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In this paper we continue our study of the p-adic valuations of eigenvalues of the

Hecke operator Up. In [U2], we proved that the Newton polygon of the characteristic

polynomial of Up on certain spaces of cusp forms of level divisible by p is bounded below

by an explicitly given (Hodge) polygon. Here, we investigate the extent to which this result

is sharp. In particular, we want to find the highest polygon with integer slopes which lies

below the Newton polygon of Up (its “contact polygon”). Knowledge of this polygon yields

non-trivial upper bounds on dimensions of spaces of forms defined by slope conditions. In

some cases, we can go much further, giving formulae for the dimensions of spaces of forms

of certain slopes in terms of forms of weight 2. This can be viewed as a generalization

to higher slope of well-known results of Hida [H] on the number of ordinary eigenforms,

i.e., eigenforms of slope 0. What underlies all of our results is very fine information on

a certain crystalline cohomology group associated to modular forms. In a future paper

we will exploit this information further and prove congruences between modular forms of

various weights and slopes. This allows us to get good control on the Galois representations

modulo p attached to certain forms of weight > 2.

The first section of the paper gives our results on modular forms and then in Section 2

we give the cohomological results underlying these theorems. The main results on modular

forms are 1.4-1.8 and the most important technical result is Theorem 2.4. There is a

summary of the rest of the paper at the end of Section 2.
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1. Slope decompositions Fix a positive integer M and a non-negative integer k and

let Sk+2(Γ1(M)) be the complex vector space of cusp forms of weight k + 2 for the con-

gruence subgroup Γ1(M) of SL2(Z). Let Sk+2(Γ1(M);Q) be the Q-vector space of forms

all of whose Fourier coefficients at the standard cusp ∞ are rational numbers; accord-

ing to a theorem of Shimura ([Sh], 3.52) this is a Q-structure on Sk+2(Γ1(M)). For any

commutative Q-algebra R define

Sk+2(Γ1(M);R) = Sk+2(Γ1(M);Q)⊗Q R.

This space carries an action of Hecke operators Tℓ for all primes ℓ |/ M , Uℓ for ℓ|M , 〈d〉M

for d ∈ (Z/MZ)×; if R contains an M -th root of unity ζ, we also have an action of the

operator wζ ([Sh], Ch. 3 or [Mi], 4.5 and 4.6). If M = M1M2 with (M1,M2) = 1, then

we have operators 〈d〉Mi
for d ∈ (Z/MiZ)× and 〈d〉M = 〈d〉M1

〈d〉M2
. If R contains the

φ(M1)-th roots of unity µφ(M1) (where φ is Euler’s function), then we have a direct sum

decomposition

Sk+2(Γ1(M);R) ∼=
⊕

ψ:(Z/M1Z)×→R

Sk+2(Γ1(M);R)(ψ)

where f ∈ Sk+2(Γ1(M);R) lies in Sk+2(Γ1(M);R)(ψ) if and only if 〈d〉M1
f = ψ(d)f for

all d ∈ (Z/M1Z)×.
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Now fix a prime number p, a non-negative integer k, and an integer N prime to p.

Let R = Qp be the p-adic numbers. We can apply the above constructions with M1 = p,

M2 = N , and we get a direct sum decomposition:

Sk+2(Γ1(pN);Qp) ∼=

p−2
⊕

a=0

Sk+2(Γ1(pN);Qp)(χ
a)

where χ : (Z/pZ)× → Zp is the Teichmüller character (characterized by χ(d) ≡ d

(mod p)). (Note that we are not decomposing for characters modulo N .)

We want to consider the action of Up on S = Sk+2(Γ1(pN);Qp)(χ
a) when 0 < a <

p − 1. As is well-known, this action is semi-simple (since S is then a space of forms new

at p) and its eigenvalues α are algebraic integers all of whose complex embeddings satisfy

αα = p(k+1) ([Mi], 4.6.17). Let v be the valuation of Qp normalized so that v(p) = 1.

Then if α is an eigenvalue of Up on S, we have 0 ≤ v(α) ≤ k+ 1. We define v(α) to be the

slope of the eigenvalue, and if f ∈ S ⊗Qp is an eigenvector for Up with eigenvalue α, we

will also call v(α) the slope of f . If f is an eigenform with slope i then for all ζ ∈ µpN ,

wζf is an eigenform with slope k + 1− i.

We will also have occasion to consider the action of Up on Sk+2(Γ1(pN);Qp)
p−old,

the space of forms which are old at p; this is isomorphic to the sum of two copies

of Sk+2(Γ1(N);Qp) embedded via the standard degeneracy maps. Although this ac-

tion may not be semi-simple, the eigenvalues of Up are again algebraic integers α which

have absolute value p(k+1)/2 in every complex embedding. Thus the slopes of forms in

Sk+2(Γ1(pN);Qp)
p−old are also in the interval [0, k + 1]. We also note that

det
(

1− UpT |Sk+2(Γ1(pN);Qp)
p−old

)

= det
(

1− TpT + 〈p〉Np
k+1T 2|Sk+2(Γ1(N);Qp)

)

.
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To ease notations, we define

S = S(k, b) =

{

Sk+2(Γ1(pN);Qp)(χ
b) if b 6≡ 0 (mod p− 1)

Sk+2(Γ1(pN);Qp)
p−old if b ≡ 0 (mod p− 1).

(1.1)

Elementary linear algebra gives a unique decomposition

S ∼=
⊕

λ

Sλ

(compatible in an evident sense with the Hecke operators) such that all of the eigenvalues

of Up on Sλ have slope λ. More generally, for I an interval of real numbers, let

SI =
⊕

λ∈I

Sλ.

We want to study the dimensions of the SI for certain intervals I, especially those of the

form [i] or (i, i+1) where i is an integer in the range 0 ≤ i ≤ k+1. In particular, we want

to relate these dimensions for different values of k and a.

A convenient way to package information about dimensions of subspaces defined by

slopes is via Newton polygons. Recall that if

P (T ) = 1 + a1T + · · ·+ adT
d =

d
∏

i=1

(1− αiT )

is a polynomial with Qp coefficients and with the factors αi ordered so that v(αi) ≤ v(αi+1),

then the Newton polygon of P with respect to v is defined to be the graph of the continuous,

piecewise linear, convex function f on [0, d] with f(0) = 0 and f ′(x) = v(αi) for all

x ∈ (i − 1, i). This polygon can be seen to be part of the boundary of the convex hull in

the plane of the points (0, 0) and (i, v(ai)) for i = 1, . . . , d. In particular, if the v(ai) ∈ Z,

then the breakpoints of the Newton polygon (i.e., the points (x, y) on the polygon where

f changes slope) have integer coordinates.
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Given non-negative real numbers l0, . . . , ln, define the associated Hodge polygon to be

the graph of the continuous, piecewise linear, convex function f on [0, l0 + · · · + ln] with

f(0) = 0 and f ′(x) = i for all x ∈ (l0 + · · ·+ li−1, l0 + · · ·+ li). In [U2], we proved that the

Newton polygon of the polynomial

P (k, a) = det (1− UpT |S(k, a))

is bounded below by an explicit Hodge polygon. Let g be the genus of X1(N), c the

number of cusps on this curve, and set w = g − 1 + c/2. Then main theorem of [U2] says

that when N ≥ 5 and 0 < a < p− 1, the Newton polygon of P (k, a) lies on or above the

Hodge polygon attached to the integers

l0 = (k + a+ 1)w − c/2

l1 = · · · = lk = (p− 1)w

lk+1 = (k + p− a)w − c/2

(1.2)

and the two polygons have the same endpoints. (We also treated the cases where N ≤ 4

if p > 3 in [U2], Theorem 7.1, but the formulae are much more complicated.) Since the

middle Hodge numbers are not zero, this result shows that the eigenvalues of Up are more

divisible by p than one might a priori expect.

It is natural to ask how sharp this result is, so let us consider the highest Hodge

polygon (i.e., polygon with integral slopes) lying on or below the Newton polygon of

P (k, a). Generally, given any Newton polygon, define its associated contact polygon as the

highest Hodge polygon lying on or below it and having the same endpoints. By definition,

the Newton and contact polygons meet at some point on every edge of the latter, and
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any edge of the Newton polygon with integer slope is contained in the corresponding edge

of the contact polygon. It is not hard to check the following formula for the lengths of

the sides of the contact polygon: if λ1, · · · , λd are the slopes of the Newton polygon (with

multiplicities) and if

mi =
∑

v(αj)∈(i−1,i)

(v(αj)− (i− 1)) +
∑

v(αj)=i

1 +
∑

v(αj)∈(i,i+1)

(i+ 1− v(αj)),

then the contact polygon is the Hodge polygon attached to the numbers m0, m1, . . .. We

note that mi = 0 if and only if none of the v(αj) lie in the interval (i − 1, i + 1). The

polygon attached to the mi was called the Hodge-Newton polygon by Crew and Ekedahl

and the slope polygon by Illusie, but both of these terminologies seem to cause confusion.

I propose to call it the contact polygon (and the mi contact numbers) in view of its contact

properties with respect to the Newton polygon. For more discussion on this polygon and

its applications to modular forms, see [U3].

Evidently the difference between the Hodge polygon of [U2] and the contact polygon

of P (k, a) is a measure of the sharpness of the result of [U2]. To measure the difference,

let ti = ti(k, a) (i = 1, . . . , k) be the number of units the slope i edge of the Hodge polygon

should be raised so that it meets the slope i edge of the contact polygon (or equivalently,

so that it meets the Newton polygon). Since the Hodge polygon of [U2] and the Newton

polygon of P (k, a) have the same endpoints, it follows that t0 = tk+1 = 0. With the

convention that ti = 0 for i < 0 or i > k + 1, the ti are determined by the relations

mi = li − t
i−1 + 2ti − ti+1 (1.3)

for i = 0, . . . , k + 1. Our first result determines when the ti vanish. To avoid constant

repetition, throughout the paper we assume the following.
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Standing Hypotheses. Let p be an odd prime number, N an integer prime to p, k an

integer with 0 ≤ k < p, and a an integer with 0 < a < p− 1. If N ≤ 2, assume that k ≡ a

(mod 2). After Section 1, we assume also that N ≥ 5.

Theorem 1.4. Let i be an integer with 1 ≤ i ≤ k.

a) If i ≤ a and k + 1− i ≤ p− 1− a then ti(k, a) = 0.

b) If i = a + 1 then ti(k, a) = 0 if and only if S2(Γ1(pN);Qp)(χ
k+1−i)(0,1) = 0. If

k + 1− i = p− a then ti(k, a) = 0 if and only if S2(Γ1(pN);Qp)(χ
−i)(0,1) = 0.

c) If N ≥ 5 and if i > a+ 1 or k + 1− i > p− a then ti(k, a) > 0. For any N , if i = a+ 2

we have ti(k, a) ≥ li−1 and if i = k+ a− p we have ti(k, a) ≥ li+1. (Here the li are defined

by 1.2 if N ≥ 5 and by [U2], 7.1 if N ≤ 4.)

The theorem says that the Newton polygon attached to modular forms touches the

Hodge polygon attached to the li at some point on every edge of middle slope, where the

definition of “middle” depends on k, a, and i. Figure 1 below may be helpful in organizing

the hypotheses. In it, k is fixed and there is one box for each pair (i, a). For the shaded

boxes t > 0, for the clear boxes t = 0, while for the boxes with stars, the behaviour of t is

“arithmetical”: it depends on eigenvalues of modular forms of weight 2. Note that there

are no ∗’s if k ≤ 1 and no shaded region if k ≤ 2; the shaded region becomes larger as k

increases until there are no clear squares when k = p− 1.

The theorem together with obvious properties of the contact polygon give upper

bounds on the dimensions of spaces of modular forms with certain slopes. For exam-

ple, if (i, a) is in the clear region, then dim Sk+2(Γ1(pN);Qp)(χ
a)[i] ≤ (p− 1)w, since this

is the maximum possible length of the slope i edge of the contact polygon.
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Figure 1

We can obtain much more precise information in the clear region, relating dimensions

of spaces of forms of weight k + 2 and weight 2. Recall (from 1.1) the notation S(k, b) for

spaces of modular forms of level pN . To put our result in context, we first recall that by

results of Hida [H], for all k > 0 we have

dim Sk+2(Γ1(pN);Qp)(χ
a)[0] = dim S2(Γ1(pN);Qp)(χ

a+k)[0]

= dim S(0, a+ k)[0] +

{

0 if a+ k 6= 0 (mod p− 1)
S − 1 if a+ k ≡ 0 (mod p− 1)

(where S is the number of supersingular points on X1(N) in characteristic p) and

dim Sk+2(Γ1(pN);Qp)(χ
a)[k+1] = dim S2(Γ1(pN);Qp)(χ

a−k)[1]

= dim S(0, a− k)[1].

Thus, the dimensions of spaces of forms of weight k + 2 and minimal or maximal slope
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(i.e., slope 0 or k + 1) are determined by slopes in weight 2. We can generalize this to

forms of slope i and character χa when (a, i) lies in the clear part of Figure 1.

Theorem 1.5. Let i be an integer 1 ≤ i ≤ k such that i ≤ a and k + 1 − i ≤ p − 1 − a

and set b = a+ k − 2i. Let c be the number of cusps on the modular curve X1(N). Then

we have

dim Sk+2(Γ1(pN);Qp)(χ
a)[i] =dim S(0, b+ 2)[1]

+







c if b 6≡ 0,−2 (mod p− 1)
c− 1 if p > 3 and b ≡ 0 or − 2 (mod p− 1)
c− 2 if p = 3 and b ≡ 0 ≡ −2 (mod p− 1)

+ dim S(0, b)[0].

Remarks: 1) Implicit in this result are upper and lower bounds on the dimensions of the

spaces Sk+2(Γ1(pN);Qp)(χ
a)[i]. If N ≥ 5, the upper bound is equal to (p− 1)w, which is

the number of supersingular points onX1(N) in characteristic p. The lower bound (c, c−1,

or c− 2) seems remarkable. Is there a distinguished subspace of Sk+2(Γ1(pN);Qp)(χ
a)[i]

of this dimension?

2) Using a theorem of Hida [H], the right hand side of this equation can be rewritten in

terms of forms of higher weight but level N . Precisely, if 0 ≤ b ≤ p− 2, one has

dim S(0, b)[0] = dim Sb+2(Γ1(N);Qp)[0]

and if −1 ≤ b ≤ p− 3, one has

dim S(0, b+ 2)[1] = dim Sp−1−b(Γ1(N);Qp)[0].

(Here the slope decomposition on the right hand side is for the operator Tp instead of Up.)

We also have a result for slopes in an open interval (i, i + 1) when both (a, i) and

(a, i+ 1) lie in the clear region of Figure 1.
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Theorem 1.6. Let i be an integer 0 ≤ i ≤ k and assume that either: i + 1 ≤ a and

k + 1− i ≤ p− 1− a; or i = 0 and a ≤ p− 1− k; or i = k and a ≥ k. Set b = a+ k − 2i.

Then

dim Sk+2(Γ1(pN);Qp)(χ
a)(i,i+1) = dim S(0, b)(0,1).

Remark: It is natural to ask whether a similar statement holds where the interval (i, i+1)

is replaced by a single slope λ and (0, 1) is replaced by λ− i.

Here is an easy consequence of Theorem 1.4 in the ∗ region:

Corollary 1.7. Let i be an integer with 2 ≤ i ≤ k − 1. Then

S2(Γ1(pN);Qp)(χ
k+1−i)(0,1) = 0⇒ Sk+2(Γ1(pN);Qp)(χ

i−1)(i−1,i+1) = 0

and

S2(Γ1(pN);Qp)(χ
−i)(0,1) = 0⇒ Sk+2(Γ1(pN);Qp)(χ

i−k)(i−1,i+1) = 0.

Proof: Under the hypotheses, the combination of formula 1.3 for the contact numbers,

formula 1.2 for the Hodge numbers, and Theorem 1.4 implies that mi ≤ 0; but by definition

mi ≥ 0, so mi = 0. As noted above, this implies there are no slopes in (i− 1, i+ 1).

The ∗∗ boxes behave slightly differently:

Theorem 1.8. In addition to the standing hypotheses, suppose that k > 1 and N ≥ 5.

a) (The case a = (p− 1)− (k − 1) and i = 1.)

S2(Γ1(pN);Qp)(χ
−1)(0,1) = 0⇒











Sk+2(Γ1(pN);Qp)(χ
1−k)[1,2) = 0

and

dim Sk+2(Γ1(pN);Qp)(χ
1−k)(0,1) = 2(p− 1)w.

b) (The case a = k − 1 and i = k.)

S2(Γ1(pN);Qp)(χ
1)(0,1) = 0⇒











Sk+2(Γ1(pN);Qp)(χ
k−1)(k−1,k] = 0

and

dim Sk+2(Γ1(pN);Qp)(χ
k−1)(k,k+1) = 2(p− 1)w.
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Remarks: 1) It would be interesting to construct explicitly some forms with slope in (0, 1)

or (k, k + 1) which would “explain” this result. We remark that if N ≥ 5, (p− 1)w is the

number of supersingular points on X1(N) in characteristic p.

2) A version of this theorem also holds for 3 ≤ N ≤ 4 as long as p > 3. (If N = 1

or 2 and a is as in the statement of the theorem, then k 6≡ a (mod 2) and so S(k, a) =

0.) Writing l(k, a, i) for the integers defined in [U2], Theorem 7.1, the theorem holds

with 2(p − 1)w replaced with l(k, p − k, 1) + l(k, p − k, 0) − l(0, 1, 0) in case a) and with

l(k, k − 1, k) + l(k, k − 1, k + 1)− l(0, p− 2, k + 1) in case b).

To finish this introduction, let us give two examples. First consider the case where

p = 5 and N = 1. We have S2(Γ1(5);Q5) = 0 and so the Theorems 1.5-8 show that there

are no forms of weights 3 or 4, and that in weight 5, there are no forms with character χ1

and slopes in [0, 2) or with character χ−1 and slopes in (2, 4]. Also, Theorem 1.7 shows

that in weight 5, there are no forms with character χ1 or χ−1 and slopes in (1, 3). Theorem

7.1 of [U2] shows that there are no forms of weight 5, character χ1 and slope in (3, 4] and

none of character χ−1 and slope in [0, 1) (because the slope 0 or slope 4 edge of the Hodge

polygon has length 0). Thus the only allowable slope in weight 5 and character χ1 is 3 and

the only allowable slope in weight 5 and character χ−1 is 1 and there should be exactly one

eigenform with each of these two slopes. In weight 6, the only relevant character is χ2 and

by Theorem 1.7, no slopes in (1, 4) occur. Again, [U2] rules out slopes in [0, 1) and (4, 5]

so the only allowable slopes are 1 and 4. Since S6(Γ1(5);Q5)(χ
2) is w-invariant, these two

slopes must occur with the same multiplicity, and since the dimension of the space is 2,

both should occur exactly once. Warren Staley, a graduate student at the University of

Arizona, has kindly supplied me with data confirming that these predictions are accurate.
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Thus, in this very simple case, the slope structure of spaces of forms of small enough weight

is determined a priori by that in weight 2.

For a second example, let p = 3, N = 5, k = 2, and a = 1. The genus of X1(5) is 1

and it has 4 cusps; it has 2 supersingular points in characteristic 3. Also, S(0, b) = 0 for

all b. Using well-known results of Hida on ordinary forms, we find that there are no forms

with slope 0 and (using the w-operator) there are none of slope 3. Theorem 1.8 implies

that there are also no forms with slopes in [1, 2], and that the spaces of forms of slopes in

(0, 1) and (2, 3) are both 4-dimensional. Computation with Pari reveals that in fact there

are 4 forms of slope 1/2 and 4 forms with slope 5/2.

2. Slopes and cohomology All the results of the previous section follow from a com-

parison between modular forms and cohomology proved in [U2] and a calculation of certain

cohomology groups of logarithmic or exact differentials. In this section we introduce these

sheaves of differentials and explain the relation with modular forms. We will state three

theorems (2.3, 2.4, and 2.6) and explain how all the results of Section 1 follow from them;

the proof of these three theorems will take up the remainder of the paper.

We retain the odd prime p, and the integers N , k, and a with p |/ N , 0 ≤ k < p, and

0 < a < p− 1; from now on we assume N ≥ 5. Recall the Igusa curve I = Ig(pN) over Fp

and its universal curve E → I. As in [U2], we have the k-fold fibre product E×I · · ·×I E and

its canonical desingularization X , both of which are acted on by G = (Z/NZ×⊳ µ2)
k×⊳ Sk

and by (Z/pZ)×. The map f : X → I is equivariant for the actions of G and (Z/pZ)×,

where G acts trivially on I and (Z/pZ)× acts via the 〈d〉p. From now on we write 〈d〉 for

〈d〉p. (In [U2], we wrote X for the k-fold fiber product and X̃ for the desingularization.
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As we will use only the latter variety here, we change to the simpler notation X for the

desingularized k-fold fiber product.)

