explicit Hodge polygon. Let g be the genus of X;(NNV), ¢ the
number of cusps on this curve, and set w = g — 1 4 ¢/2. Then main theorem of [U2] says
that when N > 5 and 0 < a < p — 1, the Newton polygon of P(k,a) lies on or above the
Hodge polygon attached to the integers

lo=(k+a+1)w—c/2
h==hk=(p-1Nw (1.2)

lky1=(kE+p—a)w—c/2

and the two polygons have the same endpoints. (We also treated the cases where N < 4
if p > 3 in [U2], Theorem 7.1, but the formulae are much more complicated.) Since the
middle Hodge numbers are not zero, this result shows that the eigenvalues of U, are more
divisible by p than one might a priori expect.

It is natural to ask how sharp this result is, so let us consider the highest Hodge
polygon (i.e., polygon with integral slopes) lying on or below the Newton polygon of
P(k,a). Generally, given any Newton polygon, define its associated contact polygon as the
highest Hodge polygon lying on or below it and having the same endpoints. By definition,
the Newton and contact polygons meet at some point on every edge of the latter, and

5



any edge of the Newton polygon with integer slope is contained in the corresponding edge
of the contact polygon. It is not hard to check the following formula for the lengths of
the sides of the contact polygon: if Ay, ---, Ay are the slopes of the Newton polygon (with
multiplicities) and if

mi= ) () —G-D)+ Y 1+ Y (i+1-v(ay),

v(ay;)E€(i—1,4) v(ay)=i v(oy;)€E€(4,i+1)

then the contact polygon is the Hodge polygon attached to the numbers mg, mq,.... We
note that m; = 0 if and only if none of the v(a;) lie in the interval (i — 1,7+ 1). The
polygon attached to the m; was called the Hodge-Newton polygon by Crew and Ekedahl
and the slope polygon by Illusie, but both of these terminologies seem to cause confusion.
I propose to call it the contact polygon (and the m; contact numbers) in view of its contact
properties with respect to the Newton polygon. For more discussion on this polygon and
its applications to modular forms, see [U3].

Evidently the difference between the Hodge polygon of [U2] and the contact polygon
of P(k,a) is a measure of the sharpness of the result of [U2]. To measure the difference,
let t* = t'(k,a) (i = 1,..., k) be the number of units the slope i edge of the Hodge polygon
should be raised so that it meets the slope i edge of the contact polygon (or equivalently,
so that it meets the Newton polygon). Since the Hodge polygon of [U2] and the Newton
polygon of P(k,a) have the same endpoints, it follows that t° = t**1 = 0. With the

convention that ¢* = 0 for i < 0 or ¢ > k + 1, the t* are determined by the relations
m; = l; — t' 4 2t0 — ¢! (1.3)

for i = 0,...,k+ 1. Our first result determines when the ¢’ vanish. To avoid constant
repetition, throughout the paper we assume the following.
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Standing Hypotheses. Let p be an odd prime number, N an integer prime to p, k an
integer with 0 < k < p, and a an integer with 0 < a <p—1. If N <2, assume that k = a

(mod 2). After Section 1, we assume also that N > 5.

Theorem 1.4. Let ¢ be an integer with 1 <1 < k.
a)lfi<aandk+1—i<p—1—athenti(k,a)=0.

b) If i = a+ 1 then t'(k,a) = 0 if and only if So(T1(pN); Qp)(X* 0,1y = 0. If
k+1—i=p—athent(k,a)=0ifand only if S3(T1(pN); Qp) (X ) (0,1) = 0.

c)If N>5andifi>a+1ork+1—i>p—athenti(k,a)>0. Forany N, ifi=a+2
we have t(k,a) > l;_; and if i = k+a —p we have t*(k,a) > l;11. (Here the [; are defined

by 1.2 if N > 5 and by [U2], 7.1 if N < 4.)

The theorem says that the Newton polygon attached to modular forms touches the
Hodge polygon attached to the I; at some point on every edge of middle slope, where the
definition of “middle” depends on k, a, and 7. Figure 1 below may be helpful in organizing
the hypotheses. In it, k is fixed and there is one box for each pair (i,a). For the shaded
boxes t > 0, for the clear boxes t = 0, while for the boxes with stars, the behaviour of ¢ is
“arithmetical”: it depends on eigenvalues of modular forms of weight 2. Note that there
are no x’s if k < 1 and no shaded region if £ < 2; the shaded region becomes larger as k
increases until there are no clear squares when k£ =p — 1.

The theorem together with obvious properties of the contact polygon give upper
bounds on the dimensions of spaces of modular forms with certain slopes. For exam-
ple, if (¢, a) is in the clear region, then dim Si12(I'1(pN); Qp)(x*) i < (p — 1)w, since this
is the maximum possible length of the slope ¢ edge of the contact polygon.
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?
Figure 1

We can obtain much more precise information in the clear region, relating dimensions
of spaces of forms of weight k + 2 and weight 2. Recall (from 1.1) the notation S(k,b) for
spaces of modular forms of level pN. To put our result in context, we first recall that by
results of Hida [H], for all £ > 0 we have

dim Sk+2(T1(pN); Qp) (x“) (o) = dim S2(T'1(pN); Qp) (x“ ) (g

0 ifa+k#0 (modp—1)

:dlmS(O,a-i-k)[o]-i-{S_l ifa+ k=0 (modp—1)

(where S is the number of supersingular points on X;(N) in characteristic p) and
dim S12(T1 (PN); Qp) (X*)p41) = dim S2 (T4 (pN); Q) (X *) g

= dim S(O,a - k)[l]
Thus, the dimensions of spaces of forms of weight £ + 2 and minimal or maximal slope
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(i.e., slope 0 or k + 1) are determined by slopes in weight 2. We can generalize this to

forms of slope ¢ and character x* when (a, ) lies in the clear part of Figure 1.

Theorem 1.5. Leti beaninteger 1 <i<ksuchthati <ecandk+1-i<p—1-—a
and set b = a + k — 2i. Let ¢ be the number of cusps on the modular curve X;(N). Then

we have

dim Sk+2(l—‘1(pN>; Qp)(xa)[i] =dim S(O, b+ 2)[1]

c if b#£0,—2 (mod p—1)
+<¢c—1 ifp>3andb=0or —2 (mod p—1)
c—2 ifp=3andb=0=-2 (modp—1)

+ dim S(0, b))
Remarks: 1) Implicit in this result are upper and lower bounds on the dimensions of the
spaces Sp2(I'1(pPN); Qp)(X*)(i)- If N > 5, the upper bound is equal to (p — 1)w, which is
the number of supersingular points on X;(N) in characteristic p. The lower bound (¢, c—1,
or ¢ — 2) seems remarkable. Is there a distinguished subspace of Sy 2(I'1 (pN); Qp) (X*)14)
of this dimension?
2) Using a theorem of Hida [H], the right hand side of this equation can be rewritten in

terms of forms of higher weight but level N. Precisely, if 0 < b < p — 2, one has

dim S(0, b) (0] = dim Sp42(I1(V); Qp)[O]

and if —1 < b < p — 3, one has

dim S(0,b+ 2);1) = dim S, 1 (T'1(N); Qp)1o)-

(Here the slope decomposition on the right hand side is for the operator T, instead of U,.)
We also have a result for slopes in an open interval (i,7 4+ 1) when both (a,i) and

(a,i+ 1) lie in the clear region of Figure 1.



Theorem 1.6. Let i be an integer 0 < ¢ < k£ and assume that either: i + 1 < « and
k+1—i<p—1—a;ori=0anda<p—-1—k;ori=kanda>k. Setb=a+ k— 2i.
Then

dim Sk+2(F1(pN), Qp)(Xa)(z,z—i—l) = dim S(O, b)(O,l)

Remark: It is natural to ask whether a similar statement holds where the interval (i,i+1)
is replaced by a single slope A and (0, 1) is replaced by A — i.

Here is an easy consequence of Theorem 1.4 in the % region:

Corollary 1.7. Let i be an integer with 2 < i < k — 1. Then

So(T1(PN); Qp) (X* 1) 0.1y = 0= Skra(T1(PN); Qp) (X' ™) (i—1,i41) = 0

and
So(T1(pN); Qp) (X D 0.1) = 0= Sk2(T1(pN); Qp) (X' ) (i—1,i41) = 0.

Proof: Under the hypotheses, the combination of formula 1.3 for the contact numbers,
formula 1.2 for the Hodge numbers, and Theorem 1.4 implies that m; < 0; but by definition

m; > 0, so m; = 0. As noted above, this implies there are no slopes in (i — 1,7+ 1). ]

The **x boxes behave slightly differently:

Theorem 1.8. In addition to the standing hypotheses, suppose that £ > 1 and N > 5.

a) (Thecasea=(p—1)—(k—1)and i =1.)
Sk42(L1(pN); Qp)(Xl_k)[Lz) =0
S2(T1(pPN); Qp) (X H(0,1) = 0= § and
dim Sp+2(T1(PN): Qp) (X' ™) (0.1) = 2(p — Dw.
b) (Thecase a =k —1and i =k.)
Sk+2(T1(PN); Qp) (X* 1) (k1,47 = 0
Sa2(T1(pN); Qp) (X )(0,1) = 0= ¢ and
dim Sg42(T1(pPN); Qp) (X* ) (k1) = 2(p — Dw.
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Remarks: 1) It would be interesting to construct explicitly some forms with slope in (0, 1)
or (k,k+ 1) which would “explain” this result. We remark that if N > 5, (p — 1)w is the
number of supersingular points on X;(/N) in characteristic p.
2) A version of this theorem also holds for 3 < N < 4 aslongasp > 3. (f N =1
or 2 and a is as in the statement of the theorem, then k£ # a (mod 2) and so S(k,a) =
0.) Writing I(k,a,?) for the integers defined in [U2], Theorem 7.1, the theorem holds
with 2(p — 1)w replaced with I(k,p — k,1) + I(k,p — k,0) — 1(0,1,0) in case a) and with
I(kk—1,k)+1(k,k—1,k+1)—1(0,p— 2,k + 1) in case b).

To finish this introduction, let us give two examples. First consider the case where
p=>5and N = 1. We have S3(I'1(5); Q5) = 0 and so the Theorems 1.5-8 show that there
are no forms of weights 3 or 4, and that in weight 5, there are no forms with character x!

1

and slopes in [0,2) or with character x~' and slopes in (2,4]. Also, Theorem 1.7 shows

1

that in weight 5, there are no forms with character x* or x~! and slopes in (1, 3). Theorem

7.1 of [U2] shows that there are no forms of weight 5, character x! and slope in (3, 4] and

1

none of character x~* and slope in [0, 1) (because the slope 0 or slope 4 edge of the Hodge

polygon has length 0). Thus the only allowable slope in weight 5 and character x! is 3 and

1is 1 and there should be exactly one

the only allowable slope in weight 5 and character x~
eigenform with each of these two slopes. In weight 6, the only relevant character is x? and
by Theorem 1.7, no slopes in (1,4) occur. Again, [U2] rules out slopes in [0,1) and (4, 5]
so the only allowable slopes are 1 and 4. Since Sg(T'1(5); Qs5)(x?) is w-invariant, these two
slopes must occur with the same multiplicity, and since the dimension of the space is 2,
both should occur exactly once. Warren Staley, a graduate student at the University of

Arizona, has kindly supplied me with data confirming that these predictions are accurate.

11



Thus, in this very simple case, the slope structure of spaces of forms of small enough weight
is determined a priori by that in weight 2.

For a second example, let p =3, N =5, k = 2, and a = 1. The genus of X;(5) is 1
and it has 4 cusps; it has 2 supersingular points in characteristic 3. Also, S(0,b) = 0 for
all b. Using well-known results of Hida on ordinary forms, we find that there are no forms
with slope 0 and (using the w-operator) there are none of slope 3. Theorem 1.8 implies
that there are also no forms with slopes in [1, 2], and that the spaces of forms of slopes in
(0,1) and (2, 3) are both 4-dimensional. Computation with Pari reveals that in fact there

are 4 forms of slope 1/2 and 4 forms with slope 5/2.

2. Slopes and cohomology All the results of the previous section follow from a com-
parison between modular forms and cohomology proved in [U2] and a calculation of certain
cohomology groups of logarithmic or exact differentials. In this section we introduce these
sheaves of differentials and explain the relation with modular forms. We will state three
theorems (2.3, 2.4, and 2.6) and explain how all the results of Section 1 follow from them;
the proof of these three theorems will take up the remainder of the paper.

We retain the odd prime p, and the integers N, k, and a with p | N, 0 < k < p, and
0 < a < p—1; from now on we assume N > 5. Recall the Igusa curve I = Ig(pN) over F,,
and its universal curve £ — I. Asin [U2], we have the k-fold fibre product € x;- - -x ;€ and
its canonical desingularization X, both of which are acted on by G = (Z/NZx p2)*x Sy,
and by (Z/pZ)*. The map f : X — [ is equivariant for the actions of G and (Z/pZ)*,
where G acts trivially on I and (Z/pZ)* acts via the (d),. From now on we write (d) for
(d),. (In [U2], we wrote X for the k-fold fiber product and X for the desingularization.

12



As we will use only the latter variety here, we change to the simpler notation X for the
desingularized k-fold fiber product.)

Let € : G — {1} be the character of G which is 1 on the factors Z/NZ, the identity
on the factors pg and the sign character on S;. Let II € Z,[G] be the projector attached to
e and let I, € Z,[G x (Z/pZ)*] be the projector attached to the character ex®. Let F be
a perfect field of characteristic p, W = W (F') its ring of Witt vectors, and o : W — W the
automorphism induced by the absolute Frobenius of F. We view X and I as varieties over
F by extension of scalars. As explained in Section 3 of [U2], the groups G and (Z/pZ)*
act on the crystalline cohomology groups H.. (X/W). We adopt the following notational
convention, suggested by the idea that the pairs (X, II,) should be thought of as “motives
define by p-integral projectors”: M and M, will stand for suitable combinations of X and II

or X and II, respectively. For example, H’ (M, Q') means I1H’ (X, Q%) and H"

cris

(Ma/W)

means I, HD.,. (X/W).

We proved in [U2] that H*T1(M/W) is a free W-module ([U2], Corollary 5.6) and

cris

that the characteristic polynomial of the absolute Frobenius on H**!(M, /W) is equal to

P(T) = det (1 = Up T|Sk+2(I'1(pPN); Qp) (X)) (2.1)

([U2], Corollary 2.2). Thus we can apply the arsenal of crystalline cohomology to analyze
these spaces of modular forms. We will prove the assertions of Section 1 by using the
deRham-Witt complex and logarithmic differentials to study H*¥(M,/W).

For any smooth, complete, irreducible variety Y over a perfect field F, recall the
deRham-Witt sheaves W, Q¢ on the étale site of Y, introduced by Illusie in [I1], and

further developed in [I-R], [M], and [E]. For each n these fit into a complex

d ; d ; d
w0t ot

13



and as n varies, there are projections W, 1€° — W, Q! giving pro-sheaves W' and a
pro-complex W'. We recall also the (pro-) sheaves ZW Q! and BW Q! which are the
kernel and image respectively of the differential d : WQ! — WQ'*1 | as well as the (pro-)

sheaf

ZWQ!

HWQ = 2.

The W are endowed with (o and o~ !-linear) endomorphisms F and V such that FV = p
and F'dV = d; there is an endomorphism ® of the complex W' which is p'F on WQ".

There are two spectral sequences (the slope and conjugate spectral sequences)

H(Y,WQ) = H(Y/W) and H' (Y, H'WQ) = H (Y/W)

cris cris

which give information on slopes of crystalline cohomology. The endomorphism @ of
W induces the absolute Frobenius endomorphism on the abutment of the slope spectral
sequence. In order to avoid notational confusion, we will write ® for the absolute Frobenius
endomorphism of H..;s. We will use [I12] as a highly readable general reference for results
about the deRham-Witt sheaves and their cohomology.

Consider the subcomplex of W, 2" whose degree ¢ component is generated additively
by sections

day/zi Ao Ndzifz;

where z; € Oy and z; = (24,0,...,0) is the Teichmiiller representative of x;. The degree

i component is denoted Wanog in [I-R] and v, (7) in [M], and as n varies, they form a

projective system of sheaves with the maps induced from the projections W, — W,,_1 .

By convention WnQ?Og = v,(0) = Z/p"Z. Also, we will write Qéog for Wlﬁfog; it is just
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the usual sheaf of logarithmic differential i-forms. We have exact sequences
0— Wmeog — m+anog — Wanog —0

and

» .
—— WQ,,

0— WQfog — Qfog — 0.

Now consider the presheaf
Av s Hgt(Y x Spec A, Wanog) = Hgt(Y x Spec A, v, (7))

on the category of perfect F-algebras equiped with the étale topology. One knows that the
associated sheaf H’ (Y, Wanog) is represented by a commutative algebraic perfect group
scheme killed by p™ (see [I-R] Ch. 4 or [M] Section 1 for definitions and proofs). If A is

an algebraically closed field containing F', then the presheaf and the sheaf have the same

value on A, i.e.,
H7(Y x Spec A, W,Qj,,) = H? (Y, W, ) (Spec A).

