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1. Introduction.
Let K be a number field, let p be an odd prime, and let K∞/K be an extension

containing all p-power roots of unity whose Galois group Γ is isomorphic to Zr
p for

some r ∈ N. Let Λ be the Iwasawa algebra Zp[[Γ]]. Let M∞ be the maximal abelian
pro-p-extension of K∞ unramified outside p, and let L∞ be the maximal subexten-
sion of M∞ in which all primes above p split completely. Let Y = Gal(M∞/K∞)
and let X = Gal(L∞/K∞). Let E = lim←−F OF [1/p]× ⊗ Zp, where the limit is taken
with respect to the norm maps over all finite subextension F/K of K∞/K. Jannsen
proved duality theorems relating the Λ-modules Y , X, and E ([J2], Theorem 5.4).

Jannsen’s proof uses the homotopy theory of Λ-modules. The aim of this paper
is to give an explicit construction of the dualities in terms of the Kummer pairing,
Tate duality, and a certain natural generalization of Iwasawa’s construction of the
adjoint module, obtained by computing Grothendieck’s local cohomology groups
using a particularly natural choice of regular sequences in Λ.

The simplest duality to describe is that between Y and E. Let F/K be a finite
subextension of K∞/K, and denote by q(F ) the order of the group of p-power roots
of unity in F . Let O′F = OF [1/p]. Define a subgroup MF of F×/F×q(F ) by

MF = {x ∈ F ∗/F ∗q(F ) : xO′F is the q(F )-th power of a fractional ideal in O′F }.

Let YF be the Galois group of the maximal abelian pro-p-extension of F unramified
outside p. Consider the Kummer pairing

MF × YF → µq(F ).

Since E = lim←−F MF and Y = lim←−F YF , one obtains in a natural way a Λ-linear
pairing between E and Y into Λ(1) = Λ ⊗Zp Zp(1) (average the Kummer pairings
at finite levels over the group ring). Hence there is a natural map

E → HomΛ(Y, Λ(1)).

Theorem A. If r > 2, the pairing between E and Y induces an isomorphism

E ' HomΛ(Y,Λ(1)).
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If r = 1 there is an exact sequence

0→ Zp(1)→ E → HomΛ(Y, Λ(1))→ 0,

and if r = 2 there is an exact sequence

0→ E → HomΛ(Y,Λ(1))→ Zp(1).

A reflexive Λ-module is one for which the canonical map to its double Λ-dual is
an isomorphism. Reflexive modules play a fundamental role in the structure theory
of Λ-modules. Since the dual is always isomorphic to the triple dual, one obtains
the following corollary to Theorem A.

Corollary. If r > 2, then E is a reflexive Λ-module.

In addition to the Hom duality between E and Y , there is an Ext duality between
X and Y . In order to state this duality succinctly, we use Galois cohomology to
define Iwasawa modules which are closely related to E, Y , and X.

Given a compact or discrete Zp-module M on which Gal(K/F ) acts continu-
ously, we let Hi(O′F ,M) denote the group of continuous Galois cohomology classes
unramified outside p. Define Iwasawa modules

Hi
∞(Zp(1)) = lim←−

F

Hi(O′F , Zp(1))

and
Y i
∞(Zp(1)) = Hi(O′∞, Qp/Zp(1))∧,

where the wedge denotes the Pontriagin dual. Then

Hi
∞(Zp(1)) =

{
0 i 6= 1, 2,

E i = 1,

and for the case i = 2 we have an exact sequence

0→ X → H2
∞(Zp(1))→

∑
p|p

Zp → Zp → 0,

where the sum is over all primes of K∞ dividing p (Lemma 4). Moreover,

Y i(Zp(1)) =


0 i 6= 0, 1,

Y (−1) i = 1,

Zp(−1) i = 0.
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Theorem B. If r 6= 2, 3, there is an isomorphism

H2
∞(Zp(1)) ' Ext1(Y 1(Zp(1)),Λ).

If r = 2 there is an exact sequence

Zp(1)→ H2
∞(Zp(1))→ Ext1(Y 1(Zp(1)),Λ)→ 0,

and if r = 3, there is an exact sequence

0→ H2
∞(Zp(1))→ Ext1(Y 1(Zp(1)),Λ)→ Zp(1).

Perrin-Riou [P-R] proved a similar theorem up to pseudo-isomorphism in the
case r = 1, for arbitrary p-adic representations. Curiously, her map goes in the
opposite direction to ours; the speculations at the end of this introduction provide
a possible explanation for this. Billot [B] also proved a similar theorem (up to
pseudo-isomorphism) in the case r = 2.

Theorems A and B may be viewed as special cases of a general duality theorem
for p-adic representations. Let M = Zp(1). Then Theorems A and B imply that
there are exact sequences

0→ Ext1(Y 0(M),Λ)→ H1
∞(M)→ Ext0(Y 1(M),Λ)→ Ext2(Y 0(M),Λ)

and

Ext2(Y 0(M),Λ)→ H2
∞ → Ext1(Y 1(M),Λ)→ Ext3(Y 0(M),Λ)→ 0.

(The point is that Y 0(M) = Zp(−1), and the Exti
Λ(Zp(−1),Λ) = Zp(1) if i = r−1,

and is zero otherwise.) These exact sequences appear to be pieces of a spectral
sequence

Exti
Λ(Y j(M),Λ)⇒ Hi+j

∞ (M).

