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1 Introduction

The Bonnet’s theorem claims that a surface in 3 — D eucledean space is
defined up to eucledean motions, if components of first and second quadratic
forms are known. However, these components can’t be chosen by an arbitrary
way. Indeed, the first quadratic form defines a metric on the surface, while
the second quadratic form determines a field of normals to any point of the
surface.

If the components of both forms are known, one can construct a 3-
dimensional metrics in a vanishing thin layer nearby the surface. As far
as the surface is imbedded in an eucledean space, this metrics is flat, and
components of a curvature tensor in a neighbourhood of the surface must be
identically zero. This requirment imposes a set of differencial relations to the
components of quadratic forms. It is known as a Gauss-Codazzi equation.

In this article we will show that the Gauss-Codazzi equation can be in-
tegrated by the use of technique called Inverse Scattering Method. Exactly
speaking, we will show that the components of both quadratic forms can be
expressed through only one function of two variables. We will call it "master
function of a surface”.

Actually, the master function defines not a single surface but a whole class
of ”Combescure equivalent” surfaces. This function is a kernel of a certain
linear integral equation. To express the components of quadratic forms in
terms of the master function, one has to solve this equation. As soon as
it is solved one can construct all Combescure equivalent surfaces in explicit
form. The integral equation can be solved efficiently only in some special
cases when the kernel is generated and can be presented as a superposition
of binary products of the function on one variable. This ”solitonic” case
certainly deserves a very serious attention, because it makes possible to study
efficiently some new classes of surfaces.



Moreover, we can hope that results of this article are of more importance.
What we actually do, we reduce a problem of surface classification to a
problem of classification of their master functions and and to a more fine
classification inside a given Combescure class. All known before classes of
surfaces have master functions that satisfy some special conditions. Finding
these conditions as well as new conditions defining new special classes of
surfaces, is an interesting program for future researches.

This article shows also how deeply the theory of surfaces is connected
with the theory of solitons.

2 Formulation of the problem

Let ' be a surface in R?. One can introduce coordinates x,zs on I' such
that first and second quadratic forms are diagonal,

QO = pidad+ ¢*dxd,
Qy = pAdai + qBdxs. (2.1)

Here coordinates x1, x5 are defined up to trivial transformations z1 = x1(uy), xo =
x9(ug), and we will call two surfaces as ” Combescure equivalent”, if they have
the same A, B but different p, q.

Coefficients of these two quadratic forms €2;,€2; cannot be chosen in-
dependently. Four functions, p,q, A, B are connected by three nonlinear
PDE known as Gauss-Codazzi equations (GCE). To find these equations
one should imbed the surface I' in a special three-orthogonal curvilinear co-
ordinate system in R? in vicinity of I'. The metrics in this system is defined
as follow:

ds® = Hidx] + Hydxs + daj, (2.2)

where H;, Hy are the Lamé coefficients
Hy=p+ Az3, H; =q+ Bz, (2.3)

and the third Lamé coefficient H3 = 1.
The Gauss-Codazzi equations appear from the condition

Rijlm - 0, (24)



where R;ji,, is the Riman curvature tensor for metrics (2.2). Equation (2.4)
takes a simple form in terms of matrix

1 0H, . .
o= 2 _ 2.5
Q J Hj 81'3 ¢ 7£ j ( )
By definition
1 0H, 1 OH,
Q13 H3 61’3 ’ Q23 Hg 8x3 ’
1 0H; 1 6H3

For the remaining elements of ();; equation (2.4) reads:

Q12 _ 0Qxn
= = 2.

81’3 8273 07 ( 7>
0 0
ang = 12023, @ = Q21G1s, (2.8)

T2
Q12 | 9Qx B
O + D, + Q13Q23 = 0. (2.9)

Obviousely, all elements of );; do not depend on variable x3, and one can
put

Wiz = a(x1,22), Qa1 = B(1,22). (2.10)
Then the system (2.8-2.9) can be written in a form
o 6ﬁ
AB =0,
Oy 8331 +
0A 0B
— =aB, — = pA. 2.11
8%2 s 8x2 ﬁ ( )

To express a, (f in terms of elements of the first quadratic form p,q, one
should use definition of ()12, Q)2;. By definition:

81’2 (p+AZE3) - QlQ(q_’_Bl’g) = O((q+B.ZE3),

B —(¢+ Bxs) = Qu(p+ Axs) = [(p + Axs). (2.12)



Putting z3 = 0 in (2.12) we obtain
dp Jq
— = — = 2.13
am2 ag? al_l /6p7 ( )
and get finally

0 /1 0p 0 /1 0q
- - AB = 2.14
8:B2<q 8:B2> 0xy (paxl) + 0 (2.14)
0A dp 0B dq
Tors ~ "o1y Pows  “0m

The system (2.14) of three equations imposed on four functions A, B, p, q is
the Gauss-Cadazzi system. It is suitable to study more simple system of first
order equations (2.11). One can mention these equations form a system of
three equations imposed on four functions, A < B < «, 3. By solving this
system one defines a surface up to Combescure equivalence. To accomplish
the solution of Gauss-Codazzi equation one has to solve the linear system
(2.13) for components of the first quadratic form. Splitting of the Gauss-
Codazzi system (2.14) to more simple systems (2.11), (2.13) was done by
Conopelchenko [1].