The connected component U% of this representing group is a unipotent algebraic perfect
group scheme of finite dimension. A fundamental duality theorem of Milne ([M], 1.4) says
that

Urizj = Eth(Ug_i’cH_l_jv Q,/Zy)

where d is the dimension of Y; in particular, the groups U and UZ~%9+1=J have the same
dimension. Finally, U¥ = lim U is also finite dimensional ([M], 1.8, 3.1 and [I-R], IV.3).
We let T% denote the dimension of U1, (The reason for this funny shift is that the 7%

were originally defined in terms of some other cohomological object and were later proved
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to be equal to the number defined here.) If Y has dimension n, one knows that 7% = 0
if i >n —1or j <1;in particular, all 7% = 0 when Y is a curve. As remarked by Milne
([M] 3.5), the T are in general rather difficult to calculate.

These integers are closely related to slopes of Frobenius on crystalline cohomology via
a result of Ekedahl. Suppose that the Hodge to deRham spectral sequence H7(Y, Q) =
Hé;j (Y) degenerates at E; and that the crystalline cohomology groups H...(Y/W) are
torsion-free. Fix an integer n and let my, ..., m, be the contact numbers attached to the
characteristic polynomial of Frobenius on HZ., (Y/W). Let h"/ be the Hodge numbers
h¥ = dimg H?(Y,Q%) and let T% be the dimensions of the group schemes U1 attached

to Y as above. Then Ekedahl’s result is
m; = hi,n—i o Ti,n—i + 2Ti—1,n+1—i . Ti_2’n+2_i. (22)

(This is a combination of [12], 6.3.11 and 6.3.1.)

We want to apply this result to the M,. As explained in [U2], the groups G and
(Z/pZ)* act on the deRham-Witt cohomology groups H? (X, W) and H (X, H/WQ),
and on the spectral sequences converging to H.. (X/W). Thus we can apply the projectors
IT and II, to these objects. Moreover, GG acts on X covering the trivial action on I, so it
makes sense to apply II to certain sheaves on I, such as R’ Q% , R/ f.Z%, R’ f.B%, and
RIf, QfX Nt We extend our basic notational convention to cover these groups and sheaves:
thus H7(M,, WQ') means 11, H/ (X, WQ) and R’ f,Q%; means 1R’ f. Q% .

More generally, we can define objects RT'(M,, W) in the derived category D2(R)
of [I-R] (here R is the Dieudonné-Raynaud ring W, [F, V][d]); these are direct factors of

RT(X, W) and their cohomology groups are the R-modules

o HI (M, W) —% HI (M, WQitY) — ...
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Indeed, the canonical flasque resolutions WQ! — Li — L} — .- of the WQ! fit together
to form a flasque resolution W& — Ly — L7 — -+ of W' by R-modules L;. Moreover,
from the definition, it is clear that G' x (Z/pZ)* acts on the R-modules L;. Applying
the functor RT'(X, —) followed by II,, we get a complex of R-modules whose cohomology
groups are the desired R-modules. This complex is clearly coherent (in the sense of [I12],
2.4.6) since it is a direct factor of RI'(X, W), which is itself coherent. Thus we can apply
many of the results of [E], which are formulated for an arbitrary object of D%(R), to the
II,RT(X, W).

Now apply these constructions to M,: let U¥ be the inverse limit of the connected
components of the groups representing ﬂj(Ma, WnQéog) = Haﬂj(X, WnQéog) and let T%
be the corresponding dimensions. We proved in [U2], 5.6 that the Hodge to deRham
spectral sequence of M degenerates and that H,,.;s(M) = H"'1(M) is torsion free, and,
in 5.8, that the Hodge numbers h**T1=% of M, are the integers l; of Section 1. Thus
the numbers ¢’ of Section 1 are given by the T%: comparing 1.2 and 2.2 we have t' =

Ti~1Lk+2=1 In particular, we can determine the contact numbers m; attached to modular

forms cohomologically.

Here is the first main theorem on the T%. Part a) (which is easy) will be proven in

Section 4 and part b) will be proven in Section 6.

Theorem 2.3. Assume the standing hypotheses and let '’ =p — 1 — a.
a) We have

HI(M, WQ;’OQ) = H(M, Q;‘Og) =0

unless i +j = k+ 1 or k4 2; moreover, T% =0 unless i + j = k + 1.

17



b) For 1 <i <k,

| ' 0 ifk—a <i
TVt s L (g Nwk—d —i) if(k—a)/2<i<k—d
(p—Dwi ifi <(k—-a)/2
0 ifi<a+1

+{(p—Nw(i—a-1) fa+1<i<(k+a+2)/2.
(p—NDwk+1-14) if(k+a+2)/2<i

This lower bound is non-zero ifand only if a +1 <iori <k —d'.

For H = H"'Y(M,/W) or H = H}

cris cris

(I/W)(x") and for any interval J C [0,k + 1],
define

H;y=(H®Q),NH

(where the slope decomposition of crystalline cohomology is with respect to the action of
Frobenius and the canonical valuation of W ® Q). The following result, besides giving
the vanishing of certain 7%, will be crucial in relating forms of higher weight to forms of
weight 2. We will establish it in Section 8. In the statement, C' is the reduced divisor of
cusps on I, dq/q is a certain logarithmic differential on I which is defined in Section 3, and

C and F' are the Cartier operator and Frobenius respectively.

Theorem 2.4. Assume the standing hypotheses and let ' =p — 1 — a.
a) Fix an integer ¢ with 1 < i < k and suppose i < aand k+1—i <p—1—a. Let

b=a+k—2i. Then H*T1=9(M,, Q¢ ) isfinite. If the ground field F is algebraically closed

log

then H*+1=¢(M,, Qfog) has a three step filtration whose graded pieces are isomorphic to

C=1
(W)) Cand  HNILOL,)(0).

log

BT, (s

Fdq/q+ H°(1,Q1)

Moreover, T~ 1F+2-i —
b) Fix an integer s with 1 < i < k and let b = a+ k — 2i. Suppose F is algebraically closed.

18



If i=a+1 then
HF N (M, Q) = HO(L QY ()"0 =2 HO(1, B)) (X" )

and Ti-bk+2=i — 0 if and only if H°(I, B})(x*™?) = 0, which holds if and only if

(I/W)( b+2)(0’1) =0. Ifk+1 —i=p—a then

Hk+1 Z(‘]\460752log> = Hl(I7 O)(Xb>F:O = HO(Iv B})(Xb>

and T"~Hk+2=1 = ¢ if and only if H°(I, B})(x") = 0ifand only if H, . (I/W)(x")(0,1) = 0.

In view of the fact that ¢! = T* 1**2=¢ Theorem 1.4 follows immediately from
Theorems 2.3 and 2.4.
The vanishing of T”s recorded in 2.4 and results of Illusie and Raynaud [I-R] allow

one to determine the ranks of certain pieces of H**1(M, /W) defined by slopes. Here is

Cris

the cohomological result underlying Theorem 1.5:

Corollary 2.5. Fix aninteger 1 <i <k and let b =a+ k — 2i.

a)lfi<aork+1—i<p—1-—a then we have

Rk er—iz_sl (MG/W>[Z] - RkW Hclms(I/W) (Xb+2)[1]

c ifb#£0,—2 (mod p—1)
+4qc—1 ifp>3andb=0,-2 (mod p—1)
c—2 ifp=3andb=0=-2 (mod p—1)

+ Rkw Hclrzs (I/W) (Xb)[o] :
b) If i =a+ 1 then

CT"LS(I/W)( )(0 1) _0:>Hk+1(Ma/W)[Z] =0

CTr1s

andif k+1—1i=p—a then

cms(I/W>( )(0,1) =0= H}H_I(MG/W)[Z] = 0.

Cris
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Proof: The argument of [[-R] IV.4.5 shows that if T~ 1LkT2= = Ti=Lk+3=i — ( then
HEL (M, /W) i) is a direct factor of HFTL(M, /W) as F-crystal and the slope and conjugate

cris cris

spectral sequences define an isomorphism

HEEN (Mo /W) =2 HM (M, ZW Q).

cris

Since neither side of the equality to be proved depends on the ground field F, we can
assume it is algebraically closed. Then using [I-R] IV.3, we have a canonical Z,-structure

on HF1=4(M,, ZWQ):
H* 7 (M, ZWQ) = @g, W = HF' 1 (M, ZWGY)
and there is an isomorphism
HM (Mg, ZWQH = =2 HM 0 (M, WQ,,).

This shows that H*F1=¢(M,,, WQi_ g) is torsion free; a similar argument gives the vanishing

of HE+2=1(M,, W ) so we have

log

HY 7 (Mo, Wog) /p 2= HM T (Mo, W, /p) 2 HEF (M, Q).
Putting all this together, for i such that T¢~1k+2—i — Ti=Lk+3—i — () we have

Rk Hity (Mo/ W)y = dimp, HH (Mo, Q).

cris

Similar arguments go through in general for a curve and we have

RkW Hl (I/W> (Xb+2> 1] — dim F, HO(I7 Q;og) (Xb+2>

Rk H' (I/W)(X")jo) = dimg, H'(1,2,,)(x")

log

Part a) is now an immediate consequence of Theorem 2.4a and the fact (cf. Section 3) that
the differential dq/q lies in the x? eigenspace for the (d) action. Similarly, part b) follows
from Theorem 2.4b. 0
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Here is the main cohomological result related to fractional slopes. We will prove it in

Section 9.

Theorem 2.6. Assume the standing hypotheses, fix an integer  with 0 < i < k, and set
b=a+k — 2i.
a) Suppose eitheri+1 <agand k+1—i<p—1—aqg;ori=0anda<p—1—Fk;ori=%k

and a > k. Then
HEY=4(M,, BWQITY /F =~ HY (I, BWQY) (xb)/F.
b) If i = a then
HY I /W) 0,1) = 0= H 1 (M, BWQT) =0
andif k—i=p—1—a then
HYI/W)(x o) =0= H"(M,, BWQ) = 0.

Using 2.6, we can establish the cohomological result underlying Theorem 1.6.
Corollary 2.7. Fix an integer i with 0 <i <k, and set b = a + k — 2i.

a) Suppose either i +1 <gand k+1—i<p—1—aqa;ori=0anda<p—1—k;ori=%k

and a > k. Then

RkW Hk+1(Ma/W)(i,i+1) = RkW Hclm's (I/W) (Xb)(ovl)'

b) If i = a then

Hl(I/WﬂXHl_i)(o,l) =0= Hk+1(Ma/W)(i,i+1) =0

cris
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andif k—i=p—1—a then

HYI/W)(x D 0,1) =0= HEF (Mo /W) ;i41) = 0.

Proof: The hypotheses and Theorems 2.3 and 2.4 imply that we have

Ti—l,k:—l—Q—i — Ti—l,k+3—i — Ti,k:—l—l—i — Ti,k+2—i = 0.

Using these facts, the argument of [I-R] IV.4.5 shows that HkH(Ma/W)(i’Hl) is a direct

Cris

factor of H*'1(M,/W) as F-crystal and we have an isomorphism

CTr1s

HELN (Mo /W) i1y = HH (M, BWQTY)

CcTr1s

with ® on the left corresponding to p*F on the right. Similarly,

(1/ W),y = HY(T, BWOY).

CTlS

Theorem 2.6 thus shows that

Hk+1(Ma/W)(i,i+1)/p "= HL (I/W)0,1)/P.

CTr1s cris

This is already enough to prove part b): we have

HEPH (Mo /W) iv1)/p @ = 0= HEEN (Mo /W) i1y = 0

CcTr1s CcTr1s

since p~'® is topologically nilpotent on HkH(Ma/W)(i’iH).

Cris

To finish the proof of a), suppose that Aj,..., A\g are the slopes (taken with multiplic-

ities) occuring in HkH(Ma/W)(i’iH) and set

R=D (i+1) = BT =) N -
J J
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(so h and h**! are the contact numbers attached to Hk“(Ma/W)(i,iH)). We have

CcTr1s

Rkw HEEN(Ma/W)(ii1) = A + b

Cris

dlm Hk+1(Ma/W)(i’i+1)/p_iq) = hi+1

Cris

and

dlm Hk+1(Ma/W)(i’i+1)/pi+1®_l = hz

Cris

Similarly we have integers h” and h' attached to H. . .(I/W)(x") and the argument above

cris

shows that hi*! = h!. On the other hand, the hypotheses of the Corollary are invariant

under replacing ¢ with £ — ¢ and a with p — 1 — a so using Poincaré duality we have

WA (HESH (Mo /W) i11)) = W HEE (Mo /W) (=i ps1—4))

Cris Cris

= h'(H,i o (I/W) (X ") 0,1)) = h%(

cris

CT‘ZS(I/W)( )(0,1))‘

Thus h° + k' = h* + ! which completes the proof of the corollary. O

Finally, let us establish the cohomological result underlying 1.8.

Corollary 2.8. In addition to the standing hypotheses (in particular, N > 5), assume
k > 1. Then

HEEN (Mg /W )12 =0

HY(I/W)(x Y1) =0= < and
Rk HEEN (M /W) 0.1) = 2(p — Dw

CcTr1s

Similarly,

HE N (My—1 /W) (h—1.0) = 0

HY(I/W)(x")0.1)=0= 1 and
Rkw HEXN(Mi—1 /W) g g1y = 2(p — Dw
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Proof: Let us prove the first assertions; the other can be proven analogously or deduced
from Poincaré duality. The vanishing implication already follows from 2.5b and 2.7b (both
applied with ¢ = 1 and a = p — k); it follows that the Newton polygon attached to
HFPY(M,_ /W) first meets the slope 1 edge of the contact polygon at the point where its
slope 1 and slope 2 edges meet. On the other hand, the hypothesis H* (I/W)(X_l)(m) =0
implies that Rk H'(I/W)(x ")) = 2w —¢/2 and so (for example by well-known results of
Hida [H] together with 2.1) Rk H* ! (My_/W)jo) = 2w — ¢/2. By Theorem 2.4, TOF+1 =
TYF = 0 so using the formulas 1.2 and 1.3, the horizontal distance between the point where

the Newton polygon leaves the slope 0 edge of the contact polygon and the point where it

meets the slope 1 edge (i.e., the rank of Hk+1(M1_k/W)(071)) is 2(p — 1)w. O

cris

Now we explain how the results of this section imply the theorems of Section 1. Indeed,
Formula 2.1 says that the Newton polygon of U, on S = Si12(I'1(pN); Qp)(x?) is equal
to the Newton polygon of Frobenius on H = H"t!(M,/W). Thus for all ), the rank over
W of the slope A part of H is equal to the dimension over Q, of the slope A subspace of
S. This means that 2.5, 2.7, and 2.8 immediately imply 1.5, 1.6, and 1.8 respectively.

As we have seen, all the results of Section 2 (and thus of Section 1 as well) follow from
2.3, 2.4, and 2.6, so we are reduced to proving those theorems. We will carry this out in the
rest of the paper, but for simplicity, we assume throughout that N > 5. We explain here
how to obtain the results of Section 1 when N < 4. The point is that when N < 4, there
is no universal curve, so we have to replace the motive (X, II) with one based on a higher
level modular curve. First of all, if p = 3, N < 4, all of the assertions of Section 1 are true,
as can be checked with a finite amount of computation. (We will explain a more refined

version of this computation, including congruences as well as slopes, in a future paper.) Let
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us then assume that p > 3. We choose an auxiliary integer M > 2 with p not dividing the
order of H = GLy(Z/MZ) and replace the I'y (N) moduli problem with the simultaneous
moduli problem I'y (N) NT'(M). We have a modular curve I for Igusa structures of level
p and I'1(N) NT'(M) structures and a construction analogous to that at the beginning of
this section gives pairs (X, IT) and (X, II,) whose cohomology is related to modular forms
on I'1(N) NT'(M). The variety X also has an action of H and we define Il € Z,,[G x H]|
and I}, € Z,[G x (Z/pZ)* x H] as the projectors cutting out the H-invariant part of
the cohomology of (X,II) or (X,II,). We can then carry out all the arguments of the
paper with the motives (X,II') and (X,II,). The characteristic polynomial of Frobenius
on Hngr‘;l(X) is equal to the right hand side of 2.1 and Theorems 2.3-2.8 hold if we
replace cohomology groups of I with their H-invariant parts. (The integers on the right
hand side of the inequality in 2.3b implicitly involve a cohomology group on I. The correct
values when N < 4 are given in Section 6.) Using these versions of 2.3-2.8, one finds that
the theorems of Section 1 hold as stated, i.e., for all N.

To end this section, we give some idea of the contents of the rest of the paper. It
will turn out that the two crucial technical results are these: H k+2_i(Ma,Q§Og) has a
positive dimensional F-vector space as a quotient for certain values of k, a, and ¢ (this is
essentially 2.3b); and, for certain other values of k, a, and i, the group H**t'=%(M,, Q¢ )

log

is finite and closely related to H(I,;,,)(x""?) and H'(I,,,)(x") (this is part of 2.4a).