Let ǫ : G→ {±1} be the character of G which is 1 on the factors Z/NZ, the identity

on the factors µ2 and the sign character on Sk. Let Π ∈ Zp[G] be the projector attached to

ǫ and let Πa ∈ Zp[G× (Z/pZ)×] be the projector attached to the character ǫχa. Let F be

a perfect field of characteristic p, W = W (F) its ring of Witt vectors, and σ : W →W the

automorphism induced by the absolute Frobenius of F. We view X and I as varieties over

F by extension of scalars. As explained in Section 3 of [U2], the groups G and (Z/pZ)×

act on the crystalline cohomology groups Hn
cris(X/W ). We adopt the following notational

convention, suggested by the idea that the pairs (X,Πa) should be thought of as “motives

define by p-integral projectors”: M andMa will stand for suitable combinations ofX and Π

or X and Πa respectively. For example, Hj(M,Ωi) means ΠHj(X,Ωi) and Hn
cris(Ma/W )

means ΠaH
n
cris(X/W ).

We proved in [U2] that Hk+1
cris (M/W ) is a free W -module ([U2], Corollary 5.6) and

that the characteristic polynomial of the absolute Frobenius on Hk+1
cris (Ma/W ) is equal to

P (T ) = det (1− Up T |Sk+2(Γ1(pN);Qp)(χ
a)) (2.1)

([U2], Corollary 2.2). Thus we can apply the arsenal of crystalline cohomology to analyze

these spaces of modular forms. We will prove the assertions of Section 1 by using the

deRham-Witt complex and logarithmic differentials to study Hk+1
cris (Ma/W ).

For any smooth, complete, irreducible variety Y over a perfect field F, recall the

deRham-Witt sheaves WnΩ
i on the étale site of Y , introduced by Illusie in [I1], and

further developed in [I-R], [M], and [E]. For each n these fit into a complex

· · ·
d
−−→ WnΩ

i d
−−→WnΩ

i+1 d
−−→ · · ·
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and as n varies, there are projections Wn+1Ω
i → WnΩi giving pro-sheaves WΩi and a

pro-complex WΩ·. We recall also the (pro-) sheaves ZWΩi and BWΩi+1 which are the

kernel and image respectively of the differential d : WΩi → WΩi+1, as well as the (pro-)

sheaf

HiWΩ· =
ZWΩi

BWΩi
.

The WΩi are endowed with (σ and σ−1-linear) endomorphisms F and V such that FV = p

and FdV = d; there is an endomorphism Φ of the complex WΩ· which is piF on WΩi.

There are two spectral sequences (the slope and conjugate spectral sequences)

Hj(Y,WΩi)⇒ Hi+j
cris(Y/W ) and Hi(Y,HjWΩ·)⇒ Hi+j

cris(Y/W )

which give information on slopes of crystalline cohomology. The endomorphism Φ of

WΩ· induces the absolute Frobenius endomorphism on the abutment of the slope spectral

sequence. In order to avoid notational confusion, we will write Φ for the absolute Frobenius

endomorphism of Hcris. We will use [I2] as a highly readable general reference for results

about the deRham-Witt sheaves and their cohomology.

Consider the subcomplex of WnΩ
· whose degree i component is generated additively

by sections

dx1/x1 ∧ · · · ∧ dxi/xi

where xj ∈ O
×
Y and xj = (xj , 0, . . . , 0) is the Teichmüller representative of xj . The degree

i component is denoted WnΩilog in [I-R] and νn(i) in [M], and as n varies, they form a

projective system of sheaves with the maps induced from the projectionsWnΩi →Wn−1Ω
i.

By convention WnΩ0
log = νn(0) = Z/pnZ. Also, we will write Ωilog for W1Ω

i
log; it is just
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the usual sheaf of logarithmic differential i-forms. We have exact sequences

0→WmΩilog →Wm+nΩ
i
log →WnΩilog → 0

and

0→ WΩilog
p
−−→WΩilog → Ωilog → 0.

Now consider the presheaf

A 7→ Hj
ét(Y × Spec A,WnΩ

i
log) = Hj

ét(Y × Spec A, νn(i))

on the category of perfect F-algebras equiped with the étale topology. One knows that the

associated sheaf Hj(Y,WnΩ
i
log) is represented by a commutative algebraic perfect group

scheme killed by pn (see [I-R] Ch. 4 or [M] Section 1 for definitions and proofs). If A is

an algebraically closed field containing F, then the presheaf and the sheaf have the same

value on A, i.e.,

Hj(Y × Spec A,WnΩ
i
log) = Hj(Y,WnΩ

i
log)(Spec A).

The connected component U ijn of this representing group is a unipotent algebraic perfect

group scheme of finite dimension. A fundamental duality theorem of Milne ([M], 1.4) says

that

U ijn
∼= Ext1(Ud−i,d+1−j

n ,Qp/Zp)

where d is the dimension of Y ; in particular, the groups U ijn and Ud−i,d+1−j
n have the same

dimension. Finally, U ij = lim
←−
n

U ijn is also finite dimensional ([M], 1.8, 3.1 and [I-R], IV.3).

We let T ij denote the dimension of U i+1,j . (The reason for this funny shift is that the T ij

were originally defined in terms of some other cohomological object and were later proved

15



to be equal to the number defined here.) If Y has dimension n, one knows that T ij = 0

if i ≥ n− 1 or j ≤ 1; in particular, all T ij = 0 when Y is a curve. As remarked by Milne

([M] 3.5), the T ij are in general rather difficult to calculate.

These integers are closely related to slopes of Frobenius on crystalline cohomology via

a result of Ekedahl. Suppose that the Hodge to deRham spectral sequence Hj(Y,Ωi) ⇒

Hi+j
dR (Y ) degenerates at E1 and that the crystalline cohomology groups Hn

cris(Y/W ) are

torsion-free. Fix an integer n and let m0, . . . , mn be the contact numbers attached to the

characteristic polynomial of Frobenius on Hn
cris(Y/W ). Let hij be the Hodge numbers

hij = dim F H
j(Y,Ωi) and let T ij be the dimensions of the group schemes U i+1,j attached

to Y as above. Then Ekedahl’s result is

mi = hi,n−i − T i,n−i + 2T i−1,n+1−i − T i−2,n+2−i. (2.2)

(This is a combination of [I2], 6.3.11 and 6.3.1.)

We want to apply this result to the Ma. As explained in [U2], the groups G and

(Z/pZ)× act on the deRham-Witt cohomology groups Hj(X,WΩi) and Hi(X,HjWΩ·),

and on the spectral sequences converging toHn
cris(X/W ). Thus we can apply the projectors

Π and Πa to these objects. Moreover, G acts on X covering the trivial action on I, so it

makes sense to apply Π to certain sheaves on I, such as Rjf∗Ω
i
X , Rjf∗Z

i
X , Rjf∗B

i
X , and

Rjf∗Ω
i
X/I . We extend our basic notational convention to cover these groups and sheaves:

thus Hj(Ma,WΩi) means ΠaH
j(X,WΩi) and Rjf∗Ω

i
M means ΠRjf∗Ω

i
X .

More generally, we can define objects RΓ(Ma,WΩ·) in the derived category Db
c(R)

of [I-R] (here R is the Dieudonné-Raynaud ring Wσ[F, V ][d]); these are direct factors of

RΓ(X,WΩ·) and their cohomology groups are the R-modules

· · · → Hj(Ma,WΩi)
d
−−→ Hj(Ma,WΩi+1)→ · · · .

16



Indeed, the canonical flasque resolutions WΩi → Li0 → Li1 → · · · of the WΩi fit together

to form a flasque resolution WΩ· → L·
0 → L·

1 → · · · of WΩ· by R-modules L·
j . Moreover,

from the definition, it is clear that G × (Z/pZ)× acts on the R-modules L·
j . Applying

the functor RΓ(X,−) followed by Πa, we get a complex of R-modules whose cohomology

groups are the desired R-modules. This complex is clearly coherent (in the sense of [I2],

2.4.6) since it is a direct factor of RΓ(X,WΩ·), which is itself coherent. Thus we can apply

many of the results of [E], which are formulated for an arbitrary object of Db
c(R), to the

ΠaRΓ(X,WΩ·).

Now apply these constructions to Ma: let U ij be the inverse limit of the connected

components of the groups representing Hj(Ma,WnΩ
i
log) = ΠaH

j(X,WnΩ
i
log) and let T ij

be the corresponding dimensions. We proved in [U2], 5.6 that the Hodge to deRham

spectral sequence of M degenerates and that Hcris(M) = Hk+1
cris (M) is torsion free, and,

in 5.8, that the Hodge numbers hi,k+1−i of Ma are the integers li of Section 1. Thus

the numbers ti of Section 1 are given by the T ij : comparing 1.2 and 2.2 we have ti =

T i−1,k+2−i. In particular, we can determine the contact numbers mi attached to modular

forms cohomologically.

Here is the first main theorem on the T ij . Part a) (which is easy) will be proven in

Section 4 and part b) will be proven in Section 6.

Theorem 2.3. Assume the standing hypotheses and let a′ = p− 1− a.

a) We have

Hj(M,WΩilog) = Hj(M,Ωilog) = 0

unless i+ j = k + 1 or k + 2; moreover, T ij = 0 unless i+ j = k + 1.

17



b) For 1 ≤ i ≤ k,

T i−1,k+2−i ≥







0 if k − a′ ≤ i
(p− 1)w(k − a′ − i) if (k − a′)/2 ≤ i ≤ k − a′

(p− 1)w i if i ≤ (k − a′)/2

+







0 if i ≤ a+ 1
(p− 1)w(i− a− 1) if a+ 1 ≤ i ≤ (k + a+ 2)/2
(p− 1)w(k + 1− i) if (k + a+ 2)/2 ≤ i

.

This lower bound is non-zero if and only if a+ 1 < i or i < k − a′.

For H = Hk+1
cris (Ma/W ) or H = H1

cris(I/W )(χb) and for any interval J ⊆ [0, k + 1],

define

HJ = (H ⊗Q)J ∩H

(where the slope decomposition of crystalline cohomology is with respect to the action of

Frobenius and the canonical valuation of W ⊗ Q). The following result, besides giving

the vanishing of certain T ij , will be crucial in relating forms of higher weight to forms of

weight 2. We will establish it in Section 8. In the statement, C is the reduced divisor of

cusps on I, dq/q is a certain logarithmic differential on I which is defined in Section 3, and

C and F are the Cartier operator and Frobenius respectively.

Theorem 2.4. Assume the standing hypotheses and let a′ = p− 1− a.

a) Fix an integer i with 1 ≤ i ≤ k and suppose i ≤ a and k + 1 − i ≤ p − 1 − a. Let

b = a+k−2i. Then Hk+1−i(Ma,Ω
i
log) is finite. If the ground field F is algebraically closed

then Hk+1−i(Ma,Ω
i
log) has a three step filtration whose graded pieces are isomorphic to

H0(I,Ω1
log)(χ

b+2),

(

H0(I,Ω1(C))

Fdq/q +H0(I,Ω1)
(χb+2)

)C=1

, and H1(I,Ω0
log)(χ

b).

Moreover, T i−1,k+2−i = 0.

b) Fix an integer i with 1 ≤ i ≤ k and let b = a+k−2i. Suppose F is algebraically closed.
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If i = a+ 1 then

Hk+1−i(Ma,Ω
i
log)
∼= H0(I,Ω1)(χb+2)C=0 ∼= H0(I, B1

I )(χ
b+2)

and T i−1,k+2−i = 0 if and only if H0(I, B1
I )(χ

b+2) = 0, which holds if and only if

H1
cris(I/W )(χb+2)(0,1) = 0. If k + 1− i = p− a then

Hk+1−i(Ma,Ω
i
log)
∼= H1(I,O)(χb)F=0 ∼= H0(I, B1

I )(χ
b)

and T i−1,k+2−i = 0 if and only if H0(I, B1
I )(χ

b) = 0 if and only if H1
cris(I/W )(χb)(0,1) = 0.

In view of the fact that ti = T i−1,k+2−i, Theorem 1.4 follows immediately from

Theorems 2.3 and 2.4.

The vanishing of T ’s recorded in 2.4 and results of Illusie and Raynaud [I-R] allow

one to determine the ranks of certain pieces of Hk+1
cris (Ma/W ) defined by slopes. Here is

the cohomological result underlying Theorem 1.5:

Corollary 2.5. Fix an integer 1 ≤ i ≤ k and let b = a+ k − 2i.

a) If i ≤ a or k + 1− i ≤ p− 1− a then we have

RkW Hk+1
cris (Ma/W )[i] =RkW H1

cris(I/W )(χb+2)[1]

+







c if b 6≡ 0,−2 (mod p− 1)
c− 1 if p > 3 and b ≡ 0,−2 (mod p− 1)
c− 2 if p = 3 and b ≡ 0 ≡ −2 (mod p− 1)

+ RkW H1
cris(I/W )(χb)[0].

b) If i = a+ 1 then

H1
cris(I/W )(χb+2)(0,1) = 0⇒ Hk+1

cris (Ma/W )[i] = 0

and if k + 1− i = p− a then

H1
cris(I/W )(χb)(0,1) = 0⇒ Hk+1

cris (Ma/W )[i] = 0.
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Proof: The argument of [I-R] IV.4.5 shows that if T i−1,k+2−i = T i−1,k+3−i = 0, then

Hk+1
cris (Ma/W )[i] is a direct factor ofHk+1

cris (Ma/W ) as F -crystal and the slope and conjugate

spectral sequences define an isomorphism

Hk+1
cris (Ma/W )[i] ∼= Hk+1−i(Ma, ZWΩi).

Since neither side of the equality to be proved depends on the ground field F, we can

assume it is algebraically closed. Then using [I-R] IV.3, we have a canonical Zp-structure

on Hk+1−i(Ma, ZWΩi):

Hk+1−i(Ma, ZWΩi)F=1 ⊗Zp
W ∼= Hk+1−i(Ma, ZWΩi)

and there is an isomorphism

Hk+1−i(Ma, ZWΩi)F=1 ∼= Hk+1−i(Ma,WΩilog).

This shows that Hk+1−i(Ma,WΩilog) is torsion free; a similar argument gives the vanishing

of Hk+2−i(Ma,WΩilog) so we have

Hk+1−i(Ma,WΩilog)/p
∼= Hk+1−i(Ma,WΩilog/p)

∼= Hk+1−i(Ma,Ω
i
log).

Putting all this together, for i such that T i−1,k+2−i = T i−1,k+3−i = 0, we have

RkW Hk+1
cris (Ma/W )[i] = dim Fp

Hk+1−i(Ma,Ω
i
log).

Similar arguments go through in general for a curve and we have

RkW H1(I/W )(χb+2)[1] = dim Fp
H0(I,Ω1

log)(χ
b+2)

RkW H1(I/W )(χb)[0] = dim Fp
H1(I,Ω0

log)(χ
b)

.

Part a) is now an immediate consequence of Theorem 2.4a and the fact (cf. Section 3) that

the differential dq/q lies in the χ2 eigenspace for the 〈d〉 action. Similarly, part b) follows

from Theorem 2.4b.
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Here is the main cohomological result related to fractional slopes. We will prove it in

Section 9.

Theorem 2.6. Assume the standing hypotheses, fix an integer i with 0 ≤ i ≤ k, and set

b = a+ k − 2i.

a) Suppose either i+ 1 ≤ a and k+ 1− i ≤ p− 1− a; or i = 0 and a ≤ p− 1− k; or i = k

and a ≥ k. Then

Hk+1−i(Ma, BWΩi+1)/F ∼= H1(I, BWΩ1)(χb)/F.

b) If i = a then

H1(I/W )(χk+1−i)(0,1) = 0⇒ Hk+1−i(Ma, BWΩi+1) = 0

and if k − i = p− 1− a then

H1(I/W )(χ−i)(0,1) = 0⇒ Hk+1−i(Ma, BWΩi+1) = 0.

Using 2.6, we can establish the cohomological result underlying Theorem 1.6.

Corollary 2.7. Fix an integer i with 0 ≤ i ≤ k, and set b = a+ k − 2i.

a) Suppose either i+ 1 ≤ a and k+ 1− i ≤ p− 1− a; or i = 0 and a ≤ p− 1− k; or i = k

and a ≥ k. Then

RkW Hk+1
cris (Ma/W )(i,i+1) = RkW H1

cris(I/W )(χb)(0,1).

b) If i = a then

H1(I/W )(χk+1−i)(0,1) = 0⇒ Hk+1
cris (Ma/W )(i,i+1) = 0
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and if k − i = p− 1− a then

H1(I/W )(χ−i)(0,1) = 0⇒ Hk+1
cris (Ma/W )(i,i+1) = 0.

Proof: The hypotheses and Theorems 2.3 and 2.4 imply that we have

T i−1,k+2−i = T i−1,k+3−i = T i,k+1−i = T i,k+2−i = 0.

Using these facts, the argument of [I-R] IV.4.5 shows that Hk+1
cris (Ma/W )(i,i+1) is a direct

factor of Hk+1
cris (Ma/W ) as F -crystal and we have an isomorphism

Hk+1
cris (Ma/W )(i,i+1)

∼= Hk+1−i(Ma, BWΩi+1)

with Φ on the left corresponding to piF on the right. Similarly,

H1
cris(I/W )(0,1) ∼= H1(I, BWΩ1).

Theorem 2.6 thus shows that

Hk+1
cris (Ma/W )(i,i+1)/p

−iΦ ∼= H1
cris(I/W )(0,1)/Φ.

This is already enough to prove part b): we have

Hk+1
cris (Ma/W )(i,i+1)/p

−iΦ = 0⇒ Hk+1
cris (Ma/W )(i,i+1) = 0

since p−iΦ is topologically nilpotent on Hk+1
cris (Ma/W )(i,i+1).

To finish the proof of a), suppose that λ1, . . . , λd are the slopes (taken with multiplic-

ities) occuring in Hk+1
cris (Ma/W )(i,i+1) and set

hi =
∑

j

(i+ 1)− λj hi+1 =
∑

j

λj − i
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(so hi and hi+1 are the contact numbers attached to Hk+1
cris (Ma/W )(i,i+1)). We have

RkW Hk+1
cris (Ma/W )(i,i+1) = hi + hi+1

dim F H
k+1
cris (Ma/W )(i,i+1)/p

−iΦ = hi+1

and

dim F H
k+1
cris (Ma/W )(i,i+1)/p

i+1Φ−1 = hi

Similarly we have integers h0 and h1 attached to H1
cris(I/W )(χb) and the argument above

shows that hi+1 = h1. On the other hand, the hypotheses of the Corollary are invariant

under replacing i with k − i and a with p− 1− a so using Poincaré duality we have

hi(Hk+1
cris (Ma/W )(i,i+1)) = hk−i(Hk+1

cris (M−a/W )(k−i,k+1−i))

= h1(H1
cris(I/W )(χ−b)(0,1)) = h0(H1

cris(I/W )(χb)(0,1)).

Thus h0 + h1 = hi + hi+1 which completes the proof of the corollary.

Finally, let us establish the cohomological result underlying 1.8.

Corollary 2.8. In addition to the standing hypotheses (in particular, N ≥ 5), assume

k > 1. Then

H1(I/W )(χ−1)(0,1) = 0⇒











Hk+1
cris (M1−k/W )[1,2) = 0

and

RkW Hk+1
cris (M1−k/W )(0,1) = 2(p− 1)w.

Similarly,

H1(I/W )(χ1)(0,1) = 0⇒











Hk+1
cris (Mk−1/W )(k−1,k] = 0

and

RkW Hk+1
cris (Mk−1/W )(k,k+1) = 2(p− 1)w.
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Proof: Let us prove the first assertions; the other can be proven analogously or deduced

from Poincaré duality. The vanishing implication already follows from 2.5b and 2.7b (both

applied with i = 1 and a = p − k); it follows that the Newton polygon attached to

Hk+1
cris (M1−k/W ) first meets the slope 1 edge of the contact polygon at the point where its

slope 1 and slope 2 edges meet. On the other hand, the hypothesis H1(I/W )(χ−1)(0,1) = 0

implies that RkH1(I/W )(χ−1)[0] = 2w− c/2 and so (for example by well-known results of

Hida [H] together with 2.1) RkHk+1
cris (M1−k/W )[0] = 2w− c/2. By Theorem 2.4, T 0,k+1 =

T 1,k = 0 so using the formulas 1.2 and 1.3, the horizontal distance between the point where

the Newton polygon leaves the slope 0 edge of the contact polygon and the point where it

meets the slope 1 edge (i.e., the rank of Hk+1
cris (M1−k/W )(0,1)) is 2(p− 1)w.

