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ABSTRACT. In this paper we classify elements in U(R[x]), and then take a cursory
look at how the unit functor interacts with quotients, at least in the special cases

where we can get explicit results. First, we recall some results for Z/nZ.

1. UNITS OF Z/nZ

Here, we recall the results about U(Z/nZ). For a complete treatment, see chapter

4 of [IR90]
Proposition 1.1. Suppose A, B are unital rings. Then U(A@® B) = U(A) x U(B).

Proof. Recall that U(A @ B) = {(a,b)|a € A,b € B and there exists (u,v) € A® B
such that (a,b) - (u,v) = (au,bv) = (1,1)}. This is the same set as

{(a,b)la € U(A) and b € U(B)}
which is just U(A) x U(B). O

The strategy is then to express Z/nZ in terms of its elementary divisor decom-
position. It is essential only to know how to calculate the unit group of Z/p*Z for

p prime and k > 1.

Theorem 1.2. Suppose p € Z is prime. Then

Z/p* e Z/(p—1)Z p>2,k>2
UZ/p*Z) = { Z/p**Z o Z/pZ p=2k>2
Z/(p—1)Z k=1

Theorem 1.3. Suppose n =pi'---p.*. Then Z/nZ =Z/p]'L& --- & L/p* L.
Proof. This is a special case of Proposition 3.1. g
Corollary 1.4. Suppose n = 2°p{* ---p*, p; odd and distinct. Then

D (Z/ry DL/ (pi — 1)Z) eo < 2

U(Z/nZ) = Z)20F_ (Z/ps ' 2o Z)(pi —1)Z) e = 2.
Z)20 2L B L) 2L (Z)pi T LD L) (pi — 1) eg > 2.
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Proof. This is an immediate consequence of Theorem’s 1.3, 1.2 and Proposition
1.1. O

Corollary 1.5. Suppose n = 2°0p{* - - - pi* for odd distinct p; prime. Then U(Z/nZ)
1s cyclic if, and only if, n = 2,4, p®, 2p°.

Proof. In any case, eg must be either 0, 1 or 2: for eg > 3, we have that U(Z/2°Z) =
727 @ 7./2°° =27, and these direct summands are not relatively prime. If k = 1,
then for odd p, U(Z/p°Z) = Z/p* *Z ® Z/(p — 1)Z, which is cyclic since p — 1 and
p°~! are relatively prime. But p — 1 is a positive even number, so ey # 2 in this
case. This establishes the cases 2,4, p*, 2p*.

If £ > 2, then Z/(p; — 1)Z and Z/(pj; — 1)Z are both direct summands by the
above corollary. However, p; — 1 and p; — 1 are both even, and hence not relatively

prime. Thus, k£ < 1. U
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2. UNIT GROUPS OF POLYNOMIAL RINGS

Given a ring R with 1, we can define a polynomial ring R[x] with one indeter-
minate in the following obvious way. R[z] = {}1 iz’ :n € Z*,r; € R}, where
2% = 1. Addition is inherited from R by forcing ra! + sz’ = (r + s)z’, and extend-
ing by linearity. Multiplication is also inherited from R, by forcing distributivity
and requiring that raz? - sx/ = rsztJ. We can iterate this process of adjoining an
indeterminate, and consider R[x1,--- , x,], supposing that indeterminates commute
with each other.

For the purposes of this section, a polynomial ring P will mean a commutative
unital ring R, adjoined with a finite number of indeterminates. The degree of p € P
is intuitively the largest number of indeterminates appearing in any term. For
example, the degree of 322y + y3z* + 172 — y € Z[z,y] is 7, since the middle term

is the product of 7 (not necessarily distinct) indeterminates.

Proposition 2.1. Suppose p,q € P, and the base ring R of P has no zero-divisors.
Then deg(pq) = deg(p) + deg(q).

Theorem 2.2. If P is a polynomial ring with base ring R, which has no zero-
divisors, then U(P) = U(R).

Proof. The degree of 1p = 13X? is zero. Since the degree only increases under
multiplication, no element p € P of degree greater than zero is invertible. The only

remaining candidates are the constants, and this subring is isomorphic to R. ]
Corollary 2.3. If R is a field, then U(P) = R*.