The cohomology of the )

log 15 mysterious, but we can relate it to more tractable coherent

sheaves: the exact sequence

0—>Qfog—>Zg(1;c>QfX—>0
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leads to a surjection H*+?7*(M,, €, ) — H**?*7*(M,, Z") and an isomorphism

RFIT Q0,2 Ker (1—C: RFFYif, 20 — REFITiF,00 ). (2.9)

We know all about the cohomology of the Qf, from [U2], so here we concentrate on the
cohomology of Zi, together with its two maps 1 and C to the cohomology of Q,; along
the way we will also need to study the cohomology of exact differentials.

In Section 3 we make a preliminary study of the relative deRham cohomology of
the universal curve &€ — I, with its two filtrations and Gauss-Manin connection. The
interaction between these three structures near the supersingular points plays a key role
throughout the paper. Using this, in Section 4 we consider the R’ f.Z%, and the maps 1
and C in the very simple cases where i = 0 (where Z% = O%) and i = k41 (where Z5™! =
Qljfl). In order to study 1 and C for other values of i we use the deRham cohomology
sheaves H Z‘Ej (M) of M on I, with their Hodge and conjugate filtrations F" and F.. There is
a natural surjection R’ f,Z%, — (F'NF;)H ZEj (M) and its compositions with the two maps
(Fin F)HSY (M) — Gr* HS (M) and (F/ 0 F)HSH (M) — Gr; H;H (M) are closely

related to 1 and C. Indeed, the conjugate spectral sequence degenerates, Gr; H Z‘Ej (M)

RIf.QY,, and C : RIf.Z%, — R’ f.Q%, is the composition above. On the other hand,
the Hodge spectral sequence turns out not to degenerate. We analyze it in Section 5 and
then in Section 6 use these results to compute the cokernels of 1 and C : RIf.Z%, —

R f.Q%,. Chasing through some exact sequences leads to computations of RFF2=1f, 7t

and RF27if,Bi and to the positive dimensionality of H**2-%(M,, Z%) for certain k,

i

log)> this yields the first main

a, and i. Since this group is a quotient of H*+2=%(M,, Q
technical result.
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Sections 7 and 8 contain a rather indirect computation of the H*+1=%(M,, Qfog) for
the remaining k, a, and 7. First we observe that the non-degeneration of the Hodge spec-
tral sequence leads to a construction of a map (with well-understood kernel) from certain
subsheaves of the invertible sheaf R¥ f+Onr to the RF+1-i f*wa. Next we construct anal-
ogous (injective) maps from certain subsheaves of the invertible sheaf R° f*Qﬁj ! to the
RET1=if 71 and we show that, for suitable k, a, and i, the images of the two maps gen-
erate (RFH1=1f, Zt )(x®). Thus we can reduce questions on the hard-to-compute sheaves
REFI=if 71 to questions on well-understood invertible sheaves on I. This idea and the
isomorphism 2.9 allow us to establish an isomorphism between (R¥*1~7 f*QlM,zog)(Xa) and
a certain sheaf F of functions. Finally, we show that the group of global sections of F
has a natural filtration whose graded pieces are closely related to H(I, Q}Og)(xb“) and

HY(I, Q?Og)(xb). (This last point suggests that there may be a more natural description
of RF+H1=if, 3\4,log in a suitable derived category. However, the isomorphism between the
graded pieces of HO(I, RFH1-if, Mlog)(xa) and the logarithmic cohomology groups on [
is twisted, both with respect to Frobenius and to the relevant ring of Hecke operators, and

the twisting depends in a complicated way on the data k, a, and 7. At the moment, I know

of no simple complex which has all the required properties.)

3. Relative deRham cohomology We keep the notational conventions of the last
section; in particular, M stands for the appropriate combination of the variety X and the
projector II. For example, f, Qﬁw /7 Means II f*QfX NE Also, if F is a sheaf we will frequently
write s € F when we mean “s is a section of F over some open set” and we also denote
the restriction of F to any open set by F.

Our goal in this section is to collect some facts we need on the relative deRham
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cohomology of M over I with its two filtrations, pairing, and Gauss-Manin connection.
We will also construct some canonical cohomology classes by using the Igusa structure on
&/

Recall the diagram of Frobenius:

X Fx/1 X/ Gx/r1 X
! !
S T

where F7 is the absolute Frobenius of I, the square is Cartesian and defines X', and
Fx = Gx/roFx/p is the absolute Frobenius of X. We will frequently use a prime to denote
the pull back under Fj or Gx,; for example, if w. is a section of Q}(/I, we write w/, for

}/Iwc. Recall also the relative Cartier isomorphism: let Z§(/I = Ker (d : QfX/I — Qi) ),

X/I
Bé{/[ =Im(d : le_/ll — Qé{/ﬂ? and Hé{/[ = }'(/I/Bg(/l. Then we have an O x=linear
isomorphism
Cx/r: Fx/rnMr — oy (3.1)

We will sometimes also view this as a semi-linear map

where semilinearity here means that Cx,;(f?0) = f'Cx,r(c). Note that this last map is
still O;-linear.

We are going to study the relative deRham cohomology of X over I. In fact, most of
our calculations in this section will actually take place over I° = I\ {cusps}, where X is
the k-fold fiber product of a smooth elliptic fibration.

Recall the relative deRham complex of X over I:

QX/IZ<O—>(9x—>9§(/1—>9§(/1—’"'>'
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By definition, the relative deRham cohomology sheaves are the hypercohomology sheaves

of this complex:
H)p(X/1) = R f.Qx;-

The complex €2y /1 has two filtrations by subcomplexes, the Hodge filtration and the

conjugate filtration, which we denote by F" and F':

_ -
FI(Qx,p) = <0 - QfX/I Q?X/I - )

and

() = (0 Ox = o= Qg = 2 = 0).

These filtrations give rise to two spectral sequences, the Hodge spectral sequence
B = RIf.Q ) = Hi (X/T)

and the conjugate spectral sequence
EY = R'f.H, = HH(X/T)

(which is actually the shift E?'? — EIT?P7P of the usual spectral sequence associated to
the conjugate filtration). We denote again by F" and F. the filtrations on the abutment
H'J(X/I) and by Gr’ and Gr. the associated graded sheaves.

We will need two other structures on the relative deRham cohomology: the deRham
pairing and the Gauss-Manin connection. Over I°, where the fibers of f are smooth

complete varieties of dimension k, we have the deRham pairing

(Var : Hp(X/)I) @ H25 (X/I) — O
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induced by cup product, the wedge product /1 ® Oy i Oy NE and the trace map
H2K(X/I) = O;. This is an alternating, O;-linear, non-degenerate pairing which has
the following compatibility with Serre duality: if s € f*QfX e t e RiIf.Ox,and 3, t €
H g r(X/I) are sections over some open with § and ¢ the images of s and ¢ under the edge
maps f*Qi(/I — ﬂgR(X/I) and ﬂflR(X/I) — R f,Ox of the Hodge spectral sequence,
then <§7 t)dR = <37£>Ser7"e-

The Gauss-Manin connection is the derivation of Or-modules
Vi H)p(X/1) = Qf © Hp(X/T)

defined as the coboundary in the long exact sequence of hypercohomology deduced from

the short exact sequence of complexes
0— f*Q; @ Q5 — Qx — Qy,; — 0.

(See [K-O] for a proof that this is a derivation and that it defines an integrable connection
on H é r(X/I).) It follows immediately from the definition that the conjugate filtration is
horizontal with respect to V (i.e., V(F;H5(X/1)) C Q} ® F;H,5(X/I)) and V shifts
the Hodge filtration by at most one (Griffiths transversality: V(F/H45(X/I)) C Q} @
Fi~Hiy (X)),

Since G acts on X covering the trivial action on I, we can apply II to the ﬂéR(X/I)

and define, following our usual notational convention,
Hyp(M/1) = IH ) (X/1).

We can also apply II to each term of the spectral sequences above and get two spectral
sequences converging to H)p(M/I); we will again denote the resulting filtrations by F"
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and F.. Since the character e giving rise to II satisfies € = ¢! and over I° the trace map
H2K(X/I) = Oy is equivariant for G (i.e., G acts trivially on H2%(X/I)), the deRham

pairing restricts to give an alternating, non-degenerate, O;-linear pairing
(:ar : Hyp(M/1) @ Hgp ™ (M/I) — Or

over I°. Finally, the Gauss-Manin connection commutes with the action of G, so V defines
an integrable connection on the H: fl r(M/I).
In [U2], 5.2 we showed that over I°,

‘ ‘ ‘ ‘ 2i—k s s
RJ *Qz =R’ ; 7 ~ w le-i-j:k'
f M/1 f X/1 { 0 otherwise

and we have Rif*ng/I = HRif*Hi(/I = HRif*QJ)‘(.;,I. It is immediate that over I, the

spectral sequences of deRham cohomology of M/I degenerate and HYr(M/I) = 0 for
i # k.

Recall that when k& = 1, X is &, the universal curve over I, and H:n(X/I) =
Hlp(E/T). We want to define some interesting sections of Hjp(E/I). The Hodge and

conjugate spectral sequences give rise to two exact sequences
0— f*Q}S/I - ﬂ}m(é’/[) — R'f.0g =0

and

0— le*Hg/I - ﬂ}m(g/[) - f*Hé/I — 0.

Since f : & — I is a flat family of curves of arithmetic genus 1, the sheaf R'f,O¢ is
invertible on I; we define w to be its inverse. Over 1%, Serre duality defines an isomorphism
w = f, Q}S I Also, the relative Cartier isomorphism 3.1 defines isomorphisms R* f*Hg /1 o

R'f!Og> w™P and f*H}:/I = iQ}SQI =~ P over I°.
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Fix a splitting

Hyp(€/1) 2w e w! (3.2)
of the Hodge filtration sequence
0—w— HiR(E/) - w™t =0

over the open curve I°. (If p > 3, then Katz [K1, Al1.2] has defined a distinguished
splitting in terms of a Weierstrass model.) Recall also that there is a canonical section
we of w characterized by the fact that Cx/j(w.) = w.. (Cf. [K-M], 12.8. The existence of
we is one possible definition of the Igusa curve.) We write w, for its image in H}x(E/T)
as well. As a section of w, w. vanishes to order 1 at each supersingular point and is a
generating section elsewhere. We let nx be the rational section of H (113(5 /I) mapping
to (0,w; ') under the splitting 3.2. It is regular away from the supersingular points.
By the compatibility between Serre duality and the deRham pairing mentioned above,
(Wes M) dr = (We, we ') serre = 1.

We also have the conjugate filtration sequence which over I° is isomorphic to
0—w?— Hin(E)T) — wP — 0;

let 7. be the image in H}5(E/I) of the rational section w; P of w™P. This is an analogue of
w, for the conjugate filtration. We will find below a natural rational section of H}p(E/T)
lifting the section w? of wP.

Next we introduce O;-linear maps F : Hy,(E'/1) — HLp(E/I) and V : H:n(E/1) —
H - (£'/T) which were first defined by Tadao Oda in his thesis [O]. By definition, F is the
composition

1 (ol 1 g1 C' o plyp a0 1
Hyp(&'/I) = R f,Oso— R f*Hg/I — Hyp(E/1)
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and V is the composition
c
ﬂclm(g/]) - f*H<1€/I - fiQé'?I - EzliR(gl/I>'

Explicitly, if (wf, Aj;) is a Cech hyper 1-cocycle (for some cover) representing a class of
Hp(E'/1) over some open, then (0, \? ) represents its image under F. If (w;, A;;) represents
a class of Hip(E/I), then (Ce /1ws, 0) represents its image under V. In particular, the

following transposition formula for /" and V holds:

(F(z),9)ar, e/1 = (%, V(Y))ar, o1 (3.3)

Note also that Ker V = FoHYy,(£/I) and Ker F = F'Hn(E'/I).

Define rational functions A and B on I by the formula
F(ny) = Angk + Bwe.

Then the sections Aw?™! and BwP*! extend to regular sections of w?~! and wP*! respec-
tively, over all of 1. (Cf. [K1] and [K2] for this and other assertions in this paragraph.)
As is well-known, Aw?~! is the value of the Hasse invariant on £ (viewed as a section of
wP~1): thus by the definition of w., A = 1. Strictly speaking, BwPT! is not the value
of a modular form, since it depends on the splitting 3.2; the possible splittings are a ho-
mogeneous space for H°(I°,w?) and if we change the splitting by s, the value of BwPT!
changes by sw?~!. In particular, BwP?T! is well-defined where w?~! vanishes, i.e., on the
“supersingular scheme” defined by the vanishing of w?~!. If p > 3 and we use the splitting
of Katz, then the value of BwP™! is the reduction mod p of —1—12Ep+1 where E,;; is the
Eisenstein series of weight p + 1 and level 1, viewed as a section of wP*!. By a theorem of

33



Igusa, the section BwP™! of wPT! does not vanish at any point where the section Aw?~! of
wP~! does (i.e., at the supersingular points). This implies that B has poles of order p + 1
at each supersingular point; it is regular elsewhere. Calculating as in [U2], (above 5.7), we
find that (d)*w. = dw. and (d)*B = d"P~'B = d 2B for all d € (Z/pZ)*.

We have F(w)) = 0 and F(n}) = nx + Bw. by definition. Using the transposition

formula 3.3, we compute

and

V(?]K) = —Bw/.

C

Also, it follows from the definitions that F'(n%) = 7., so we find
Ne = NK + Bwe.

Moreover, since V(ng) = —Bw’,, we have —B~'ny € H}5(E/1) lifts wP € f*H}:/I >~ WP,
To summarize, we have three “bases” (at the generic point) of Hjp(E/I), namely
(We, MK )y (Mey i), and (we,ne). The first is adapted to the Hodge filtration in the sense
that a section s = zw. + yng (r,y € O;) lies in F*H:(£/1) if and only if y = 0; s is
regular at ordinary points where x and y are regular, and at supersingular points where
ord(z) > —1, ord(y) > 1. The basis (1., nk) is adapted to the conjugate filtration in a
similar sense; a section s = xn. + yni is regular at ordinary points where x and y are
regular and at supersingular points where ord(x) > p, ord(y) > 1. Finally, the basis
(we, Me) is convenient for comparing filtrations: s = zw,. + yn. lies in F1HY5(E/I) if and
only if y = 0 and it lies in FyH il r(E/1) if and only if x = 0; unfortunately, the regularity
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conditions in this basis (and its symmetric powers) are not as attractive: s is regular at
ordinary points where x and y are regular and at supersingular points where ord(z) > —1
and ord(z + By) > 1.

(We remark that 7. stands for 7.q, and nx stands for nxa:.. nx is what Katz calls
Nean 10 [K1], but 7. seems more canonical—it does not depend on any choice of splitting.)

To discuss the Gauss-Manin connection, recall the differential dg/q on the Igusa curve
I; dq/q was characterized in [Ul, 7.7] in terms of the the kernel of p on the universal
curve £. Alternatively, dg/q can be defined on the Tate curve as the image of w? under
the Kodaira-Spencer isomorphism w? = Q!(log cusps) and then extended to the Igusa
curve. On I, dq/q vanishes to order p at each supersingular point, has simple poles at
each cusp, and is regular and non-vanishing at the other ordinary points. Also, we have

(c)*dq/q = c*dq/q for all ¢ € (Z/pZ)*. In terms of this differential, Katz [K1, A1.3.16]

has shown that

V(we) = (dq/q)nk + B(dq/q)w. = (dq/q)n.

and
Vnk) = —(B%dq/q + dB)w. — B(dq/q)nk

dB dq dB
= —ng — (B— 4+ —)ne.
5K ( 7 T3 )n
(This last formula corrects a sign mistake in [K1]; the problem starts at A1.3.14 and
continues through A1.3.16 where the lower left entry of the matrix on the right hand side

has the wrong sign.) It follows that V(n.) = 0.

Lemma 3.4. The di erential B(dq/q) has a simple pole with residue +1 at each super-
singular point. The di erential B?(dq/q) + dB vanishes to order at least p — 4 at each
supersingular point.
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Proof: This follows from the fact that V takes regular sections to regular sections and the
formula for V(ng): we work in an open neighborhood of some fixed supersingular point.

Let t be a uniformiser there, so that tnx is a regular section of H}n(E/I). We have
V(tnx) = (dt — tB(dq/q))nx — t(B*(dg/q) + dB)w.

That this section is regular implies that ord(dt —tB(dq/q)) > 1, which in turn implies that
B(dq/q) has a simple pole with residue 1. Similarly, we must have ord(B?(dq/q) + dB) >
—2. But both dq/q and B are eigenvectors for the action of (Z/pZ)*, with corresponding

characters x? and y 2.