Now we explain how the results of this section imply the theorems of Section 1. Indeed,

Formula 2.1 says that the Newton polygon of Up on S = Sk+2(Γ1(pN);Qp)(χ
a) is equal

to the Newton polygon of Frobenius on H = Hk+1
cris (Ma/W ). Thus for all λ, the rank over

W of the slope λ part of H is equal to the dimension over Qp of the slope λ subspace of

S. This means that 2.5, 2.7, and 2.8 immediately imply 1.5, 1.6, and 1.8 respectively.

As we have seen, all the results of Section 2 (and thus of Section 1 as well) follow from

2.3, 2.4, and 2.6, so we are reduced to proving those theorems. We will carry this out in the

rest of the paper, but for simplicity, we assume throughout that N ≥ 5. We explain here

how to obtain the results of Section 1 when N ≤ 4. The point is that when N ≤ 4, there

is no universal curve, so we have to replace the motive (X,Π) with one based on a higher

level modular curve. First of all, if p = 3, N ≤ 4, all of the assertions of Section 1 are true,

as can be checked with a finite amount of computation. (We will explain a more refined

version of this computation, including congruences as well as slopes, in a future paper.) Let

24



us then assume that p > 3. We choose an auxiliary integer M > 2 with p not dividing the

order of H = GL2(Z/MZ) and replace the Γ1(N) moduli problem with the simultaneous

moduli problem Γ1(N) ∩ Γ(M). We have a modular curve I for Igusa structures of level

p and Γ1(N) ∩ Γ(M) structures and a construction analogous to that at the beginning of

this section gives pairs (X,Π) and (X,Πa) whose cohomology is related to modular forms

on Γ1(N) ∩ Γ(M). The variety X also has an action of H and we define Π′ ∈ Zp[G×H]

and Π′
a ∈ Zp[G × (Z/pZ)× × H] as the projectors cutting out the H-invariant part of

the cohomology of (X,Π) or (X,Πa). We can then carry out all the arguments of the

paper with the motives (X,Π′) and (X,Π′
a). The characteristic polynomial of Frobenius

on Π′
aH

k+1
cris (X) is equal to the right hand side of 2.1 and Theorems 2.3-2.8 hold if we

replace cohomology groups of I with their H-invariant parts. (The integers on the right

hand side of the inequality in 2.3b implicitly involve a cohomology group on I. The correct

values when N ≤ 4 are given in Section 6.) Using these versions of 2.3-2.8, one finds that

the theorems of Section 1 hold as stated, i.e., for all N .

To end this section, we give some idea of the contents of the rest of the paper. It

will turn out that the two crucial technical results are these: Hk+2−i(Ma,Ω
i
log) has a

positive dimensional F-vector space as a quotient for certain values of k, a, and i (this is

essentially 2.3b); and, for certain other values of k, a, and i, the group Hk+1−i(Ma,Ω
i
log)

is finite and closely related to H0(I,Ω1
log)(χ

b+2) and H1(I,Ω0
log)(χ

b) (this is part of 2.4a).

The cohomology of the Ωilog is mysterious, but we can relate it to more tractable coherent

sheaves: the exact sequence

0→ Ωilog → ZiX
1−C
−−→ ΩiX → 0
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leads to a surjection Hk+2−i(Ma,Ω
i
log)→ Hk+2−i(Ma, Z

i) and an isomorphism

Rk+1−if∗Ω
i
M,log

∼= Ker
(

1− C : Rk+1−if∗Z
i
M → Rk+1−if∗Ω

i
M

)

. (2.9)

We know all about the cohomology of the ΩiM from [U2], so here we concentrate on the

cohomology of ZiM together with its two maps 1 and C to the cohomology of ΩiM ; along

the way we will also need to study the cohomology of exact differentials.

In Section 3 we make a preliminary study of the relative deRham cohomology of

the universal curve E → I, with its two filtrations and Gauss-Manin connection. The

interaction between these three structures near the supersingular points plays a key role

throughout the paper. Using this, in Section 4 we consider the Rjf∗Z
i
M and the maps 1

and C in the very simple cases where i = 0 (where Z0
X = OpX) and i = k+1 (where Zk+1

X =

Ωk+1
X ). In order to study 1 and C for other values of i we use the deRham cohomology

sheaves Hi+j
dR (M) of M on I, with their Hodge and conjugate filtrations F · and F·. There is

a natural surjection Rjf∗Z
i
M → (F i∩Fi)H

i+j
dR (M) and its compositions with the two maps

(F i ∩ Fi)H
i+j
dR (M) → Gr iHi+j

dR (M) and (F i ∩ Fi)H
i+j
dR (M) → Gr iH

i+j
dR (M) are closely

related to 1 and C. Indeed, the conjugate spectral sequence degenerates, Gr iH
i+j
dR (M) ∼=

Rjf∗Ω
i
M , and C : Rjf∗Z

i
M → Rjf∗Ω

i
M is the composition above. On the other hand,

the Hodge spectral sequence turns out not to degenerate. We analyze it in Section 5 and

then in Section 6 use these results to compute the cokernels of 1 and C : Rjf∗Z
i
M →

Rjf∗Ω
i
M . Chasing through some exact sequences leads to computations of Rk+2−if∗Z

i
M

and Rk+2−if∗B
i
M and to the positive dimensionality of Hk+2−i(Ma, Z

i) for certain k,

a, and i. Since this group is a quotient of Hk+2−i(Ma,Ω
i
log), this yields the first main

technical result.
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Sections 7 and 8 contain a rather indirect computation of the Hk+1−i(Ma,Ω
i
log) for

the remaining k, a, and i. First we observe that the non-degeneration of the Hodge spec-

tral sequence leads to a construction of a map (with well-understood kernel) from certain

subsheaves of the invertible sheaf Rkf∗OM to the Rk+1−if∗Z
i
M . Next we construct anal-

ogous (injective) maps from certain subsheaves of the invertible sheaf R0f∗Ω
k+1
M to the

Rk+1−if∗Z
i
M , and we show that, for suitable k, a, and i, the images of the two maps gen-

erate (Rk+1−if∗Z
i
M )(χa). Thus we can reduce questions on the hard-to-compute sheaves

Rk+1−if∗Z
i
M to questions on well-understood invertible sheaves on I. This idea and the

isomorphism 2.9 allow us to establish an isomorphism between (Rk+1−if∗Ω
i
M,log)(χ

a) and

a certain sheaf F of functions. Finally, we show that the group of global sections of F

has a natural filtration whose graded pieces are closely related to H0(I,Ω1
log)(χ

b+2) and

H1(I,Ω0
log)(χ

b). (This last point suggests that there may be a more natural description

of Rk+1−if∗Ω
i
M,log in a suitable derived category. However, the isomorphism between the

graded pieces of H0(I, Rk+1−if∗Ω
i
M,log)(χ

a) and the logarithmic cohomology groups on I

is twisted, both with respect to Frobenius and to the relevant ring of Hecke operators, and

the twisting depends in a complicated way on the data k, a, and i. At the moment, I know

of no simple complex which has all the required properties.)

3. Relative deRham cohomology We keep the notational conventions of the last

section; in particular, M stands for the appropriate combination of the variety X and the

projector Π. For example, f∗Ω
i
M/I means Πf∗Ω

i
X/I . Also, if F is a sheaf we will frequently

write s ∈ F when we mean “s is a section of F over some open set” and we also denote

the restriction of F to any open set by F .

Our goal in this section is to collect some facts we need on the relative deRham
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cohomology of M over I with its two filtrations, pairing, and Gauss-Manin connection.

We will also construct some canonical cohomology classes by using the Igusa structure on

E/I.

Recall the diagram of Frobenius:

X
FX/I
−−→ X ′

GX/I
−−→ X

ց
↓ ↓

I
FI−−→ I

where FI is the absolute Frobenius of I, the square is Cartesian and defines X ′, and

FX = GX/I ◦FX/I is the absolute Frobenius of X . We will frequently use a prime to denote

the pull back under FI or GX/I ; for example, if ωc is a section of Ω1
X/I , we write ω′

c for

G∗
X/Iωc. Recall also the relative Cartier isomorphism: let ZiX/I = Ker (d : ΩiX/I → Ωi+1

X/I),

BiX/I = Im (d : Ωi−1
X/I → ΩiX/I), and HiX/I = ZiX/I/B

i
X/I . Then we have an OX′ -linear

isomorphism

CX/I : FX/I∗H
i
X/I → ΩiX′/I . (3.1)

We will sometimes also view this as a semi-linear map

CX/I : ZiX/I → ΩiX′/I

where semilinearity here means that CX/I(f
pσ) = f ′CX/I(σ). Note that this last map is

still OI -linear.

We are going to study the relative deRham cohomology of X over I. In fact, most of

our calculations in this section will actually take place over I0 = I \ {cusps}, where X is

the k-fold fiber product of a smooth elliptic fibration.

Recall the relative deRham complex of X over I:

Ω·
X/I =

(

0→ OX → Ω1
X/I → Ω2

X/I → · · ·
)

.
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By definition, the relative deRham cohomology sheaves are the hypercohomology sheaves

of this complex:

Hj
dR(X/I) = Rjf∗Ω

·
X/I .

The complex Ω·
X/I has two filtrations by subcomplexes, the Hodge filtration and the

conjugate filtration, which we denote by F · and F·:

F j(Ω·
X/I) =

(

0→ ΩjX/I → Ωj+1
X/I → · · ·

)

and

Fj(Ω
·
X/I) =

(

0→ OX → · · · → Ωj−1
X/I → ZjX/I → 0

)

.

These filtrations give rise to two spectral sequences, the Hodge spectral sequence

Eij1 = Rjf∗Ω
i
X/I =⇒ Hi+j

dR (X/I)

and the conjugate spectral sequence

Eij2 = Rif∗H
j
X/I =⇒ Hi+j

dR (X/I)

(which is actually the shift Ep,q1 → Eq+2p,−p
2 of the usual spectral sequence associated to

the conjugate filtration). We denote again by F · and F· the filtrations on the abutment

Hi+j
dR (X/I) and by Gr · and Gr · the associated graded sheaves.

We will need two other structures on the relative deRham cohomology: the deRham

pairing and the Gauss-Manin connection. Over I0, where the fibers of f are smooth

complete varieties of dimension k, we have the deRham pairing

〈, 〉dR : Hj
dR(X/I)⊗H2k−j

dR (X/I)→ OI
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induced by cup product, the wedge product Ω·
X/I ⊗ Ω·

X/I → Ω·
X/I , and the trace map

H2k
dR(X/I) ∼= OI . This is an alternating, OI -linear, non-degenerate pairing which has

the following compatibility with Serre duality: if s ∈ f∗Ω
j
X/I , t̃ ∈ Rjf∗OX , and s̃, t ∈

Hj
dR(X/I) are sections over some open with s̃ and t̃ the images of s and t under the edge

maps f∗Ω
j
X/I → Hj

dR(X/I) and Hj
dR(X/I) → Rjf∗OX of the Hodge spectral sequence,

then 〈s̃, t〉dR = 〈s, t̃〉Serre.

The Gauss-Manin connection is the derivation of OI -modules

∇ : Hj
dR(X/I)→ Ω1

I ⊗H
j
dR(X/I)

defined as the coboundary in the long exact sequence of hypercohomology deduced from

the short exact sequence of complexes

0→ f∗Ω1
I ⊗ Ω·−1

X/I → Ω·
X → Ω·

X/I → 0.

(See [K-O] for a proof that this is a derivation and that it defines an integrable connection

on Hj
dR(X/I).) It follows immediately from the definition that the conjugate filtration is

horizontal with respect to ∇ (i.e., ∇(FjH
i
dR(X/I)) ⊆ Ω1

I ⊗ FjH
i
dR(X/I)) and ∇ shifts

the Hodge filtration by at most one (Griffiths transversality: ∇(F jHi
dR(X/I)) ⊆ Ω1

I ⊗

F j−1Hi
dR(X/I)).

Since G acts on X covering the trivial action on I, we can apply Π to the Hj
dR(X/I)

and define, following our usual notational convention,

Hj
dR(M/I) = ΠHj

dR(X/I).

We can also apply Π to each term of the spectral sequences above and get two spectral

sequences converging to H∗
dR(M/I); we will again denote the resulting filtrations by F ·
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and F·. Since the character ǫ giving rise to Π satisfies ǫ = ǫ−1 and over I0 the trace map

H2k
dR(X/I) ∼= OI is equivariant for G (i.e., G acts trivially on H2k

dR(X/I)), the deRham

pairing restricts to give an alternating, non-degenerate, OI -linear pairing

〈, 〉dR : Hj
dR(M/I)⊗H2k−j

dR (M/I)→ OI

over I0. Finally, the Gauss-Manin connection commutes with the action of G, so ∇ defines

an integrable connection on the Hj
dR(M/I).

In [U2], 5.2 we showed that over I0,

Rjf∗Ω
i
M/I = ΠRjf∗Ω

i
X/I
∼=

{

ω2i−k if i+ j = k
0 otherwise

and we have Rif∗H
j
M/I = ΠRif∗H

j
X/I
∼= ΠRif∗Ω

j
X′/I . It is immediate that over I0, the

spectral sequences of deRham cohomology of M/I degenerate and Hi
dR(M/I) = 0 for

i 6= k.

Recall that when k = 1, X is E , the universal curve over I, and H1
dR(X/I) =

H1
dR(E/I). We want to define some interesting sections of H1

dR(E/I). The Hodge and

conjugate spectral sequences give rise to two exact sequences

0→ f∗Ω
1
E/I → H1

dR(E/I)→ R1f∗OE → 0

and

0→ R1f∗H
0
E/I → H1

dR(E/I)→ f∗H
1
E/I → 0.

Since f : E → I is a flat family of curves of arithmetic genus 1, the sheaf R1f∗OE is

invertible on I; we define ω to be its inverse. Over I0, Serre duality defines an isomorphism

ω ∼= f∗Ω
1
E/I . Also, the relative Cartier isomorphism 3.1 defines isomorphisms R1f∗H

0
E/I
∼=

R1f ′
∗OE′

∼= ω−p and f∗H
1
E/I
∼= f ′

∗Ω
1
E′/I
∼= ωp over I0.
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Fix a splitting

H1
dR(E/I) ∼= ω ⊕ ω−1 (3.2)

of the Hodge filtration sequence

0→ ω → H1
dR(E/I)→ ω−1 → 0

over the open curve I0. (If p > 3, then Katz [K1, A1.2] has defined a distinguished

splitting in terms of a Weierstrass model.) Recall also that there is a canonical section

ωc of ω characterized by the fact that CX/I(ωc) = ω′
c. (Cf. [K-M], 12.8. The existence of

ωc is one possible definition of the Igusa curve.) We write ωc for its image in H1
dR(E/I)

as well. As a section of ω, ωc vanishes to order 1 at each supersingular point and is a

generating section elsewhere. We let ηK be the rational section of H1
dR(E/I) mapping

to (0, ω−1
c ) under the splitting 3.2. It is regular away from the supersingular points.

By the compatibility between Serre duality and the deRham pairing mentioned above,

〈ωc, ηK〉dR = 〈ωc, ω
−1
c 〉Serre = 1.

We also have the conjugate filtration sequence which over I0 is isomorphic to

0→ ω−p → H1
dR(E/I)→ ωp → 0;

let ηc be the image in H1
dR(E/I) of the rational section ω−p

c of ω−p. This is an analogue of

ωc for the conjugate filtration. We will find below a natural rational section of H1
dR(E/I)

lifting the section ωpc of ωp.

Next we introduce OI -linear maps F : H1
dR(E ′/I)→ H1

dR(E/I) and V : H1
dR(E/I)→

H1
dR(E ′/I) which were first defined by Tadao Oda in his thesis [O]. By definition, F is the

composition

H1
dR(E ′/I)→ R1f ′

∗OE′
C−1

−−→ R1f∗H
0
E/I → H1

dR(E/I)
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and V is the composition

H1
dR(E/I)→ f∗H

1
E/I

C
−−→ f ′

∗Ω
1
E′/I → H1

dR(E ′/I).

Explicitly, if (ω′
i, λ

′
ij) is a Čech hyper 1-cocycle (for some cover) representing a class of

H1
dR(E ′/I) over some open, then (0, λpij) represents its image under F . If (ωi, λij) represents

a class of H1
dR(E/I), then (CE/Iωi, 0) represents its image under V . In particular, the

following transposition formula for F and V holds:

〈F (x), y〉dR, E/I = 〈x, V (y)〉dR, E′/I . (3.3)

Note also that Ker V = F0H
1
dR(E/I) and Ker F = F 1H1

dR(E ′/I).

Define rational functions A and B on I by the formula

F (η′K) = AηK +Bωc.

Then the sections Aωp−1
c and Bωp+1

c extend to regular sections of ωp−1 and ωp+1 respec-

tively, over all of I. (Cf. [K1] and [K2] for this and other assertions in this paragraph.)

As is well-known, Aωp−1
c is the value of the Hasse invariant on E (viewed as a section of

ωp−1); thus by the definition of ωc, A = 1. Strictly speaking, Bωp+1
c is not the value

of a modular form, since it depends on the splitting 3.2; the possible splittings are a ho-

mogeneous space for H0(I0, ω2) and if we change the splitting by s, the value of Bωp+1
c

changes by sωp−1
c . In particular, Bωp+1

c is well-defined where ωp−1
c vanishes, i.e., on the

“supersingular scheme” defined by the vanishing of ωp−1
c . If p > 3 and we use the splitting

of Katz, then the value of Bωp+1
c is the reduction mod p of − 1

12
Ep+1 where Ep+1 is the

Eisenstein series of weight p+ 1 and level 1, viewed as a section of ωp+1. By a theorem of
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Igusa, the section Bωp+1
c of ωp+1 does not vanish at any point where the section Aωp−1

c of

ωp−1 does (i.e., at the supersingular points). This implies that B has poles of order p+ 1

at each supersingular point; it is regular elsewhere. Calculating as in [U2], (above 5.7), we

find that 〈d〉∗ωc = dωc and 〈d〉∗B = d−p−1B = d−2B for all d ∈ (Z/pZ)×.

We have F (ω′
c) = 0 and F (η′K) = ηK + Bωc by definition. Using the transposition

formula 3.3, we compute

V (ωc) = Aω′
c = ω′

c

and

V (ηK) = −Bω′
c.

Also, it follows from the definitions that F (η′K) = ηc, so we find

ηc = ηK +Bωc.

Moreover, since V (ηK) = −Bω′
c, we have −B−1ηK ∈ H

1
dR(E/I) lifts ωpc ∈ f∗H

1
E/I
∼= ωp.

To summarize, we have three “bases” (at the generic point) of H1
dR(E/I), namely

(ωc, ηK), (ηc, ηK), and (ωc, ηc). The first is adapted to the Hodge filtration in the sense

that a section s = xωc + yηK (x, y ∈ OI) lies in F 1H1
dR(E/I) if and only if y = 0; s is

regular at ordinary points where x and y are regular, and at supersingular points where

ord(x) ≥ −1, ord(y) ≥ 1. The basis (ηc, ηK) is adapted to the conjugate filtration in a

similar sense; a section s = xηc + yηK is regular at ordinary points where x and y are

regular and at supersingular points where ord(x) ≥ p, ord(y) ≥ 1. Finally, the basis

(ωc, ηc) is convenient for comparing filtrations: s = xωc + yηc lies in F 1H1
dR(E/I) if and

only if y = 0 and it lies in F0H
1
dR(E/I) if and only if x = 0; unfortunately, the regularity
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conditions in this basis (and its symmetric powers) are not as attractive: s is regular at

ordinary points where x and y are regular and at supersingular points where ord(x) ≥ −1

and ord(x+By) ≥ 1.

(We remark that ηc stands for ηcan and ηK stands for ηKatz. ηK is what Katz calls

ηcan in [K1], but ηc seems more canonical—it does not depend on any choice of splitting.)

To discuss the Gauss-Manin connection, recall the differential dq/q on the Igusa curve

I; dq/q was characterized in [U1, 7.7] in terms of the the kernel of p on the universal

curve E . Alternatively, dq/q can be defined on the Tate curve as the image of ω2
c under

the Kodaira-Spencer isomorphism ω2 ∼= Ω1(log cusps) and then extended to the Igusa

curve. On I, dq/q vanishes to order p at each supersingular point, has simple poles at

each cusp, and is regular and non-vanishing at the other ordinary points. Also, we have

〈c〉∗dq/q = c2 dq/q for all c ∈ (Z/pZ)×. In terms of this differential, Katz [K1, A1.3.16]

has shown that

∇(ωc) = (dq/q)ηK +B(dq/q)ωc = (dq/q)ηc

and
∇(ηK) = −(B2dq/q + dB)ωc −B(dq/q)ηK

=
dB

B
ηK − (B

dq

q
+
dB

B
)ηc.