We have shown that the only interesting unit groups of polynomial rings occur
when the base ring R has zero-divisors. We will show this can be improved, so that
the only interesting cases occur when R has non-zero nilpotent elements. We will
say that n € R is nilpotent of degree e if n® = 0, and n* # 0 for k < e.

Example 2.4. Suppose R = Z/AZ, and P = Rlx]. Then 1 + 2x is a unit, and in

fact self-inverse.

It turns out that it is fairly easy to classify all of the elements in U(R[z]) for R a
unital ring, at least supposing that we know a little about R. In the following proof,
we make great use of the fact that the coefficient of 2* of the product f(z)g(x) is

given by Z?:o fr—igi-
Proposition 2.5. If f(z) = fo+ fix + -+ + foz™ € U(R]x]), then f, is nilpotent.

Proof. Let g(z)f(z) = 1, and let d = deg(g(x)). Define m; = min (¢,n). Without
loss of generality, we can assume that d > n by interchanging f and g, if necessary.
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Since nd > n, we have that

Mma+n

0= 9d+n = _f()_1 Z gd+nflfl = gdfn-
=1

Inductively, we have that

Ma4+n—i

0 fio=Garni- fo=—I0" Y Garn—iaifufi=gaifi™
=1

However, go is a unit, and not a zero-divisor. It follows that f¢*! = 0, and f, is
nilpotent. O

Lemma 2.6. Suppose g(z) € R[z], n € R is nilpotent. Then g(z) € U(R][z]) if, and
only if, g(z) + na* € U(R[z]).

Proof. =: Consider that (g(z) + nz¥) (g_l(m) le;é(—l)l(nxkg_l(x))l> =1.
<: Suppose (g(x) + nzf)g(z) = 1 = q(x)g(z) + nakq(z). Then set f(z) =
a(w) Yo7 (nakq(x))". Then g(2)f(x) = (1 — na’q(z)) {55 (natq(2))' =1. O

Theorem 2.7. An element f(z) = fo+ fix +--- + foz™ € Rlx] is a unit if, and
only if, fo € U(R) and fi~o is nilpotent in R.

Proof. =: Since f, is nilpotent, we have that f(*~Y(z) := f(x) — fuz™ € U(R[z]).
Hence, f,_1, the leading coefficient of f("~1)(z) is nilpotent. Continuing in this

fashion, we show that all coefficients f;~o are nilpotent, and that fo € U(R).
«<: Since fy € U(R) C U(R[z]), we know that f)(z) = fo + fiz € U(R[z]).
Continuing in this fashion, we have that f("(z) = fo + fiz 4 - - - + fnz" € U(R[z]).
O

Corollary 2.8. If R has no non-zero nilpotent elements, then U(R[z]) = U(R).

We will now show that theorem 2.7 extends to R adjoined with any number of
indeterminates. We will use the notation that X}, = R[z1], X% = R[z1, 2], and so

on. We omit the subscript when the base ring R is clear. First, a lemma.

Lemma 2.9. Suppose f(x) = fo+---+ foz™ € R[z]. Then f(x) is nilpotent if, and
only if, f; is nilpotent for 0 < i < n.

Proof. =: Write 0 = f(2)¥ = (f " D(2) + faaz™)F = fOD(@)F + ... 4 fhank,
Since 2™ is the highest degree, its only coefficient f¥ = 0; hence, f, € N(R).
Since fkz* € N(R[z]), and nilpotent elements form an ideal, we conclude that
f@™=1(z) € N(R[z]). Continuing in this fashion, we have that f; € N(R) for all i.

«: This follows since fiz' € N(R[z]) (it has degree e;) and the nilpotent elements
form an ideal. O
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This result immediately extends to X7 by induction, i.e. f € X} is nilpotent if,

and only if, the coefficient of each term is nilpotent in R.

Theorem 2.10. Let X} be a polynomial ring. Then U(XE) = {fo+g(x1,...,zp) :
g(0,...,0) =0, fo € U(R), g; nilpotent in R for all i € N}.

Proof. We will use the recursive definition for X", i.e. X" = X"~ 1[z,]. Consider
f(x) € U(X™). By theorem 2.7, we have that fo € U(X"1); so inductively, fo
can be written in the form described. Consider that f; € N(X"~!). Then by the
remarks above, f; can also be written in the above form. This proves that every
element in U(X™) can be written in the above form; the converse is proved by lemma
2.6. (|

It remains to calculate the isomorphism class of U(R[z]), say in terms of U(R)
and v/0 = N(R), the nilpotent ideal of R. This seems to be a difficult problem,

however. For reference, we provide the following characterization of N(R):
Proposition 2.11. Let R be a ring. Then N(R) = (\{P < R : P is prime in R}.