Since (Z/pZ)* acts on the cotangent space at a supersingular
point via the character x, we must have ord(B?(dgq/q) + dB) = —3 (mod p — 1). Thus
ord(B?(dq/q) + dB) > p — 4. (Alternatively, if p > 3, Katz has shown [K1, A1.4.3] that
B%*(dq/q) + dB = %% where Qw? is the reduction modulo p of the Eisenstein series Ey4
of weight 4 and level 1; it follows that (B?(dq/q) + dB) vanishes to order at least p — 4

at every supersingular point, and to order exactly p — 4 at every supersingular point with

Jj#0.) O

Finally, we define operators 6 and © on functions and differentials on I by the formulas

df

=y

and

@a:d(%/q).

We have (because dq/q is a logarithmic differential, for example) that 67 = § and ©P = ©
and © defines an automorphism of the space of exact rational differential 1-forms on I.
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Lemma 3.5. Let f be a rational function on I, o a rational di erential on I, j an integer,
and x a supersingular point.

a) ord,(6f) > ord,(f) — (p + 1) with equality if and only if ord,(f) # 0 (mod p).

b) ord,(©c) > ord,(c) — (p+ 1) with equality if and only if ord,(c) Z0 (mod p).

c) ord, (df —jfB%) > ord,(f) — 1 with equality if and only if ord,(f) Z j (mod p).

Proof: Parts a) and b) are immediate from the fact that dg/q vanishes to order p at each

supersingular point. Part ¢) follows from Lemma 3.4. [

Let C = C; be the Cartier operator on rational differentials on I.
Lemma 3.6. For any rational function f on I, f — 0?~'f is a p-th power and

dq

p—1 1/pdq
C(fq) (f=0"7"f) .

Proof: It is clear from the definition that the kernel of 6 consists exactly of the p-powers
of rational functions on I. Since 0f = 0P f, f — 0P~ 1f is a p-power. Also, 0771 f dq/q is an
exact differential, so

dq

C(f— p

y=C(f— o7 1f) (f—ep—lf)”p%.

Our calculations on £ are then related to X by the following lemma, whose proof is a
standard argument using the Kiinneth formula, the cohomology of abelian varieties, and

linear algebra.
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Lemma 3.7. There is a canonical isomorphism
Hip(M/T) = Sym" Hyp (/1)

of sheaves on I°. Under this isomorphism, the filtrations £, and F., the deRham pairing,
and the Gauss-Manin connection on ﬂ’;R(M/I) correspond to the k-th symmetric power

of the corresponding structures on H}x(E/1). O

For convenience, we make explicit some consequences of the lemma. A rational section
s = fonl+-- -+ frwk € HX o (M/T) (written in the (w., 75 ) basis) is regular over I° if and
only if ord,(f;) > k —2j at each supersingular point z and ord,(f;) > 0 at other points y.
The section s lies in Fiﬂij(M/I) if and only if f; = 0 for j < 7, in which case its image

in Gr’ HEp(M/I) = RF-1£,Q1 X/ >~ w2k s fiw?—k We have
V(s) =

S (64 0t %y = (= 2) B (1= ) (B2 aB) )l
(3.8)

A rational section s = gpnk + -+ + gon® € HER(M/I) (written in the (9., nx) basis)
is regular over I if and only if ord,(g;) > pk — j(p — 1) at each supersingular point =
and ord,(g;) > 0 at other points y. The section s lies in F;H%,(M/I) if and only if
g; = 0 for j > i, in which case its image in Gr; Hip(M/I) = RF-if, 3(/[ >~ P(2i=k) g

(—B)" gzwf(22 ") We have

. dB dg dB)\ ; ,_,
V(is)=>»_ (dgj +igi U+ 1)gg+1(B + 3)) mice
dg dB
= ( (J+ 1)gg+1(B L g)) mhent .
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Finally, if s = 3 fjwin®7 is a rational section of H%p(M/T) written in the (w,,7.) basis,

we have
Vi)=Y <dfj FG+ 1>fj+1%) Wit (3.10)

Rewriting s in either the (w.,nx) basis or the (1., nx) basis, we see that s is regular over
I° if and only if the f; are regular at ordinary points and one of the following two systems
of inequalities are satisfied at each supersingular point x: either
ord, [ Y k=i fiB7 | > k-2 (3.11)
—\l—] B
J<i
for [ =0,...,k, or

ord, [ > (‘g)ij—f > pk—1l(p—1) (3.12)

g2l

for I = 0,...,k. Note that if fy,..., f; are functions satisfying the inequalities 3.11 for
[ =0,...,i, then we can find functions f;i1,..., fr such that s =Y f;win®=7 is a regular
section of H%p(M/I). Similarly, if f;,..., fx are functions satisfying the inequalities 3.12
for [ = i,...,k, then we can find functions fq,..., f;_1 such that s = ijwgnﬁ_j is a

regular section of H%(M/I).

4. Cohomology of some exact differentials For an integer i, let Z% and B?’l be
the sheaves of closed and exact differentials on X, defined as the kernel and image of the
homomorphism

i d i+1
Qy — QX .

We continue to use our notational convention regarding M: R’ f,Q%, means [1R’ f,Q% and
similarly for Z%, and BY,. In order to calculate the cohomology of logarithmic differentials
we are going to eventually need fairly precise information on the sheaves R’ f.BY, and
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RIf.Z,. In this section we begin these calculations by considering the higher direct
images R’ f, B}, and ij*B]lfj'l. We will then prove Theorem 2.3a.

We need to review our calculation of the sheaves R7 f,QY, from [U2]. First recall the
sheaves Q};: for1 <1<k, Q}; is by definition the quotient of Q} ® w?*~2=* by its subsheaf
of sections vanishing to order at least p — 2 at each supersingular point. Next, note that
if F is a (Z/pZ)*-equivariant sheaf on I (i.e., we are given maps (d)*F — F for every
d € (Z/pZ)* satistying an obvious compatibility), then (Z/pZ)* acts on the stalks F, at
supersingular points x, since these points are fixed by the (d). If moreover F is a sheaf of
F, vector spaces then we can decompose F, into eigenspaces for the action of (Z/pZ)*.
These remarks apply in particular to Qi;, R f.Q%,, RIf.Zi,, and R f.Bi,.

Proposition 4.1. a) We have isomorphisms of sheaves on I:

Q;@wh if (i,5) = (k+1,0)

; ; C; ifi+j=k+land1<i<k
J =Y k >0 >
L= it )= 0k)
0 for all other (i, j)

b) For 1 <i <k,

i I 1 ifb#£0 (modp—1)
k+1—1 7 by _
dimp, (R Felly)a(x )_{O ifb=0 (mod p—1).

Proof: This is essentially the main result of [U2], although it was not stated in this form
there. To prove a), note that the arguments of Sections 4 and 5 of [U2] can be sheafified on
I. Precisely, replacing X by f~1(U), where U is a Zariski open subset of I, the arguments
of Section 4 relate the direct images of the Q° to the direct images of differentials on a

* and the arguments of Section 5 compute these direct images

certain log scheme f~1(U)
in terms of the sheaves Qf; and w on U. As U varies, we obtain the desired isomorphisms

of sheaves.

40



Part b) follows from a) and the fact that (Z/pZ)* acts on the cotangent space at a
supersingular point via the character y and acts trivially on a suitable generating section

of w at each supersingular point = (cf. [U2], 5.5 and 5.7). O

We now want to compute IIf, of the absolute Cartier operator Cx : FX*Z§(+1 — Q’;;rl.
Note that since X has dimension k + 1, Z;“ = Q’;Ll. By Proposition 4.1, we have an
isomorphism f*Q’f\jl ~ Ol ® w*, and thus a map f.Cx : Fr.(Q} @ w*) — Ql @ w¥, or

equivalently, a p~!-linear map f.Cx : 0} ® wk — QA ® wk

Proposition 4.2. Suppose that s is a section of Q! ® w”* over some open set of I° of
the form s = ow!® where o is a regular section of Q1. Then (f.C)s = C;(o)wk where
Cr: Qb =271 — Qlis the (p~!-linear) Cartier operator on I.

Remark: Since Q} @ w¥ is a locally free sheaf of OF modules and f,Cx is O¥-linear, the
proposition completely determines f.Cx on all of I (with the same formula).

Proof: First note that we can compute f.C locally on X. If s is a section of QI)‘}“ which

can be written as f~!(o) A 7 where 7 € Q’)‘}/I = Z§(/I has a lift to 7 € Z%, then
Cx(s) = Cx(f71(0)) ANCx () = fH(C1(0)) NCx(T) = [ (Ci(0)) AD(T)

where D is the composition of Cx : Fr.Z% — Q% with the natural projection Q% — Q§(/I'
The following lemma gives a criterion in terms of Gauss-Manin and the conjugate

filtration for such liftings 7 to exist.
Lemma 4.3. A section 7 of f*Q§(/I = f*ZQ/I over some open of I has a lift, locally on

X, to a section of Z% if and only if the image of 7 under the composition

v
f*Q§(/1 — Hip(X/T) —— Qj @ Hip(X/1)
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lies in Q} ® F,_1HER(X/1).

Proof: This is an immediate consequence of the definition of V as the coboundary in the

long exact hypercohomology sequence of the short exact sequence of complexes

0— f*Q; ®Q;/11 — Qx — Qx,; — 0.

Indeed, working with Cech hypercochains for some cover, the class of 7 in H fl r(X/I) is
represented by (7;,0,...,0) where 7; is the restriction of 7 to the i-th open of the cover.
The image of this class under V lands in the piece QF ® Fj,_1 H%,(X/I) of the conjugate
filtration if and only if (after refining the cover) the 7; can be lifted to forms 7; in Q% with

dr; = 0. O
Now the section w¥ of f*Qlj(/I satisfies
ky _ 7., k—1 1 k
V(we) = kwe ™ ne(dg/q) € Q1 @ Fr—1 Hap(X/1),

so it has locally on X a lift to a closed k-form.

Recall the diagram of Frobenius:

X Fx/r X/ Gx/1 X
! !
N T

where F7 is the absolute Frobenius of I and Fx = Gx/r o Fx/; is the absolute Frobenius

of X. From this we deduce the following diagram of sheaves on X:

Fx. 7% Lx, Ok
! _ |
Gx/1€x e
FX*Z§(/I = GX/I*FX/I*Z§(/I L= GX/I*Qé}qI &L Qg(/]-
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It follows from the definitions of the Cartier operators that the diagram commutes. Now
the map G}/I is injective, so to determine the image in Q’%/I of a closed lift of w” to
Fx.Z §( which the lemma guarantees us, it is enough to determine the image of w* under
Gx/1+Cx/1, i-e., under the relative Cartier operator. But w, is the differential which is fixed
by the relative Cartier operator, so the image of w® in GX/I*QI)“(.;,I is Wt = G}/I(wf).
Thus Cx(f~ (o) AwF) = f71(Cr(0)) A wk and this completes the proof of Proposition

4.2. 0

Applying Proposition 4.1 again, we have an isomorphism RF f,Oy; = w™* of sheaves

¥ — w~k. Using Serre duality and the

on I. Thus we have a p~'-linear map R*f, Fx : w™
transpose property of Cx and Fx with respect to it (analogous to 3.3 above), we find the

action of Fx on R*f,Oyr:
Corollary 4.4. The map R*f.Fx sends a section fw;* to fPw .

We can now compute the direct images of B?fl and BY.

Theorem 4.5. We have

RIf.BN =0

for all j > 2. Let S be the reduced divisor of supersingular points on 7. Then there is an

isomorphism of sheaves on I:

0 (kS)

le*Bk—l—l ~
M)

and the right hand side is a skyscraper consisting of a (k — 1)-dimensional vector space at

each supersingular point. Also,

£.BY = B(kS),
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the sheaf of exact di erential 1-forms with poles of order at worst & at each supersingular
point.
We also have isomorphisms:

RIf,B}; =0

for all j # k and

Or(—kS)
R f-By Or(—kS)?
Moreover, the sheaf O;(—kS)/Or(—kS)P is isomorphic to an extension of Bl((1—%)S) by

a skyscraper consisting of a vector space of dimension £ — 1 at each supersingular point.

(In this last sheaf, the O%-torsion sections near a supersingular point are represented
by the classes of t,¢2P, ... t~DP where ¢ is a uniformiser at the point.)

Proof: This follows immediately by taking the direct images of the exact sequences
0— B;H — Q’;rl Lx, QI;FI —0

and

Fx d

0—>OX OX

B — 0,

and applying Propositions 4.1 and 4.2 and Corollary 4.4. O

We now collect some easy consequences of Theorems 4.1 and 4.5. Note that Theorem

2.3a) follows immediately from parts a) and b) of the following result.

Proposition 4.6. Under the standing hypotheses, we have:
a) For all i and j with i +j # k + 1,k +2, H/ (M, Z") = H (M, B") = H/(M,Q},,) =

0. Similarly, R7f.Z}, = R f.B}y; = R f.Q%,,, = 0fori+j # k+1,k+2. The
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sheaves RF2>~'f. 7}, RF?27'f, B}, and R*>7'f.Qj ., are supported at the supersin-
gular points.

b) HI(M,WQ, ) =0ifi+jAk+1k+2and T =0ifi+j+k+1.

c) For all n > 1, dim ULF+1—% = dim ULF+2—7,

d) Ti-1k+2-i — o if and only if dim U = 0.

e) T 1F21 > dim UPM 27" > dim g HE274(M,,, 27)

Proof: Consider the exact sequences

0— Zi — Qi —1 B 0, (4.7)
0— Bi — 7t -5 Qi —0, (4.8)

and
0— Qg x — Zi —5 QO — 0. (4.9)

(Here 1 is the abusive but standard notation for the natural inclusion Z% C Q%.) It
follows from Theorem 4.1 (and was proven already in [U2], 5.5) that H7 (M, Q") = 0 unless
i+j = k+1. Taking cohomology of 4.7-9 on M immediately gives the first part of a). The
rest follows similarly by taking the higher direct images of 4.7-9 and using 4.1 and 4.5.

Taking cohomology of the exact sequences
0— WmeX,log - m‘l‘nQé(,log - WnQé(,log - 07

and using induction, we have that if i +j # k + 1,k + 2, then H/ (M, WQ¢_ ) =0 and the

log

groups U% and their inverse limit U% are zero. Thus T¥ = 0 unless i + j = k or k + 1.

Also, for all m,n > 1 we have 6 term exact sequences

0 — HF (M, W Q) — HEH (M, Wy n,,) — HEPH(ML WLQ,,) —

log

HE P2 (M, Wi Qo) — HEP2T (M, Wy n Qo) — HEP27H (M W,Q0,,) — 0. (4.10)
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But the inverse limit of the connected components U?¥+2=% of the groups representing
HE2=H(M W, Q8 ;) is finite dimensional, and so the coboundary map in 4.10 must have

a zero-dimensional kernel and cokernel for all sufficiently large m and n; this implies that

lim H*T1=4(M, W,,Q;,,) is pro-finite and so T**~* = 0. This completes the proof of b).

n

Before proving c), we note that the cohomology groups H’ (M x Spec A, ?), consid-
ered as functors on perfect F algebras A, are (trivially) represented by vector groups. If
G represents H7 (M x Spec A, ), then dim G = dimg H7 (M, Q). Similar remarks apply
with Q¢ replaced by any coherent sheaf, for example Z¢ or B*. Moreover, exact sequences
of cohomology give rise to exact sequences of perfect group schemes.

To prove c), we note that taking cohomology of 4.7 and 4.8 on M, one finds that
dim g H**'=%(M, B") = dimy H**27(M, B)
and
dimp H*™'74(M, Z%) — dimg H*T' (M, Q%) — dim g H*™27/(M, Z") = 0

for all 7. Taking cohomology of 4.9, and using the last displayed equation and the remarks
above, we find that dim Uf’kﬂ_i = dim U}™?7". This proves c) for n = 1 and the general
case follows from 4.10.

Now d) follows immediately from 4.10 and ¢). Taking cohomology of 4.9 on M and

using 4.10 yields e) and this completes the proof of the proposition. ]

5. The d construction In this section we will study the deRham cohomology sheaves
of M on I and the associated Hodge and conjugate spectral sequences. The former turns
out not to degenerate, and we will need to determine the graded pieces of the filtration on
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the abutment. Moreover, the non-zero differentials will be used in Section 7 to construct
interesting cohomology class with coefficients in closed or exact differentials.