(This last formula corrects a sign mistake in [K1]; the problem starts at A1.3.14 and

continues through A1.3.16 where the lower left entry of the matrix on the right hand side

has the wrong sign.) It follows that ∇(ηc) = 0.

Lemma 3.4. The differential B(dq/q) has a simple pole with residue +1 at each super-

singular point. The differential B2(dq/q) + dB vanishes to order at least p − 4 at each

supersingular point.
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Proof: This follows from the fact that ∇ takes regular sections to regular sections and the

formula for ∇(ηK): we work in an open neighborhood of some fixed supersingular point.

Let t be a uniformiser there, so that tηK is a regular section of H1
dR(E/I). We have

∇(tηK) = (dt− tB(dq/q))ηK − t(B
2(dq/q) + dB)ωc.

That this section is regular implies that ord(dt− tB(dq/q)) ≥ 1, which in turn implies that

B(dq/q) has a simple pole with residue 1. Similarly, we must have ord(B2(dq/q) + dB) ≥

−2. But both dq/q and B are eigenvectors for the action of (Z/pZ)×, with corresponding

characters χ2 and χ−2. Since (Z/pZ)× acts on the cotangent space at a supersingular

point via the character χ, we must have ord(B2(dq/q) + dB) ≡ −3 (mod p − 1). Thus

ord(B2(dq/q) + dB) ≥ p − 4. (Alternatively, if p > 3, Katz has shown [K1, A1.4.3] that

B2(dq/q) + dB = Q
144

dq
q where Qω4

c is the reduction modulo p of the Eisenstein series E4

of weight 4 and level 1; it follows that (B2(dq/q) + dB) vanishes to order at least p − 4

at every supersingular point, and to order exactly p− 4 at every supersingular point with

j 6= 0.)

Finally, we define operators θ and Θ on functions and differentials on I by the formulas

θf =
df

dq/q

and

Θσ = d

(

σ

dq/q

)

.

We have (because dq/q is a logarithmic differential, for example) that θp = θ and Θp = Θ

and Θ defines an automorphism of the space of exact rational differential 1-forms on I.
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Lemma 3.5. Let f be a rational function on I, σ a rational differential on I, j an integer,

and x a supersingular point.

a) ordx(θf) ≥ ordx(f)− (p+ 1) with equality if and only if ordx(f) 6≡ 0 (mod p).

b) ordx(Θσ) ≥ ordx(σ)− (p+ 1) with equality if and only if ordx(σ) 6≡ 0 (mod p).

c) ordx(df − jfB
dq
q ) ≥ ordx(f)− 1 with equality if and only if ordx(f) 6≡ j (mod p).

Proof: Parts a) and b) are immediate from the fact that dq/q vanishes to order p at each

supersingular point. Part c) follows from Lemma 3.4.

Let C = CI be the Cartier operator on rational differentials on I.

Lemma 3.6. For any rational function f on I, f − θp−1f is a p-th power and

C(f
dq

q
) =

(

f − θp−1f
)1/p dq

q
.

Proof: It is clear from the definition that the kernel of θ consists exactly of the p-powers

of rational functions on I. Since θf = θpf , f − θp−1f is a p-power. Also, θp−1f dq/q is an

exact differential, so

C(f
dq

q
) = C

(

f − θp−1f
) dq

q
=
(

f − θp−1f
)1/p dq

q
.

Our calculations on E are then related to X by the following lemma, whose proof is a

standard argument using the Künneth formula, the cohomology of abelian varieties, and

linear algebra.
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Lemma 3.7. There is a canonical isomorphism

Hk
dR(M/I) ∼= SymkH1

dR(E/I)

of sheaves on I0. Under this isomorphism, the filtrations F ·, and F·, the deRham pairing,

and the Gauss-Manin connection on Hk
dR(M/I) correspond to the k-th symmetric power

of the corresponding structures on H1
dR(E/I).

For convenience, we make explicit some consequences of the lemma. A rational section

s = f0η
k
K + · · ·+fkω

k
c ∈ H

k
dR(M/I) (written in the (ωc, ηK) basis) is regular over I0 if and

only if ordx(fj) ≥ k− 2j at each supersingular point x and ordy(fj) ≥ 0 at other points y.

The section s lies in F iHk
dR(M/I) if and only if fj = 0 for j < i, in which case its image

in Gr iHk
dR(M/I) ∼= Rk−if∗Ω

i
X/I
∼= ω2i−k is fiω

2i−k
c . We have

∇(s) =

∑

(

(j + 1)fj+1
dq

q
+ dfj − (k − 2j)fjB

dq

q
− (k + 1− j)fj−1(B

2 dq

q
+ dB)

)

ωjcη
k−j
K .

(3.8)

A rational section s = gkη
k
K + · · · + g0η

k
c ∈ Hk

dR(M/I) (written in the (ηc, ηK) basis)

is regular over I0 if and only if ordx(gj) ≥ pk − j(p − 1) at each supersingular point x

and ordy(gj) ≥ 0 at other points y. The section s lies in FiH
k
dR(M/I) if and only if

gj = 0 for j > i, in which case its image in Gr iH
k
dR(M/I) ∼= Rk−if∗H

i
X/I
∼= ωp(2i−k) is

(−B)igiω
p(2i−k)
c . We have

∇(s) =
∑

(

dgj + jgj
dB

B
− (j + 1)gj+1(B

dq

q
+
dB

B
)

)

ηjKη
k−j
c

=
∑

(

d(gjB
j)

Bj
− (j + 1)gj+1(B

dq

q
+
dB

B
)

)

ηjKη
k−j
c .

(3.9)
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Finally, if s =
∑

fjω
j
cη
k−j
c is a rational section of Hk

dR(M/I) written in the (ωc, ηc) basis,

we have

∇(s) =
∑

(

dfj + (j + 1)fj+1
dq

q

)

ωjcη
k−j
c . (3.10)

Rewriting s in either the (ωc, ηK) basis or the (ηc, ηK) basis, we see that s is regular over

I0 if and only if the fj are regular at ordinary points and one of the following two systems

of inequalities are satisfied at each supersingular point x: either

ordx





∑

j≤l

(

k − j

l − j

)

fjB
l−j



 ≥ k − 2l (3.11)

for l = 0, . . . , k, or

ordx





∑

j≥l

(

j

l

)

fjB
−j



 ≥ pk − l(p− 1) (3.12)

for l = 0, . . . , k. Note that if f0, . . . , fi are functions satisfying the inequalities 3.11 for

l = 0, . . . , i, then we can find functions fi+1, . . . , fk such that s =
∑

fjω
j
cη
k−j
c is a regular

section of Hk
dR(M/I). Similarly, if fi, . . . , fk are functions satisfying the inequalities 3.12

for l = i, . . . , k, then we can find functions f1, . . . , fi−1 such that s =
∑

fjω
j
cη
k−j
c is a

regular section of Hk
dR(M/I).

4. Cohomology of some exact differentials For an integer i, let ZiX and Bi+1
X be

the sheaves of closed and exact differentials on X , defined as the kernel and image of the

homomorphism

ΩiX
d
−−→ Ωi+1

X .

We continue to use our notational convention regarding M : Rjf∗Ω
i
M means ΠRjf∗Ω

i
X and

similarly for ZiM and BiM . In order to calculate the cohomology of logarithmic differentials

we are going to eventually need fairly precise information on the sheaves Rjf∗B
i
M and
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Rjf∗Z
i
M . In this section we begin these calculations by considering the higher direct

images Rjf∗B
1
M and Rjf∗B

k+1
M . We will then prove Theorem 2.3a.

We need to review our calculation of the sheaves Rjf∗Ω
i
M from [U2]. First recall the

sheaves Cik: for 1 ≤ i ≤ k, Cik is by definition the quotient of Ω1
I ⊗ω

2i−2−k by its subsheaf

of sections vanishing to order at least p − 2 at each supersingular point. Next, note that

if F is a (Z/pZ)×-equivariant sheaf on I (i.e., we are given maps 〈d〉∗F → F for every

d ∈ (Z/pZ)× satisfying an obvious compatibility), then (Z/pZ)× acts on the stalks Fx at

supersingular points x, since these points are fixed by the 〈d〉. If moreover F is a sheaf of

Fp vector spaces then we can decompose Fx into eigenspaces for the action of (Z/pZ)×.

These remarks apply in particular to Cik, R
jf∗Ω

i
M , Rjf∗Z

i
M , and Rjf∗B

i
M .

Proposition 4.1. a) We have isomorphisms of sheaves on I:

Rjf∗Ω
i
M
∼=















Ω1
I ⊗ ω

k if (i, j) = (k + 1, 0)
Cik if i+ j = k + 1 and 1 ≤ i ≤ k
ω−k if (i, j) = (0, k)
0 for all other (i, j)

b) For 1 ≤ i ≤ k,

dim Fp
(Rk+1−if∗Ω

i
M )x(χ

b) =

{

1 if b 6≡ 0 (mod p− 1)
0 if b ≡ 0 (mod p− 1).

Proof: This is essentially the main result of [U2], although it was not stated in this form

there. To prove a), note that the arguments of Sections 4 and 5 of [U2] can be sheafified on

I. Precisely, replacing X by f−1(U), where U is a Zariski open subset of I, the arguments

of Section 4 relate the direct images of the Ωi to the direct images of differentials on a

certain log scheme f−1(U)× and the arguments of Section 5 compute these direct images

in terms of the sheaves Ω1
U and ω on U . As U varies, we obtain the desired isomorphisms

of sheaves.
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Part b) follows from a) and the fact that (Z/pZ)× acts on the cotangent space at a

supersingular point via the character χ and acts trivially on a suitable generating section

of ω at each supersingular point x (cf. [U2], 5.5 and 5.7).

We now want to compute Πf∗ of the absolute Cartier operator CX : FX∗Z
k+1
X → Ωk+1

X .

Note that since X has dimension k + 1, Zk+1
X = Ωk+1

X . By Proposition 4.1, we have an

isomorphism f∗Ω
k+1
M
∼= Ω1

I ⊗ ω
k, and thus a map f∗CX : FI∗(Ω

1
I ⊗ ωk) → Ω1

I ⊗ ωk, or

equivalently, a p−1-linear map f∗CX : Ω1
I ⊗ ω

k → Ω1
I ⊗ ω

k

Proposition 4.2. Suppose that s is a section of Ω1
I ⊗ ωk over some open set of I0 of

the form s = σωkc where σ is a regular section of Ω1
I . Then (f∗C)s = CI(σ)ωkc where

CI : Ω1
I = Z1

I → Ω1
I is the (p−1-linear) Cartier operator on I.

Remark: Since Ω1
I ⊗ ω

k is a locally free sheaf of OpI modules and f∗CX is OpI -linear, the

proposition completely determines f∗CX on all of I (with the same formula).

Proof: First note that we can compute f∗C locally on X . If s is a section of Ωk+1
X which

can be written as f−1(σ) ∧ τ where τ ∈ ΩkX/I = ZkX/I has a lift to τ̃ ∈ ZkX , then

CX(s) = CX(f−1(σ)) ∧ CX(τ̃) = f−1(CI(σ)) ∧ CX(τ̃) = f−1(CI(σ)) ∧ D(τ̃)

where D is the composition of CX : FI∗Z
k
X → ΩkX with the natural projection ΩkX → ΩkX/I .

The following lemma gives a criterion in terms of Gauss-Manin and the conjugate

filtration for such liftings τ̃ to exist.

Lemma 4.3. A section τ of f∗Ω
k
X/I = f∗Z

k
X/I over some open of I has a lift, locally on

X , to a section of ZkX if and only if the image of τ under the composition

f∗Ω
k
X/I → Hk

dR(X/I)
∇
−−→ Ω1

I ⊗H
k
dR(X/I)
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lies in Ω1
I ⊗ Fk−1H

k
dR(X/I).

Proof: This is an immediate consequence of the definition of ∇ as the coboundary in the

long exact hypercohomology sequence of the short exact sequence of complexes

0→ f∗Ω1
I ⊗ Ω·−1

X/I → Ω·
X → Ω·

X/I → 0.

Indeed, working with Čech hypercochains for some cover, the class of τ in Hk
dR(X/I) is

represented by (τi, 0, . . . , 0) where τi is the restriction of τ to the i-th open of the cover.

The image of this class under ∇ lands in the piece Ω1
I ⊗ Fk−1H

k
dR(X/I) of the conjugate

filtration if and only if (after refining the cover) the τi can be lifted to forms τ̃i in ΩkX with

dτ̃i = 0.

Now the section ωkc of f∗Ω
k
X/I satisfies

∇(ωkc ) = kωk−1
c ηc(dq/q) ∈ Ω1

I ⊗ Fk−1H
k
dR(X/I),

so it has locally on X a lift to a closed k-form.

Recall the diagram of Frobenius:

X
FX/I
−−→ X ′

GX/I
−−→ X

ց
↓ ↓

I
FI−−→ I

where FI is the absolute Frobenius of I and FX = GX/I ◦ FX/I is the absolute Frobenius

of X . From this we deduce the following diagram of sheaves on X :

FX∗Z
k
X

CX−−→ ΩkX
↓ ↓

FX∗Z
k
X/I = GX/I∗FX/I∗Z

k
X/I

GX/I∗CX/I
−−→ GX/I∗Ω

k
X′/I

G∗X/I
←− ΩkX/I .
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It follows from the definitions of the Cartier operators that the diagram commutes. Now

the map G∗
X/I is injective, so to determine the image in ΩkX/I of a closed lift of ωkc to

FX∗Z
k
X which the lemma guarantees us, it is enough to determine the image of ωkc under

GX/I∗CX/I , i.e., under the relative Cartier operator. But ωc is the differential which is fixed

by the relative Cartier operator, so the image of ωkc in GX/I∗Ω
k
X′/I is ω′k

c = G∗
X/I(ω

k
c ).

Thus CX(f−1(σ) ∧ ωkc ) = f−1(CI(σ)) ∧ ωkc and this completes the proof of Proposition

4.2.

Applying Proposition 4.1 again, we have an isomorphism Rkf∗OM ∼= ω−k of sheaves

on I. Thus we have a p−1-linear map Rkf∗FX : ω−k → ω−k. Using Serre duality and the

transpose property of CX and FX with respect to it (analogous to 3.3 above), we find the

action of FX on Rkf∗OM :

Corollary 4.4. The map Rkf∗FX sends a section fω−k
c to fpω−k

c .

We can now compute the direct images of Bk+1
X and B1

X .

Theorem 4.5. We have

Rjf∗B
k+1
M = 0

for all j ≥ 2. Let S be the reduced divisor of supersingular points on I. Then there is an

isomorphism of sheaves on I:

R1f∗B
k+1
M
∼=

Ω1
I(kS)

Ω1
I(S)

and the right hand side is a skyscraper consisting of a (k− 1)-dimensional vector space at

each supersingular point. Also,

f∗B
k+1
M
∼= B1

I (kS),
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the sheaf of exact differential 1-forms with poles of order at worst k at each supersingular

point.

We also have isomorphisms:

Rjf∗B
1
M = 0

for all j 6= k and

Rkf∗B
1
M
∼=
OI(−kS)

OI(−kS)p
.

Moreover, the sheaf OI(−kS)/OI(−kS)p is isomorphic to an extension of B1
I ((1−k)S) by

a skyscraper consisting of a vector space of dimension k − 1 at each supersingular point.

(In this last sheaf, the OpI -torsion sections near a supersingular point are represented

by the classes of tp, t2p, . . . , t(k−1)p, where t is a uniformiser at the point.)

Proof: This follows immediately by taking the direct images of the exact sequences

0→ Bk+1
X → Ωk+1

X
CX−−→ Ωk+1

X → 0

and

0→ OX
FX−−→ OX

d
−−→ B1

X → 0,

and applying Propositions 4.1 and 4.2 and Corollary 4.4.

We now collect some easy consequences of Theorems 4.1 and 4.5. Note that Theorem

2.3a) follows immediately from parts a) and b) of the following result.

Proposition 4.6. Under the standing hypotheses, we have:

a) For all i and j with i + j 6= k + 1, k + 2, Hj(M,Zi) = Hj(M,Bi) = Hj(M,Ωilog) =

0. Similarly, Rjf∗Z
i
M = Rjf∗B

i
M = Rjf∗Ω

i
M,log = 0 for i + j 6= k + 1, k + 2. The
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sheaves Rk+2−if∗Z
i
M , Rk+2−if∗B

i
M , and Rk+2−if∗Ω

i
log,M are supported at the supersin-

gular points.

b) Hj(M,WΩilog) = 0 if i+ j 6= k + 1, k + 2 and T ij = 0 if i+ j 6= k + 1.

c) For all n ≥ 1, dim U i,k+1−i
n = dim U i,k+2−i

n .

d) T i−1,k+2−i = 0 if and only if dim U i,k+1−i
1 = 0.

e) T i−1,k+2−i ≥ dim U i,k+2−i
1 ≥ dim F H

k+2−i(Ma, Z
i)

Proof: Consider the exact sequences

0→ ZiX → ΩiX
d
−−→ Bi+1

X → 0, (4.7)

0→ BiX → ZiX
C
−−→ ΩiX → 0, (4.8)

and

0→ Ωilog,X → ZiX
1−C
−−→ ΩiX → 0. (4.9)

(Here 1 is the abusive but standard notation for the natural inclusion ZiX ⊆ ΩiX .) It

follows from Theorem 4.1 (and was proven already in [U2], 5.5) that Hj(M,Ωi) = 0 unless

i+ j = k+1. Taking cohomology of 4.7-9 on M immediately gives the first part of a). The

rest follows similarly by taking the higher direct images of 4.7-9 and using 4.1 and 4.5.

Taking cohomology of the exact sequences

0→WmΩiX,log →Wm+nΩ
i
X,log → WnΩ

i
X,log → 0,

and using induction, we have that if i+ j 6= k+ 1, k+ 2, then Hj(M,WΩilog) = 0 and the

groups U ijn and their inverse limit U ij are zero. Thus T ij = 0 unless i + j = k or k + 1.

Also, for all m,n ≥ 1 we have 6 term exact sequences

0→ Hk+1−i(M,WmΩilog)→ Hk+1−i(M,Wm+nΩ
i
log)→ Hk+1−i(M,WnΩ

i
log)→

Hk+2−i(M,WmΩilog)→ Hk+2−i(M,Wm+nΩ
i
log)→ Hk+2−i(M,WnΩ

i
log)→ 0. (4.10)
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But the inverse limit of the connected components U i,k+2−i
n of the groups representing

Hk+2−i(M,WnΩ
i
log) is finite dimensional, and so the coboundary map in 4.10 must have

a zero-dimensional kernel and cokernel for all sufficiently large m and n; this implies that

lim
←−
n

Hk+1−i(M,WnΩ
i
log) is pro-finite and so T i,k−i = 0. This completes the proof of b).

Before proving c), we note that the cohomology groups Hj(M × Spec A,Ωi), consid-

ered as functors on perfect F algebras A, are (trivially) represented by vector groups. If

G represents Hj(M ×Spec A,Ωi), then dim G = dim F H
j(M,Ωi). Similar remarks apply

with Ωi replaced by any coherent sheaf, for example Zi or Bi. Moreover, exact sequences

of cohomology give rise to exact sequences of perfect group schemes.

To prove c), we note that taking cohomology of 4.7 and 4.8 on M , one finds that

dim F H
k+1−i(M,Bi) = dim F H

k+2−i(M,Bi)

and

dim F H
k+1−i(M,Zi)− dim F H

k+1−i(M,Ωi)− dim F H
k+2−i(M,Zi) = 0

for all i. Taking cohomology of 4.9, and using the last displayed equation and the remarks

above, we find that dim U i,k+1−i
1 = dim Uk+2−i

1 . This proves c) for n = 1 and the general

case follows from 4.10.

Now d) follows immediately from 4.10 and c). Taking cohomology of 4.9 on M and

using 4.10 yields e) and this completes the proof of the proposition.

5. The d construction In this section we will study the deRham cohomology sheaves

of M on I and the associated Hodge and conjugate spectral sequences. The former turns

out not to degenerate, and we will need to determine the graded pieces of the filtration on
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the abutment. Moreover, the non-zero differentials will be used in Section 7 to construct

interesting cohomology class with coefficients in closed or exact differentials.