Proof. Let P = (\{P; <R : P is prime in R}, and let N = N(R), the nilpotent ring.
If 2 € N\ P, then z¥ = 0 € P for some k. Choose k' minimal so that z* € P. Since
P is prime, and z € P, z¥'~1 € P. This contradicts minimality, so that N C P.

Now, consider i ¢ N. Define ¥ = {I < R: " ¢ I for n > 0}, and partially order
>} by set inclusion. By Zorn’s Lemma, ¥ has a maximal element, say M. We will
show that M is prime.

Suppose z,y ¢ M, and zy € M. Since M is maximal, i € M + (z), and
i" € M + (y). Hence, i"t" € (M + (z)) N (M + (y)). But this implies that
i™t € M + zy = M, contradicting that M € X. Thus, M is prime.

Hence, if i ¢ N, then i ¢ M D P,i.e. PC N. O

Example 2.12. Suppose R = 7Z/4Z. Then U(R[z]) = (Z/2Z)N =

-1

({aitien : 6 = aj'a;?

aja; =1, i,j € N)
Proof. The isomorphism is ¢ : 1 + 22" — a;. Every unit can be written as
u(z) =1+ 22 + -+ 4 22
for some choice of exponents (eq,...,ex). This has the unique representation as

[T+ 22%).

i

Noticing commutativity, and that (1 4+ 22%)2 = 1, the result follows. O
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3. UNIT GROUPS OF QQUOTIENTS

If we consider unital rings R, and R2 and some ring-homomorphism f : Ry — Ro,

then the following diagram commutes:

Ry Rs

o) v

U(R) - U(Ro)

Here, f, is simply f restricted to U(R7). It respects the product in U(R;) because
f respects the product in Rjp; it remains only to show that homomorphisms map
units to units. So consider a unit a € Ry, say a-b = 1. Then f(a-b) = f(a)- f(b) =
f(lg,) = 1g,, so indeed f(a) is a unit in Ry. This establishes that U is a functor
from the category of unital rings to the category of groups. Furthermore, f, is
injective (resp. surjective) if f is injective (surjective).

We would like to know how to express U(R/I) for any ideal I <<R. Unfortunately,
for a general ring R this problem seems very hard. For one thing, we do not have a
canonical way of representing I. If R is Noetherian then we can represent I uniquely
in a primary decomposition I = (), J;. This is the well known Lasker-Noether
theorem, and will be helpful in calculating U(R/I).

Proposition 3.1. Suppose R is a unital ring and {I; : 1 <i < n} are ideals in R.
Furthermore, assume that I; + 1; = R for any i,j. Then

UR/ N2 L) =UR/L) x - x U(R/Iy).
Proof. The canonical monomorphism from R/ (%, I; into @;", R/I; is given by
fr+nN2L)=r+1,...,7+I,).

This is onto by the Chinese Remainder Theorem. Hence, R/ N, I; 2 R/, @ --- @
Ry,. The result then follows from Proposition 1.1. (|

Unfortunately, the minimal primary decomposition of some ideal I will not, in
general, satisfy the hypothesis of the Chinese Remainder Theorem, and we cannot

hope that the unit group will decompose so nicely.

Example 3.2.

*(emaes ) 2o (Far) oo (B

Proof. We see that /2Dy
7.]27) |z, y
v (G

) ={1,1+zy},
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while
A
U< o) ) = {14z 14+2y1+z+ay}
7./27) |z,
U(W) = {L,1+y,14+zy,1+x+zy}.
But Z/2Z % LJAZ & Z/AZ. O

Remark. There is an injection from U(R/ (), La) into [[, U(R/1,) for any collection
of ideals.

We will use the following characterization of primary ideals in Fz]:

Proposition 3.3. Suppose I < Fx] is an ideal. Then I is primary if, and only if,
I = (f(x)*) for f(z) (monic) irreducible in Flz] and k € Z*.