To that end, we introduce the deRham cohomology sheaves of M on I: Let
Qy = (OHOXHQ§—>-~-)
be the deRham complex of X and set
Hp(M) = RI £, = TIR? £.(Q );
these are sheaves of OF-modules. The Hodge filtration
FiQy = (0 — Q — Q4 — )
and the conjugate filtration
R = (05— 2 1)

give rise to two spectral sequences converging to Hp(M), namely the Hodge spectral
sequence

EY = RIf,Q4, = IR £.Q% = H,7 (M) (5.1)
and (a shift of) the conjugate spectral sequence

BY = R f. W}, = IR f. M = HH (M) (5.2)

where H% = Z7% /B%. We denote the resulting filtrations on H}jz(M) by F* and F. and
their gradeds by Gr' and Gr.. Although these are the same notations used for the filtra-
tions and gradeds on relative deRham cohomology, the context should make the difference

clear.
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The Cartier operator of X over F induces isomorphisms
Fr.R f.H,, — R £.Q),

which we may also view as p~!-linear maps R’ f*ZfQ — R f*Qﬁé,. It follows immediately
from these isomorphisms and Proposition 4.1 that the conjugate spectral sequence 5.2
degenerates at Fo and we have H'n(M) = 0if i # k, k+ 1. Also

c

HE (M) 2 RF£HY, = RFFO) 2w

On the other hand, as we will see presently, the Hodge spectral sequence 5.1 definitely does
not degenerate at E7. From the form of the initial term, it is clear that the only possibly

non-zero maps in 5.1 are
dgk . Egk N E;:,k—l—l—r — Rk—i—l—rf*Q}”w

and ES’“ = Ker d?’i , is a subsheaf of Rk f+Onr. To simplify, we write d; for d?k, 1<i<
kE+1.
Recall the Gauss-Manin connection on relative deRham cohomology discussed in Sec-

tion 3. It sits in a 4-term exact sequence
0— HEp(M) — H5n(M/T) —— Qb @ Hio(M/I) — H5EN (M) — 0. (5.3)

The following proposition relates the d; to V.

Proposition 5.4. Let ¢ be the projection

HY R (M/1) — Gr® Hip(M/1) = RF .00 = B,
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By convention set Ker dy = R*f. O
a) For 0 <i <k,

6 (V7O @ F'HR(M/1)) € Ker d;.

b) For 0 <1 < k, the diagram

VU Q@ FIHEL(M/T) —— Qe F HY(M/T)
l
Ol @ Gr' HYp (M/1)
1 e
Ol ® Rk_lf*Qﬁ\/[/[
!
Ker d; i, RE= £, Qi1

commutes.

c) For 0 < <k, the map
¢:VHQ @ FIHY(M/I)) — Ker d;

is surjective.

Proof: In fact, all these assertions actually hold at the level of the presheaves U +—
HF(f'U, O, / ;), etc. Thus we fix an open U C I and work with Cech hypercohomology
over U. We will abuse notation slightly and write H% (M /I) for H (M /I)(U), etc., and
write D for the hypercoboundary map on both Q2 and €2 e

a) A class in R¥f,O) lies in Ker d; if and only if it can be represented by a k-cocycle
X of Ox which can be extended to a k-hypercochain A of Q' with DX a hypercocycle of
F*1Q . On the other hand, a class of HYp(M/I) lies in V=1(Q} @ F'HE(M/I)) if and
only if is represented by a k-hypercocycle p of {2y /1 which has a lift ji to a hypercochain of
Q' with Dji a hypercocycle of f*Ql FiQ'X/I — F'T1Q . Thus the image of the class of
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win R* f,Oy clearly lies in Ker d;. (We cannot yet conclude that we have equality in a)
because the projection to 1), /1 of the hypercochain A might not define a hypercocycle.)
b) Suppose p represents a section of V=1(Q} @ FIHE(M/I)), i.e., u is a k-hypercocycle
of /1 with a lift i to a k-hypercochain of Q- such that Dji is a hypercocycle of f*Q} ®
FiQX/I. If fi = (fio, - - - , fir.) where fi; is a Cech (k—j)-cochain of Qg(, then the image of the
class of Vi in R*~? f*Qﬂrl is represented by dfi; (up to a sign depending on conventions),
where d is the deRham differential. But this is also the image under d;y; o ¢ (up to the
same conventions) of the class of pg in R f,O.

¢) We work by induction on i, the case i = 0 being easy: V~'(Q} @ FOHYL(M/I)) =
HE-(M/I) and ¢ : H,(M/I) — R*f,0u is onto, by the degeneration of the relative
Hodge to deRham spectral sequence. Now suppose i > 1. By b) and c¢) for ¢ — 1, a section
of Ker d; can be lifted to a section s of H¥ (M /I) whose image in Q' @ Gr ™' H*-(M/I) =

o' ® Rk“_if*Qi]\;/lI lies in

Ker (@@ RMIZLQLL — RE71,04, ).

But this kernel is equal to the image of the (Kodaira-Spencer) map

Gr' Hiyp(M/I) = R £.00,,; — Qf @ RF RO

so modifying our class s in H*,(M/I) by a section of F*H%,(M/I) (which lies in Ker ¢ =
F'HYL(M/I) asi > 1), we can find a lift s whose image under V lies in Q} @ F*H% o (M/1),

as needed. O

We can use this result to determine the image of d; and thus the graded pieces of
the Hodge filtration on H Zgl(M ). To state the result we introduce a convenient piece of
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notation which will reoccur several times. Let ¢ be an “eigenuniformiser” at a supersingular
point z: ord,(t) = 1 and (¢)*t = ct for all c € (Z/pZ)*. We let W, C Oy , be the subvector
space of functions whose t-expansions involve only t*®~1) with b > 0 (i.e., the (Z/pZ)*-
invariant subspace) and let V,, be O?me. We have B € t P~'W, and dq/q € tPW, dt.

Also, both V,, and W, are stable under multiplication: V,V, C V, and W, W, C W,.

Proposition 5.5. (The d construction) For 1 <i < k we have:
a) A section s = fw_* of R*f.0) lies in Ker d; if and only if at each supersingular point

x, the inequalities

ord, [ Y (k_j)Bl—j(_,l)jej(f) >k —21

_ !
oa N J:
hold for [ = 0,...,4. If i < k, the image of such a section in R’“—if*Qﬁ\jl is represented by

the section

—@+1 | <.k_j.)3i+1—j(;”jej<f) 94, i

o<z N LT ' 4
of O} @ w2k,
b) The stalk of Ker d; at a supersingular point z is spanned by t*V,w-* and the sections
s = fw % with ord,(f) > k +i(p — 1). If f is a function near = with ord,(f) =1 >
k+(i—1)(p—1) and f is an eigenvector for the (Z/pZ)* action, then the image under d;

of fw % in RFF1=1£,O¢ is represented by

—z’(k B Z)Bif@wfi—2—k.
i q

c) The image of d; in RF1-1f,Qf =~ C consists of those classes represented by sections
of O} ® w?=2=* vanishing to order at least (i — 1).
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Proof: By Proposition 5.4, s = fw;* lies in Ker d; if and only if there exists a section

2=, fjwink=i of Hip(M/I) with fo = f and V(z) € Q} ® FIHS,(M/I). But

V() = Yo + G+ Dy el

so V(z) € Q@ FIHE L (M/I) if and only if f; = (_J—l,)JQJ(f) for j <i. Then the conditions

3.11 for z to be regular are exactly the stated inequalities on f. Conversely, if the inequal-

ities hold, then setting f; = (_jl!)j 07 (f) for j < i we can choose functions fii1,..., fx S0
that z = 3 fiwin®~7 is a regular section of H%,(M/I) with V(z) € Q} @ FIH:,(M/I)
and so s € Ker d;.

Again by Proposition 5.4, if s = fw ¥ is a section of Ker d; and z = Zj fngn(’f_j is
a section of HY,(M/I) with fo = f and V(z) € Q} @ FIH",(M/I), then the image of s
in RF—? f*Qi\}'l is represented by the section

(df; + (i + >fz+1%)w2’ g

We have already seen that df; = d(_i—!l)iei(f) = (_i—})im“(f)%; on the other hand, the
conditions 3.11 for z to be regular imply that f;;1 is congruent to

-2 (e

Jj<i+1

modulo functions vanishing to order k — 2¢ — 2 at each supersingular point. This implies

that (df; + (i + 1)f1+1—) 2i=k is congruent to

C

e Nt J' e

2=k vanishing to order at least p — 2 at each supersingular point.

modulo sections of O} @w
These two sections of Q} ®Rw?~F thus define the same section of Rk_if*Qé\}rl = Q}:rl. This

completes the proof of part a) of the proposition.
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Now suppose ord,(f) =1 > k+ (i—1)(p—1) at each supersingular point z. Then the
inequalities of part a) are clearly satisfied for I <i—1 (using Lemma 3.5) so s = fw; " is a
section of Ker d;_1. To compute the image of s under d;, consider an eigenuniformiser ¢ at
a supersingular point z, as above. Then B = ct~P~! +. .. for some non-zero c in the residue
field at = and dq/q = ¢~ 'tPdt + - - - (since the residue of Bdq/q is 1); also f = bt! 4 ---.

The leading term of

is then

= —z‘c%(k B l)t’—i(f’“).

i
Taking | = k+p(i—1)+1,...,k+i(p—1)—1, d;(s) gives non-zero sections of RFT1=if, QF
vanishing to orders ¢ — 1,...,p — 3. This shows that the image of d; is at least as large
as claimed. It also verifies the formula in part b) for the image of a section fw;*, since
the last displayed expression is congruent to —i(ki_l>Bi f modulo functions vanishing to
order k — 27 at z.

Note also that if for 1 < i < k — 1, V; denotes the subspace of the stalk (R f,Ox)s
generated over the ground field by t!w % where I = k+p(i—1)+1,...,k+i(p—1)—1, then
we have just seen that V; lies in the kernel of d;_1 and d; is injective on V;. Write V), for
the subspace generated by (t*V,w;*) and fw;* where ord,(f) > pk. Since (R*f,On )z =
Vi@ - @ Vg, to show that the image of d; is no larger than claimed, and that the kernel

of d; is as claimed, it suffices to prove that Vj is in the kernel of d; for e =1,... k.
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We have already seen that if ord, (f) > pk, then fw ¥ is in the kernel of the d;. Next,
note that t*WW,w¥ is exactly the subspace of the stalk of R* f,Oy; which is invariant under
the (Z/pZ)* action, and d; is (Z/pZ)*-equivariant. But for i = 1,...,k, by 4.1 we have
(RFFIZ£,Q8 ). (XY) = 0. Thus t*W,w¥ is in the kernel of each d;. But the d; are OF-

linear, so we also have t*V,w_* C Ker d;. This completes the proof of the proposition. [J

6. Skyscraper contributions to 7%/ In this section we will use the 5 term exact

sequences

0— Rk_lf*Bﬂl N Rk—i—l—if*Z;'\/[ N Rk—'_l_if*Qéw _ Rk—'_l_if*B?\;['_l N Rk+2—if*Z]iM =0
(6.1)

and

0 — REHL=if Bi . REHL=if zi | phtl-ig i pht2-ip gt pht2-ip i

(6.2)
to analyze the sheaves RFT270f, 7% ~and R*27¢f,Bi . As we have seen, they are skyscrap-
ers supported at the supersingular points and using them we will prove the lower bounds
on the T% asserted in Theorem 2.3b. In order to get more precise information on their

stalks at the supersingular points, we will have to analyze the cokernels of the maps
Rk—l—l—if*Z]iw 1; Rk—i_l_if*Qg\/[

and
RkJ’l_if*Z]iw Ci Rk+1—z’f*QzM

induced by the natural inclusion Zg( C Q’X and the Cartier operator C : Zg( — le
respectively. We will eventually do this by using the relation between the two filtrations
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on the deRham cohomology sheaves H ’;El (M). In this direction, we first prove two lemmas

about the maps appearing in the Gauss-Manin sequence 5.3.

Lemma 6.3. For 1 <i < k + 1, the composition
Q' © F' Hop(M/1) — F'Hap' (M) — Gr' Hg'(M) = R¥7£,04/ Tm d;

is surjective. It sends the section ai_lwg—ln}“{“‘i + -+ opw” to the class represented by

o;_1w?~2=F_ The composition

O © F 1 Hip(M/I) — FHGE (M)
c
_ Griﬂsgl(M) o Rk:—l—l—if* 3\4 _~ Rk+1—z‘f*QzM
is surjective. It sends the section 7,7t 'nf+1=% + ... 4 7on¥ to the class represented by

CI((—B)i_ln_l)wfi_z_k.

Proof: In both cases, the surjectivity is clear from the formula for the map and our
description of regular sections of H sR(M /I). To check the first formula, consider the

commutative diagram

O'© F Hgp(M/I)  —  FPHgG' (M)

ol o
Qe Gri~t HE . (M/T) Gr’ HYEY(M)= RFFIZ1£,04 /Tm d;
L T

Ol @ Rk—l—l—if*Qi]\;/lI —  RMI-ip QL
Here the top row comes from the Gauss-Manin sequence 5.3, the bottom row comes from
the cohomology of the exact sequence of relative differentials, and the vertical maps are the
natural projections. The isomorphism between R**1—? f+Q%, and a quotient of Q}@wzi_z_k

is induced by the bottom row, and we have seen (after Lemma 3.7) that the image of
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owi i under O @ FITHp(M /1) — Qf @ RMULQL = 0F @ 0 s just

ow?=2=F_ This proves the first formula.

To check the second formula, consider the commutative diagram

'@ Fy_ HE R (M/T) - FHIEN (M)
l |
Q' @ Gri_1 HEp(M/T) — Gr; HEEN(M)= RFIZ1f 1Y,
! . , ‘ ‘ l.Z CX.
Q'@ RGN, - RFMTUQ 0 ——  RMTUULQY,

where to simplify we have omitted Fj, or Fx, in several places. In the top square, the
vertical maps are the natural projections and the horizontal maps come from the exact
sequence of relative differentials. We have seen (again, after Lemma 3.7) that the image of
T I 4+ 7onk under the top left vertical map is (—B)i_ln_lwf(%_Q_k). In
the bottom square, the right vertical map is induced by Cx and the horizontal maps are
induced by base change and the wedge product of forms. A discussion similar to that in

the proof of 4.2 shows that the lower square commutes where the left vertical map is the

one sending Tw?* 27 1o C; (T)wé(zi_z_k). This proves the desired formula. O

As a corollary, we have that
Qp © F'" Hyp(M/1) — F'HyE (M)

and

O} @ Fo Hyp(M/1) — FHgh' (M)
are surjective for all i. In particular, if we write (F* N Fi)ﬂsgl(M) for (F’ﬂ’d‘;l(M)) N
(F;HELY (M), then a section of HYE! (M) lies in (F? N F;) HYE (M) if and only if it has a
lift to a section s € QF ® F;_H%n(M/I) such that there exists a section z € H%,(M/I)
with s — V(2) € Q} @ Fi=1H".(M/I). The following lemma gives one possible sufficient
condition for such a z to exist.
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Lemma 6.4. Suppose s = o + --- + opw® is a section of QF @ H%,(M/I) such that
for some [ and all j <, o; vanishes to order at least k —2j + (p — 1)({ — j). Then there

exists a section z € H%,(M/I) such that s — V(z) € Q} @ FLHE . (M/T).

Proof: Consider the largest integer m such that s lies in Q} @ F™HE(M/I); if m > 1

there is nothing to prove. If m <[, set z = xwé”“n’f(_m_l with
Om
ST
q

Then x vanishes at each supersingular point to order at least k —2m—+(p—1)(l—m)—p >

k —2(m+ 1) so z is a regular section. Moreover,
_ dq m+1_k—m-—1
s=V(2) =|0ms1 —dz+ (k—2m —2)xB— | w0y
q

d
+ <0m+2 —(k—m— 1)1’(32—(] + dB)) Wt 2phmm=2

q
k
b
+ Y ol
j=m+3

and Lemma 3.4 shows that s — V(z) again satisfies the hypotheses of this lemma, but lies

in QF ® Fmt g (M/I). Thus the lemma follows by induction. O

The following proposition, which gives some information on the relationship between
the two filtrations on the deRham cohomology sheaves of M, is the key point in analyzing

the images of 1; and C;.
Proposition 6.5. a) For 1 <i < (k+ 2)/2, the map
(F'NF)Hy' (M) — Gr' Hb (M)

is zero and the map
(F' N F)Hye' (M) — Gr; Hyb (M)
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IS surjective.

b) For (k+ 3)/2 < i < k the image of the map
(F' 0 Fy)Hgp' (M) — Gr' o' (M) 2 R0 .00,/ T d;

is contained in a subsheaf of codimension at least £ + 1 — ¢ at each supersingular point.
Precisely, the image is contained in the subsheaf represented by sections cw?—2—% of
Ol @ w227k such that for 1 < j < k + 1 — 4, at each supersingular point B’c is the sum
of an exact di erential and a di erential vanishing to order at least —pj.

c) For (k+3)/2 <i < k+1 the image of the map
(F'NF)HEE (M) — Gry Hib' (M) = R 1,00,

contains the subsheaf of sections vanishing to order at least 2; — k — 3 at each supersingular

point.

Remark: Using the fact that B is an eigenvector for the action of (Z/pZ)*, the condition
on ¢ in part b) can be rephrased as follows: at each supersingular point z, if ¢ is an
eigenuniformiser at z and o = Zn2k+2_2i apt™dt, then ag =---=ap_; = 0.