To that end, we introduce the deRham cohomology sheaves of M on I: Let

Ω·
X =

(

0→ OX → Ω1
X → · · ·

)

be the deRham complex of X and set

Hj
dR(M) = Rjf∗Ω

·
M = ΠRjf∗(Ω

·
X);

these are sheaves of OpI -modules. The Hodge filtration

F iΩ·
X =

(

0→ ΩiX → Ωi+1
X → · · ·

)

and the conjugate filtration

FiΩ
·
X =

(

· · · → Ωi−1
X → ZiX → 0

)

give rise to two spectral sequences converging to H∗
dR(M), namely the Hodge spectral

sequence

Eij1 = Rjf∗Ω
i
M = ΠRjf∗Ω

i
X ⇒ Hi+j

dR (M) (5.1)

and (a shift of) the conjugate spectral sequence

Eij2 = Rif∗H
j
M = ΠRif∗H

j
X ⇒ Hi+j

dR (M) (5.2)

where HjX = ZjX/B
j
X . We denote the resulting filtrations on H∗

dR(M) by F · and F· and

their gradeds by Gr · and Gr ·. Although these are the same notations used for the filtra-

tions and gradeds on relative deRham cohomology, the context should make the difference

clear.
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The Cartier operator of X over F induces isomorphisms

FI∗R
if∗H

j
M → Rif∗Ω

j
M

which we may also view as p−1-linear maps Rif∗Z
j
M → Rif∗Ω

j
M . It follows immediately

from these isomorphisms and Proposition 4.1 that the conjugate spectral sequence 5.2

degenerates at E2 and we have Hi
dR(M) = 0 if i 6= k, k + 1. Also

Hk
dR(M) ∼= Rkf∗H

0
M

C
∼
−−→ Rkf∗OM ∼= ω−k.

On the other hand, as we will see presently, the Hodge spectral sequence 5.1 definitely does

not degenerate at E1. From the form of the initial term, it is clear that the only possibly

non-zero maps in 5.1 are

d0k
r : E0k

r → Er,k+1−r
r = Rk+1−rf∗Ω

r
M

and E0k
r = Ker d0k

r−1 is a subsheaf of Rkf∗OM . To simplify, we write di for d0k
i , 1 ≤ i ≤

k + 1.

Recall the Gauss-Manin connection on relative deRham cohomology discussed in Sec-

tion 3. It sits in a 4-term exact sequence

0→ Hk
dR(M)→ Hk

dR(M/I)
∇
−−→ Ω1

I ⊗H
k
dR(M/I)→ Hk+1

dR (M)→ 0. (5.3)

The following proposition relates the di to ∇.

Proposition 5.4. Let φ be the projection

Hk
dR(M/I)→ Gr 0Hk

dR(M/I) ∼= Rkf∗OM = E0k
1 .
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By convention set Ker d0 = Rkf∗OM .

a) For 0 ≤ i ≤ k,

φ
(

∇−1(Ω1
I ⊗ F

iHk
dR(M/I))

)

⊆ Ker di.

b) For 0 ≤ i ≤ k, the diagram

∇−1(Ω1
I ⊗ F

iHk
dR(M/I))

∇
−−→ Ω1

I ⊗ F
iHk

dR(M/I)
↓

Ω1
I ⊗Gr iHk

dR(M/I)
↓ φ ↓ ≀

Ω1 ⊗Rk−if∗Ω
i
M/I

↓

Ker di
di+1

−−→ Rk−if∗Ω
i+1
M

commutes.

c) For 0 ≤ i ≤ k, the map

φ : ∇−1(Ω1
I ⊗ F

iHk
dR(M/I))→ Ker di

is surjective.

Proof: In fact, all these assertions actually hold at the level of the presheaves U 7→

Hk(f−1U,Ω·
M/I), etc. Thus we fix an open U ⊆ I and work with Čech hypercohomology

over U . We will abuse notation slightly and write Hk
dR(M/I) for Hk

dR(M/I)(U), etc., and

write D for the hypercoboundary map on both Ω·
X and Ω·

X/I .

a) A class in Rkf∗OM lies in Ker di if and only if it can be represented by a k-cocycle

λ of OX which can be extended to a k-hypercochain λ̃ of Ω·
X with Dλ̃ a hypercocycle of

F i+1Ω·
X . On the other hand, a class of Hk

dR(M/I) lies in ∇−1(Ω1
I ⊗ F

iHk
dR(M/I)) if and

only if is represented by a k-hypercocycle µ of Ω·
X/I which has a lift µ̃ to a hypercochain of

Ω·
X with Dµ̃ a hypercocycle of f∗Ω1

I ⊗F
iΩ·
X/I →֒ F i+1Ω·

X . Thus the image of the class of
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µ in Rkf∗OM clearly lies in Ker di. (We cannot yet conclude that we have equality in a)

because the projection to Ω·
M/I of the hypercochain λ̃ might not define a hypercocycle.)

b) Suppose µ represents a section of ∇−1(Ω1
I ⊗ F

iHk
dR(M/I)), i.e., µ is a k-hypercocycle

of Ω·
X/I with a lift µ̃ to a k-hypercochain of Ω·

X such that Dµ̃ is a hypercocycle of f∗Ω1
I ⊗

F iΩ·
X/I . If µ̃ = (µ̃0, . . . , µ̃k) where µ̃j is a Čech (k−j)-cochain of ΩjX , then the image of the

class of ∇µ̃ in Rk−if∗Ω
i+1
M is represented by dµ̃i (up to a sign depending on conventions),

where d is the deRham differential. But this is also the image under di+1 ◦ φ (up to the

same conventions) of the class of µ0 in Rkf∗O.

c) We work by induction on i, the case i = 0 being easy: ∇−1(Ω1
I ⊗ F

0Hk
dR(M/I)) =

Hk
dR(M/I) and φ : Hk

dR(M/I) → Rkf∗OM is onto, by the degeneration of the relative

Hodge to deRham spectral sequence. Now suppose i ≥ 1. By b) and c) for i− 1, a section

of Ker di can be lifted to a section s of Hk
dR(M/I) whose image in Ω1⊗Gr i−1Hk

dR(M/I) =

Ω1 ⊗Rk+1−if∗Ω
i−1
M/I lies in

Ker
(

Ω1 ⊗Rk+1−if∗Ω
i−1
M/I → Rk+1−if∗Ω

i
M

)

.

But this kernel is equal to the image of the (Kodaira-Spencer) map

Gr iHk
dR(M/I) = Rk−if∗Ω

i
M/I → Ω1

I ⊗R
k+1−if∗Ω

i−1
M/I

so modifying our class s in Hk
dR(M/I) by a section of F iHk

dR(M/I) (which lies in Ker φ =

F 1Hk
dR(M/I) as i ≥ 1), we can find a lift s whose image under ∇ lies in Ω1

I⊗F
iHk

dR(M/I),

as needed.

We can use this result to determine the image of di and thus the graded pieces of

the Hodge filtration on Hk+1
dR (M). To state the result we introduce a convenient piece of
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notation which will reoccur several times. Let t be an “eigenuniformiser” at a supersingular

point x: ordx(t) = 1 and 〈c〉∗t = ct for all c ∈ (Z/pZ)×. We letWx ⊆ OI,x be the subvector

space of functions whose t-expansions involve only tb(p−1) with b ≥ 0 (i.e., the (Z/pZ)×-

invariant subspace) and let Vx be OpI,xWx. We have B ∈ t−p−1Wx and dq/q ∈ tpWx dt.

Also, both Vx and Wx are stable under multiplication: VxVx ⊆ Vx and WxWx ⊆Wx.

Proposition 5.5. (The d construction) For 1 ≤ i ≤ k we have:

a) A section s = fω−k
c of Rkf∗OM lies in Ker di if and only if at each supersingular point

x, the inequalities

ordx





∑

0≤j≤l

(

k − j

l − j

)

Bl−j
(−1)j

j!
θj(f)



 ≥ k − 2l

hold for l = 0, . . . , i. If i < k, the image of such a section in Rk−if∗Ω
i+1
M is represented by

the section

−(i+ 1)





∑

0≤j≤i+1

(

k − j

i+ 1− j

)

Bi+1−j (−1)j

j!
θj(f)





dq

q
ω2i−k
c

of Ω1
I ⊗ ω

2i−k.

b) The stalk of Ker di at a supersingular point x is spanned by tkVxω
−k
c and the sections

s = fω−k
c with ordx(f) ≥ k + i(p − 1). If f is a function near x with ordx(f) = l ≥

k+ (i− 1)(p− 1) and f is an eigenvector for the (Z/pZ)× action, then the image under di

of fω−k
c in Rk+1−if∗Ω

i
M is represented by

−i

(

k − l

i

)

Bif
dq

q
ω2i−2−k
c .

c) The image of di in Rk+1−if∗Ω
i
M
∼= Cik consists of those classes represented by sections

of Ω1
I ⊗ ω

2i−2−k vanishing to order at least (i− 1).
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Proof: By Proposition 5.4, s = fω−k
c lies in Ker di if and only if there exists a section

z =
∑

j fjω
j
cη
k−j
c of Hk

dR(M/I) with f0 = f and ∇(z) ∈ Ω1
I ⊗ F

iHk
dR(M/I). But

∇(z) =
∑

j

(dfj + (j + 1)fj+1
dq

q
)ωjcη

k−j
c

so ∇(z) ∈ Ω1
I ⊗F

iHk
dR(M/I) if and only if fj = (−1)j

j! θj(f) for j ≤ i. Then the conditions

3.11 for z to be regular are exactly the stated inequalities on f . Conversely, if the inequal-

ities hold, then setting fj = (−1)j

j! θj(f) for j ≤ i we can choose functions fi+1, . . . , fk so

that z =
∑

fjω
j
cη
k−j
c is a regular section of Hk

dR(M/I) with ∇(z) ∈ Ω1
I ⊗ F

iHk
dR(M/I)

and so s ∈ Ker di.

Again by Proposition 5.4, if s = fω−k
c is a section of Ker di and z =

∑

j fjω
j
cη
k−j
c is

a section of Hk
dR(M/I) with f0 = f and ∇(z) ∈ Ω1

I ⊗ F
iHk

dR(M/I), then the image of s

in Rk−if∗Ω
i+1
M is represented by the section

(dfi + (i+ 1)fi+1
dq

q
)ω2i−k
c .

We have already seen that dfi = d (−1)i

i!
θi(f) = (−1)i

i!
θi+1(f)dq

q
; on the other hand, the

conditions 3.11 for z to be regular imply that fi+1 is congruent to

−
∑

j<i+1

(

k − j

i+ 1− j

)

Bi+1−j (−1)j

j!
θj(f)

modulo functions vanishing to order k − 2i − 2 at each supersingular point. This implies

that (dfi + (i+ 1)fi+1
dq
q )ω2i−k

c is congruent to

−(i+ 1)





∑

j≤i+1

(

k − j

i+ 1− j

)

Bi+1−j (−1)j

j!
θj(f)





dq

q
ω2i−k
c

modulo sections of Ω1
I⊗ω

2i−k vanishing to order at least p−2 at each supersingular point.

These two sections of Ω1
I⊗ω

2i−k thus define the same section of Rk−if∗Ω
i+1
M = Ci+1

k . This

completes the proof of part a) of the proposition.
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Now suppose ordx(f) = l ≥ k+(i−1)(p−1) at each supersingular point x. Then the

inequalities of part a) are clearly satisfied for l ≤ i−1 (using Lemma 3.5) so s = fω−k
c is a

section of Ker di−1. To compute the image of s under di, consider an eigenuniformiser t at

a supersingular point x, as above. Then B = ct−p−1+· · · for some non-zero c in the residue

field at x and dq/q = c−1tpdt + · · · (since the residue of Bdq/q is 1); also f = btl + · · ·.

The leading term of

−i





∑

j≤i

(

k − j

i− j

)

Bi−j
(−1)j

j!
θj(f)





is then

−icib
∑

(

k − j

i− j

)

(−1)j

j!
l(l − 1) · · · (l − j + 1)tl−i(p+1)

= −icib
∑

(−1)j
(

k − j

i− j

)(

l

j

)

tl−i(p+1)

= −icib

(

k − l

i

)

tl−i(p+1).

Taking l = k+p(i−1)+1, . . . , k+i(p−1)−1, di(s) gives non-zero sections of Rk+1−if∗Ω
i
M

vanishing to orders i − 1, . . . , p − 3. This shows that the image of di is at least as large

as claimed. It also verifies the formula in part b) for the image of a section fω−k
c , since

the last displayed expression is congruent to −i
(

k−l
i

)

Bif modulo functions vanishing to

order k − 2i at x.

Note also that if for 1 ≤ i ≤ k − 1, Vi denotes the subspace of the stalk (Rkf∗OM )x

generated over the ground field by tlω−k
c where l = k+p(i−1)+1, . . . , k+i(p−1)−1, then

we have just seen that Vi lies in the kernel of di−1 and di is injective on Vi. Write Vk for

the subspace generated by (tkVxω
−k
c ) and fω−k

c where ordx(f) ≥ pk. Since (Rkf∗OM )x =

V1 ⊕ · · · ⊕ Vk, to show that the image of di is no larger than claimed, and that the kernel

of di is as claimed, it suffices to prove that Vk is in the kernel of di for i = 1, . . . , k.
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We have already seen that if ordx(f) ≥ pk, then fω−k
c is in the kernel of the di. Next,

note that tkWxω
k
c is exactly the subspace of the stalk of Rkf∗OM which is invariant under

the (Z/pZ)× action, and di is (Z/pZ)×-equivariant. But for i = 1, . . . , k, by 4.1 we have

(Rk+1−if∗Ω
i
M )x(χ

0) = 0. Thus tkWxω
k
c is in the kernel of each di. But the di are OpI -

linear, so we also have tkVxω
−k
c ⊆ Ker di. This completes the proof of the proposition.

6. Skyscraper contributions to T i,j In this section we will use the 5 term exact

sequences

0→ Rk−if∗B
i+1
M → Rk+1−if∗Z

i
M → Rk+1−if∗Ω

i
M → Rk+1−if∗B

i+1
M → Rk+2−if∗Z

i
M → 0

(6.1)

and

0→ Rk+1−if∗B
i
M → Rk+1−if∗Z

i
M → Rk+1−if∗Ω

i
M → Rk+2−if∗B

i
M → Rk+2−if∗Z

i
M → 0

(6.2)

to analyze the sheaves Rk+2−if∗Z
i
M and Rk+2−if∗B

i
M . As we have seen, they are skyscrap-

ers supported at the supersingular points and using them we will prove the lower bounds

on the T ij asserted in Theorem 2.3b. In order to get more precise information on their

stalks at the supersingular points, we will have to analyze the cokernels of the maps

Rk+1−if∗Z
i
M

1i−−→ Rk+1−if∗Ω
i
M

and

Rk+1−if∗Z
i
M

Ci−−→ Rk+1−if∗Ω
i
M

induced by the natural inclusion ZiX ⊆ ΩiX and the Cartier operator C : ZiX → ΩiX

respectively. We will eventually do this by using the relation between the two filtrations
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on the deRham cohomology sheaves Hk+1
dR (M). In this direction, we first prove two lemmas

about the maps appearing in the Gauss-Manin sequence 5.3.

Lemma 6.3. For 1 ≤ i ≤ k + 1, the composition

Ω1 ⊗ F i−1Hk
dR(M/I)→ F iHk+1

dR (M)→ Gr iHk+1
dR (M) ∼= Rk+1−if∗Ω

i
M/ Im di

is surjective. It sends the section σi−1ω
i−1
c ηk+1−i

K + · · ·+ σkω
k
c to the class represented by

σi−1ω
2i−2−k
c . The composition

Ω1 ⊗ Fi−1H
k
dR(M/I)→ FiH

k+1
dR (M)

→ Gr iH
k+1
dR (M) ∼= Rk+1−if∗H

i
M

C
∼
−−→ Rk+1−if∗Ω

i
M

is surjective. It sends the section τi−1η
i−1
K ηk+1−i

c + · · ·+ τ0η
k
c to the class represented by

CI((−B)i−1τi−1)ω
2i−2−k
c .

Proof: In both cases, the surjectivity is clear from the formula for the map and our

description of regular sections of Hk
dR(M/I). To check the first formula, consider the

commutative diagram

Ω1 ⊗ F i−1Hk
dR(M/I) → F iHk+1

dR (M)
↓ ↓

Ω1
I ⊗Gr i−1Hk

dR(M/I) Gr iHk+1
dR (M)∼= Rk+1−if∗Ω

i
M/ Im di

↓ ≀ ↑
Ω1 ⊗Rk+1−if∗Ω

i−1
M/I → Rk+1−if∗Ω

i
M

.

Here the top row comes from the Gauss-Manin sequence 5.3, the bottom row comes from

the cohomology of the exact sequence of relative differentials, and the vertical maps are the

natural projections. The isomorphism between Rk+1−if∗Ω
i
M and a quotient of Ω1

I⊗ω
2i−2−k

is induced by the bottom row, and we have seen (after Lemma 3.7) that the image of
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σωi−1
c ηk+1−i

K under Ω1
I ⊗ F

i−1Hk
dR(M/I) → Ω1

I ⊗ R
k+1−if∗Ω

i−1
M/I
∼= Ω1

I ⊗ ω
2i−2−k is just

σω2i−2−k
c . This proves the first formula.

To check the second formula, consider the commutative diagram

Ω1 ⊗ Fi−1H
k
dR(M/I) → FiH

k+1
dR (M)

↓ ↓
Ω1 ⊗Gr i−1H

k
dR(M/I) → Gr iH

k+1
dR (M)∼= Rk+1−if∗H

i
M

↓ ↓ ≀ CX
Ω1 ⊗Rk+1−if ′

∗Ω
i−1
M ′/I → Rk+1−if ′

∗Ω
i
M ′ ←− Rk+1−if∗Ω

i
M

where to simplify we have omitted FI∗ or FX∗ in several places. In the top square, the

vertical maps are the natural projections and the horizontal maps come from the exact

sequence of relative differentials. We have seen (again, after Lemma 3.7) that the image of

τi−1η
i−1
K ηk+1−i

c + . . .+ τ0η
k
K under the top left vertical map is (−B)i−1τi−1ω

p(2i−2−k)
c . In

the bottom square, the right vertical map is induced by CX and the horizontal maps are

induced by base change and the wedge product of forms. A discussion similar to that in

the proof of 4.2 shows that the lower square commutes where the left vertical map is the

one sending τω
p(2i−2−k)
c to CI(τ)ω

′(2i−2−k)
c . This proves the desired formula.

As a corollary, we have that

Ω1
I ⊗ F

i−1Hk
dR(M/I)→ F iHk+1

dR (M)

and

Ω1
I ⊗ Fi−1H

k
dR(M/I)→ FiH

k+1
dR (M)

are surjective for all i. In particular, if we write (F i ∩ Fi)H
k+1
dR (M) for (F iHk+1

dR (M)) ∩

(FiH
k+1
dR (M)), then a section of Hk+1

dR (M) lies in (F i ∩Fi)H
k+1
dR (M) if and only if it has a

lift to a section s ∈ Ω1
I ⊗ Fi−1H

k
dR(M/I) such that there exists a section z ∈ Hk

dR(M/I)

with s − ∇(z) ∈ Ω1
I ⊗ F

i−1Hk
dR(M/I). The following lemma gives one possible sufficient

condition for such a z to exist.
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Lemma 6.4. Suppose s = σ0η
k
K + · · · + σkω

k
c is a section of Ω1

I ⊗H
k
dR(M/I) such that

for some l and all j ≤ l, σj vanishes to order at least k − 2j + (p− 1)(l − j). Then there

exists a section z ∈ Hk
dR(M/I) such that s−∇(z) ∈ Ω1

I ⊗ F
lHk

dR(M/I).

Proof: Consider the largest integer m such that s lies in Ω1
I ⊗ F

mHk
dR(M/I); if m ≥ l

there is nothing to prove. If m < l, set z = xωm+1
c ηk−m−1

K with

x =
σm

(m+ 1)dq
q

.

Then x vanishes at each supersingular point to order at least k−2m+(p−1)(l−m)−p >

k − 2(m+ 1) so z is a regular section. Moreover,

s−∇(z) =

(

σm+1 − dx+ (k − 2m− 2)xB
dq

q

)

ωm+1
c ηk−m−1

K

+

(

σm+2 − (k −m− 1)x(B2 dq

q
+ dB)

)

ωm+2
c ηk−m−2

K

+
k
∑

j=m+3

σjω
j
cη
k−j
K

and Lemma 3.4 shows that s−∇(z) again satisfies the hypotheses of this lemma, but lies

in Ω1
I ⊗ F

m+1Hk
dR(M/I). Thus the lemma follows by induction.