Proof. Suppose a(z)b(x) € I, and a(x) € I. Since f(x)* divides a(x)b(x) but does
not divide a(x), we know that f(z) divides b(z). It follows that b(x)* € I, and thus
I is primary.

Conversely, since F[x] is a PID, write I = (g(x)) for g(x) a monic polynomial.
Now, g(z) = fi(x) - fiu(x)°, where f;(x) is monic irreducible. If m > 1, then
consider that fi(x)¢, fa(z)® -+ fi(x)¢™ & I but their product is. This contradicts
that I is primary, and hence m = 1. The result follows. O

Lemma 3.4. Suppose R = F[z], for some field F'. Then given primary ideals I, I
such that /I # /I, I + Is = R.

Proof. We recall that the radical of a primary ideal is prime. Since R is a PID,
VI = {fi(z)), and /I = (fa(x)) for distinct irreducible f;(x). Then, for some
ki, ko € Z7T, I + I is generated by ged(f1(x)*1, fo(z)*2) = 1. Thus, [1 + I, = R. O

Remark. The requirement that F' be a field is necessary.

Because of the previous lemma, and primary decomposition, we can use the chi-

nese remainder theorem to establish the following result.

Theorem 3.5. Suppose R = F[z]|, and if I < R is any ideal, write I = N*11; a

minimal primary decomposition. Then
UR/I)=U(R/I) x - xU(R/I).
Proof. Follows from Proposition 3.1 and Lemma 3.4. U

To find the unit group of F[z]/I for some ideal I, it suffices to calculate the unit
group of Fx]/I; where I; is primary. By proposition 3.3, we have a characterization

of all such ideals.
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Now, we change pace for a moment to develop an important isomorphism of

quotient rings. The following lemma sets the stage.

Lemma 3.6. Let R and S be commutative rings with 1, such that S is a unitary
R—module. Let I < R[z], and s € S. Then

Rlal /1 == 5/(6(1))
is a homomorphism where ¢s(f(x)) = f(s).

Proof. Since S is a unitary R—module, the substitution R[s] is defined; further,
#(1g) = 1g (since s° = 1g). Let i(z) € I, r(x) € R[z]: then ¢s(r(z) +i(z)) =
(r+14)(s) = r(s) +i(s) = r(s) since i(s) € (¢(I)). Thus, ¢, is well-defined, and
clearly a homomorphism since it is evaluation at a point. 0

Suppose R[z] and S are PIDs. Then I = (g(z)), and (¢(I)) = (g(s)). Also,
Ker(¢s) < R[x] and contains I. Suppose Ker(¢s) = (k(z)). Then k(x) divides g(x).
Hence, when g(z) = f(z)* where f(x) is irreducible in R[], then k(z) = f(z)’ for
some 0 < j < k. Notice that ¢s is injective if and only if 7 = k.

Since f(z)7 € Ker(¢s), we see that f(s)? € (f(s)¥). Clearly, f(s)* € (f(s)?); so
in fact, f(s)? = f(s)* - u, where u € U(S).

Take R = F, S = E[y|, where E, F are fields. Here is the picture:

@s
Fl2l/(f(x)F) — B/ (f(s)F)
Suppose that there exists s € E[y] such that f(s) € y+ (y*). Then f(s)! = f(s)¥-u
implies that j = k. Hence, ¢, is injective, provided that such an s exists.

Theorem 3.7. Let F be a perfect field, and f(x) an irreducible polynomial in F[z].
Let E be the extension field E = F[w]/f(;c) Then for each k € Z* there exists
s € Ely] such that f(s) € y + (y*) .

Proof. First, we note that since F' is perfect, there exists a root r € E of f(z)
such that f/(r) # 0. We proceed inductively. When k = 1, we can find s so that
f(s) =0 € y+ (y); we may choose s = r as above. When k = 2, we have that
flary +7) = f(r) + f'(r)g1y (mod y?). Hence, we can choose g; = f'(r)~L.

So suppose that we have Gi_1(y) = r + #T)y + -+ g1yt € Efy] so that
f(Gr_1(y)) = y(mod (y*)) and f'(r) # 0. We will construct a solution G(y) =
gry® + Gr_1(y) so that f(Gr(y)) =y (mod (y**1)). Expanding, we have that

Flatt +Gra(®) = f(Gra(v) + F(Groa(y)gry®  (mod (yFH1))
= (y+v*-hy) + £ (r)gey® (mod (y**1))
= y+ (h(0) + f'(r)gr)y" (mod (y**1))
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where f(Gr_1(y)) = v* - h(y) in E[y]. Hence, we may choose g = —%. This
completes the induction and proves the result. O

Corollary 3.8. Let F' be a perfect field, and suppose f(x) is an irreducible polyno-
mial in Fx]; let E be the field Flx]/{f(x)). Then

Fla]/(f(x)*) = Bly)/(y").