3 n-Orthogonal coordinate systems

Our approach to solution of the Gauss-Codazzi equations is based on the fact
that this is a special degenerated case of Gauss-Lamé equations, describing
3-orthogonal curvilinear coordinate systems in R3. A method for solution of
Gauss-Lamé equations in an eucledean space of arbitrary dimension was pre-
sented in [2]. In this article we will give a different, but essencially equivalent
method for solution of this problem.

Suppose S is a domain in R". How to find all orthogonal curvilinear

coordinate systems in S? Let © = (z1,...,x,) be such coordinates. In this
coordinate system the metrix tensor is diagonal,
ds* =Y Hldz?, (3.1)

where coefficients H; = H;(x), the Lamé coefficients, are subject for determi-
nation. They satisfy an heavily overdeterminated system of nonlinear PDE,
the Gauss-Lamé equations. These equations read:

% QuQu, i £k, (3.2

8xk N



0Qi;  0Qji .,
oz, + D, +k§ijQk] i F#J (3.3)
Here the same as before

1 0H;
o= L OH: 3.4
One can check that equations (3.2)-(3.4) are equivalent to condition
Rij =0, (3.5)

where R, is the Riemann curvature tensor. To solve (3.2)-(3.4) we introduce
in R" a family of projecting operators I; satisfying the conditions

IP=1, LI;=0, i},

(3.6)
and define

i=1

Let A is a point on a complex plain C, and x = y;;(A\, A\, 2)(i=1,...,n;j =
1,...,n)is a matrix-valued function on C, depending also on coordinate z.
Suppose that x(A, A, z) is a solution of the following non-local d-problem:
Ix _ s _
3 = X X R= /X(V, v, x)R(v, v, \, \, z)dvdp,

normalized by the condition x — d;; at A — oo.

In (3.8)

(3.8)

R(v,0,\, \) = e"®Te™?, (3.9)

where T'(v, 7, A\, \) is a matrix that does not depend on z. We impose on T
two restrictions:

T(,v,\\)

T(v,v,\ N,
T (—v, —,—\, — ) § v, 7, \,\). (3.10)
The O-problem (3.8) is equivalent to the integral equation
- 1 v, x)R(v, v, p, It
XWX, 7) = 5ij+/X(”’ ”’xl o s dudi. (3.11)
™ —H



Suppose that matrix function T'(v, 7, A, \) satisfying conditions (3.10)-(3.11)
is chosen so that equation (3.12) has an unique regular solution. Then y can
be expanded at A\ — oo in the asymptotic series

QO P
1+ 4. 12
X =Lt (3.12)
where 1
Q = 7/X<V7 ﬂ,l’)R(V, D’u’ﬁ?'x)dAdXdlLLdﬂ (313>
™

Let us notice that in virtue of (3.10) the function y satisfies the condition

X, v,z) = x(v, v, x) (3.14)

and () is a real matrix function on .

Using of d-problem (3.8) and equivalent integral equation (3.12) for inte-
gration of the Gauss-Lamé system is based on the following two facts:

1. If conditions (3.10), (3.11) are satisfied, matrix @Q);;(x) presented by
formula (3.14) satisfies systems of equations (3.2), (3.3).

2. The matrix function

SN, ) = x(A, A, )e X (3.15)
satisfies the linear system

(9xj

= Qijdjr, ©#0. (3.16)

Let &(A, A) = &(), A) be an arbitrary chosen family of functions on A, A,
and

H, = / S x5 (0 A, )& (A, N)dAdA. (3.17)
The function H;(x) satisfies the linear system
O0H,;
— O, H, 3.18
8.1'] Q 770 ( )

and can be chosen as Lamé coefficient for some n-orthogonal coordinate sys-
tem. Choosing different sets of &;(\, A) one will obtain different sets of Lamé
coefficients, corresponding to the same matrix );;. These sets are the so-
called Combescure equivalents. The method of solution of nonlinear equa-
tions by use of the d-problem (3.8) is called " dressing method”, while function
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T(v,v,\, A) is a "dressing function”. One can see that procedure of dressing
makes possible to find automatically all sets of Lamé coefficients associated
with a given matrix function Q);;.