The following proposition, which gives some information on the relationship between

the two filtrations on the deRham cohomology sheaves of M , is the key point in analyzing

the images of 1i and Ci.

Proposition 6.5. a) For 1 ≤ i ≤ (k + 2)/2, the map

(F i ∩ Fi)H
k+1
dR (M)→ Gr iHk+1

dR (M)

is zero and the map

(F i ∩ Fi)H
k+1
dR (M)→ Gr iH

k+1
dR (M)
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is surjective.

b) For (k + 3)/2 ≤ i ≤ k the image of the map

(F i ∩ Fi)H
k+1
dR (M)→ Gr iHk+1

dR (M) ∼= Rk+1−if∗Ω
i
M/ Im di

is contained in a subsheaf of codimension at least k + 1 − i at each supersingular point.

Precisely, the image is contained in the subsheaf represented by sections σω2i−2−k
c of

Ω1
I ⊗ ω

2i−2−k such that for 1 ≤ j ≤ k + 1− i, at each supersingular point Bjσ is the sum

of an exact differential and a differential vanishing to order at least −pj.

c) For (k + 3)/2 ≤ i ≤ k + 1 the image of the map

(F i ∩ Fi)H
k+1
dR (M)→ Gr iH

k+1
dR (M) ∼= Rk+1−if∗Ω

i
M

contains the subsheaf of sections vanishing to order at least 2i−k−3 at each supersingular

point.

Remark: Using the fact that B is an eigenvector for the action of (Z/pZ)×, the condition

on σ in part b) can be rephrased as follows: at each supersingular point x, if t is an

eigenuniformiser at x and σ =
∑

n≥k+2−2i ant
n dt, then a0 = · · · = ak−i = 0.

Proof: We are going to use relative deRham cohomology to construct sections and impose

restrictions. We begin with parts a) and c) which follow fairly easily from the two lemmas.

Indeed, using Lemma 6.3, a section of Gr iH
k+1
dR (M) can be lifted to s = τηi−1

K ηk+1−i
c

in Ω1
I ⊗ Fi−1H

k
dR(M/I) with τ vanishing to order at least k + (p − 1)(k + 2 − i) at each

supersingular point. Rewriting s in the ωc, ηK basis:

s = τ(ηK −Bωc)
k+1−iηi−1

K

=
∑

σjω
j
cη
k−j
K
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where σj = (−B)j
(

k+1−i
j

)

τ , we have that σj vanishes to order at least k − 2j + (p −

1)(k + 2 − i − j) for all j ≤ k + 2 − i. By Lemma 6.4, there exists z ∈ Hk
dR(M/I) so

that s−∇(z) lies in Ω1
I ⊗ F

k+2−iHk
dR(M/I) and thus the image of s in Hk+1

dR (M) lies in

F k+3−iHk+1
dR (M).

This shows that FiH
k+1
dR (M) ⊆ F k+3−iHk+1

dR (M), and so (F i ∩ Fi)H
k+1
dR (M) →

Gr iH
k+1
dR (M) is surjective if i ≤ (k + 3)/2 and (F i ∩ Fi)H

k+1
dR (M) → Gr iHk+1

dR (M)

is zero if i ≤ (k + 2)/2. This proves part a) of the Proposition and one case of c). To

prove all of c), we argue similarly: a section of Gr iH
k+1
dR (M) which vanishes to order

2i − k − 3 can be lifted to a section s = τηi−1
K ηk+1−i

c with τ vanishing to order at least

(p+ 1)(i− 1)− 1 ≥ k + (p− 1)(i− 1). Rewriting as above and using Lemma 6.4 provides

a z so that s−∇(z) ∈ Ω1
I ⊗ F

i−1Hk
dR(M/I).

Part b) will require more work. Suppose that (k+3)/2 ≤ i ≤ k and that we are given

a section in the image of (F i ∩ Fi)H
k+1
dR (M) → Gr iHk+1

dR (M) near some supersingular

point x. By the remarks before Lemma 6.4, the section can be lifted to a section

s = σi−1ω
i−1
c ηk+1−i

K + · · ·+ σkω
k
c

of Ω1
I ⊗ F

i−1Hk
dR(M/I) such that there exists a section

z =
∑

gjη
j
Kη

k−j
c

of Hk
dR(M/I) with s−∇(z) ∈ Ω1

I ⊗ Fi−1H
k
dR(M/I). We will show that the existence of z

places restrictions on σ = σi−1. Rewriting s in the (ηc, ηK) basis, we have

s =

k
∑

j=0

((

i− 1

k − j

)

(−1)k+1−i−jB1−iσ + τj

)

ηjKη
k−j
c
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with

τj =
∑

l≥i

(

l

k − j

)

(−1)k−j−lB−lσl;

note that ordx(τj) ≥ k + (p − 1)i at each supersingular point x for all j. Using that

s−∇(z) ∈ Ω1
I ⊗ Fi−1H

k
dR(M/I), we have that

(−1)i−1B1−iσ + τk =
d(Bkgk)

Bk

(−1)i−2

(

i− 1

1

)

B1−iσ + τk−1 =
d(Bk−1gk−1)

Bk−1
− kgk(B

dq

q
+
dB

B
)

...

(−1)k−1

(

i− 1

k − i

)

B1−iσ + τi =
d(Bigi)

Bi
− (i+ 1)gi+1(B

dq

q
+
dB

B
)

or, clearing denominators,

(−1)i−1Bk+1−iσ +Bkτk = d(Bkgk)

(−1)i−2

(

i− 1

1

)

Bk−iσ +Bk−1τk−1 = d(Bk−1gk−1)− kB
kgk(

dq

q
+B−2dB)

...

(−1)k−1

(

i− 1

k − i

)

Bσ +Biτi = d(Bigi)− (i+ 1)Bi+1gi+1(
dq

q
+B−2dB).

(6.6)

We will show that these equations force the desired restrictions on σ. Let us refer to the

equation containing Bℓτℓ as 6.6ℓ, and let us set gk+1 = 0 by convention.

Let t be an eigenuniformiser at x and let W = Wx and V = Vx be the subspaces of

OI,x defined in Section 5: W is the space of (Z/pZ)×-invariants and V = OpI,xW . We will

use the following facts:

(i) ordx(B
ℓ+1−iσ) ≥ k − 2i+ 2− (ℓ+ 1− i)(p+ 1) > −p(ℓ+ 2− i)

(ii) ordx(B
ℓτℓ) ≥ k + (p− 1)i− ℓ(p+ 1) > −p(ℓ+ 1− i)

(iii) ordx(B
ℓgℓ) ≥ p(k − 2ℓ)
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(iv) (dq/q +B−2dB) ∈ t3p−2Wdt

(i)-(iii) follow from the regularity conditions for sections of Hk
dR(M/I) and (iv) follows

from Lemma 3.4. To finish the proof, it will suffice to check the following claim: for

i ≤ ℓ ≤ k we have

Bℓ+1gℓ+1(
dq

q
+B−2dB) ∈ tp(k−2ℓ+1)−2V dt+ t−p(ℓ+1−i)OI,xdt.

Indeed, the smallest valuation of a nonexact differential in tp(k−2ℓ+1)−2V dt is p(k − 2ℓ +

p − 1) − 1 which is > −p. Thus 6.6ℓ and (ii) show that Bℓ+1−iσ is the sum of an exact

differential and one vanishing to order at least −p(ℓ+ 1− i).

We verify the claim by descending induction on ℓ, the case ℓ = k being trivial as

gk+1 = 0. So suppose

Bℓ+1gℓ+1(
dq

q
+B−2dB) ∈ tp(k−2ℓ+1)−2V dt+ t−p(ℓ+1−i)OI,xdt.

Then 6.6ℓ, (i), and (ii) imply that

d(Bℓgℓ) ∈ t
p(k−2ℓ+1)−2V dt+ t−p(ℓ+2−i)OI,xdt

and so by (iii)

Bℓgℓ ∈ t
p(k−2ℓ)OpI,x + tp(k−2ℓ+1)−1V + t−p(ℓ+2−i)+1OI,x

⊆ tp(k−2ℓ)V + t−p(ℓ+2−i)+1OI,x.

Finally, using (iv), we have

Bℓgℓ(
dq

q
+B−2dB) ∈ tp(k−2ℓ+3)−2V dt+ t−p(ℓ−1−i)−1OI,xdt

which is more than enough to finish the induction. This completes the proof of Proposition

6.5.
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We can now compute the dimensions of the stalks of Rk+2−if∗Z
i
M and Rk+2−if∗B

i
M .

We recall that by Proposition 4.1, for 1 ≤ i ≤ k, Rk+1−if∗Ω
i
M = Cik where Cik is the

quotient of Ω1
I ⊗ ω

2i−2−k by its subsheaf of sections vanishing to order at least p − 2 at

each supersingular point; we have

dim Fp
(Rk+1−if∗Ω

i
M )x(χ

b) =

{

1 if b 6≡ 0 (mod p− 1)
0 if b ≡ 0 (mod p− 1).

Similarly, using Theorem 4.5, we have

dim Fp
(R1f∗B

k+1
M )x(χ

b) =
{

1 if b ≡ 1, . . . , k − 1 (mod p− 1)
0 otherwise.

Theorem 6.7. For each supersingular point x of I, and for each i and a with 1 ≤ i ≤ k+1,

0 < a < p− 1 we have

dim F(Rk+2−if∗Z
i
M )x(χ

a) =







0 if i ≤ a+ 1
i− a− 1 if a+ 1 ≤ i ≤ (k + a+ 2)/2
k + 1− i if (k + a+ 2)/2 ≤ i

and

dim F(Rk+2−if∗B
i
M )x(χ

a) =







0 if i ≤ a+ 1
i− a− 1 if a+ 1 ≤ i ≤ (k + a+ 3)/2
k + 2− i if (k + a+ 3)/2 ≤ i.

Proof: Note first of all that we have a map

Rk+1−if∗Z
i
M → (F i ∩ Fi)H

k+1
dR (M)

which sends a Čech (k + 1 − i)-cocycle λ with coefficients in ZiX to the hypercocycle

(0, . . . , λ, . . . , 0). One checks easily that this map is well-defined and surjective. Moreover,

the map Ci obviously factors as

Rk+1−if∗Z
i
M → (F i ∩ Fi)H

k+1
dR (M)→ Gr iH

k+1
dR (M) ∼= Rk+1−if∗Ω

i
M
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and the composition

Rk+1−if∗Z
i
M

1i−−→ Rk+1−if∗Ω
i
M → Rk+1−if∗Ω

i
M/ Im di

factors as

Rk+1−if∗Z
i
M → (F i ∩ Fi)H

k+1
dR (M)→ Gr iHk+1

dR (M) ∼= Rk+1−if∗Ω
i
M/ Im di.

As the image of 1i certainly contains the image of di, we can compute the images of 1i

and Ci by using Proposition 6.5.

Indeed, Proposition 6.5 plus the computation of Rk+1−if∗Ω
i
M as Cik implies that the

image of

Rk+1−if∗Ω
i
M

δi

−−→ Rk+2−if∗B
i
M

is supported at the supersingular points and its stalk at each supersingular point is an F

vector space of dimension 0 if 1 ≤ i ≤ (k + 2)/2 and of dimension at most 2i − k − 3 if

(k + 3)/2 ≤ i ≤ k + 1. Similarly, using 5.5c) (on the image of di) and 6.5, we have that

the image of

Rk+1−if∗Ω
i
M

di

−−→ Rk+1−if∗B
i+1
M

is supported at the supersingular points and its stalk at each supersingular point is an F

vector space of dimension i− 1 if 1 ≤ i ≤ (k + 2)/2 and of dimension at least k + 1− i if

(k + 3)/2 ≤ i ≤ k + 1.

On the other hand, the sequences 6.1 and 6.2 imply that at each supersingular point

the sum (over i) of the dimensions of the stalk of Im δi must be equal to the sum of the

dimensions of the stalk of Im di. So at each supersingular x,

(k+2)/2
∑

i=1

i−1+

k+1
∑

i=(k+3)/2

k+1−i ≤

k+1
∑

i=1

dim Im (di)x =

k+1
∑

i=1

dim Im (δi)x ≤

k+1
∑

i=(k+3)/2

2i−k−3.
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But the ends of this inequality are equal (to k2/4 is k is even and to (k2−1)/4 if k is odd).

Thus our inequalities on the dimensions of the stalks of the images of di and δi are in fact

equalities.

To finish the proof, we just need to compute the multiplicities with which the char-

acters χa occur in the stalks of the images of di and δi, and use this information in the

sequences 6.1 and 6.2. Note that at each supersingular point x, the elements of the stalk of

Rk+1−if∗Ω
i
M = Cik which are eigenvectors for (Z/pZ)× with character χa are represented

by a section of Ω1
I ⊗ ω

2i−2−k vanishing to order a− 1. We find that at each supersingular

point, the characters occuring in the stalk of the image of di are χj j = 1, . . . , i− 1 (each

with multiplicity 1) if i ≤ (k + 2)/2, and χj , j = 2i − 1 − k, . . . , i − 1 (again with multi-

plicity 1) if i ≥ (k + 3)/2; on the other hand, the image of δi is 0 if i ≤ (k + 2)/2 and the

characters occuring in the stalk of its image are χj , j = 1, . . . , 2i−k− 3 (with multiplicity

1) if i ≥ (k + 3)/2.

Putting all this into 6.1 and 6.2 and using, for example, that Rk+1f∗B
1
M = 0 (by

Theorem 4.5), one finds that the multiplicity of χa (0 < a < p− 1) in (Rk+2−if∗Z
i
M )x is







0 if i ≤ a+ 1
i− a− 1 if a+ 1 ≤ i ≤ (k + a+ 2)/2
k + 1− i if (k + a+ 2)/2 ≤ i.

Similarly, the multiplicity of χa in (Rk+2−if∗B
i
M )x is







0 if i ≤ a+ 1
i− a− 1 if a+ 1 ≤ i ≤ (k + a+ 3)/2
k + 2− i if (k + a+ 3)/2 ≤ i.

This completes the proof of Theorem 6.7.

Remark: The proof of Theorem 6.7 also allows one to find the dimension of the stalk

of (Rk+2−if∗Z
i
M )x(χ

a) when N ≤ 4. Indeed, let li denote the integer defined in [U2],
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Theorem 7.1 (depending also on p, N , k, and a), and let

φ1(j) =
{

1 if a < 2j − k − 2
0 otherwise

φ2(j) =
{

1 if a > 2j − k − 2 and a < j
0 otherwise.

Then φ1(j) (resp. φ2(j)) is the dimension of the χa part of the stalk at x of the cokernel

of Cj (resp. 1j), and we have

dim F(Rk+2−if∗Z
i
M )x(χ

a) =





i−1
∑

j=1

lj (φ2(j)− φ1(j))



− liφ1(i).

Note that when i = a+ 2, the right hand side is just li−1.

We can now use the skyscrapers Rk+2−if∗Z
i
M to produce classes in logarithmic coho-

mology:

Proof of 2.3b: By the Leray spectral sequence, Hk+2−i(M,Zi) maps surjectively to

H0(I, Rk+2−if∗Z
i
M ). Since the number of supersingular points on I is (p− 1)w, Theorem

6.7 shows that

dim F H
k+2−i(M,Zi) ≥ d(a, i) =







0 if i ≤ a+ 1
(p− 1)w(i− a− 1) if a+ 1 ≤ i ≤ (k + a+ 2)/2
(p− 1)w(k + 1− i) if (k + a+ 2)/2 ≤ i

.

By Proposition 4.6e), dim U i,k+2−i
1 ≥ d(a, i).

On the other hand, Milne’s duality theorem ([M], 1.11) implies that the dimension of

the group representing Hk+1−i(Ma,Ω
i
log) is equal to the dimension of the group represent-

ing Hi+1(M−a,Ω
k+1−i
log ). Thus by Proposition 4.6c), the dimension of U i,k+2−i

1 is also at

least d(a′, i). Note that for a fixed i and a, at most one of d(i, a) and d(a′, i) is non-zero,

so

dim U i,k+2−i
1 ≥ max(d(a, i), d(a′, i)) = d(a, i) + d(a′, i).

Applying 4.6e) again, we have T i−1,k+2−i = dim U i,k+2−i ≥ d(a, i) + d(a′, i), and this

completes the proof of Theorem 2.3b
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Remarks: 1) It seems possible to construct directly classes in H1(I, Rk+1−if∗Ω
i
M,log)(χ

a)

which account for the d(a′, i) term in the inequality of the theorem, thereby avoiding the

use of Milne duality.

2) By introducing extra level structure and passing to invariants, the proof of 2.3b) and

the remark after 6.7 give a lower bound on the T i−1,k+2−i also in the case N ≤ 4. In

particular, one finds that for all N , if i = a+ 2 then T i−1,k+2−i ≥ li−1 and if i = k+ a− p

then T i−1,k+2−i ≥ li+1. (Here the li are the numbers defined in [U2], 7.1.)

7. The C construction In the previous section we showed that the group representing

Hk+1−i(Ma,Ω
i
log) is positive-dimensional for certain values of a and i. In Section 8 we

will calculate this group for the remaining a and i by using the exact sequence of sheaves

0→ ΩiX,log → ZiX
1−C
−−→ ΩiX → 0

(for the étale topology on X). To do this we need to find the kernel of

1− C : Hk+1−i(Ma, Z
i)→ Hk+1−i(Ma,Ω

i)

and this will evidently require some information on Hk+1−i(Ma, Z
i). This group is iso-

morphic to H0(I, Rk+1−if∗Z
i
M )(χa), but unfortunately, so far we have no reasonable de-

scription of the sheaves Rk+1−if∗Z
i
M . In this section we will approximate them by sheaves

with which we can effectively calculate.

First, we will need a construction analogous to the d-construction 5.5 involving the

conjugate filtration and the Cartier operator. This construction does not seem to come

from any spectral sequence. Consider the composition

R0f∗Ω
k+1 → Hk+1

dR (M)→ Gr k+1H
k+1
dR (M) ∼= R0f∗H

k+1
M

C
∼
−−→ R0f∗Ω

k+1
M
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where the last map is induced by the Cartier operator. This composition is easily seen to

be just R0f∗C : R0f∗Ω
k+1
M → R0f∗Ω

k+1
M and its kernel is R0f∗B

k+1
M . Set Ck+1 = R0f∗B

k+1
M

and define inductively

Ci = Ker

(

Ci+1 → FiH
k+1
dR (M)→ Gr iH

k+1
dR (M) ∼= Rk+1−if∗H

i
M

C
∼
−−→ Rk+1−if∗Ω

i
M

)

for k ≥ i ≥ 1. Since the Rk+1−if∗Ω
i
M are supported at the supersingular points, the

sheaves Ci are locally free OpI -modules of rank p − 1 and they are all isomorphic to

R0f∗B
k+1
M
∼= B1

I (kS) away from the supersingular points. Note that Ci is just the preimage

in R0f∗Ω
k+1
M of (F k+1 ∩ Fi−1)H

k+1
dR (M).

Recall that each supersingular point x we have defined a subspace Vx ⊆ OI,x as

(Z/pZ)×-invariant functions times p-powers.

Proposition 7.1. (The C construction) For 1 ≤ i ≤ k, we have:

a) A section s = σωkc of R0f∗Ω
k+1
M lies in Ci+1 if and only if there exists a function f

such that σ = ((−1)k−ii!/k!)dθk−i(f) and such that at each supersingular point x the

inequalities

ordx





∑

k≥j≥l

(

j

l

)

B−j (−1)j−ii!

j!
θj−i(f)



 ≥ pk − l(p− 1)

hold for l = i, . . . , k. The image of such a section in Rk+1−if∗Ω
i
M is represented by the

section −iC(f dq/q)ω2i−2−k
c of Ω1

I ⊗ ω
2i−k.

b) The stalk of C1 at a supersingular point x consists of sections σωkc such that σ is exact

and its expansion at x lies in t−k+p−2Vxdt+dθk(tpkOI,x)dt, where t is an eigenuniformiser

at x. The stalk of C2 is spanned over the residue field by C1 and the sections dθk−1(tpb−1)

for b = k, . . . , k− 1 + (p− 2). For 2 ≤ i ≤ k, the stalk of Ci+1 is spanned over the residue

field by Ci and the sections dθk−i(tpb−1) for b = k − i, . . . , k − i+ (p− 1− i).
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c) The map C2 → Rkf∗Ω
1 is onto. If i ≥ 2, the image of Ci+1 → Rk+1−if∗Ω

i
M
∼= Cik

consists of those classes represented by sections of Ω1
I ⊗ω

2i−2−k vanishing to order at least

(i− 2).