Proof: We are going to use relative deRham cohomology to construct sections and impose
restrictions. We begin with parts a) and ¢) which follow fairly easily from the two lemmas.
Indeed, using Lemma 6.3, a section of Griﬂfl;l(M) can be lifted to s = Tﬁ?%f“‘i
in Q} ® F;_1 H%z(M/I) with 7 vanishing to order at least k + (p — 1)(k 4+ 2 — i) at each
supersingular point. Rewriting s in the w,., nx basis:

s = 7(nK — Bwe)F 1 inict

— Tk
= E OjWale
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where 0; = (—B)j<k+31._i)7', we have that o; vanishes to order at least k — 25 + (p —
(k+2—i—7) forall j < k+2—i. By Lemma 6.4, there exists z € H:p(M/I) so
that s — V(2) lies in Q} @ FF2=H%(M/I) and thus the image of s in H¥5'(M) lies in
Fr3=i gL ().

This shows that F;HYEY(M) C Fr3=ighEL (M), and so (F' N F)HYEH(M) —
Gr; HEEH (M) is surjective if i < (k + 3)/2 and (F' N F)HEN (M) — Grt HEEH (M)
is zero if i < (k 4 2)/2. This proves part a) of the Proposition and one case of c¢). To
prove all of ¢), we argue similarly: a section of Gr; H Z;l(M ) which vanishes to order
2i — k — 3 can be lifted to a section s = Tnf}(_ln?*’l_i with 7 vanishing to order at least
(p+1)(i—1)—1>k+ (p—1)(i —1). Rewriting as above and using Lemma 6.4 provides
a z so that s — V(2) € Qb @ Fi-'H: o (M/I).

Part b) will require more work. Suppose that (k+3)/2 <1 < k and that we are given
a section in the image of (F* N F;)HXEY (M) — Gr® HX*' (M) near some supersingular

point x. By the remarks before Lemma 6.4, the section can be lifted to a section

i1 kd1—i k
s=oi W N T 4+ oWl

of O} @ Fi-1H* (M/I) such that there exists a section
I dR
z = E gjn%;nff‘j

of HEn(M/T) with s — V(2) € Q@ F;_1H%,(M/I). We will show that the existence of z

places restrictions on o = 0;_1. Rewriting s in the (1., nx) basis, we have

— 1 . . . .
((; B ]) (_1)k+1—z—]B1—zo_ + Tj) 77%(775_]
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with

n=3 (L)

1>i

note that ord,(7;) > k + (p — 1)i at each supersingular point x for all j. Using that

s —V(z) € Q} @ F;_1H",(M/I), we have that

d(B*
(-1)"'B o + 1, = (Bkgk)
1 o BF-1 B
et (T W proig o dBe) gy pda | dB
(—1) (k:—i)B o+T=—0 (Z+1)g,+1(Bq + B)

or, clearing denominators,

(—1)""'B**'"'o 4 BFry, = d(B*gy)

. — 1 .
(—1)i2 <Z ) )B’Ho— + Bl =d(B¥1g_,) - k:Bkgk(@ + B72dB)
q

(6.6)

dq

" + B2dB).

(1 () ) B B = a4 DB g
We will show that these equations force the desired restrictions on o. Let us refer to the
equation containing B'ry as 6.64, and let us set gr+1 = 0 by convention.

Let t be an eigenuniformiser at = and let W = W, and V = V, be the subspaces of
Oj . defined in Section 5: W' is the space of (Z/pZ)*-invariants and V = O ,[W. We will
use the following facts:

(1) ord,(B'=ig) >k —2i+2—({+1—d)(p+1) > —p(l +2—1)
(i) ord.(B'r) > k+(p—1)i —L(p+1) > —p(L+1—1)
(iii) ord,(B‘ge) > p(k — 2¢)
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(iv) (dgq/q+ B~2dB) € t3*~2Wdt
(i)-(iii) follow from the regularity conditions for sections of H%,(M/I) and (iv) follows
from Lemma 3.4. To finish the proof, it will suffice to check the following claim: for

1 < ¢ <k we have
B£+1ge+1(% + B72dB) ¢ trF2H D=2y gt 4 PEHI=D 0 dt

Indeed, the smallest valuation of a nonexact differential in tP(F=26+D)=2V/dt is p(k — 20 +
p—1) — 1 which is > —p. Thus 6.6, and (ii) show that B‘*'~is is the sum of an exact
differential and one vanishing to order at least —p(¢ + 1 — 7).

We verify the claim by descending induction on ¢, the case ¢ = k being trivial as

grk+1 = 0. So suppose
B! gm(% + B72dB) e tPk=24D) =2y qp 4 4—PEH1I=0 Ot
Then 6.6¢, (i), and (ii) imply that
d(B'gy) € tP* 202y gt 4 42D O

and so by (iii)

Blg, € tp(k_%)@l;’m 4 pR 2 ) =1y (2=t g
C tp(k:_Qf)V + t—p(@—i—Q—i)—i—l OI,x.
Finally, using (iv), we have

Blg(Y 4 B2dB) e 22y gy 41010, gt
q

which is more than enough to finish the induction. This completes the proof of Proposition
6.5. O
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We can now compute the dimensions of the stalks of RET27f, 7% and RET2-f, B .
We recall that by Proposition 4.1, for 1 < ¢ < k, Rk+1_if*Q§W = Qi: where Q}; is the
quotient of Q} ® w?*=27% by its subsheaf of sections vanishing to order at least p — 2 at

each supersingular point; we have

. i i 1 ifb#0 (modp—1)
k+1—1 7 by __
dimp, (R )2 (X7) = {0 ifb=0 (mod p—1).

Similarly, using Theorem 4.5, we have

. 1 ifb=1,...,k—-1 dp—-1
dim, (R LB () = {1 Hb= 1ok =1 fmodp =1

Theorem 6.7. For each supersingular point x of 7, and for each i and a with 1 < i < k+1,
0<a<p-—1we have
. . 0 ifi<a4+1
dimp(RF2701, 72 ) (X)) =< i—a—1 ifa+1<i<(k+a+2)/2
k+1—4 if(k+a+2)/2<i
and
0 ifi<a+1

dimp (R, B ). (x*) =< i—a—1 ifa+1<i<(k+a+3)/2
k+2—i if (k+a+3)/2<i.

Proof: Note first of all that we have a map
R Zy — (F' N F) Hyg' (M)

which sends a Cech (k + 1 — i)-cocycle A with coefficients in Z% to the hypercocycle
(0,...,A,...,0). One checks easily that this map is well-defined and surjective. Moreover,

the map C; obviously factors as

REVIUEZ4y — (F' N F)HGE (M) — Gr BN (M) = RFUL,0,
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and the composition
RFHZIf, 78, 1 RFHIT RO — RMYTEQY /T d;
factors as
REFIZHf 74— (F'NF)HEEN (M) — Gr! HEFN (M) = RFIUF,00,/Tm d;.

As the image of 1; certainly contains the image of d;, we can compute the images of 1;
and C; by using Proposition 6.5.

Indeed, Proposition 6.5 plus the computation of RFF1=%f,Qf = as Q}; implies that the
image of

Rk+1—if*mw 5" Rk+2—if*B§'v[

is supported at the supersingular points and its stalk at each supersingular point is an F
vector space of dimension 0 if 1 < ¢ < (k+ 2)/2 and of dimension at most 2i — k — 3 if
(k+3)/2 <i < k+ 1. Similarly, using 5.5c) (on the image of d;) and 6.5, we have that
the image of

k+1—i ; d k+1—i 41
REHITURQY —— RN B

is supported at the supersingular points and its stalk at each supersingular point is an F
vector space of dimension i — 1 if 1 < i < (k+ 2)/2 and of dimension at least k + 1 — i if
(k+3)/2<i<k+1.

On the other hand, the sequences 6.1 and 6.2 imply that at each supersingular point
the sum (over i) of the dimensions of the stalk of Im §° must be equal to the sum of the

dimensions of the stalk of Im d’. So at each supersingular z,

(k+2)/2 E+1 k+1 E+1 k+1
i1+ ) k+1-i<) dimIm(d), =) dimIm(§'), < Y 2i-k-3.
i=1 i=(k+3)/2 i=1 i=1 i=(k+3)/2
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But the ends of this inequality are equal (to k?/4 is k is even and to (k? —1)/4 if k is odd).
Thus our inequalities on the dimensions of the stalks of the images of d* and §° are in fact
equalities.

To finish the proof, we just need to compute the multiplicities with which the char-
acters x® occur in the stalks of the images of d* and §°, and use this information in the
sequences 6.1 and 6.2. Note that at each supersingular point x, the elements of the stalk of
RFHIZ£,.Q8 = C% which are eigenvectors for (Z/pZ)* with character x® are represented

by a section of Q} @ w?i=2-+

vanishing to order a — 1. We find that at each supersingular
point, the characters occuring in the stalk of the image of d* are x? j = 1,...,i — 1 (each
with multiplicity 1) if i < (k+2)/2, and x?, j = 2i — 1 —k,...,i — 1 (again with multi-
plicity 1) if i > (k + 3)/2; on the other hand, the image of §° is 0 if i < (k + 2)/2 and the
characters occuring in the stalk of its image are 7, j = 1,...,2i — k — 3 (with multiplicity
1)ifi > (k+3)/2.
Putting all this into 6.1 and 6.2 and using, for example, that R**1f, Bl = 0 (by

Theorem 4.5), one finds that the multiplicity of x* (0 < a < p— 1) in (RFF271f, 71 ), is

0 fi<a+1

i—a—1 ifa+1<i<(k+a+2)/2

E+1—d if (k+a+2)/2<i.
Similarly, the multiplicity of x* in (RF*27¢f,B¢,), is

0 fi<a+1

i—a—1 ifa+1<i<(k+a+3)/2

k4+2—i if (k+a+3)/2<i.

This completes the proof of Theorem 6.7. (]

Remark: The proof of Theorem 6.7 also allows one to find the dimension of the stalk
of (RFF271f, 7 ).(x*) when N < 4. Indeed, let I; denote the integer defined in [U2],
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Theorem 7.1 (depending also on p, N, k, and a), and let

1 ifa<2j—k—2
o1(7) = {O otherwise

¢2(j>:{1 ifa>2j—k—2anda<j
0 otherwise.

Then ¢1(j) (resp. ¢2(7)) is the dimension of the x® part of the stalk at = of the cokernel

of C; (resp. 1;), and we have
i—1
dim g (R £ Z3)a (X)) = | D1 (6205) = 61.(7) | — Liha (4).
j=1
Note that when ¢ = a + 2, the right hand side is just ;1.
We can now use the skyscrapers RF*27 f, Z* = to produce classes in logarithmic coho-
mology:
Proof of 2.3b: By the Leray spectral sequence, H¥*2~(M, Z?) maps surjectively to

HO(I, RkT2=if, 71 ). Since the number of supersingular points on I is (p — 1)w, Theorem

6.7 shows that

. . 0 ifi<a+1
dimg H*274(M, ZY) > d(a,i) ={ (p—Dw(i—a—1) ifa+1<i<(k+a+2)/2.
(p—Dwk+1—1i) if (k+a+2)/2<i

By Proposition 4.6¢), dim U 27" > d(a, ).
On the other hand, Milne’s duality theorem ([M], 1.11) implies that the dimension of

i

the group representing H*+1=%(M,,, Qg

) is equal to the dimension of the group represent-
ing H Y (M_,, Qfo‘gl_i). Thus by Proposition 4.6¢), the dimension of U™~ is also at
least d(a’,4). Note that for a fixed ¢ and a, at most one of d(i,a) and d(a’,4) is non-zero,

SO

dim U7 > max(d(a, i), d(d’,4)) = d(a, i) + d(d’, ).

Applying 4.6e) again, we have T¢~1F+2=1 = dim U»k*+2-% > d(a,i) + d(a’,i), and this
completes the proof of Theorem 2.3b O
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Remarks: 1) It seems possible to construct directly classes in H' (I, RFt17if, Qﬁw log) (X*)
which account for the d(a’,7) term in the inequality of the theorem, thereby avoiding the
use of Milne duality.

2) By introducing extra level structure and passing to invariants, the proof of 2.3b) and
the remark after 6.7 give a lower bound on the TP~ LE+2=7 3150 in the case N < 4. In
particular, one finds that for all N, if i = a + 2 then T/~ 2F+2=1 > [ andifi=k+a—p

then TP~ 1k+2=4 > .., (Here the l; are the numbers defined in [U2], 7.1.)

7. The C construction In the previous section we showed that the group representing
H k+1_i(Ma,Q§Og) is positive-dimensional for certain values of @ and ¢. In Section 8 we

will calculate this group for the remaining a and i by using the exact sequence of sheaves
O—>Q§(’logHZ§( iﬁ&—ﬂl
(for the étale topology on X). To do this we need to find the kernel of
1—C:H" Y (M,, Z%) — HF (M, QF)

and this will evidently require some information on H*+!=i(M,, Z%). This group is iso-
morphic to HO(I, RF1=1f, 78 ) (x®), but unfortunately, so far we have no reasonable de-
scription of the sheaves RFT1 £, Z%,. In this section we will approximate them by sheaves
with which we can effectively calculate.

First, we will need a construction analogous to the d-construction 5.5 involving the
conjugate filtration and the Cartier operator. This construction does not seem to come

from any spectral sequence. Consider the composition

C
ROf*Qk-I-l - EZEI(M) — Qr bt ﬂ];l;l(M) ~ Rof*Hﬁj_l = ROf*Qﬁj—l
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where the last map is induced by the Cartier operator. This composition is easily seen to
be just R°f,.C : Rof*Qﬁjl — Rof*Qﬁjl and its kernel is Rof*ijl. Set Cry1 = ROf*B]lfj'l

and define inductively
Ci = Ker <Ci+1 — Fzﬂszl(M) N GrzﬂSEI(M) ~ Rk-i—l—Zf* }\4 = Rk-i—l—z'f*Qh)

for k > i > 1. Since the RFT1=if Qf are supported at the supersingular points, the
sheaves C; are locally free OF-modules of rank p — 1 and they are all isomorphic to
RO, B]lfj' o= B}(kS) away from the supersingular points. Note that C; is just the preimage
in ROF.QNFL of (FF1 N ) HEE (M).

Recall that each supersingular point z we have defined a subspace V, C Oy, as

(Z/pZ)*-invariant functions times p-powers.

Proposition 7.1. (The C construction) For 1 <i < k, we have:
a) A section s = ow” of Rof*Q’f\jl lies in C;,q if and only if there exists a function f

such that o = ((—1)¥=%!/k!d0*~%(f) and such that at each supersingular point z the

inequalities
7\ oy (CDPRL
o, | 32 ()5 S0 ) 2 k-t )
k>j>1
hold for [ = 4,...,k. The image of such a section in RF*1=if Q% is represented by the

section —iC(f dq/q)w?~27% of O} ® w?~F,

b) The stalk of C; at a supersingular point z consists of sections cw! such that o is exact
and its expansion at z lies in t ~**P=2V, dt + dO* (tP* O, ,.)dt, where ¢ is an eigenuniformiser
at x. The stalk of Cs is spanned over the residue field by C; and the sections df*—1(t**~1)
forb=~Fk,....,k—1+ (p—2). For 2 <i <k, the stalk of C;,; is spanned over the residue
field by C; and the sections d9*—¢(tP*~Y) forb=Fk —i,....,k—i+ (p — 1 — ).

67



c) The map C, — RFf.Q' is onto. If i > 2, the image of C;,; — RFFI7If.Q1 = CF
consists of those classes represented by sections of Q! ®w?i=2=* vanishing to order at least

(i —2).

Proof: Note that we can view s as a section of QF ® H%,(M/I) via the map
RUFON 20l @ Wk — Q@ HEL(M/T).

As remarked after Lemma 6.3, we have that s lies in C;4; if and only if there exists a

section z = 3" fijwink=7 of HYn(M/T) such that s — V(2) € Q) ® Fi_1H5p(M/I). But

d .
V=Y <dfj G+ 1>fj+1;‘-’) Wit

so s — V(z) € O} ®Fi_1ﬂ§R(M/I) if and only if f; = (Gl 1)3 29i~i(f,) for j > i, and
o =dfy = (=D 1) L Aok~ ‘(fi). The inequalities of part a) are then just the conditions

3.12 on f;,..., fr for z to be regular. Conversely, if a function f as in the proposition

exists, then defining f; j > 7 by the formula f; = (_lz.i_illej_i(f), we can choose functions
fos--o fic1 so that z = 3 fjwin®=7 is a regular section of H%p(M/I) and s — V(z) €
Qe Fi_lﬂsR(M/I), and so s € Cjy1.