For r > 3, i > 1 the sequence predicts Exti
Λ(Y 1(Zp(1)),Λ) = 0, excepting i = r− 2,

in which case it predicts Extr−2
Λ (Y 1(Zp(1)),Λ) = Extr

Λ(Y 0(Zp(1)),Λ) = Zp(1).
This prediction turns out to be correct; it follows easily from a general structure
theorem for Y proved independently by Jannsen and Nguyen-Quang-Do, as we
shall see in Sect. 7. I have been informed that Jannsen has described this putative
spectral sequence in a talk, and that it can be derived using his methods.
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2. Calculation of Ext Groups.

Let p be a prime number, and let Γ be a group isomorpic to Zr
p for some positive

integer r. Let Λ be the Iwasawa algebra Zp[[G]]. First, we recall, for the ring Λ,
Grothendieck’s theory of local cohomology groups [G] and how it may be used to
calculate Ext groups. A good general reference for this theory is [B-H].

Let N = r + 1, the dimension of Λ. Let m be the maximal ideal of Λ. Let
x = x1, . . . , xN be a finite sequence in Λ that generates an m-primary ideal. The
Koszul complex

0 d−→ KN (x) d−→ KN−1(x) d−→ · · · d−→ K1(x) d−→ K0(x)→ 0

is defined as follows. Let ΛN be the free Λ-module with basis {ei : 1 ≤ i ≤ N}.
Then

Ki(x) =
i∧

ΛN

and

d(ej1 ∧ · · · ∧ eji) =
i∑

s=1

(−1)s−1xjsej1 ∧ · · · ∧ êjs ∧ · · · ∧ eji ,

where the hat indicates that a term is omitted. If x is a regular sequence, then the
Koszul complex is a free resolution of Λ/(x) ([Ma], Theorem 43).

Given a finitely generated Λ-module X, we define a complex K∗(x, X) by

K∗(x, X) = HomΛ(K∗(x), X)

and define H∗(x, X) to be the cohomology of this complex.
Now let (xn) be a sequence of sequences

xn = (xn,1, . . . , xn,N ),

such that xn,i | xm,i, n ≤ m, 1 ≤ i ≤ N . If n ≤ m, there is a natural map of
complexes

K.(xn)→ K.(xm),

which multiplies ej1 ∧ · · · ∧ eji
by(
xm,j1

xn,j1

)
· · ·

(
xm,ji

xn,ji

)
.

Theorem 1. Suppose that for each positive integer n we have a sequence xn =
xn,1, . . . , xn,N generating an m-primary ideal, such that xn,i | xm,i, n ≤ m, 1 ≤
i ≤ N , and such that for each k ∈ N there are i, j ∈ N such that (xi) ⊂ mk
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and mj ⊂ (xk). Then there is an isomorphism of functors of finitely generated
Λ-modules

ExtN−i
Λ (·,Λ) ' HomZp(lim−→

n
Hi(xn, ·), Q/Z).

Proof: For a finitely generated Λ-module X,

lim−→
n

Hi(xn, X)

is the local cohomology group Hi
m(X) defined by Grothendieck. This is shown

in Sect. 3.5 of [B-H] for the case where x = x1, . . . , xN is a sequence in Λ that
generates an m-primary ideal and xn,i = xn

i . The construction there generalizes
easily to our situation. The statement of our theorem is then simply the version of
Grothendieck’s duality theorem suggested by Exercise 3.5.14 of [B-H].

Now let I ⊂ Λ be the augmentation ideal, let g1, . . . , gr be a set of topological
generators for Γ, and let (T1, . . . , Tr) be the corresponding set of generators for I
(gi = 1 + Ti). Let

ωn(Ti) = (1 + Ti)pn

− 1, n ≥ 0.

We will apply Theorem 1 using

xn = (pn, ωn(T1), . . . , ωn(Tr)).

One reason for choosing this sequence is that it is easy to see the relation between
Ext1 and Iwasawa’s definition of the adjoint module. From the definition,

Hr(xn, X) =
{(x0, x1, . . . , xr) ∈ Xr+1 : pnx0 + ωn(T1)x1 + · · ·+ ωn(Tr)xr = 0}

{obvious relations}
,

where the obvious relations are those generated by elements of the form

(ωn(Ti)y, 0, . . . , 0,−pny, 0, . . . , 0) and
(0, . . . , 0, ωn(Tj)y, 0, . . . , 0,−ωn(Ti)y, 0, . . . , 0).

Let
x′n = (ωn(T1), . . . , ωn(Tr)).

Then there is a natural short exact sequence

(1) 0→ Hi−1(x′n, X)/pn → Hi(xn, X)→ Hi(x′n, X)[pn]→ 0.

In the case i = r, the map on the right is induced by (y0, . . . , yr) 7→ y0. Note that
Hr(x′n, X) = X/(ωn(T1), . . . , ωn(Tr)). Define a functor

E(X) = HomZp
(lim−→Hr(x′n, X), Qp/Zp).

In the case where r = 1 and Xn is torsion, E(X) is Iwasawa’s original definition of
the adjoint module of X.

5



Proposition 2. There is a functorial injective map E(X) → Ext1Λ(X, Λ). This
map is an isomorphism if Xn is finite for all sufficiently large n.

Proof: The first statement follows on taking the direct limit of the sequence (1)
with i = r and applying Theorem 1. The cokernel is dual to

lim−→Hr−1(x′n, X)⊗Qp/Zp,

which is zero if Hr−1(x′n, X) is Zp-torsion for large enough n. Thus the second
statement follows from the following lemma.