Proof: Note that we can view s as a section of Ω1
I ⊗H

k
dR(M/I) via the map

R0f∗Ω
k+1
M
∼= Ω1

I ⊗ ω
k →֒ Ω1

I ⊗H
k
dR(M/I).

As remarked after Lemma 6.3, we have that s lies in Ci+1 if and only if there exists a

section z =
∑

fjω
j
cη
k−j
c of Hk

dR(M/I) such that s−∇(z) ∈ Ω1
I ⊗ Fi−1H

k
dR(M/I). But

∇(z) =
∑

(

dfj + (j + 1)fj+1
dq

q

)

ωjcη
k−j
c

so s − ∇(z) ∈ Ω1
I ⊗ Fi−1H

k
dR(M/I) if and only if fj = (−1)j−ii!

j! θj−i(fi) for j ≥ i, and

σ = dfk = (−1)k−ii!
k! dθk−i(fi). The inequalities of part a) are then just the conditions

3.12 on fi, . . . , fk for z to be regular. Conversely, if a function f as in the proposition

exists, then defining fj j ≥ i by the formula fj = (−1)j−ii!
j! θj−i(f), we can choose functions

f0, . . . , fi−1 so that z =
∑

fjω
j
cη
k−j
c is a regular section of Hk

dR(M/I) and s − ∇(z) ∈

Ω1
I ⊗ Fi−1H

k
dR(M/I), and so s ∈ Ci+1.

By Lemma 6.3, the image of such an s in Rk+1−if∗Ω
i
M is represented by the section

−C

(

dfi−1 + ifi
dq

q

)

ω2i−2−k
c = −iC

(

fi
dq

q

)

ω2i−2−k
c

of Ω1
I ⊗ ω

2i−2−k. This completes the proof of part a).

Note that if 1 ≤ i ≤ k and fi is a function vanishing to order at least −k+(k− i)(p+

1) + 1 at each supersingular point, then the inequalities of part a) are trivially satisfied

and s = dθk−i(fi)ω
k
c is a section of Ci+1. The image of s in Rk+1−if∗Ω

i
M is represented

68



by −iC(fi dq/q)ω
2i−2−k
c and (since −k + (k − i)(p + 1) + 1 = p(k − i) + 1 − i) the order

of vanishing of C(fi
dq
q ) at a supersingular point can be any integer ≥ k − i if i ≥ 2 and

any integer ≥ k+ 1− i = k if i = 1. Thus, the image of Ci+1 → Rk+1−if∗Ω
i
M contains all

sections vanishing to order at least k−i+2i−2−k = i−2 if i ≥ 2 and all sections vanishing

to order at least 0 if i = 1. This proves that the image is at least as large as claimed in c).

Note also that by taking fi to have the form tpb−1 where b = k − i, . . . , k− i+ (p− 1− i)

if i ≥ 2 or b = k, . . . , k − 1 + (p− 2) if i = 1, we get sections s = σωkc of Ci+1 not lying in

Ci; the valuations of these σ run through all integers v satisfying v ≡ i − 2 − k (mod p)

and −k ≤ v ≤ p(p− 1− i) + i− 2− k.

Next we note that if t is an eigenuniformiser at x, then t−k+p−2Wxdt ω
k
c is the

(Z/pZ)×-invariant subspace of the stalk of R0f∗Ω
k+1 at x. Since (Rk+1−if∗Ω

i
M )x(χ

0) = 0

for i = 1, . . . , k, these sections lie in the kernel of each of the maps Ci+1 → Rk+1−if∗Ω
i
M ,

i.e., in C1. Also, these maps are all OpI -linear, so we have t−k+p−2Vxdt ω
k
c ⊆ C1. More-

over, if f0 is a function vanishing to order at least pk, then again using a), we find

that dθk(f0)ω
k
c is a section of C1. Thus if σ is exact and its expansion at x lies in

V1 = t−k+p−2Vxdt + dθk(tpkOI,x)dt, then σωkc is a section of C1. Note that V1 con-

tains differentials of all valuations v satisfying v ≡ 0, 1, . . . , p− 2− k (mod p), v ≥ 0, and

all valuations v satisfying v ≡ i− 2− k (mod p), v ≥ p(p− i) + i− 2− k, with 1 ≤ i ≤ k.

Reviewing the last 2 paragraphs, we see that every exact differential σ can be written

as a sum of differentials dθk−i(tpb−1) with b as above and a differential σ′ ∈ V1. This proves

that the dθk−i(tpb−1) span Ci+1/Ci and that C1 = V1ω
k
c , i.e., part b) of the proposition.

It also shows that the image of Ci+1 → Rk+1−if∗Ω
i
M contains exactly the sections already

mentioned above; this is exactly the claim of part c).
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Figure 2 below may help to understand the discussion in the remainder of this section.

The sheaves Fi,j and Dj will be defined below.Rkf�Z1M Rk�1f�Z2M � � � R2f�Zk�1M R1f�ZkMD1 = Rkf�B1M/''') Rk�1f�B2Mrhhhk /''') Rk�2f�B3Mrhhhk IAAAC � � � R2f�Bk�1M�


� /''') R1f�BkMrhhhk /''') R0f�Bk+1M = Ck+1rhhhkD2rhhhk /''') F23rhhhk /''') F34rhhhk IAAAC � � � Fk�2;k�1�


� /''') Fk�1;krhhhk /''') Ckrhhhk /''')D3
���� <4446 F24
���� <4446 � � � Fk�2;krhhhk /''') Ck�1rhhhk <4446...Dk+1 �= C1e[[[̂ "����
Figure 2

Recall the maps di (from a certain subsheaf of Rkf∗OM to Rk+1−if∗Ω
i
M ). We can

put the Cj and the Ker di in a uniform framework as follows. We have injections Ck+1 =

R0f∗B
k+1
M

δ
−−→ R1f∗Z

k
M and R1f∗B

k
M

n
−−→ R1f∗Z

k
M (6.1 and 6.2 for i = k). If s is a

section of Ck+1, δ(s) lies in the image of n if and only if its image under the composition

R0f∗B
k+1
M

δ
−−→ R1f∗Z

k
M

C
−−→ R1f∗Ω

k
M

is 0. It is not hard to check that this condition is exactly the one defining Ck, i.e.,

Ck = δ−1(Im δ ∩ Im n). Similarly, Ck−1 is preimage in Ck of the intersection of the image
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of

Ck →֒ R1f∗B
k
M →֒ R2f∗Z

k−1
M

and

R2f∗B
k−1
M →֒ R2f∗Z

k−1
M .

More generally, if define Fij as the intersection

(

(· · · ((Rk+1−if∗B
i
M ∩R

k−if∗B
i+1
M ) ∩Rk−1−if∗B

i+2
M ) ∩ · · ·

)

∩Rk+1−jf∗B
j
M

then Cj = Fj,k+1. It follows easily from the discussion of the dj in Section 5 (i.e., the

d-construction) that F1,j is the image under Rkf∗OM → Rkf∗B
1
M of Ker dj−1. We write

Dj for F1,j. If fω−k
c is a section of Rkf∗OM we will also sometimes abusively write fω−k

c

for its image in Rkf∗B
1
M .

It will be useful later to have an explicit description of the isomorphism C1
∼= Dk+1.

Proposition 7.2. Viewing Dk+1 as a subsheaf of Rkf∗B
1
M
∼= OI(−kS)/OI(−kS)p and

C1 as a subsheaf of R0f∗B
k+1
M
∼= B1

I (kS), the isomorphism Dk+1 → C1 is given explicitly

by

fω−k
c 7→ (−1)k

1

k!
Θk(df)ωkc .

Proof: fω−k
c lies in Dk+1 if and only if there exists a section

z =
∑

fjω
j
cη
k−j
c

of Hk
dR(M/I) with f0 = f such that ∇(z) ∈ Ω1

I ⊗ F
kHk

dR(M/I). In this case, the image

of fω−k
c in C1 is just the image of ∇(z) under Ω1

I ⊗ F
kHk

dR(M/I) ∼= R0f∗Ω
k+1
M , namely

dfkω
k
c . Now

∇(z) =
∑

(dfj + (j + 1)fj+1
dq

q
)ωjcη

k−j
c .
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and this lies in F kHk
dR(M/I) if and only if for 1 ≤ j ≤ k, fj =

−dfj−1

j dq
q

= −1
j θ(fj−1). Thus

dfk = (−1)k 1
k!dθ

k(f) = (−1)k 1
k!Θ

k(df) and the isomorphism is as claimed.

Next we introduce sheaves which approximate Rk+1−if∗Z
i
M and Rk+1−if∗B

i
M : let Zi

be the subsheaf of Rk+1−if∗Z
i
M generated by Ci+1 and Di and let Bi be the subsheaf of

Rk+1−if∗B
i
M generated by Ci and Di (cf. Figure 2 above). By definition, a section of Zi

can be written locally as the sum of the image in Rk+1−if∗Z
i
M of a section fω−k

c of Di

and a section dgωkc of Ci+1; we will use the notation

(f, dg) (7.3)

to denote such a section and we will employ a similar notation for Bi. The next propo-

sition says that the sheaves Zi and Bi+1 are good approximations of Rk+1−if∗Z
i
M and

Rk−if∗B
i+1
M for the characters we are interested in.

Proposition 7.4. The quotients Rk+1−if∗Z
i
M/Z

i and Rk−if∗B
i+1
M /Bi+i are skyscrapers

supported at the supersingular points, and at each supersingular point x we have

(Rk+1−if∗Z
i
M/Z

i)x(χ
a) = (Rk−if∗B

i+1
M /Bi+1)x(χ

a) = 0

for i− 1 ≤ a ≤ p− 1.

Proof: Let Cj denote the map Rk+1−jf∗Z
j
M → Rk+1−jf∗Ω

j
M induced by the Cartier op-

erator and let cj denote that map Cj+1 → Rk+1−jf∗Ω
j
M given by the C construction. Then

looking at Figure 2 shows that Rk+1−if∗Z
i
M/Z

i and Rk−if∗B
i+1
M /Bi+1 can be imbedded

in an extension of the skyscrapers

Im Cj
Im cj
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for j ≤ i. But we have calculated Im Cj and Im cj in 6.5 and 7.1 and we have

(

Im Cj
Im cj

)

x

(χa) = 0

if a > j − 2 or a < max(1, 2j − k − 2). This yields the Proposition.

8. Cohomology of logarithmic differentials Our goal in this section is to prove

Theorem 2.4. The main point is a calculation of Hk+1−i(Ma,Ω
i
log), for certain i and a, in

terms of the cohomology of Igusa curves. Since Rjf∗Ω
i
M,log = 0 for j ≤ k − i by 4.6a), we

have

Hk+1−i(Ma,Ω
i
log)
∼= H0(I, Rk+1−if∗Ω

i
M,log)(χ

a)

and since Rk−if∗Ω
i
M = 0 by 4.1,

Rk+1−if∗Ω
i
M,log

∼= Ker
(

1− C : Rk+1−if∗Z
i
M → Rk+1−if∗Ω

i
M

)

.

Using the sheaf Zi of the previous section we will identify Ker 1− C with a certain sheaf

of functions. We will then compute the group of global sections of this sheaf.

We fix data k, a, and i satisfying the standing hypotheses as usual, and we assume

from now until the end of the section that a and i satisfy i− 1 ≤ a and k − i ≤ p− 1− a.

Let

c1 =

(

k + 1− i+ a

i

)

, c2 =
(a

i

)

,

and b = a+ k− 2i. It will be convenient to look at the various eigenspaces separately. We

will be a little sloppy and write F(χb) for certain sheaves F on I (when we really mean

(g∗F)(χb), where g : I → X1(N) is the canonical map) and speak as if this were a sheaf

on I. As most of the work will take place at supersingular points, where the stalks of g∗F

and F can be identified, this abuse should be harmless.
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Let F(I) be the function field of I over F and consider the constant sheaf F(I) on I;

let F(I)
0

be the subsheaf of rational functions h on I such that h dq/q is an exact rational

differential; the sheaf F(I)
0

is a free module of rank p−1 over the sheaf F(I)
p

of p-powers

of rational functions and F(I) ∼= F(I)
0
⊕ F(I)

p
as F(I)

p
modules. Sections of F(I)

0
are

also characterized as functions in the image of θ.

Now under the hypotheses on i and a, Proposition 7.4 says that Zi = Rk+1−if∗Z
i
M .

We define a map φ : Zi → F(I)
0

as follows: To each local section s of Zi which is the

sum of the image of a section fω−k
c of Di and a section dgωkc of Ci+1 (so s = (f, dg) in the

notation of 7.3), we associate the rational function h = φ(f, dg) defined by

φ(f, dg) =
1

i!
θi(f) +

(−1)kk!

i!
θp−1−(k−i)(g)

where θ is the operator defined in Section 3. Since the intersection of Di and Ci+1 is

Dk+1 = C1, Proposition 7.2, which describes the isomorphism between Dk+1 and C1,

proves that h depends only on s, not on its expression as (f, dg).

We note that away from the supersingular points, φ defines an isomorphism between

Zi(χa) and B1
I (χ

b). Indeed, on the ordinary locus Ih = I \S, Rk+1−if∗Ω
i
M = 0, all of the

Di are equal and they are isomorphic to B1
I via fω−k

c 7→ df , and all of the Ci+1 are equal

and isomorphic to B1
I via dg ωkc 7→ dg. Since θ is an automorphism of B1

I on Ih, the map

(f, dg) 7→ dh gives the desired isomorphism. (The twist comes from the facts that ωc is in

the χ1 eigenspace and θ sends the χa eigenspace to the χa−2 eigenspace.)

Proposition 8.1. The map φ : Zi(χa)→ F(I)
0

is an injection.

Proof: As noted above, φ is certainly injective off the supersingular points. Fix a super-

singular point x and an eigenuniformiser t at x. We have defined subspaces Wx ⊆ OI,x as
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the (Z/pZ)×-invariant functions and Vx ⊆ OI,x as WxO
p
I,x. Let us recall the description of

the stalks of Di(χ
a)x and Ci+1(χ

a)x: by 5.5, the former consists of the images in Rkf∗B
1
M

of sections fω−k
c of Rkf∗OM with f ∈ tk+(p−1)(i−1)+aWx; by 7.1, the latter is generated

by C1(χ
a)x and sections dθk−j(tpl−1)ωkc with 1 ≤ j ≤ i and l = k − 2j + a+ 1.

Let (f, dg) be an element of the stalk of Zi(χa) at x and suppose that it goes to zero in

Fx, i.e., that h = φ(f, dg) = 0. Without loss of generality, we can suppose that fω−k
c and

dgωkc both lie in the χa eigenspace. Moreover, using that C1
∼= Dk+1 and rewriting (f, dg),

we can also suppose that the section dg is an F-linear combination of terms dθk−j(tpl−1)

with 1 ≤ j ≤ i and l = k − 2j + a+ 1. Since h ∈ F(I)
0
, dh = 0 if and only if h = 0. Now

the contribution of dg to dh is ((−1)ki!/k!)Θ−(k−i)dg and a short calculation shows that

this differential vanishes to order at least (p− 1)(k− 2i+a+1)+k− 2i+a− 1 at x. If dh

is zero, then the contribution of f , namely 1
i!dθ

if , must also vanish to at least this order.

Now since f ∈ tk+(p−1)(i−1)+aWx, l = ordx(f) has the form l = k+ a+ (i− 1 +m)(p− 1)

for some m ≥ 0. Then

ordx(dθ
if) ≥ k + a+ (i− 1 +m)(p− 1)− i(p+ 1)− 1

= k − 2i+ a− 1 + (m− 1)(p− 1)

with equality if and only if l 6≡ 0, . . . , i (mod p). Thus if l 6≡ 0, . . . , i (mod p), we must

have m ≥ k− 2i+ a+ 2; on the other hand the smallest m such that l ≡ 0, . . . , i (mod p)

is m = k − 2i+ a + 1. In any case fω−k
c ∈ Dk+1, since under the hypotheses on a and i,

i − 1 −m ≥ k − 1 and so l ≥ k + a + (k − 1)(p − 1). But then (f, dg) can be written as

(0, dg′) for a suitable g′. As φ is obviously injective on sections of Zi of the form (0, dg′),

we have (f, dg) = 0 and this proves that φ is injective.
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Now define a subsheaf

F = Fi,a ⊆ F(I)
0
(χb)

by requiring that h ∈ F(I)
0
(χb) lies in F if and only if h is regular at ordinary points, h

vanishes at each cusp, and at each supersingular point, h lies in

c1hx − c2h
p
x +OI,x

for some hx with ordx(hx) ≥ −p. Note that h determines hx up to the addition of a

function regular at x.

Recall that for i ≤ a + 1, we have an equality (Rk+1−if∗Z
i
M )(χa) = Zi(χb). The

following theorem is the key point of this section.

Theorem 8.2. The map φ defines an isomorphism of sheaves

(

Ker 1− C : Rk+1−if∗Z
i
M → Rk+1−if∗Ω

i
M

)

(χa)
∼
−−→ Fi,a.

Proof: We have already seen that on Ih, Fi,a = B1
I (χ

b), and since Rk+1−if∗Ω
i
M is zero

on Ih, Ker (1 − C) = Zi there; thus φ induces the desired isomorphism away from the

supersingular points. Also, we have that that φ is injective on all of I, so to prove the

theorem we need to check that at each supersingular point φ takes sections of Ker (1−C)(χa)

to Fi,a, and that all sections of Fi,a are in the image of φ restricted to Ker (1−C)(χa). For

the rest of the discussion we fix a supersingular point x and an eigenuniformiser t there.

Fix a section (f, dg) of Ker (1−C)(χa). We will examine the images of sections fω−k
c

and dgωkc in Rk+1−if∗Ω
i
M and relate this to their contributions to h = φ(f, dg). Note

that Di goes to zero under the map C : Zi → Rk+1−if∗Ω
i
M and Ci+1 goes to zero under
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1 : Zi → Rk+1−if∗Ω
i
M . We also recall (4.1) that the stalk (Rk+1−if∗Ω

i
M )x(χ

a) is one

dimensional for all a with 1 ≤ a ≤ p− 2.

Consider a section fω−k
c of Di. By the d-construction, if ordx(f) = l, then the image

of fω−k
c in Rk+1−if∗Ω

i
M is represented by the section

−i

(

k − l

i

)

Bif
dq

q
ω2i−2−k
c

If a = i − 1, this class is zero (for either l = k + p(i − 1) and the binomial coefficient is

zero, or l ≥ k + p(i − 1) + (p − 1) and the section vanishes to order at least p − 2, thus

giving zero in Rk+1−if∗Ω
i
M ). If a > i− 1, we get a non-zero contribution to Rk+1−if∗Ω

i
M

if and only if l has its minimum possible value, namely k + (p− 1)(i− 1) + a.

Next, we want to compute the contribution of fω−k
c to h, which is

1

i!
θi(f),

up to functions regular at x. We have ordx(θ
i(f)) ≥ l− i(p+1) ≥ k− 2i+ a− (p− 1) and

1

i!
θi(f) ≡

(

l

i

)

Bif

modulo functions vanishing to order l−i(p+1)+(p−1) ≥ k−2i+a. But k−2i+a ≥ 0 unless

a = i− 1, i = k, and l = k+ p(k− 1), so aside from this case, we have ordx(φ(f, 0)) > −p

and

φ(f, 0) ≡

(

l

i

)

Bif

modulo regular functions. In the case a = i − 1, i = k, it may happen that φ(f, 0) has

a pole of order p at x, and we can read off the leading term from the congruence above,

but dφ(f, 0) is regular (since φ(f, 0) is a section of F(I)
0
). Thus in all cases, we have

determined the contribution of f to h up to the addition of a function regular at x.
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Now consider sections dgωkc of Ci+1(χ
a). By the C-construction, there exists a function

gi satisfying certain inequalities such that dg = (−1)k−ii!
k!

dθk−i(gi); the image of dg ωkc in

Rk+1−if∗Ω
i
M under C is then represented by the section

−iC(gi
dq

q
)ω2i−2−k
c .

Since all sections of C1(χ
a) are already accounted for in the image of Dk+1(χ

a), we can

take dg to be a linear combination of dθk−j(tpl−1)ωkc with 1 ≤ j ≤ i and l = k−2j+a+1.

Then gi is a linear combination of θi−jtpl−1 and the image of dgωkc in Rk+1−if∗Ω
i
M is non-

zero if and only if the coefficient of dθk−itp(k−2i+a+1)−1 (the term with j = i) is non-zero.

We note that each of the functions θi−jtpl−1 is regular at x, except in the case j = i, i = k,

a = i−1, in which case it has a simple pole. But if i = k, a = i−1, and (1−C)(f, dg) = 0,

then dgωkc must also go to zero in Rk+1−if∗Ω
i
M since fω−k

c goes to zero automatically.