By Lemma 6.3, the image of such an s in R*¥F17¢f,Q¢  is represented by the section

—C <dfi—1 + Zf1%> w2=2=F = _jc <f1%> W22k

of O} ® w227k This completes the proof of part a).
Note that if 1 <i < k and f; is a function vanishing to order at least —k + (k —i)(p+
1) + 1 at each supersingular point, then the inequalities of part a) are trivially satisfied

and s = dOF~(f;)wh

k is a section of Cyy1. The image of s in RFF1=I£,Q% = is represented
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by —iC(f;dq/q)w?~27% and (since —k + (kK —4)(p+1) +1 = p(k — i) + 1 — i) the order

C

of vanishing of C( fi%) at a supersingular point can be any integer > k£ — ¢ if ¢ > 2 and

any integer > k+1—4 =k if i = 1. Thus, the image of C;1; — RFF1=£,Q0%  contains all
sections vanishing to order at least k—i+2:—2—k = ¢—2if ¢ > 2 and all sections vanishing
to order at least 0 if 4 = 1. This proves that the image is at least as large as claimed in c).
Note also that by taking f; to have the form t**~! where b=k —i,...,.k—i+ (p—1—1)
ifi>2orb=~k,....,k— 1+ (p—2)ifi=1, we get sections s = cw” of C;;; not lying in
C;; the valuations of these o run through all integers v satisfying v =i — 2 — k (mod p)
and —k <v<pp—1—i)+i—2—k.

Next we note that if ¢ is an eigenuniformiser at x, then t=**P=2W_dtwk is the
(Z/pZ)*-invariant subspace of the stalk of R®f, QK1 at 2. Since (RF171£,Q%,).(x°) =0
for i =1,...,k, these sections lie in the kernel of each of the maps C;; — Rk+1_if*Q§W,
i.e., in C;. Also, these maps are all OF-linear, so we have t~**P=2V, dtw? C C;. More-
over, if fy is a function vanishing to order at least pk, then again using a), we find
that dO*(fo)wk is a section of C;. Thus if o is exact and its expansion at z lies in
Vi = t7FP2Vdt + dOF(tPRO; ,)dt, then ow” is a section of C;. Note that V; con-
tains differentials of all valuations v satisfying v =0,1,...,p —2 —k (mod p), v > 0, and
all valuations v satisfying v =i —2—k (mod p),v>p(p—i)+i—2—k, with 1 <i <k.

Reviewing the last 2 paragraphs, we see that every exact differential o can be written
as a sum of differentials d9*~%(t**~1) with b as above and a differential o’ € V. This proves
that the do*—*(t?*~1) span C;;1/C; and that C; = Vjwk, i.e., part b) of the proposition.
It also shows that the image of C;11 — RFF1=1f,Qf  contains exactly the sections already
mentioned above; this is exactly the claim of part c). O
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Figure 2 below may help to understand the discussion in the remainder of this section.

The sheaves F; ; and D; will be defined below.

REf. 73, RE-11. 73, R2f. 257! R f.Z%,
SN N/ N NN
= RFf.BY, RFU£B3, Rk=2f, B3, R2f. B! R'f.BY  RUfBAF = Oy,
NN NSNS NS
VAV NSNS
Ds Faa e Fr_ak Ch—1

N

Dy =0y
Figure 2

Recall the maps d; (from a certain subsheaf of R¥f,Oy; to RFFL=I£,Q% ). We can
put the C; and the Ker d; in a uniform framework as follows. We have injections Cj11 =
Rof*B]lfj'l LN le*Z]’f/[ and le*B]’f/[ SELLEN le*Z]’f/[ (6.1 and 6.2 for i = k). If sis a

section of Ck11, §(s) lies in the image of n if and only if its image under the composition
ROf,BM L Ry zk S RUFQF,

is 0. It is not hard to check that this condition is exactly the one defining CY, i.e.,
Cr =6 1(Im §NIm n). Similarly, Cj_; is preimage in Cy of the intersection of the image
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of

Cy — R'f.B% — R*f.Z%

and

R2f. Bt R2f.ZNL
More generally, if define F;; as the intersection
(- (R R By N BB N RSB 0 -) N RV EBY,

then C; = Fj 1. It follows easily from the discussion of the d; in Section 5 (i.e., the
d-construction) that JFj ; is the image under R*f.Oy — R*f. B}, of Ker d;_;. We write
D; for Fy ;. If fw " is a section of R* .0y we will also sometimes abusively write fw_*
for its image in RFf,B},.

It will be useful later to have an explicit description of the isomorphism C; = Dy 1.

Proposition 7.2. Viewing Dy as a subsheaf of R*f,Bl, = O;(—kS)/O;(—kS)P and
C1 as a subsheaf of Rof*B]’fjl =~ BL(kS), the isomorphism Dy, — C; is given explicitly

by
k1

fuort (1)

C

O (df Jwe.

Proof: fw_ ¥ lies in Dy, if and only if there exists a section

=) fjwint™

of Hip(M/T) with fo = f such that V(z2) € Q} @ FFHE(M/I). In this case, the image
of fw;* in C) is just the image of V(z) under Q} @ FFHE,(M/I) = ROf. Q% namely
dfrwk. Now

V() = S0+ G+ 1>fj+1%>wzn§—f.
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and this lies in F¥H%,(M/I) if and only if for 1 < j <k, f; = PR R %Q(fj_l). Thus

—dq
J7q

dfy = (-1)F Ldo"(f) = (—1)* L ©%(df) and the isomorphism is as claimed. O

Next we introduce sheaves which approximate RFT1=%f, Zi and R*T1=1f, Bt : let Z°
be the subsheaf of RFF1=1f, 7 generated by C;11 and D; and let B! be the subsheaf of
REFI=f B generated by C; and D; (cf. Figure 2 above). By definition, a section of Z*
can be written locally as the sum of the image in R*¥F1=¢f,Z¢  of a section fw ¥ of D;

and a section dgw? of C;,1; we will use the notation

(f.dg) (7.3)

to denote such a section and we will employ a similar notation for B*. The next propo-
sition says that the sheaves Z¢ and B! are good approximations of RF*1=f, 7 and

Rk f*Bf\}rl for the characters we are interested in.

Proposition 7.4. The quotients R*+1=f, 7% /Z% and RF~ f, Bit! /B'*" are skyscrapers

supported at the supersingular points, and at each supersingular point x we have
(RMY7 23y ) 20) (X)) = (RET By /B ) (x) = 0

fori—1<a<p-1.

Proof: Let C; denote the map R¥1=7f, 77 — RF1-7f,0%  induced by the Cartier op-
erator and let ¢; denote that map Cj 1 — RFH17J fJZ?VI given by the C construction. Then
looking at Figure 2 shows that RFF1=1f, 7% /Z? and RF='f,BiF' /B! can be imbedded

in an extension of the skyscrapers
Im Cj
Im ¢;
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for j <. But we have calculated Im C; and Im ¢; in 6.5 and 7.1 and we have

Imcj ay __
<Iij>m(X )_0

if a > j—2ora<max(l,2j —k — 2). This yields the Proposition. O

8. Cohomology of logarithmic differentials Our goal in this section is to prove
Theorem 2.4. The main point is a calculation of H*"'~*(M,, €], ), for certain i and a, in
terms of the cohomology of Igusa curves. Since ij*QMlog =0 for j <k —1i by 4.6a), we
have

H* 7 (Mo, Qg) = HOL R L0 100) (X7)

log

and since RF=¢£,Q% =0 by 4.1,
REIT L Q) 10g 2 Ker (1—C: RFYTTUAZY, — RFITULQY,)

Using the sheaf Z! of the previous section we will identify Ker 1 — C with a certain sheaf
of functions. We will then compute the group of global sections of this sheaf.

We fix data k, a, and ¢ satisfying the standing hypotheses as usual, and we assume
from now until the end of the section that a and ¢ satisfy i — 1 <aand k—7<p—1—a.
Let

Cl:(k-l—l—i-l—a) 02_(a>
i ’ S\
and b = a + k — 2¢. It will be convenient to look at the various eigenspaces separately. We
will be a little sloppy and write F(x?) for certain sheaves F on I (when we really mean
(9+F)(x?), where g : I — X;(IN) is the canonical map) and speak as if this were a sheaf
on I. As most of the work will take place at supersingular points, where the stalks of g, F
and F can be identified, this abuse should be harmless.
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Let F(I) be the function field of I over F and consider the constant sheaf F(I) on I;

let F (I )0 be the subsheaf of rational functions h on I such that hdg/q is an exact rational

differential; the sheaf F(I)° is a free module of rank p — 1 over the sheaf F(I)? of p-powers

of rational functions and F(I) 2 F(I)" ® F(I)? as F(I)” modules. Sections of F(I)° are

also characterized as functions in the image of 6.
Now under the hypotheses on i and a, Proposition 7.4 says that Z! = RE+1=if 71
We define a map ¢ : Z¢ — F(I )0 as follows: To each local section s of Z¢ which is the

sum of the image of a section fw_ ¥ of D; and a section dgw” of C;y1 (so s = (f,dg) in the

notation of 7.3), we associate the rational function h = ¢(f, dg) defined by

—1)k )
o(1.dg) = +0°() + T Egritn g

where 6 is the operator defined in Section 3. Since the intersection of D; and Cj4q is
Dy11 = (4, Proposition 7.2, which describes the isomorphism between Dy and Ci,
proves that h depends only on s, not on its expression as (f,dg).

We note that away from the supersingular points, ¢ defines an isomorphism between
Zi(x*) and B}(x®). Indeed, on the ordinary locus I" = I'\ S, RFF1=1f, Q% =0, all of the
D; are equal and they are isomorphic to B} via fw * + df, and all of the C;;1 are equal
and isomorphic to B} via dgw” + dg. Since 6 is an automorphism of B} on I", the map
(f,dg) — dh gives the desired isomorphism. (The twist comes from the facts that w, is in

the x! eigenspace and 6 sends the x® eigenspace to the Y%~2 eigenspace.)

Proposition 8.1. The map ¢ : Zi(y*) — F(I)" is an injection.

Proof: As noted above, ¢ is certainly injective off the supersingular points. Fix a super-
singular point  and an eigenuniformiser ¢ at . We have defined subspaces W, C Oy , as
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the (Z/pZ)*-invariant functions and V, C Oy, as Wm(’)?m. Let us recall the description of
the stalks of D;(x®), and C;11(x%)z: by 5.5, the former consists of the images in R* f, B},
of sections fw * of R*f,Op with f € thT(P=DG=htaly - by 7.1, the latter is generated
by C1(x?*), and sections df* 7 (P! Nwk with 1 < j<iandl =k —2j+a+1.

Let (f,dg) be an element of the stalk of Z¢(x?) at x and suppose that it goes to zero in
Fg, i.e., that h = ¢(f,dg) = 0. Without loss of generality, we can suppose that fw,* and
dgwk both lie in the x* eigenspace. Moreover, using that C; = Dy 1 and rewriting (f, dg),
we can also suppose that the section dg is an F-linear combination of terms d§*—7 (¢P!=1)
with1<j <iandl=Fk—2j+a+1. Since h € F(I)°, dh =0 if and only if h = 0. Now
the contribution of dg to dh is ((—1)*i!/k!)©~(*=9dg and a short calculation shows that
this differential vanishes to order at least (p—1)(k—2i+a+1)+k—2i+a—1 at z. If dh
is zero, then the contribution of f, namely %d@i f, must also vanish to at least this order.

Now since f € tFTP=DG=1+ayy | = ord,(f) has the form I =k +a+ (i —1+m)(p—1)
for some m > 0. Then
ord, (d0'f) >k +a+(Gi—1+m)(p—1)—i(p+1) -1
=k—2ita—14+(m—-1)(p—1)

with equality if and only if [ #£ 0,...,7 (mod p). Thus if [ Z0,...,i (mod p), we must
have m > k — 2i + a + 2; on the other hand the smallest m such that [ =0,...,7 (mod p)
ism==Fk—2i+a+1. Inany case fw;* € Dy,1, since under the hypotheses on a and 4,
i—1l—-m>k—1andsol>k+a+ (k—1)(p—1). But then (f,dg) can be written as
(0,dg") for a suitable g’. As ¢ is obviously injective on sections of Z% of the form (0, dg’),

we have (f,dg) = 0 and this proves that ¢ is injective. O
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Now define a subsheaf

F=Fia CFI)'(")

by requiring that h € F ([ )O(Xb) lies in F if and only if A is regular at ordinary points, h

vanishes at each cusp, and at each supersingular point, h lies in
Clhx - Cth + OI,x

for some h, with ord,(h,) > —p. Note that h determines h, up to the addition of a
function regular at x.
Recall that for i < a + 1, we have an equality (RFF1=1f, Z1 )(x*) = Z%(x?). The

following theorem is the key point of this section.

Theorem 8.2. The map ¢ defines an isomorphism of sheaves

~

(Ker 1 —C: RFIf. 70 — RFIIUFQ0 ) (x*) —— Fia.

Proof: We have already seen that on I", F; , = B}(x?), and since RFT1=1f,QF  is zero
on I", Ker (1 —C) = Z' there; thus ¢ induces the desired isomorphism away from the
supersingular points. Also, we have that that ¢ is injective on all of I, so to prove the
theorem we need to check that at each supersingular point ¢ takes sections of Ker (1—C)(x®)
to Fi 4, and that all sections of F; , are in the image of ¢ restricted to Ker (1—C)(x*). For
the rest of the discussion we fix a supersingular point x and an eigenuniformiser ¢ there.
Fix a section (f,dg) of Ker (1 —C)(x®). We will examine the images of sections fw_*
and dgw® in Rk“_if*mw and relate this to their contributions to h = ¢(f,dg). Note
that D, goes to zero under the map C : Z° — RFF1=1f Q! and C;;1 goes to zero under

76



1: 20 — RFIZILQL . We also recall (4.1) that the stalk (RFF1=1£,0% ), (x®) is one
dimensional for all @ with 1 <a <p— 2.
Consider a section fw;* of D;. By the d-construction, if ord,(f) = I, then the image

of fw % in REFI=if QF is represented by the section

_i(k _ Z)Bif%wgi—Q—k

i
If a = i — 1, this class is zero (for either | = k + p(i — 1) and the binomial coefficient is
zero, or [ > k+p(i — 1) 4+ (p — 1) and the section vanishes to order at least p — 2, thus
giving zero in REF1=1£,Q0% ). If a > i — 1, we get a non-zero contribution to RFF1=1f, Q¢
if and only if [ has its minimum possible value, namely k& + (p — 1)(i — 1) + a.

Next, we want to compute the contribution of fw;* to h, which is
L

up to functions regular at z. We have ord, (6°(f)) > 1 —i(p+1) > k—2i+a— (p—1) and

=)

modulo functions vanishing to order [—i(p+1)+(p—1) > k—2i4+a. But k—2i+a > 0 unless
a=i—1,i=k,and l = k+ p(k — 1), so aside from this case, we have ord,(¢(f,0)) > —p

and
LY n
o(f.0)= (,)B'f
modulo regular functions. In the case a = i — 1, i = k, it may happen that ¢(f,0) has
a pole of order p at x, and we can read off the leading term from the congruence above,
but de(f,0) is regular (since ¢(f,0) is a section of F(I)?). Thus in all cases, we have

determined the contribution of f to h up to the addition of a function regular at x.
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Now consider sections dgw” of C;y1(x®). By the C-construction, there exists a function
g; satisfying certain inequalities such that dg = %ko_l(gi); the image of dgw” in

RF+1-1 f+Q%, under C is then represented by the section

Since all sections of C7(x*) are already accounted for in the image of Dyi1(x®), we can
take dg to be a linear combination of d§* =7 (t*!~1)w* with 1 < j <iand | = k—2j+a+1.
Then g; is a linear combination of §*~7tP'~1 and the image of dgw” in RF*1=%f, O = is non-
zero if and only if the coefficient of dg¥—i¢P(k=2i+e+1)=1 (the term with j = i) is non-zero.
We note that each of the functions #?~7tP'~! is regular at z, except in the case j =i, i = k,
a = i—1, in which case it has a simple pole. But if i = k, a =i—1, and (1—-C)(f,dg) =0,
then dgw® must also go to zero in RFF1=f,Qf  since fw * goes to zero automatically.
This implies that that the j = ¢ term cannot occur in g;, so g; is regular at x in all cases.

On the other hand, the contribution of dgwk to h is

UM gpor-t-0g) = (107 (g

If g; = tP(k=2i+e+t)=1 then ord, (P~ (g;)) = p(k — 2i +a + 1 — p) and if g; = 0° 7 (tP'~ 1)
with j < 7, then #7~1g, is regular at z.

At this point we can show that the image of ¢ lies in F. First we treat the cases
i=k,a=k—1andi=1,a=p—k, (the xx region) which are easier. In the first case,
we have ¢; # 0, co = 0 and in the second we have ¢; = 0, ¢3 # 0; in both cases, b = —1
(mod p—1). In both cases, F is just the subsheaf of MO(X_l) consisting of functions h

which vanish at the cusps, are regular at ordinary points, and which satisfy ord, (h) > —p
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at each supersingular point. (In the second case we cannot have ord,(h) = —p?, since
ord,(dh;) > 0 and this implies ord,(h;) = ord,(6P~th,) > —p? + 2.) But we have seen
above that if i = k, a = k — 1, then ¢(f,0) is regular at supersingular points = and
ord,;(¢(0,dg)) > —p. If i =1 and a = p — k, then ord,(¢(f,0)) > —p and the assumption
that (1 — C)(f,dg) = 0 implies that ¢(0,dg) is regular at x. Thus the image of ¢ does
indeed lie in F in these two cases.