Lemma 3. If X is a finitely generated Λ-module, and if Xn = Hr(x′n, X) is torsion,
then Hr−1(x′n, X) is torsion.

Proof: First, it suffices to prove the lemma for n = 1, since x′n is just x′1 for the
algebra Zp[[ωn(T1), . . . , ωn(Tr)]]. Let x′ = x′1. First suppose that X is cylic, i.e.,

X = Λ/a,

for some ideal a ⊂ Λ. Let a(0) ⊂ Zp be the ideal generated by f(0) for f ∈ a. Then

Hr(x′, X) = X/(T1, . . . , Tr)X = Zp/a(0),

and so by hypothesis there exists f ∈ a such that f(0) 6= 0. Since f annihilates X,
f∗ annihilates Hr−1(x′, X). But f∗ is just multiplication by f(0).

We finish the proof with an induction on the number of cyclic factors in X. Let
k be a positive integer, and suppose that the proposition is true for all Λ-modules
that have a filtration of length less than k, the factors of which are cyclic. Let X
be a Λ-module with such a filtration of length k, and write

0→ Z → X → Y → 0

where Z and Y have filtrations with cyclic factors of length less than k. We have
an exact sequence

Hr−1(x′, Z)→ Hr−1(x′, X)→ Hr−1(x′, Y )→
Hr(x′, Z)→ Hr(x′, X)→ Hr(x′, Y )→ 0.

If Hr(x′, X) is torsion, then so is Hr(x′, Y ); hence, by induction, Hr−1(x′, Y ) is
torsion, and thus so is Hr(x′, Z). Again by induction we conclude that Hr−1(x′, Z)
is torsion, and so finally is Hr−1(x′, X).
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Another reason for choosing the sequence xn in computing local cohomology
groups is that it is easy to see the connection with certain groups defined by Tate
in terms of galois cohomology. Let

Hi
ω(X) = lim−→Hi(x′n, X).

Taking the direct limit of the sequence (1), we get

0→ Hi−1
ω (X)⊗Qp/Zp → Hi

m(X)→ Hi
ω(X)[p∞]→ 0.

It is not hard to see that the Hi
ω(X) is the same as Tate’s group Dr−i(X∧) (see

[J2], Sect. 2, for the definition). Grothendieck’s duality theorem then identifies this
exact sequence with the one in 2.1a of [J2].

3. Kummer Theory.
As in the introduction, we assume

p is odd and K∞ contains all p-power roots of unity.

Note that this implies that K contains the p-th roots of unity, and hence also that
K is totally complex. Recall that for any intermediate field K ⊂ F ⊂ K∞, q(F ) is
the order of the group of p-power roots of unity in F , and

MF = {x ∈ F ∗/F ∗q(F ) : xO′F is the q(F )-th power of a fractional ideal in O′F }.

Let MF be the extension of F obtained by adjoining all q(F )-th roots of elements of
MF . Then MF is the maximal abelian extension of F of exponent q(F ) unramified
outside the primes above p. Thus M∞ is the compositum of MF as F ranges over
all finite subextensions of K∞/K, and Y = Gal(M∞/K∞) = lim←−F Gal(MF /F ).

Now, Kummer theory yields a non-denegerate pairing

Gal(MF /F )×MF → µq(F ).

The direct limit lim−→F MF may be identified with a subgroup M of K×
∞ ⊗ Qp/Zp,

and on taking the limit we get a pairing

Y ×M→ Qp/Zp(1)

which sets the two groups in Pontriagin duality.
We have a similar theory for L∞. Let SF be the set of primes of OF above p.

Define a subgroup LF of MF by

LF = {x ∈MF : xp ∈ F
×q(F )
p for all primes p ∈ SF }.
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Let LF be the extension of F obtained by adjoining all q(F )-th roots of all elements
of LF . Then L∞ is the compositum of LF as F ranges over all finite subextensions
of K∞, X = Gal(L∞/K∞), and we have as before non-degenerate pairings

(2) Gal(LF /F )× LF → µq(F )

and
X × L→ Qp/Zp(1),

where L = lim−→F LF .
Remark . We note that MF and LF may also be represented as Galois coho-

mology groups. For any continuous Gal(F/F )-module M , denote by Hi(O′F ,M)
the subgroup of Hi(K, M) consisting of cohomology classes unramified outside all
primes above p, and define Xi(O′F ,M) to be the kernel of

Hi(O′F ,M)→
∑

p∈SF

Hi(Fp,M).

Then there are canonical isomorphisms

H1(O′F , µq(F )) 'MF

and

(3) X1(O′F , µq(F )) ' LF .

Lemma 4. There is an exact sequence

0→ X → H2
∞(Zp(1))→

∑
p∈SK∞

Zp → Zp → 0.

Proof: Using (2), (3), and Poitou-Tate duality, we have

Gal(LF /F ) = HomZp
(LF , Qp/Zp(1)) =

HomZp
(X1(O′F , µq(F )), Qp/Zp(1)) = X2(O′F , µq(F )).