Proof. The previous theorem shows that there is an s € E[y| so that ¢ is a
monomorphism by the discussion above. Let d = deg f(x). To show surjectiv-
ity, we consider two cases. First, suppose that F' is a finite field; then the result
follows because the two rings both have |F|% elements. Now, suppose that F has
characteristic 0. Then F[z]/(f(z)*) is an F—vector space of dimension dk. More
explicitly, each coset has a representative polynomial of degree less than dk, and
hence can be uniquely represented as a dk—tuple of elements of F. Moreover, ¢; is
an F—linear transformation into E[y]/(y*), and is injective. It remains to see that
E[y]/(y*) has F—dimension dk. But this is clear, because dimz(FE) = d. Thus, ¢,

is surjective. O

Corollary 3.9. Suppose F' is a finite field, f(x),g(x) are irreducible, polynomials
in Fx] and deg(f) = deg(g). Then

U(F[]/(f(2)")) = U(Fla]/(g(2)"),
for allk € 7.

Proof. Recall that the extension fields F[z]/(f(x)) and F[z]/(g(z)) are isomorphic
since F' is finite; indeed, let d = deg(f). Then if F' = GF(p™), both extension fields
are GF(p"?). Let E be a finite field GF(p™®). From the previous proposition,

Fl2]/(f(2)*) = Elz]/(z") = Flz]/{9(x)"),
for all k € Z*. The result follows immediately. O

Remark. The corollary fails when F' has characteristic 0, for in this case the extension
fields need not be isomorphic. For example, f(z) = 2? — 2 and g(x) = 2% + 1 yield

non-isomorphic extension fields of Q.
Proposition 3.10. Suppose E is a field, and k € Z". Then
U(E[z)/(") 2 E* x {1+ a1z + -+ ag_12"" 1 a; € E}.

Proof. Let u(x),v(z) be units in R = E[x]/(x*). Since (x) are the only nilpotent

k=1 where ug € E*, and similarly for v(z).

elements in R, u(z) = up + -+ + ug_1x
Hence, we can factor u(z) = ug - (1+ - - +ugy "up_12° 1) and v(z). The map ¢ that
sends

u(x) — (ug, 14+ ualuk_lxk_l)
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is an isomorphism from U(R) to E* @ {1+ a1 + - -- + ag_12"" 1 : a; € E}. O

For the remainder of this section we will be concerned with the case when E is a
finite field of order p"?, and R = E[z]/(z*). The group of polynomials {1 4 ajz +
-+ ap_12F" 1} under multiplication will be referred to as Q. Since E = GF(p™?),
Q| = EF! = pdk=1): hence, @ is a finite abelian p-group. See appendix A for

some useful facts about these groups. We will use them with little comment.

Definition 3.11. Consider f(z) € R, and suppose f(z) = fo+ fi,x™ + -+ fi,a%,
where m < n implies iy, < i and f;; s non-zero in E for all j. We call iy the low
degree of f, denoted Ldeg(f).

Proposition 3.12. Consider u(z) € Q. If u(z) has low degree i, then u(z) has

ERSE

Proof. Consider (1 + u;a? + ---)P". Expanding, we have (1 + puz’ +---) = (1 +

p
u;

order p* where

it 4 ), since the F has characteristic p. Hence, u(x) is of order at most p®
whenever ip® > k. Since ¢ is an integer, we have 7 > L%—‘ If 7 is also > L%—‘,

then the order is at most p®~!. ]

Using only the above proposition and the facts about p-groups, we can easily
calculate the isomorphism class of U(R). We illustrate the algorithm with two

simple examples.
Example 3.13. Find U ((Z/3Z)[z]/{(z® + 2z 4+ 1)3)).

Let £ = GF(3%). Then we know that (Z/3Z)[z]/(z® + 2z + 1) = E[z]/(x3).