We now consider the more interesting cases where neither i =k, a =k —1, nori =1,

a = p — k holds. By Lemma 3.6, we have

and so the assumption that (1 — C)(f,dg) = 0 implies that

—z’(k Z_ l)Bif +i(gi — 0P~ (gs)) /P

vanishes to order at least k — 2i at . In fact, this function lies in the y*—2it¢

eigenspace
for the (Z/pZ)* action, so it must vanish to order > k — 2i + a, i.e., it must be regular at

x (since @ > i —1 or i < k). Eliminating the —i and raising to the p-th power, we have

that

<k - l)Bmfp — (g — 0" (92))

7

is regular at x. Since g; is regular, so is

7

(5 Yo,

Thus h can be written near z as the sum of

() o (" e (8:3)

7
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and a regular function.

Now [, the valuation of f, has the form k+ (p — 1)(i — 1) + a + m(p — 1) for some
non-negative integer m. If m > 0, then both terms of 8.3 are regular. On the other hand,
ifm=0,thenl =k+1—1i+a (mod p). Thus in all cases, h can be written near x as

<k+1fi+a>hm_(_1)i<z‘—1’—a)h§ _ <k+1fi+a)hm— (C.L)hg
i i i i
= c1hy — coh?
where h, is a rational function near x with ord,(h,) > —p. This proves that ¢ maps
Ker (1 —C)(x*) into F; 4

To see that ¢ is surjective, take an arbitrary element h of the stalk F,. Reviewing
the discussion of the images of (f,dg) under 1 — C and ¢ and their relation, we see that
it is possible to write down a section (f,dg) of Z* killed by 1 — C and differing from
h by a function regular at x. Now using the d-construction to modify f by functions
with valuations k +a+ (i —1+m)(p—1), m = 1,...,k — 2i + a + 1, we can arrange
that h and ¢(f,dg) differ by a function vanishing to order at least p(k — 2i + a + 1).
But then by the C construction, if we set g; = h — ¢(f,dg), the g;dq/q is exact and
ord,(g;) > —k+(k—i)(p+1)+1so0 df* g, is a section of C;, killed by 1 —C. Modifying
dg by adding df*~g;, we have h = ¢(f, dg). This proves that ¢ maps Ker (1 —C)(x?) onto

Fi.o and thus induces an isomorphism. O

Next we analyze the global sections of F; ,.

Theorem 8.4. Assume the standing hypotheses, fix an integer ¢ with 1 < ¢ < k, and

suppose i — 1 <a and k —i < p—1—a. Then we have an exact sequence

HO(LQHO) (200 — HO(I, Fya) — HU(T, O ()~ ="
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Suppose the ground field F is algebraically closed. Then the right hand map is surjective;
the left hand map is injective if b Z 0 (mod p — 1) or co = 0; when ¢co # 0 and b = 0

(mod p — 1) it has as its kernel a group of order p generated by x dq/q where z satisfies

1

P~ = ¢ /co.

Remark: Note that when a and ¢ satisfy the strict inequalitiesi—1 < a and k—i < p—1—a,
the constants ¢; and ¢y are not 0. On the other hand, when p—1—a =k — 1, then ¢; =0
and (when F is algebraically closed) H°(I,F; ) is isomorphic to H'(I,O)(x?)f=?; when
a =i— 1, we have c; = 0 and (when F is algebraically closed) H°(I,F; ) is isomorphic
to HO(I, Q) (x?)¢=0.

Proof: We will need the old-fashioned but eminently useful description of H' of a coherent
sheaf on a curve in terms of “répartitions” (i.e., something like adeles). For any divisor D
on I, we have

H(1L,0(D)) = & py Ve D)

where A7 is the subgroup of (h,) € [[,F (/) with almost all h, in the local ring at =,
O(D)(0) is the subgroup with all h, in the stalk of O(D) at x, and F(I) is the function
field of I, imbedded diagonally. (A is not quite the ring of adéles, since we have not taken

completions.) In terms of this isomorphism, the Serre duality pairing is

((he),0) = Res hyo.

(See [S], Chap. II, No. 5 for proofs.) We note also it is clear from this isomorphism that if
D' is a second divisor with D’ — D effective, then a class in H (I, O(D)) has a representative
(hy) with ord,(h,) > —ord,(D’) if and only it goes to zero under the natural projection
HYI,0(D)) — HY(I,O0(D")).
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We now define the maps in the statement of the theorem. Suppose h € H°(I, F), so
h is a rational function on I (in the x? eigenspace for the (Z/pZ)* action) with hdq/q
exact. Furthermore, h is regular at ordinary points, vanishes at the cusps, and there are

functions h, at each supersingular point x with ord,(h,) > —p such that h lies in

c1hy — Cgh;; + O],x.

As we remarked above, h, is determined by h up to the addition of functions regular at x.

Defining h, to be 0 if x is not a supersingular point, we get a well-defined class

(he) € H'(I1,0)(X")

and this class is clearly in the kernel of ¢; — coF. The kernel of the map H(I,F) —
H'(I,0)(x") consists of sections h which can be written globally as c;g — cag? where
g is a function regular at ordinary points and at the cusps, and with ord,(g) > —p at
supersingular points. (A priori, we have only that h = ¢1g — cag? + c3 for some constant
c3. But since h vanishes at each cusp, expanding h in a power series at a cusp rational
over ', we see that c3 has the form ¢;ag — coal; modifying g by ag, we can assume ¢z = 0.)

Thus gdq/q € H°(I,Q(C))(x*2); since hdg/q is exact we have

and so gdq/q lies in the kernel of ¢;C — co. Conversely, if o € H(I,Q'(C))(x**?) and o
is in the kernel of ¢1C — ¢y, then setting g = o/(dq/q), we have that h = ¢1g — cogP is a
global section of F which obviously goes to zero in H(I, ©). The establishes the existence

of the exact sequence of the theorem.
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Now suppose the ground field F is algebraically closed. The kernel of the map
H(I,QN(C))(x" ")~ ==0 — H(I, F)

is clearly the set of differentials = dq/q in the x**2 eigenspace with c;z — cp2? = 0. Since
dq/q lies in the x? eigenspace, if b = 0 (mod p — 1) and neither ¢; nor cy are zero, the
kernel is a group of order p; otherwise it is the trivial group. It remains to prove the
surjectivity of

HO(1,F) — HY(1,0)(x))* =",

Let (h;) be a répartition representing a class in the target. Since H(I,O(pS)) = 0
(for degree reasons), we can change the representative so that ord,(h,) > —p at each
supersingular point x and h, = 0 at all ordinary points and cusps. Then there exists
a rational function h with h — ¢1h, + coh? regular at each x. However, hdg/q may not
be exact so we do not yet have a section of F. We do have that C(hdq/q) is regular at
supersingular and ordinary points and has at worst simple poles at the cusps (this follows

by looking at the local conditions on h). We need the following lemma.

Lemma 8.5. Suppose that V is a finite dimensional vector space over a perfect field F of
characteristic p and 7 : V — V is a p-linear or p~!-linear endomorphism. If ¢; and ¢, are
non-zero elements of F, then the kernels of the maps ¢; — coT and ¢;T —cx : V — V are

finite groups. If F is algebraically closed, then these maps are surjective.

Proof: This is a twisted version of a well-known fact: if V and T" are as in the statement
and F is algebraically closed, then V' can be written as a direct sum V = V,, & V; of
T-stable subspaces such that T is nilpotent on V,, and such that V; has a basis of vectors
fixed by T'. The lemma follows easily from this. U
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Assuming for the moment that ¢; and c¢o are non-zero, we apply the lemma with
V = H%I,0YC))(x**?) and T = C. This furnishes us with a differential o solving the
equation

61C<0') — Co0 = h@
q

Setting g = 0 /(dq/q), we have that ord,(g) > —p at supersingular points and g is regular
elsewhere. Replacing h with h — ¢19 4+ cogP we have that h satisfies the local conditions
at the supersingular points to be in F, and it is regular at ordinary points and cusps.
Moreover, hdq/q is exact so h must vanish at the cusps and it clearly maps to the given
class in H'(I,©). Thus the map is onto if ¢; and cp are non-zero. If c; = 0 then
HY(I,0)%~¢2F=0 = ( and there is nothing to prove, so assume ¢; = 0 # cp. Then
h' = 0P~'h satisfies ord,(h') > —p?, h and B/ differ by the p-th power of a rational
function (so A’ maps to the same class in H*(I,0) as h does), and since 0h = 01, the
polar part of A’ at each supersingular z is a p-th power. Thus A’ is the required section of

F. This completes the proof of Theorem 8.4 O

Proof of Theorem 2.4: We start with a). The hypotheses then imply that neither ¢;

nor ¢y is zero. The finiteness of H*T1=%(M,,, Qfog) is immediate from Theorem 8.2 and 8.4

combined with Lemma 8.5. When F' is algebraically closed, there is an obvious three step

filtration on H*+1=¢(M,, Q%Og) whose graded pieces are

_ HO(I,0YC)) c1€e2=0
HO I Ql b+2\c1C—ca=0 ’ b+2

and

HY(T,95,,) ()=,
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Multiplication by a solution = to P~ = ¢3/c; gives isomorphisms with the three groups

in the statement of the theorem. Since for algebraically closed F, Uli’kﬂ_i(F), the set

7

log) and we have

of F-rational points of the representing group, is equal to H*1=¢(M,, O
shown this group is finite, we have dim Uli’kﬂ_i = 0. By Proposition 4.6d), this implies
Ti—1k+2—i _

For b), we treat the case i = a + 1, the other being similar. When F is algebraically
closed, the isomorphism H*™'~*(M,, Qj, ) = HO(I, B})(x"*?) follows immediately from
8.2 and 8.4. Moreover, it implies that dim Uf’kﬂ_i = 0 if and only if H(I, B})(x**2%) = 0.

Thus by Proposition 4.6¢) and e), T*~1F+2=% = 0 if and only if H(I, B})(x*™2?) = 0. It is

well-known that this condition is equivalent to the vanishing of HY.; .(I/W)(x"*?)1). O

9. Cohomology of exact differentials In this section we will prove Theorem 2.6. To
that end, recall the sheaves of higher exact differential forms B! on X: we set B} = B’

and define the higher B!, C Z% inductively via the exact sequences

c

0—B' —B. , —— B, —0. (9.1)

Similarly, we have sheaves B}% ; of higher exact differentials on /. As in Section 8, the key

point is a sheaf computation:

Theorem 9.2. Assume the standing hypotheses, fix an integer ¢ with 0 < ¢ < k, and
setb=a+k—2i. Suppose i <aand k—i <p—1—a. Then for all n > 1 we have
isomorphisms of sheaves

R*U B (X) 2 By (X)
compatible with the Cartier operators.
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Proof: To establish this isomorphism we will use the d- and C-constructions, as in the

proof of 8.2. First of all, note that we have an exact sequence

it1 (€1 i i+1 1-C  ~it+1 .
0—=Bx — B, x®Zx — Q5 —0;

injectivity on the right follows from that of 1 : B;Jr)l( — Z?l, surjectivity on the left follows

from that of C : Zg;rl — Qé?'l, and exactness in the middle is just the definition of B;j')l(

Taking cohomology, we have

0 — Rk—if*BZ—j-Al/I (C,1) Rk—if*Bj;rlLM @Rk—if*zji\}—l 1-C Rk—if*Qé\}—l‘

If s is a section of Rk_if*Bff]\l/I we deduce n sections s1, ..., s, of RF7If, Zﬂrl: by definition

s; is the image of s under the map

—i ; crd — ; 1 —i ;
RN 1B, —— RMULBYY —— R

Defining sop = 0 by convention, the s; satisfy C(s;) — 1(s;_1) = 0 in RF*f,Q4F1 Con-
versely, each system sq,...,s, of sections of RF7*f, Z}Jl satisfying these equations deter-
mines uniquely a section s of RF~? f*B;L+A14

Now for the a and ¢ under consideration, 7.4 gives us an isomorphism R¥~? f*Z]i\Zr1 &~
Z™l = D;i1 + Ciya. For each s; we have sections (fjw; ", dg;wk) of D11 & Cj4o whose
image in Rk_if*Zf\jl is s;. The pair (fjw_ ", dg;w¥) is not uniquely determined by s;, but

by 7.2, the function h; defined by

d 1 . —1)kE! ;

is well-defined. Let ¢’ be the constant

= (k;ﬁa)/(zjfl)

86



and define a rational differential 7 by

n— n— n— d
T:(h? 1—|—Clhg 2—|—C/2h§ 3+..-—|—Cl(n_1)hn> _q
q

Since h; dq/q is exact, C"(7) = 0 and (supposing for the moment that 7 is a regular differen-

tial), we have 7 € B}, ;(x"); thus we have defined a homomorphism R*~ £, B) ), Yn, B, ;.

Moreover, the diagram

0— Rk_zf*Bﬂ—l _ Rk_if*B:L—:-lLM C Rk_lf*B::_]b =0
[ [nta |
0— Bj - B}L—I—l,[ ~ B111,I — 0

has exact rows and commutes. By induction and the 5-lemma, to prove that each v, is
an isomorphism, it suffices to treat the case n = 1.

Summing up, to finish the proof of the theorem we have to show that the rational
differential 7 = 1,,(s) is regular, and that ¢, : R** f, BiF (x*) — Bi(x) is an isomor-
phism. We first prove that 7 is regular. From the definition, it is clear that 7 is regular
off the supersingular points; fix one supersingular point z and an eigenuniformiser ¢ there.
Calculating as in the proof of Theorem 8.2 (using the d- and C-constructions) we find that

if the image of s; under 1 : Rk_if*Z}\}rl — Rk_if*Qé\}rl is represented in the stalk at x by

ajtk—Qi—p+a—1 @wgz—k
q

(with a; € F) and if the image of s; under C : RF~/f, ZtFt — RF= £, O is represented

by

ﬁjtk—%—p—l—a—l ;qwgz—k

(B; € F), then the function h; is congruent to
(_1)i+15§?tp(k—2i—p+a—l) _ Clajtk—Qi—p-l—a—l
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modulo regular functions. Since the constraint 1(s;) —C(s;+1) = 0 is exactly the condition
that a; = 341, we have that 7 is indeed regular.

It remains to check that 11 is an isomorphism. Injectivity follows from that of ¢ which
was proven in 8.1. Finally, let us check that ¢, is surjective. Note that by using sections
©F~i(dg)w} of Ci1y with ord,(dg) > —i + p(k — i) we can obtain any element 7 € B} ,
with ord,(7) > —i + p(k — i). To show surjectivity in the required eigenspaces, it thus
suffices to produce a 7 in the image with ord,(7) = [ for all [ satisfying [+ 1=a+ k — 2i
(mod p — 1) and 0 < I < —i + p(k —i). On the other hand, by using sections fw.* of
Diyy with ord,(f) > k4 (p—1)i+a we can produce sections 7 of B} , with any valuation
>k—2iand # —1,-2,...,—1 —i (mod p). A short computation shows that we obtain

all the needed sections. This completes the proof of the theorem. O

Proof of Theorem 2.6: Theorem 2.3a says that 7% vanishes unless i + j = k + 1.
Either the hypotheses of a) and Theorem 2.4a) or the hypotheses of b) and Theorem
2.4b), imply that T¢-bk+2=¢ — Téik+l=i — (0 As we remarked in Section 2, the proof
of [I-R], IV.4.5 and the vanishing of these 7”s then shows that the three W-modules
HF =M, ZWQF), H1=4(M,, WQY), and HF1=4(M,, BWQH!) are isomorphic to
direct factors of H (M, /W) (the parts of slopes i, [i,i + 1) and (i,i + 1) respectively)

and we have an isomorphism
HM 7 (M, WQY) = H Y (M, ZWQY) @ HF 4 (M, BWOQ )

compatible with the actions of F and V. Also, H**274(M,, WQ!) = 0 as it is a direct

factor of H**2(M, /W) which is 0. Since F' is an automorphism of H**1=%(M,, ZWQ?),

cris
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we have
HFY=4(M,, BWQITY) JF = B0, WQY ) F = HM Y 4(M,, WQEF).
By [1], 11.2.2.2, we have

HM (M, W' /F) = lim H*H (M, B

n

where the inverse limit is taken with respect to the maps induced by the Cartier operator.
Similarly, we have an isomorphism

HY(I,BWQ")/F~ HY(I,WQ")/F ~2limH'(I, B)).

n

By Theorem 6.7, for the ¢« and a in question, Rk+1_if*B§\}1(Xa) = 0, and using 9.1 and
induction we have also RFF'=! f, B{f (x*) = 0 for all n > 1. Thus H*+*'=¢(M,, Bi') =

H(I, RF=1f,Bi1)(x®) and the theorem follows immediately from Theorem 9.2. O
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