Thus the sequence we want is the inverse limit of the sequence

0→X2(O′F , µq(F ))→ H2(O′F , µq(F ))→
∑

p∈SF

H2(Fp, µq(F ))→ Z/q(F )Z→ 0,

where the last map is the sum of the invariants.
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4. The Hom Duality.
We will apply the general theory of Sect. 2 to the case Γ = Gal(K∞/K) and

the Λ-modules X and Y defined in the introduction. Choose a set of generators
g1, . . . , gr for Gal(K∞/K), and let Ti = gi − 1 be the corresponding generators for
the augmentation ideal I ⊂ Λ. For each natural number n, let Γn be the subgroup
generated by gpn

1 , . . . , gpn

r , and let Kn be the fixed field of Γn. We will abbreviate
the notation of the previous section by writing OKn

= On and so on.
Given a compatible system of Gal(F/K)-modules ZF and the corresponding Λ-

module Z = lim←−F ZF , we have natural projections Z → Zn = ZKn which factor
through Z/(ωn(T1), . . . , ωn(Tr)), and hence we obtain maps

Hr+1(xn, Z)→ Zn/pnZn.

Let EF = OF
′× ⊗ Zp, and let YF be the Galois group of the maximal abelian

pro-p-extension of F unramified outside p. Then E = lim←−F EF , and Y = lim←−YF .
So we have natural maps

Hr+1(xn, E)→ En/pnEn ⊂Mn[pn]

and
Hr+1(xn, Y )→ Yn/pn.

Thus the Kummer pairing of the previous section yields a natural pairing

〈 , 〉n : Hr+1(xn, E)×Hr+1(xn, Y )→ µpn .

Hence, using Theorem 1, we obtain a natural pairing of Λ-modules

(4) 〈 , 〉 : E × Y → Λ(1).

Explicitly, this pairing is defined by the formula

〈e, y〉 ≡
∑

σ∈Gal(Kn/K)

〈en, yσ
n〉nσ−1 (mod (ωn(T1), . . . , ωn(Tr))).

Theorem 5. The map
e1 : E → HomΛ(Y, Λ(1)),

induced by the pairing (4), is an isomorphism if r > 2. If r = 1 there is an exact
sequence

0→ Zp(1)→ E
e1−→ HomΛ(Y,Λ(1))→ 0,

and if r = 2 there is an exact sequence

0→ E
e1−→ HomΛ(Y,Λ(1))→ Zp(1).
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Proof: Let ιn denote the isomorphism

(5) H1(O′∞, µpn) ιn−→ H1(O′∞, Qp/Zp(1))[pn]

coming from the Kummer sequence

(6) 0→ µpn → Qp/Zp(1)
pn

−−→ Qp/Zp(1)→ 0.

Define

(7) En → Hr+1(xn, Y )∧(1)

to be the composition

En → H1(O′n, µpn) res−−→ H1(O′∞, µpn)Γn
ιΓn
n−−→

H1(O′∞, Qp/Zp(1))Γn [pn] = Hr+1(xn, Y )∧(1).

Here the last equality may be seen from the following series of transformations:

Hr+1(xn, Y )∧ = (H1(O′∞, Qp/Zp)∧/(xn))∧

= (H1(O′∞, Qp/Zp)∧/(x′n, pn))∧

= H1(O′∞, Qp/Zp)Γn [pn]∧∧

= H1(O′∞, Qp/Zp)Γn [pn].

Twisting both sides by µpn (which is fixed by Γn), we get the required isomorphism.
In the inverse limit the map (7) yields a map E → HomΛ(Y,Λ(1)), and it is clear

from the definitions that this map is e1. Further, the first map in the composition
yields an isomorphism E ' lim←−n H1(O′n, µpn) in the limit, and ιn is an isomorphism.
Thus it remains to consider the kernel and cokernel of restriction. The kernel
is H1(K∞/Kn, µpn) and the cokernel injects into H2(K∞/Kn, µpn). Thus the
statements about the cokernel and kernel of e1 follow from the following lemma.

Lemma 6. Let Γ be an abelian pro-p-group isomorphic to Zr
p, and let M be a

finitely generated Zp-module with a continuous action of Γ. Then

lim←−
n

Hi(pnΓ,M/pnM) '
{

M i = r

0 i 6= r

Proof: The group Γ is a (trivial example of) a Poincaré group of cohomological
dimension n, with dualizing module Qp/Zp (see [S], Chapter 4). Thus the inverse
limit in question is the Pontriagin dual of

lim−→
n

Hr−i(pnΓ,Hom(M/pnM, Qp/Zp)).

Here the direct limit is with respect to the restriction maps, thus it is zero unless
i = r, and in that case it is Hom(M, Qp/Zp).
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5. Class Field Theory and the Leopoldt Kernel.
Much of the technical difficulty in proving Theorem B comes from the need to

take account of the possible failure of Leopoldt’s conjecture. In this section we
review some basic facts about class field theory and Leopoldt’s conjecture.

Let K be a number field, let S be a finite set of places of K, containing the
infinite places, let Ω/K be the maximal extension of K unramified outside S, and
let G = Gal(Ω/K). For an intermediate field K ⊂ F ⊂ Ω, let IF be the idèle
group of K, IS,F the subgroup of idèles supported on places above S, FS the ring
of S-integers in F , and let CS,F = IS,F /F×

S . We denote CS,Ω simply by CS . Define

CS(F ) = C
Gal(Ω/F )
S .

Let US,F be the unit idèles supported outside S. Then CS(K) = IK/K×US,K ([Mi]
Lemma 4.4). Let DS(K) be the connected component of the identity in CS(K).
Then DS(K) is a) the divisible subgroup of CS(K), b) the closure in CS(K) of
the idèles supported on the infinite places, and c) the universal norm subgroup
from Ω, i.e., the intersection of the groups NF/KCS(F ) as F ranges over all finite
subextensions of Ω/K. (See [AT], IX, and [Mi], I.4). The reciprocity map gives an
exact sequence

(8) 0→ DS(K)→ CS(K)→ Gab → 0.