Furthermore, since % = % = 1, we see that every non-identity element in ) has
order 3. Since |Q| = |E|? = 3%, we have that Q = (Z/3Z)°. Finally, E* = Z/26Z,
so that U(R) = (Z/26Z) @ (Z/37)". O

Example 3.14. Find the unit group of E[x]/(x%), where E = GF(3%).
We consider Q). We have:
L}ﬂ <i<6 = i€{2,3,4,5}
[-‘ <i<2 = 1=1

So there are |E*| - |E|* = 3'2(3% — 1) elements of order 9. It follows that Q =
(Z)97,)® & (Z./3Z)° (see Appendix). Thus, the unit group is isomorphic to

(Z/80Z) ® (Z/92)% & (z./3z2)°. O
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As in the first example, whenever we can conclude that [k/p| = 1, we can describe

the unit group very simply. We summarize with the following theorem.

Theorem 3.15. Suppose k < p, where F' = GF(p"), and f(x) is irreducible in Fx]
of degree d. Then

U(F[2]/{f(2)") = U (Flz]/{f(x))) ® Fla]/(f(2)*1),
and both are Z)(p"* — 1)Z @ (Z/pZ)"* k=1,

Remark. One should notice the similarity with U(Z/p*Z) for p an odd prime; indeed,
for such p we have
U(Z/p*z) = U(Z/pZ) & Z/p* L.

This is a nice analogy that breaks down in many cases, most often for large values
of k. In a limited sense, the next section addresses this problem.
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4. POWER SERIES RINGS

Suppose k is field, and let k[[z]] denote the ring of formal power series. Intuitively,
we think of the ring k[[z]] as polynomials of infinite length with normal polynomial
addition and multiplication; but precisely, we must regard elements f € k[[x]] as
sequences f = (k;);ez+, with component-wise addition and the obvious multiplica-
tion. In this section we will study the unit group of k[[z]] when k = F,, the finite
field with p elements.

First, we can easily classify the units in k[[z]]: f is a unit if and only if fy is a
unit in k, i.e. non-zero. In fact, (z) is a maximal ideal (since k[[z]]/(z) = k is a
field); every proper ideal I <1 k[[x]] is contained in (z), so that k[[z]] is a local ring.

We see that U(k[[z]]) = k* & Q, where Q@ = {1+ zf(z) : f € k[[z]]}. Consider
any 0 # f € U(k[[z]]), so that Ldeg(l + xzf) = i > 0. If char(k) = 0, it follows
that Ldeg((1 + xf)") = ¢ for all n. If char(k) = p, then Ldeg((1 + = f)") = i when
(p,m) = 1, and otherwise Ldeg(f™) = ip® for some a. Thus every element in @ has
infinite order, and clearly @ is not finitely generated. Hence, calculating U (k[[z]])
means finding canonical generators and relations for Q.

Example 4.1. Consider Fs[[z]]. Then we have
14+2c = (14220 +2)2(1 + 2521+ 2?1 + 2921 + 2%)2(1 +2)% - -

Remark. Tt is true that 1+ 2z is a square in F3[[z]]. In general, f(z) € Fp[[z]] can

be written as
f(@) = cx™ - q(x)
where ¢(x) € Q. If n is even and c is a square in F,,, then f(x) is a square in F)[[z]].

This is easily proved by inductively solving the system of equations induced by
q(z) = g(z)*.
Since ¢(z) always has a square root, the condition is also necessary.
Lemma 4.2. Each q(x) € Q can be uniquely written as
g(z) =1+ x2) (1+ acz)a2 (1+ a;3)a3 e
where o; € Z and 0 < a; < p.

Proof. The existence of this factorization is obvious. So suppose that we have dif-

ferent factorizations for ¢(x), say
gz) = (1 +z) (1+22)2 1 +23)5 . = (1 +a) (1+2%)2 (1 +2%)% ...
Choose the smallest i € NT such that 3; # ;. Then

(1) (1 + xi)ﬁi (1 + l,i+1)ﬁi+1 = (1 + xi)ai (1 + xi-i—l)ai_,_l L
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since both are equal to
q()
2;11(1 + ko

Expanding each side of (1) we have

where 7 is just the image of z € Z under the quotient map onto IF,,. But this implies

that 8; = «; since 0 < (;, a; < p; hence, the factorization is unique. ]

Recall that for any n € N, v,(n) = a where p® divides n but no larger power of p
divides n.