To prove the statements formulated above one should construct a family
of operators L;;(i # j), acting on x by the following way

X
Lijx = Ji(% +2x1; = QIix). (3.19)
J

Here @) is taken from (2.13), and one can easily check that L;;x are solutions

of O-problem
0

—L
O\

with zero normalization at infinity,

Lijx — 0, at A — oo.

Each function L;;x satisfies the linear integral equation

1 / Lijx(v,7)R(v, 0, i, i, ) dvdpdydji (3.20)

L \) = =
Z]X(A7>\) T )\_,U/

As far as equation (3.12) is uniqualy resolvable, the homogenous equation
(3.21) has only zero solution. Hence,

and

The linear system (3.17) is just equivalent to system (3.22). Let us substitute
asymptotic equation (3.13) in (3.21) and perform an asymptotic expansion of
the result. All terms of asymptotic expansion of (3.21) should be identically
equal zero. Annigilation of the first nonvanishing term of the order 1/X gives
system (3.2).

Proof of validity of equations (3.3) is a little more difficult. It will be
published in the separate article [3].



4 Integration of the Gauss-Codazzi equations

In R? the system (3.2) reads:

T Quln (4.1)
B~ Q@ (4.2
A — Qu (4.3
T QuQu (4.4
B~ Quln (4.5)
T QuQn (46)

To go to the Gauss-Codazzi system one should assume that ();; do not depend
on z3. Equations (4.1), (4.2) read now

Q13032 =0, Q3Q3 = 0. (4.7)

We impose an additional condition compatible with (4.7):

Q@31 = Q32 = 0. (4.8)

Now equations (4.5), (4.6) are satisfied automatically. Thus, only equations
(4.3), (4.4) survived in system (3.2).
System (3.3) for n = 3 consistes of three equations:

0Q12  0Qxn B
D + 91, + Q13Q23 =0 (4.9)
0Qi3  0Qxn B
D + B, + Q12Q32 =0 (4.10)
0Q23  0Q32 B
O3 + O + Q21Q31 =0 (411)

In virtue of (4.7) equations (4.10), (4.11) are satisfied. Hence the total system
of equations, resolving this special type of Gauss-Lamé system is reduced to



following equations

0 0
Q2 _ 00, 292 _ 0,0,
8@ 81'1
0Q12  0Qq B
Oy + o1, + Q13Q23 =0 (4.12)

This system should be accomplished by equations for Lamé coefficients,

8]—11 aHZ

. = Q12H27

8;52 87531 - QQlHl. (413)

System (4.12)-(4.13) coincides with Gauss-Lamé equations (2.11), (2.13). To
solve this system one should choose the dressing function 7j;(v, 7, A\, ) in a
very special way. According to (3.9),

Rij(v,0, A\ A) = %2 Ty (v, 7, A, ). (4.14)

To eliminate the dependence of coordinate x3 in (), one should eliminate
this dependence in R;;(v, 7, A, A). Hence, one has to put

Ty ~ 6(v)8(0), Tiz ~ d(lambda)d(N). (4.15)

Taking into account the condition (3.11) one can construct 7;; by the unique
way:

Ty = MF(/’L7/17)\75\
Ty = —pF(=A =X —p, —p)

~—

Ty = —pfil—p,—a)6(N)d(N),

Toy = —pfo(—p, =) (N)6(N),

Ty = po(u)d(@) fr(A\ ),

Tss = pd(p)d(=mu) fo(A, =lambda) (4.16)

To satisfy condition (3.10) one has to put

AN = AN,
f2<)‘7§‘> = ]?2(5‘7>‘)7_
R(p i AN = R A ) (4.17)



Without loss of generality one can put diagonal elements equal zero,
Ty =T =T33=0

Formulae for T31, T3 include the product pud(u)o(f). Normally one has to
put this expression zero. Actually, this is true if it is integrated after multi-
plication to a continous probe function,

[ £, i) b)) dpdii = 0, (4.18)

but sometimes we will multiply to a function having a simple pole at p = 0,
thus f(u) = g(p, 1)/ at p ~ 0, where g is a continous function. In this case

imﬂmmMWWMWWZ/Mm@&@%ﬁWMzMQW (4.19)