Let M be a finitely generated G-module. Then cup product into H2(G, CS) =
Q/Z induces an isomorphism

(9) Ĥi(Hom(M,CS)) ' Ĥ2−i(G, M)∧, i ≤ 0.

Tate [Ta] showed this for torsion modules, and Uchida generalized it to finitely
generated modules. For a proof, see [U], Theorem 1.

Now, let p be an odd prime, let Sp = SK,p be the set of primes of K above p, and
S = Sp ∪ S∞. To construct the Ext duality in Theorem B, we will need a concrete
representation of H2(G, Z/pnZ)∧. By (9), we have a surjective map

CS(K)[pn] � H2(G, Z/pnZ)∧,

whose kernel is the intersection of the norm of CS(F )[pn] as F/K ranges over
all subextensions of Ω/K. Now, the universal norm subgroup of CS(K) is DS(K),
thus the universal norm subgroup of CS(K)[pn] is contained in DS(K)[pn]. Further,
since DS(K) is the divisible subgroup of CS(K), DS(K)[pn] = Tp(CS(K))/pn. Here
Tp(A) for an abelian group A is the Tate module lim←−A[pn]. So our next step is to
identify the infinitely p-divisible elements in CS(K).

The answer is complicated by the possible failure of Leopoldt’s conjecture. We
define the Leopoldt kernel, E = EK , to be the kernel of the map

OK [1/p]× ⊗ Zp →
∏

v∈SK,p

K×
v ⊗ Zp.

Leopoldt’s conjecture is that E = 0.
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Lemma 7. We have an exact sequence

0→
∏

v∈S∞

Tp(Kv)→ Tp(CS,K)→ E → 0.

Proof: The exact sequence comes from taking Tp of

0→
∏

v∈S∞

K×
v → CS,K → CSp,K → 0,

which yields an exact sequence of Tate modules because Kv is p-divisible if v ∈ S∞.
We must show that

Tp(CSp,K) = E .
An element of the group on the left may be represented by a compatible system of
idèles (xn), n ∈ N, such that

xpn

n = unzn(10)

xpm−n

m = um,nzm,nxn m > n(11)

where the u’s are in UK,Sp and the z’s are in K×. Let [xn] be the class of xn in
the ideal class group of K. Then [x] is p-divisible by (10), hence is zero, i.e., xn

is a unit idèle times a principal idèle. Thus, replacing xn with an equivalent idèle
modulo K×US,K , we may assume xn is supported on the places in Sp. It follows
from (10) and (11) that zn and zm,n are S-units, and that

umzm = upn

m,nzpn

m,nunzn.

Viewing this equation only at the places in Sp we see that

zm = zpn

m,nzn.

Thus the system (zn) defines an element of E = O×S ⊗ Zp. Further, it follows from
(10) that this element is in fact in E . Conversely, given an element (zn) ∈ E , we
can reverse the construction above to get (xn).

Now, the archimedean contribution to Tp(CS,K) is clearly contained in the uni-
versal norms, but what about E? To answer this question, we use the Poitou-Tate
long exact sequence to characterize E . Part of this sequence is∑

v∈S

H0(Gv, Zp(1))→ H2(G, Qp/Zp)∧ → H1(G, Zp(1))→
∑
v∈S

H1(Gv, Zp(1)).

Now, H0(Gv, Zp(1)) = 0, H1(G, Zp(1)) = OK [1/p]× ⊗ Zp, and H1(Gv, Zp(1)) =
K×

v ⊗ Zp, so

(12) H2(G, Qp/Zp)∧ = E .

From this characterization we deduce a weak version of Leopoldt’s conjecture.
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Lemma 8. Let Kn = K(µpn), and let En be the Leopoldt kernel for Kn. Then
lim←−En = 0, where the limit is with respect to the norm maps.

Proof: The norm map is dual to the restriction map on cohomology. Thus, from
(12),

lim←−En = (lim−→H2(Gal(ΩS/Kn), Qp/Zp))∧ = H2(Gal(ΩS/K∞, Qp/Zp)∧.

Now Qp/Zp ' Qp/Zp(1) over K∞, and

H2(Gal(ΩS/K∞, Qp/Zp(1)) = lim−→H2(Gal(ΩS/Kn, Qp/Zp(1))
↪→ lim−→Br(Kn)[p∞] = 0,

where Br(Kn) is the Brauer group of Kn, and the last equality follows from the
fact that the restriction map on the Brauer group is multiplication by pn under the
canonical identification Br(Kn) ↪→

⊕
v Q/Z coming from the invariant maps.

Finally, we are able to prove the following lemma.

Lemma 9. Tate duality induces an isomorphism

CSp,K [pn] ' H2(G, Z/pnZ)∧.

Proof: By (13), we have a surjective map

(13) CS(K)[pn] � H2(G, Z/pnZ)∧,

whose kernel is the universal norms. For each F we have an exact sequence

0→ DS(F )[pn]→ CS(F )[pn]→ Gal(ΩS/F )ab[pn]→ 0.