This implies that that the j = i term cannot occur in gi, so gi is regular at x in all cases.

On the other hand, the contribution of dg ωkc to h is

(−1)kk!

i!
θp−1−(k−i)(g) = (−1)iθp−1(gi).

If gi = tp(k−2i+a+1)−1, then ordx(θ
p−1(gi)) = p(k − 2i+ a+ 1− p) and if gi = θi−j(tpl−1)

with j < i, then θp−1gi is regular at x.

At this point we can show that the image of φ lies in F . First we treat the cases

i = k, a = k − 1 and i = 1, a = p − k, (the ∗∗ region) which are easier. In the first case,

we have c1 6= 0, c2 = 0 and in the second we have c1 = 0, c2 6= 0; in both cases, b ≡ −1

(mod p− 1). In both cases, F is just the subsheaf of F(I)
0
(χ−1) consisting of functions h

which vanish at the cusps, are regular at ordinary points, and which satisfy ordx(h) ≥ −p
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at each supersingular point. (In the second case we cannot have ordx(h) = −p2, since

ordx(dhx) ≥ 0 and this implies ordx(hx) = ordx(θ
p−1hx) ≥ −p

2 + 2.) But we have seen

above that if i = k, a = k − 1, then φ(f, 0) is regular at supersingular points x and

ordx(φ(0, dg)) ≥ −p. If i = 1 and a = p− k, then ordx(φ(f, 0)) ≥ −p and the assumption

that (1 − C)(f, dg) = 0 implies that φ(0, dg) is regular at x. Thus the image of φ does

indeed lie in F in these two cases.

We now consider the more interesting cases where neither i = k, a = k− 1, nor i = 1,

a = p− k holds. By Lemma 3.6, we have

C(gi
dq

q
) = (gi − θ

p−1(gi))
1/p dq

q

and so the assumption that (1− C)(f, dg) = 0 implies that

−i

(

k − l

i

)

Bif + i(gi − θ
p−1(gi))

1/p

vanishes to order at least k − 2i at x. In fact, this function lies in the χk−2i+a eigenspace

for the (Z/pZ)× action, so it must vanish to order ≥ k− 2i+ a, i.e., it must be regular at

x (since a > i − 1 or i < k). Eliminating the −i and raising to the p-th power, we have

that
(

k − l

i

)

Bpifp −
(

gi − θ
p−1(gi)

)

is regular at x. Since gi is regular, so is

(

k − l

i

)

Bpifp + θp−1(gi).

Thus h can be written near x as the sum of

(

l

i

)

Bif − (−1)i
(

k − l

i

)

Bpifp (8.3)
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and a regular function.

Now l, the valuation of f , has the form k + (p − 1)(i − 1) + a + m(p − 1) for some

non-negative integer m. If m > 0, then both terms of 8.3 are regular. On the other hand,

if m = 0, then l ≡ k + 1− i+ a (mod p). Thus in all cases, h can be written near x as

(

k + 1− i+ a

i

)

hx − (−1)i
(

i− 1− a

i

)

hpx =

(

k + 1− i+ a

i

)

hx −
(a

i

)

hpx

= c1hx − c2h
p
x

where hx is a rational function near x with ordx(hx) ≥ −p. This proves that φ maps

Ker (1− C)(χa) into Fi,a

To see that φ is surjective, take an arbitrary element h of the stalk Fx. Reviewing

the discussion of the images of (f, dg) under 1 − C and φ and their relation, we see that

it is possible to write down a section (f, dg) of Zi killed by 1 − C and differing from

h by a function regular at x. Now using the d-construction to modify f by functions

with valuations k + a + (i − 1 + m)(p − 1), m = 1, . . . , k − 2i + a + 1, we can arrange

that h and φ(f, dg) differ by a function vanishing to order at least p(k − 2i + a + 1).

But then by the C construction, if we set gi = h − φ(f, dg), the gi dq/q is exact and

ordx(gi) ≥ −k+(k− i)(p+1)+1 so dθk−igi is a section of Ci+1 killed by 1−C. Modifying

dg by adding dθk−igi, we have h = φ(f, dg). This proves that φ maps Ker (1−C)(χa) onto

Fi,a and thus induces an isomorphism.

Next we analyze the global sections of Fi,a.

Theorem 8.4. Assume the standing hypotheses, fix an integer i with 1 ≤ i ≤ k, and

suppose i− 1 ≤ a and k − i ≤ p− 1− a. Then we have an exact sequence

H0(I,Ω1
I(C))(χb+2)c1C−c2=0 → H0(I,Fi,a)→ H1(I,OI)(χ

b)c1−c2F=0.
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Suppose the ground field F is algebraically closed. Then the right hand map is surjective;

the left hand map is injective if b 6≡ 0 (mod p − 1) or c2 = 0; when c2 6= 0 and b ≡ 0

(mod p − 1) it has as its kernel a group of order p generated by x dq/q where x satisfies

xp−1 = c1/c2.

Remark: Note that when a and i satisfy the strict inequalities i−1 < a and k−i < p−1−a,

the constants c1 and c2 are not 0. On the other hand, when p− 1− a = k− i, then c1 = 0

and (when F is algebraically closed) H0(I,Fi,a) is isomorphic to H1(I,O)(χb)F=0; when

a = i − 1, we have c2 = 0 and (when F is algebraically closed) H0(I,Fi,a) is isomorphic

to H0(I,Ω1)(χb)C=0.

Proof: We will need the old-fashioned but eminently useful description ofH1 of a coherent

sheaf on a curve in terms of “répartitions” (i.e., something like adèles). For any divisor D

on I, we have

H1(I,O(D)) ∼=
AI

O(D)(0)F(I)

where AI is the subgroup of (hx) ∈
∏

x F(I) with almost all hx in the local ring at x,

O(D)(0) is the subgroup with all hx in the stalk of O(D) at x, and F(I) is the function

field of I, imbedded diagonally. (AI is not quite the ring of adéles, since we have not taken

completions.) In terms of this isomorphism, the Serre duality pairing is

〈(hx), σ〉 =
∑

x

Res xhxσ.

(See [S], Chap. II, No. 5 for proofs.) We note also it is clear from this isomorphism that if

D′ is a second divisor withD′−D effective, then a class inH1(I,O(D)) has a representative

(hx) with ordx(hx) ≥ − ordx(D
′) if and only it goes to zero under the natural projection

H1(I,O(D))→ H1(I,O(D′)).
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We now define the maps in the statement of the theorem. Suppose h ∈ H0(I,F), so

h is a rational function on I (in the χb eigenspace for the (Z/pZ)× action) with h dq/q

exact. Furthermore, h is regular at ordinary points, vanishes at the cusps, and there are

functions hx at each supersingular point x with ordx(hx) ≥ −p such that h lies in

c1hx − c2h
p
x +OI,x.

As we remarked above, hx is determined by h up to the addition of functions regular at x.

Defining hx to be 0 if x is not a supersingular point, we get a well-defined class

(hx) ∈ H1(I,O)(χb)

and this class is clearly in the kernel of c1 − c2F . The kernel of the map H0(I,F) →

H1(I,O)(χb) consists of sections h which can be written globally as c1g − c2g
p where

g is a function regular at ordinary points and at the cusps, and with ordx(g) ≥ −p at

supersingular points. (A priori , we have only that h = c1g − c2g
p + c3 for some constant

c3. But since h vanishes at each cusp, expanding h in a power series at a cusp rational

over F, we see that c3 has the form c1a0−c2a
p
0; modifying g by a0, we can assume c3 = 0.)

Thus g dq/q ∈ H0(I,Ω1
I(C))(χb+2); since h dq/q is exact we have

0 = C

(

(c1g − c2g
p)
dq

q

)

= c1C(g
dq

q
)− c2g

dq

q

and so g dq/q lies in the kernel of c1C − c2. Conversely, if σ ∈ H0(I,Ω1(C))(χb+2) and σ

is in the kernel of c1C − c2, then setting g = σ/(dq/q), we have that h = c1g − c2g
p is a

global section of F which obviously goes to zero in H1(I,O). The establishes the existence

of the exact sequence of the theorem.
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Now suppose the ground field F is algebraically closed. The kernel of the map

H0(I,Ω1(C))(χb+2)c1C−c2=0 → H0(I,F)

is clearly the set of differentials x dq/q in the χb+2 eigenspace with c1x− c2x
p = 0. Since

dq/q lies in the χ2 eigenspace, if b ≡ 0 (mod p − 1) and neither c1 nor c2 are zero, the

kernel is a group of order p; otherwise it is the trivial group. It remains to prove the

surjectivity of

H0(I,F)→ H1(I,O)(χb)c1−c2F=0.

Let (hx) be a répartition representing a class in the target. Since H1(I,O(pS)) = 0

(for degree reasons), we can change the representative so that ordx(hx) ≥ −p at each

supersingular point x and hx = 0 at all ordinary points and cusps. Then there exists

a rational function h with h − c1hx + c2h
p
x regular at each x. However, h dq/q may not

be exact so we do not yet have a section of F . We do have that C(h dq/q) is regular at

supersingular and ordinary points and has at worst simple poles at the cusps (this follows

by looking at the local conditions on h). We need the following lemma.

Lemma 8.5. Suppose that V is a finite dimensional vector space over a perfect field F of

characteristic p and T : V → V is a p-linear or p−1-linear endomorphism. If c1 and c2 are

non-zero elements of F, then the kernels of the maps c1 − c2T and c1T − c2 : V → V are

finite groups. If F is algebraically closed, then these maps are surjective.

Proof: This is a twisted version of a well-known fact: if V and T are as in the statement

and F is algebraically closed, then V can be written as a direct sum V = Vn ⊕ Vs of

T -stable subspaces such that T is nilpotent on Vn and such that Vs has a basis of vectors

fixed by T . The lemma follows easily from this.
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Assuming for the moment that c1 and c2 are non-zero, we apply the lemma with

V = H0(I,Ω1
I(C))(χb+2) and T = C. This furnishes us with a differential σ solving the

equation

c1C(σ)− c2σ = h
dq

q
.

Setting g = σ/(dq/q), we have that ordx(g) ≥ −p at supersingular points and g is regular

elsewhere. Replacing h with h − c1g + c2g
p we have that h satisfies the local conditions

at the supersingular points to be in F , and it is regular at ordinary points and cusps.

Moreover, h dq/q is exact so h must vanish at the cusps and it clearly maps to the given

class in H1(I,O). Thus the map is onto if c1 and c2 are non-zero. If c2 = 0 then

H1(I,O)c1−c2F=0 = 0 and there is nothing to prove, so assume c1 = 0 6= c2. Then

h′ = θp−1h satisfies ordx(h
′) > −p2, h and h′ differ by the p-th power of a rational

function (so h′ maps to the same class in H1(I,O) as h does), and since θh = θh′, the

polar part of h′ at each supersingular x is a p-th power. Thus h′ is the required section of

F . This completes the proof of Theorem 8.4

Proof of Theorem 2.4: We start with a). The hypotheses then imply that neither c1

nor c2 is zero. The finiteness of Hk+1−i(Ma,Ω
i
log) is immediate from Theorem 8.2 and 8.4

combined with Lemma 8.5. When F is algebraically closed, there is an obvious three step

filtration on Hk+1−i(Ma,Ω
i
log) whose graded pieces are

H0(I,Ω1)(χb+2)c1C−c2=0,

(

H0(I,Ω1(C))

Fdq/q +H0(I,Ω1)
(χb+2)

)c1C−c2=0

,

and

H1(I,Ω0
log)(χ

b)c1−c2F=0.
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Multiplication by a solution x to xp−1 = c2/c1 gives isomorphisms with the three groups

in the statement of the theorem. Since for algebraically closed F, U i,k+1−i
1 (F), the set

of F-rational points of the representing group, is equal to Hk+1−i(Ma,Ω
i
log) and we have

shown this group is finite, we have dim U i,k+1−i
1 = 0. By Proposition 4.6d), this implies

T i−1,k+2−i = 0.

For b), we treat the case i = a + 1, the other being similar. When F is algebraically

closed, the isomorphism Hk+1−i(Ma,Ω
i
log)
∼= H0(I, B1

I )(χ
b+2) follows immediately from

8.2 and 8.4. Moreover, it implies that dim U i,k+1−i
1 = 0 if and only if H0(I, B1

I )(χ
b+2) = 0.

Thus by Proposition 4.6c) and e), T i−1,k+2−i = 0 if and only if H0(I, B1
I )(χ

b+2) = 0. It is

well-known that this condition is equivalent to the vanishing of H1
cris(I/W )(χb+2)(0,1).

9. Cohomology of exact differentials In this section we will prove Theorem 2.6. To

that end, recall the sheaves of higher exact differential forms Bin on X : we set Bi1 = Bi

and define the higher Bin ⊆ Z
i
X inductively via the exact sequences

0→ Bi → Bin+1
C
−−→ Bin → 0. (9.1)

Similarly, we have sheaves B1
n,I of higher exact differentials on I. As in Section 8, the key

point is a sheaf computation:

Theorem 9.2. Assume the standing hypotheses, fix an integer i with 0 ≤ i ≤ k, and

set b = a + k − 2i. Suppose i ≤ a and k − i ≤ p − 1 − a. Then for all n ≥ 1 we have

isomorphisms of sheaves

Rk−if∗B
i+1
n,M (χa) ∼= B1

n,I(χ
b)

compatible with the Cartier operators.
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Proof: To establish this isomorphism we will use the d- and C-constructions, as in the

proof of 8.2. First of all, note that we have an exact sequence

0→ Bi+1
n,X

(C,1)
−−→ Bi+1

n−1,X ⊕ Z
i+1
X

1−C
−−→ Ωi+1

X → 0;

injectivity on the right follows from that of 1 : Bi+1
n,X → Zi+1

X , surjectivity on the left follows

from that of C : Zi+1
X → Ωi+1

X , and exactness in the middle is just the definition of Bi+1
n,X .

Taking cohomology, we have

0→ Rk−if∗B
i+1
n,M

(C,1)
−−→ Rk−if∗B

i+1
n−1,M ⊕R

k−if∗Z
i+1
M

1−C
−−→ Rk−if∗Ω

i+1
M .

If s is a section of Rk−if∗B
i+1
n,M we deduce n sections s1, . . . , sn of Rk−if∗Z

i+1
M : by definition

sj is the image of s under the map

Rk−if∗B
i+1
n,M

Cn−j

−−→ Rk−if∗B
i+1
j,M

1
−−→ Rk−if∗Z

i+1
M .

Defining s0 = 0 by convention, the sj satisfy C(sj) − 1(sj−1) = 0 in Rk−if∗Ω
i+1
M . Con-

versely, each system s1, . . . , sn of sections of Rk−if∗Z
i+1
M satisfying these equations deter-

mines uniquely a section s of Rk−if∗B
i+1
n,M .

Now for the a and i under consideration, 7.4 gives us an isomorphism Rk−if∗Z
i+1
M
∼=

Zi+1 = Di+1 + Ci+2. For each sj we have sections (fjω
−k
c , dgjω

k
c ) of Di+1 ⊕ Ci+2 whose

image in Rk−if∗Z
i+1
M is sj . The pair (fjω

−k
c , dgjω

k
c ) is not uniquely determined by sj, but

by 7.2, the function hj defined by

hj
dq

q
= dφ(f, dg) =

1

i!
Θi(dfj) +

(−1)kk!

i!
Θ(p−1)−(k−i)(dgj)

is well-defined. Let c′ be the constant

c′ =

(

k − i+ a

i+ 1

)/(

a

i+ 1

)
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and define a rational differential τ by

τ =
(

hp
n−1

1 + c′hp
n−2

2 + c′2hp
n−3

3 + · · ·+ c′(n−1)hn

) dq

q
.

Since hi dq/q is exact, Cn(τ) = 0 and (supposing for the moment that τ is a regular differen-

tial), we have τ ∈ B1
n,I(χ

b); thus we have defined a homomorphism Rk−if∗B
i+1
n,M

ψn
−−→ B1

n,I .

Moreover, the diagram

0→ Rk−if∗B
i+1
M → Rk−if∗B

i+1
n+1,M

C
−−→ Rk−if∗B

i+1
n,M → 0





y
c′nψ1





y
ψn+1





y
ψn

0→ B1
I → B1

n+1,I
C
−−→ B1

n,I → 0

has exact rows and commutes. By induction and the 5-lemma, to prove that each ψn is

an isomorphism, it suffices to treat the case n = 1.

Summing up, to finish the proof of the theorem we have to show that the rational

differential τ = ψn(s) is regular, and that ψ1 : Rk−if∗B
i+1
M (χa) → B1

I (χ
b) is an isomor-

phism. We first prove that τ is regular. From the definition, it is clear that τ is regular

off the supersingular points; fix one supersingular point x and an eigenuniformiser t there.

Calculating as in the proof of Theorem 8.2 (using the d- and C-constructions) we find that

if the image of sj under 1 : Rk−if∗Z
i+1
M → Rk−if∗Ω

i+1
M is represented in the stalk at x by

αjt
k−2i−p+a−1 dq

q
ω2i−k
c

(with αj ∈ F) and if the image of sj under C : Rk−if∗Z
i+1
M → Rk−if∗Ω

i+1
M is represented

by

βjt
k−2i−p+a−1 dq

q
ω2i−k
c

(βj ∈ F), then the function hj is congruent to

(−1)i+1βpj t
p(k−2i−p+a−1) − c′αjt

k−2i−p+a−1

87



modulo regular functions. Since the constraint 1(sj)−C(sj+1) = 0 is exactly the condition

that αj = βj+1, we have that τ is indeed regular.

It remains to check that ψ1 is an isomorphism. Injectivity follows from that of φ which

was proven in 8.1. Finally, let us check that ψ1 is surjective. Note that by using sections

Θk−i(dg)ωkc of Ci+1 with ordx(dg) ≥ −i + p(k − i) we can obtain any element τ ∈ B1
I,x

with ordx(τ) ≥ −i + p(k − i). To show surjectivity in the required eigenspaces, it thus

suffices to produce a τ in the image with ordx(τ) = l for all l satisfying l + 1 ≡ a+ k − 2i

(mod p − 1) and 0 ≤ l < −i + p(k − i). On the other hand, by using sections fω−k
c of

Di+1 with ordx(f) ≥ k+(p−1)i+a we can produce sections τ of B1
I,x with any valuation

≥ k − 2i and 6≡ −1,−2, . . . ,−1− i (mod p). A short computation shows that we obtain

all the needed sections. This completes the proof of the theorem.

Proof of Theorem 2.6: Theorem 2.3a says that T ij vanishes unless i + j = k + 1.

Either the hypotheses of a) and Theorem 2.4a) or the hypotheses of b) and Theorem

2.4b), imply that T i−1,k+2−i = T i,k+1−i = 0. As we remarked in Section 2, the proof

of [I-R], IV.4.5 and the vanishing of these T ’s then shows that the three W -modules

Hk+1−i(Ma, ZWΩi), Hk+1−i(Ma,WΩi), and Hk+1−i(Ma, BWΩi+1) are isomorphic to

direct factors of Hk+1
cris (Ma/W ) (the parts of slopes i, [i, i+ 1) and (i, i + 1) respectively)

and we have an isomorphism

Hk+1−i(Ma,WΩi) ∼= Hk+1−i(Ma, ZWΩi)⊕Hk+1−i(Ma, BWΩi+1)

compatible with the actions of F and V . Also, Hk+2−i(Ma,WΩi) = 0 as it is a direct

factor of Hk+2
cris (Ma/W ) which is 0. Since F is an automorphism of Hk+1−i(Ma, ZWΩi),
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we have

Hk+1−i(Ma, BWΩi+1)/F ∼= Hk+1−i(Ma,WΩi)/F ∼= Hk+1−i(Ma,WΩi/F ).

By [I], II.2.2.2, we have

Hk+1−i(Ma,WΩi/F ) ∼= lim
←−
n

Hk+1−i(Ma, B
i+1
n )

where the inverse limit is taken with respect to the maps induced by the Cartier operator.

Similarly, we have an isomorphism

H1(I, BWΩ1)/F ∼= H1(I,WΩ1)/F ∼= lim
←−
n

H1(I, B1
n).

By Theorem 6.7, for the i and a in question, Rk+1−if∗B
i+1
M (χa) = 0, and using 9.1 and

induction we have also Rk+1−if∗B
i+1
M,n(χ

a) = 0 for all n ≥ 1. Thus Hk+1−i(Ma, B
i+1
n ) ∼=

H1(I, Rk−if∗B
i+1
n )(χa) and the theorem follows immediately from Theorem 9.2.
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