Integral equation (3.12) consists of a family of independent equations imposed
separetely on each row of the matrix x;; (rows are numerated by the first
index). Let us consider a system of equations for the third row: x31, x32, X33
In virtue of (4.14), (4.16) x33 drops out of the equations for ysi, x32. As a
result, these elements of x;; satisfy to a homogenous linear system which has
only zero solutions. Thus,

x31 =0, x32 =0, (4.20)
and y33 = 1.
Hence, in accordance with (4.8),
@31 =32 =0, Q33 =0. (4.21)
To find expressions for x13, y23 one has to use formula (4.17). We have:
X13 = A Qf, X23 = f Q/\237 (4.22)
A = Q3= ——/ x) fi(—v, —v)e"™ + x12(v, 0, x)e ”“fg(—l/,—l?)]dl/dﬂ,

B = Q= —;/V X21 (v, v, ) fi1(—v, —0)e"™ + xaa(v, 1, x)e"™ fo(—v, —D)]d@fd’,ﬁ)

By the use of (4.20), (4.21) one can reduce system (3.12) to the system of
equations imposed on 2 X 2 matrix,

Xij =X, =12 j=1,2 (4.24)
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This system reads:

dvdvdpdp, (4.25)

) 1 XZ ? 77 VIR THT] S j ) 77 ) T
Xij()\,)\,l’) = 51.3. + 7/ k(V v ZL’)@ k](V , 1 ,u)
0

A—p
where a matrix S is a sum of two components,
S=U+YV,
0 F (i, A, A)
U= - _ 4.26

One should notice that U (u, fi, A, \) satisfies the standard relation (3.11),
while

VI (=N, X, —p1, —fi) = —g Vi, i, M) (4.28)

If X;; are known, one can find the Lamé coefficients (the elements of the first
quadratic form) by the rules:

p(r,20) = Hy(w1,20) :/[XH(V, v,x)e’ g1 (v, v) + x12(v, 7, )" go (v, D)}dudﬂ,

q(r1,22) = Ho(x1,22) :/[X21(V, v,x)e’ g1 (v, v) + x20(v, 7, 2)e" 2 go (v, E)](M/&B)

Different choice of g1, go defines different representatives of the same class
of Combescure equivalent surfaces. In particulary, one can put

nv) = ——fil-v,-7)
v

gp(v,v) = —;fg(—u, —0). (4.30)

In this case p = A,q = B.
Notice that 4 B
kl = k2 =
p q
are main curvatures of the surface in a given point. In the case (4.27)
ky = ke =1,

and the surface is a sphere.

We found an interesting fact - each class of Combescure equivalent sur-
faces includes a sphere. Different classes just define different coordinations
of the sphere.

11



5 Surfaces ot type zero

We will call a function F(u, i, A, A\) as a master function of a surface. The
surface belongs to a finite type NV if its master function can be presented in
a form

F(pi, i\ X sunpl_an (1, )bu(A, A). (5.1)
In this case a solution of the Gauss-Codazzi equation can be found in a closed

form. Surfaces of a finite type can be also called ”solitonic surfaces”. In this
article we describe surfaces of zero type, when F' = 0. In this case

Sij = Vi = —%fz'(—u, —fi) fi(A A) (5.2)
One can put )
Xij = 0ij + Ni(T1, T2) hy (A, A, z5), (5.3)
where oy "
3 i(—p, —p)er™
j i) = — 4
By N ;) 7T/ o (5.4)

Let us introduce functions
ci(x;) = — | fi(—p,—p)e!* dudji.
( ) o / ( 2 M) pap

One can check that

2rci(x})
N = - YATG .
(= - Y2rale), (5.5)
A =14 ci(x1) + ca(z2) (5.6)
From (5.3) one easily finds:
2¢) (1) ca(x2)
= — 2.7
¢ = =TT e + B (51)
2¢1(21)¢y(22)
= = - 5.8
’ O 1+ cf(21) + 3(x2) (58)
By substitution (5.3) to (4.21) one obtains
2¢) (xq)
A = = — ! , 5.9
s =T 3 + d) (5:9)
/
B = 26y () (5.10)

1 ci(z1) + c3(x2)
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One can check that formulae (5.7)-(5.10) present a solution of the Gauss-
Codazzi system.
For elements of matrix ¢;; one have from (3.16):

o1 = (1+ Ahy)e ™™,

P = Ashie M,

Gra = Ahae 2,

Par = (1 + Aghg)e 2. (5.11)

To accomplish solution of the Gauss-Codazzi system and find all possible
arrays of p, ¢ compatible with (5.7)-(5.10), one should introduce two arbitrary
functions

ENA) =&\ N), i=1,2,
Then p, ¢ will be given by formulae

p = < 516_/\961 > +>\1 [< hle_/\xlfl >+ < hle_/\xlfg >} ,

qg = < 5267/\332 > + Ao [< hge*AxQ& >+ < hzei)mzfg >} (512)

In (5.12) the bracets mean just integration by A.
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