The universal norms of the right hand groups are zero, so the kernel of (13) is
the intersection of the groups NF/KDS(F )[pn]. This clearly contains the image of∏

v∈S∞
µpn(Kv). Further, we have an exact sequence∏

v∈S∞

µpn(Fv)→ DS(F )[pn]→ DSp
(F )[pn]→ 0.

(Here surjectivity on the right follows from the fact that Fv is p-divisible if v
is archimedean.) Since DSp

(F ) is divisible, the right hand group is EF /pn by
Lemma 7, and thus the universal norms of the right hand side are zero by Lemma 8.
Thus the kernel of (13) is the image of

∏
v∈S∞

µpn(Kv). The quotient of CS(K)[pn]
by this image is CSp,K [pn], as required.
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Recall that YK is the pro-p-completion of Gab. Since DS(K) is the closure of the
archimedean idèles,

YK = IK/UK,SpK×,

where the bar denotes closure in the idèle topology followed by closure in the pro-
p-topology. Taking pn-torsion in (8), factoring out by the archimedean primes, and
using Lemma 7, we get an exact sequence

(14) 0→ E/pnE → CSp,K [pn]→ YK [pn]→ 0.

Finally, we note that (9) and (12) give

(15) Ĥ−1(G, CS ⊗ Zp) ' H3(G, Zp)∧ = H2(G, Qp/Zp)∧ ' E .

This map has the following simple description: given c = (cn) ∈ CS,F ⊗ Zp, for
some K ⊂ F ⊂ Ω, such that NF/K(cn) ≡ 1 (mod pn), represent cn by an idèle sn.
Then NF/K(sn) = untnzpn

where un ∈ US,F , tn ∈ F×, and z ∈ IF . Then (tn)
defines an element in E , and it is the image of c under the above map.

6. Construction of the Ext Duality.
In this section we will use Kummer theory and class field theory to define a map

X → Ext1Λ(Y,Λ′),

where Λ′ = Λ(1). Ultimately we will extend this definition to H2
∞(Zp(1)), which

contains X with a rather uninteresting cokernel by Lemma 4. However, for the sake
of concreteness it is worthwhile seeing the simpler version first. Since

X = HomZp(lim−→Ln, Qp/Zp(1))

and
Ext1(Y,Λ′) = HomZp

(lim−→Hr(xn, Y ), Qp/Zp(1)),

it suffices to construct maps

αn : Hr(xn, Y )→ Ln

for each n, compatible with the direct limit.
The definition of αn is particularly simple if Kn satisfies Leopoldt’s conjecture,

so we give it in that case first. Let Un = USp,Kn
. Class field theory gives an

isomorpism Yn ' In/UnK×
n . Let c ∈ Hr(xn, Y ) be represented by an (r + 1)-tuple

(y0, . . . , yr) ∈ Y r+1 such that

pny0 + ωn(T1)y1 + · · ·+ ωn(Tr)yr = 0.

14



Then the image of y0 in Yn is killed by pn. Choose an idèle s0 for Kn representing
this element; thus spn

0 ∈ UnK×
n , and if we choose u ∈ Un, t ∈ Kn such that ut

is sufficiently close to spn

0 then the class of t in Ln is well-defined (as we shall see
below), and we set αn(c) = [t].

What if Leopoldt’s conjecture fails? Then αn(c) is well-defined only modulo En.
We solve this problem using the weak Leopoldt conjecture (Lemma 8) as follows.
Since K∞ contains µp∞ , we can and do choose m ≥ n large enough so that

(16) Nm,nEm ⊂ Epn

n .

For each 0 ≤ i ≤ r, choose an idèle si for Km which represents the restriction of yi

to Ym under the Artin map. Then

pns0 + (gpn

1 − 1)s1 + · · ·+ (gpn

r − 1)sr = z ∈ UmK×
m.

Choose ut ∈ UmK×
m sufficiently close to z, and let

αn(c) = NKm/Kn
t (mod K×pn

n ).

Note that NKm/Kn
z = pnNKm/Kn

s0, so if ut is sufficiently close to z, then

NKm/Kn
t ∈ Ln.

This is part of what we mean by ‘sufficiently close’ in the definition. In addition,
ut ∈ UK×

m must be chosen so that the image of t in K∗
m/K∗pm

m is well defined
modulo the image of Em. Then, by virtue of (16), NKm/Kn

t is well-defined. To see
that it is possible to choose ut in this way, let Up be an open neighbourhood of the
identity in

∏
p∈Sp

(1 + pOm,p) and let

U ′ = Um · Up.

Then U ′ is a neighbourhood of the identity in the idèle group I of Km. Let N be
a positive integer, to be fixed later. Choose

u ∈ Um, t ∈ K×
m

so that
utz−1 ∈ U ′ · IpN

,

and hence
tz−1 ∈ U ′ · IpN

.
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If t′ is any other element of K×
m satisfying the same condition, then

t/t′ ∈ U ′ · IpN

.

Since the ideal class group of Km is finite, we may choose N sufficiently large that so
that the principle ideal (t/t′) is the pM -th power of a principle ideal, for arbitrarily
large M , i.e.,

t = et′ypM

for some e ∈ Em, y ∈ K×
m. Thus

e ∈ U ′ · IpM

.

Hence, choosing Up small enough and M large enough, we can ensure that the
image of e in

∏
p∈Sm

Km,p ⊗ Zp is arbitrarily small, hence in particular that the
image of e in K∗

m/K∗pm

m is contained in the image of Em. We leave it the reader to
check that the definition does not depend on the choice of idèles or on the choice
of the representative for c.