Definition 4.3. For n € Z, we define
n

)

p(n) =
Remark. We omit p from the notation, since our p will be fixed throughout.

Theorem 4.4. Consider Fp[[z]], and recall that its unit group decomposes as F,®Q.

Then
Q=P
No

where Zy, is the p-adic integers.

Proof. Consider a general element ¢(z) € Q). Then
gz) = (L+a)™ (L+a?)* (1+27)% ..
where «; € Z and 0 < «; < p. For clarity, we will write this in a vector notation:
q(z) = [a1, a2, as, .. .].
Consider the following map: ¢: Q — @By, ,)=1(Zp): :
(a1, o, a3, .. ] — [al—l—ap-p—i—af,-pz—i—--- s QG Qip DA Q2 P4

We will show that ¢ is an isomorphism. First, notice that it is identity preserving,

and surjective. It is a homomorphism because
(1+a)"? = (L+aP)* (€ Fplle]]) &  (pai)p”® = ap?DF (€ (Zy),)) -

Finally, ¢ is injective because ¢(x) = [a1, a2, a3,...] € Ker(¢) < «; = 0 for all
i € NT. The result follows immediately, since there are countably many integers
relatively prime to p. ]

We will now clarify what we meant at the end of the last section. Since F)[[z]]

is the inverse limit of {F,[x]/(z")};en+, and since the unit functor commutes with
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inverse limit, every finite group

U(Fpla]/(z*))

is realized as a quotient of U(FF,[[z]]).
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APPENDIX A. FINITE ABELIAN p-GROUPS

Here we prove some results about finite abelian p-groups, i.e. an abelian group A
of order p¥. We eventually will give a complete description of any such group based
on the orders of its elements. This is used to recognize the isomorphism class of @)
in section 3.

Recall that in Z/pFZ, there are ¢(p*) = p* — p*~! many elements of order p*,
where ¢ is the totient function. We would like to extend this idea to groups like
7.)p*Z & 7./p*7Z, and eventually to all finite abelian p-groups.

Proposition A.1. Let G = (Z/p*Z)*. Then there are p*® — p*k=Da elements in G
of order pF.

Proof. We proceed by induction on a. If a = 1, the result is as above. So consider
(Z/p"2)" = (Z/p"Z) & (Z/p"Z)" .

We know that there are p* — p*~! elements in the first component of order p*: these

can be paired with any of the remaining p*(@—1)

elements in the second component.
If the first component contains one of the p¥~! elements of order less than p*, we
can still pair it with an element of order p¥ in the second component. By induction,

there are p*@—1) — p(k=1)(a=1) ¢lements of this type. Thus, in total, we have

(pk - pkfl)(pk(afl)) _i_pkfl(pk(afl) - p(kfl)(afl)) _ pka o p(kfl)a' 0
Corollary A.2. Let G = (Z/p*Z)®. Then there are
pja o p(jfl)a

elements in G of order p’.

Proof. Let i = k — j. Then there is an exact sequence
0— (2/p'2)" —2~ (2/p*2)" — (Z/p'Z)" — 0

where p(z; + (p7)) = 2, - p* + (p¥) (applied to the k" component). It follows that
every element of order p/ in (Z/ka)a is the image of an element of order p’ in
(Z/ »’ Z)a, so the previous theorem implies the result. ([l

Theorem A.3. Let A be a finite abelian p-group of order pF. Then there exist
numbers e; € N, 1 <1¢ < k so that

A= (Z/p* D) @ - @ (Z/pL)*.
Furthermore, if 1 < j < k, there are
piZf:j eit> I e p(J'*l) S et e

elements of order p’.
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Proof. The first statement is a corollary of the classification of finite abelian groups.
Consider that there are ,

pUD T et Xl e
elements of order less than p/. Then the difference of this form at j+1 and j counts

elements of order less than p/*! and not less than p/, i.e. elements of order p/. O

The usefulness of this formula for finding the isomorphism class of a given p-group

is given when we factor the form; in particular, there are

pzf:l iei= 03—V desy iy (pzi;j € _ 1)

elements of order p/. Thus, particularly if p # 2, then knowing the number of ele-
ments of each order allows one to easily read off the exponents {e; }, thus determining
the isomorphism class.
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