Taking the direct limit of the maps αn, we get a map

X → Ext1Λ(Y,Λ′),

as required.
Finally, we indicate the necessary modification to this definition to obtain a map

α′n : H2
∞(Zp(1))→ Ext1Λ(Y,Λ′).

By 9 we have
CSp,Kn

[pn] ' H2(O′n, Z/pnZ)∧.

Thus we want to define maps

α′n : Hr(xn, Y )→ CSp,Kn
[pn].

Let c be a class in Hr(xn, Y ) represented by (y0, y1, . . . , yr), as above. We define
α′n(c) to be the class represented by an idèle s satisfying

spn

= αn(c)u for some u ∈ UKn

sv = y0,v v ∈ Sp

The exact sequence
0→ Ω×

S → IS,Ω → CS → 0
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yields an exact sequence

0→ µpn →
∏
v∈S

µpn → CS [pn]→ 0

and taking Gal(Ω/Km)-cohomology we get

0→ µpn →
∏
v∈S

µpn → CS(Kn)[pn]→ Ln → 0,

or, factoring out by the archimedean contributions,

0→ µpn →
∏

v∈Sp

µpn → CSp(Kn)[pn]→ Ln → 0.

It is clear from the definitions that the triangle

Hr(xn, Y )4
4

4
46αn

u
α′n

CSp,Kn
[pn] wLn

commutes. It is also clear that

(17) α′n(c) ≡ s0 (mod UnK×
n ).

7. Structure of Y .
In this section we recall some results on the structure of Y , due independently

to Jannsen and Nguyen-Quang-Do. First, we introduce an auxiliary module Z,
defined by Nguyen-Quang-Do [Ng], which is very convenient in studying Y . For this
section, we let Ω be the maximal pro-p-extension of K which is unramified outside
p, G = Gal(Ω/K), and I the augmentation ideal in Zp[[G]]. Nguyen-Quang-Do
defines a Λ-module

ZF = H0(Ω/F, I).
We shall denote ZK∞ simply by Z. This module has the nice property that

(18) H0(Gal(K∞/F ), Z) = ZF .

Proposition 10 ([Ng], Proposition 1.7). There is an exact sequence

(19) 0→ Y → Z → I → 0,

where I is the augmentation ideal in Λ, and a resolution

(20) 0→ Φ→ Ψ→ Z → 0,

where Φ and Ψ are free Λ-modules.
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The first sequence is obtained simply by taking homology of the exact sequence

0→ I → Zp[[G]]→ Zp → 0.

Corollary 11. If i > 1, then

Exti
Λ(Y,Λ) =

{
0 i 6= r − 2
Zp i = r − 2.

Proof: Since Z has a free resolution of length 2, Exti
Λ(Z,Λ) = 0 if i > 1. Thus,

taking Hom of (19), we see that Exti
Λ(Y,Λ) ' Exti+1

Λ (I,Λ) if i ≥ 2. Now use the
following lemma.

Lemma 12. If i > 1, then

Exti
Λ(I,Λ) =

{
0 i 6= r − 1
Zp i = r − 1.

Proof: Taking Hom of
0→ I → Λ→ Zp → 0,

we see that Exti+1
Λ (I,Λ) ' Exti+2

Λ (Zp,Λ). But, using the Koszul resolution of Zp,
one can see that this latter group is zero unless i+2 = r, in which case it is Zp.

8. Proof of Theorem B.

Theorem 13. If r 6= 2, 3, there is an isomorphism

H2
∞ ' Ext1(Y 1(Zp(1)),Λ).

If r = 2 there is an exact sequence

Zp(1)→ H2
∞ → Ext1(Y 1(Zp(1)),Λ)→ 0,

and if r = 3, there is an exact sequence

0→ H2
∞ → Ext1(Y 1(Zp(1)),Λ)→ Zp(1).

Proof: Our aim is to construct a commutative diagram

0 wHr−1(x′n, Y )/pn w

u
γn

Hr(xn, Y ) w

u
α′n

Hr(x′n, Y )[pn] w

u
βn

0

0 wEn/Epn

n wCSp,Kn [pn] wYn[pn] w0
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Here the bottom sequence is (14) and βn is the restriction to the pn-torsion of the
canonical map Hr(x′n, Y )→ Yn. By (17) it commutes with α′n.

We define γn to be the restriction of α′n to Hr−1(x′n, Y )/pn; we must show that
its image is En/Epn

n . We will factor γn into a series of maps, as follows.
First, we have an identification

(21) Hr−1(x′n, Y ) ' H1(K∞/Kn, Y ).

Next, we have

(22) H1(K∞/Kn, Y ) = lim←−
m

H1(Km/Kn, Ym).

Now we concentrate on the individual terms in the inverse limit. The reciprocity
isomorphism Ym ' Ĥ0(Ω/Km, CS,Ω) gives

(23) H1(Km/Kn, Ym) ' H1(Km/Kn, Ĥ0(Ω/Km, CS,Ω)).

Now we take a coboundary with respect to the exact sequence

0→ NΩ/Km
CS,Ω → CS,Km → Ĥ0(Ω/Km, CS,Ω)→ 0.

This yields

(24) H1(Km/Kn, Ĥ0(Ω/Km, CS,Ω))→ Ĥ−1(Km/Kn, NΩ/Km
CS,Ω).

Next, the exact sequence

Ĥ−1(Ω/Km, CS,Ω)→ Ĥ−1(Ω/Kn, CS,Ω)→ Ĥ−1(Km/Kn, NΩ/Km
CS,Ω)→ 0

yields an isomorphism

(25) Ĥ−1(Km/Kn, NΩ/Km
CS,Ω) ' Ĥ−1(Ω/Kn, CS,Ω)

Ĥ−1(Ω/Km, CS,Ω)
.

Finally, (15) gives

(26)
Ĥ−1(Ω/Kn, CS,Ω)
Ĥ−1(Ω/Km, CS,Ω)

' En
NKm/Kn

Em
.

Taking the inverse limit over m, using Lemma 8, we get, on composing (21)–(26),
a map

Hr−1(x′n, Y )→ En,
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which, taken mod pn, we claim is γn.
Indeed, an element c ∈ Hr−1(x′n, Y ) is represented by an r-tuple (y1, . . . , yr) in

Y r such that
ωn(T1)y1 + · · ·+ ωn(Tr)yr = 0.

The map (21) amounts to observing that this is the same as

(σpn

1 − 1)y1 + · · ·+ (σpn

r − 1)yr = 0,

and so equally represents an element of H1(K∞/Kn, Y ). Then (22) expresses the
yi’s as the inverse limit their restrictions to Ym. The map (23) expresses these
restrictions as idèle classes, say of idèles s1, . . . , sr in IKm

. Then

(σpn

1 − 1)[s1] + · · ·+ (σpn

r − 1)[sr] = NL/Km
[s],

for arbitrarily large L ⊂ Ω and s ∈ IL, where the square brackets denote idèle
classes. The map (24) takes us to NL/Km

[s] and the map (25) takes us to [s] itself.
Finally, in view of the remarks at the end of Sect. 5, (26) takes us to tn ∈ En/pnEn,
where untn is close to NL/Kn

s for some un ∈ US,Kn . This is the description of
α′n(c).

We now look at the kernel and cokernel of lim−→βn and lim−→ γn. First βn. There is
a commutative diagram

Hr(x′n, Y )[pn] w

u
βn

Hr(x′n, Z)[pn]

u
Yn[pn] wZn[pn].

The right map is an isomorphism by (18), and the bottom map is an isomorphism
by (19), since In ⊂ Zp[Gal(Kn/K)] is torsion free. Hence the kernel and cokernel
of βn are the same as those of

Hr(x′n, Y )[pn]→ Hr(x′n, Z)[pn].

We claim that the cokernel of lim−→n Hr(x′n, Y ) → lim−→n Hr(x′n, Z) is torsion-free
for all r, and that the kernel is p-divisible unless r = 2, and in that case it is
isomorphic to Zp.

To verify the claim, consider the long exact sequence

0→ Hr−1(x′n, I)→ Hr(x′n, Y )→ Hr(x′n, Z)→ Hr(x′n, I)→ 0.

The zero on the left is Hr−1(x′n, Z). We may see that it is zero in the case n = 1
by taking H∗(x′1, ) of the resolution (20) for Z (assuming that the resolution is
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minimal). The case of arbitrary n may be treated by regarding Kn as K. Since
Hr(x′n, I) = I/(ωn(T1), . . . , ωn(Tr)) is torsion-free, its direct limit is. This proves
the statement about the cokernel. As for the kernel, if r = 1, then Hr−1(x′n, I) =
I[ωn(T )] = 0. If r > 1, the Hr−1(x′n, I) is generated by elements of the form

e
(n)
i,j = (0, . . . , 0, ωn(Tj), 0, . . . , 0,−ωn(Ti), 0, . . . , 0), 1 ≤ i < j ≤ r,

where the non-zero terms occur at the i-th and j-th positions. The transition map
in the direct limit takes e

(n)
i,j to p(r−2)(m−n)e

(m)
i,j . This proves that the kernel is

p-divisible unless r = 2, and in that case it is generated by the single element e
(n)
1,2 .

It follows from the claim that that lim−→βn is an isomorphism unless r = 2, and in
that case it has a cokernel contained in Qp/Zp.

Now we consider the kernel and cokernel of γn. We expressed γn as the composite
of a sequence of maps (21)–(26). The only map in the sequence that was not an
isomorphism was (24), which is a coboundary with respect to the Tate cohomology
Ĥ∗(Km/Kn, ·) of the short exact sequence

0→ NΩ/Km
CS,Ω → CS,Km → Ym → 0.

In fact, it is the inverse limit over m that fits into γn. Now, H−1(Km/Kn, CS,Km
) =

0 by class field theory. Thus we have an exact sequence

lim←−
m

Ĥ−2(Km/Kn, CS,Km
)→ lim←−

m
Ĥ−2(Km/Kn,H0(Ω/Km, CS,Ω))

γn−−→

lim←−
m

Ĥ−1(Km/Kn, NΩ/Km
CS,Ω)→ 0.

Now, it is ultimately the direct limit over n of γn that counts. By class field theory
and the cohomology theory of abelian groups, we see that

lim−→
n

lim←−
m

Ĥ−2(Km/Kn, CS,Km
) '

{ Qp/Zp r = 3
0 otherwise

(The point is that the transition maps in the direct limit preserve the cohomology
group only in the case r = 3.)

In summary, we have a cokernel contained in Qp/Zp for lim−→βn when r = 2, a
kernel which is a quotient of Qp/Zp for lim−→ γn when r = 3, and otherwise both are
isomorphisms. An application of the snake lemma now concludes the proof of the
theorem.
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