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Lecture 1

Simple waves in
Hydrodynamics

Let us consider the system of the Euler equation for the compressible fluid

ov ov op
% Vs ()% =0 (1.1)
10P
Ap) = — 22
(p) PR

We assume that fluid is barotropic and presume that it depends only on
density P = P(p).

Note that op
En =c*(p) ¢ — sound velocity

Let us study a special class of solutions of the system (1.1) when velocity
is defined by density
v =v(p)

Now density satisfies the equation

0 0
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5= %@v(m

v(p) is still unknown. To find it we should study second equation which takes

form
ov (0dp op op
op <at i ”(p)ax> A5, =0
Equations (1.2) and (1.3) must coincide. Hence
0 A
() =v+ 5
op g—p
or 5 . ,
Vo c
TV = I (p) = —
(5, = A =%
ov c
R W
dp p

p
v==+ / Ealp po-some density
£o

Now
St =vEc(p)

For the special case of polytropic gas:

1 il
Y Po

y—1
“=a(2)
Po

o is the sound velocity if p = py

y—1
p T
Po
+1 T 9
S+ = 7 Co <£> - Co
v—1 " \ro 71
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Then

(1.3)

(1.6)



v(p):ﬁlco [(ﬁ)%l_ll

Suppose that the density variation is small

p=po+op

Sy = Sp+ Sidp
1t+la
2 po
For small deviations from mean density py equation (1.2) reads

0 0
57 0P) + (So + 519p) 5-9p = 0 (1.8)

S():Co 51:

This is the Hopf equation. Coefficient S; changes sign if v < —1.
Note, that

One can obtain the same results by another way. Let us try to find a
function of two variables

A= Alp,v)
obeying the equation
0A 0A
— = 1.
ot S@x (1.9)

Equation (1.9) can be rewritten as follows:

8A8,0+8A8v g %@jL%@ _0
dp ot Ov Ot opOxr  Ovoxr)

taking time derivative from (1.1) one gets

< 8p+ 821) 8A+< 0p+)\0p) 0A S<%@+%@) (1.10)

o Por) or ' "ox) v 8p 0z | v Oz
Coefficients before %, % must vanish. Hence we obtain



8A 0A

81) = (9= U>8—p
Pa—p—( —U)%

Compatibility condition for system(1.11) gives (S —v)? = A\p = 2. There

are two solutions

Si=v*ec
A=v+flp) (1.12)

/ —dp’Ai—v:I:/ —dp

Thus we have following equations

0Ay . 0AL
S S =0 (1.13)

Equations (1.13) present another form of the initial system (1.1). Func-
tions A, are called Riemann’s invariants. Suppose that A_ = 0. Then

P e
v= [ —dp
PO P

in accordance with (1.4). This solution is called “simple wave”.



Lecture 2

Dispersion is included

Suppose that the flow is potential
v=Vo.

In any dimensions one can rewrite the continuity equation as follows

0
8_,105 + div(pVP) =0 (2.1)
The Euler equation can be replaced by the Bernulli equation
0P 1

s+ 5(V®) +w(p) = 0 (2.2

o P/ Op
Let us consider energy of the field

= / P(VD)2dF + / S(p)dF (2.3)
)= [ i)

and calculate its functional derivatives by p, ®

Sy §(V(I)) + w(p)
o0H .
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One can see that equations (2.2) can be written as follows

o _5H
ot 00
00  oH (2.5)
at o

Thus @, p are canonically conjugated pair of variables. H is Hamiltonian.

Let us us generalize the system (2.1) (2.2) including into consideration
dependence of phase velocity on wave number. To do this we add to the

Hamiltonian an additional quadratic term

H—>H+Hl

2.2

L
H, = aLe / (VpVD)dr + §p0L2 / (a0par+ I / (Vo)dF (2.6)
0

Here L is a characteristic length, «, 3,y are dimensionless constants.

Now equations (2.5) read

% + div(pV®) = —aLcAp + Bpo L2 A*P
2 2 (2.7)

0 1 9 B vL*c
wn + §(V<I>) + w(p) = aLcAd + o Ap

For small perturbations of density one can put

mmzﬁm
Po
(Thereafter we replace ¢ — c.)
Linearization of equations (2.7) leads to system

ot
2.2 (2.8)

o 2 L
9P o= aLead + X Asp
ot po Po

0 §p 4+ poA® = —aLeASp + BpoL2A%D




Let us use Fourier harmonics

) e—mtﬂ'ﬁf
(I)(F, t) _ (I)( 7 )e—iwt+iEF

One gets

—(iw + aLck®)dp = pok?(1 + BL*E*)®

c? (2.9)
—(iw — aLck®)® = ——(1 4+ yL*k*)op

Po

Compatibility condition for system (2.9) leads to following dispersion re-
lation:

W = CR[(1+ BLA) (1 + yL2k2) — a2 L2k (2.10)
w? = Ak2[1 + eL*k* + By(L2k?)? (2.11)
e=03+vy—a? (2.12)

In the limit (EL)2 — 0 one can put approximately

w? ~ P2 (1 4 e L?k?)

1 2.13
w~clk|(1+4 5L2k2)% ~ clk|(1+ §5L2k2) (2.13)
Suppose now that one direction is preferred
k=(p k) Ipl> |kl
SR
|kl = /P + kL =p+S—
2 p
Finally
(+1ki+1L”) (2.14)
w=c ——= 4+ —¢ )
Pt ol

To include effects of dispersion in equation for weak simple wave one has
to change equation (1.8) by more complicated equation:
9
— 6p=0 (2.15)

0 0 1,4 € o
—dp+ (c+ S16p)=dp + 508 A dp— §cL 53

ot ox
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Here 071 f(x) = [ f(z)dx.



Lecture 3

Soliton appears

If ¢ > 0,w” > 0 this is a case of positive dispersion. In the opposite case e < 0
the dispersion is negative. In the most physical situations S; > 0. Thereafter
we will assume that this condition is satisfied. Let us differentiate (2.15) by
x and divide by ¢. One has

& [0 S0 1 e O o
p {0_8155'0 + (1 + ?5p)a—x5p} + §AJ_5P - §L @@ =0 (3.1)

We generalized equation (2.15) a bit, assuming that in the advective term
¢ 6p velocity ¢ could have negative sign (see (1.7)).

Now we introduce dimensionless variable:

iép = 6u
c

and rescale time and spatial coordinates

z— L %x

T — L |€|’I“J_
1. [le]

t —Ly\/ —t
c 2



We set following dimensionless equation
4

0 [0u ou 0
%{E+(il+6u)%}+Alu¢@uzo (3.2)

If there is only one perpendicular coordinate y, one obtains

0 [0ou ou 0%u ot

If we study essentially nonstationary solutions, one can go to the moving
frame
r— T Fct

Then we get two equations. If € > 0

0 (0Ou ou 0*u
%<E+6u%—$u)+a—y2—0 (34)

This is KP-1 equation.

If £ < 0 one has

%<E+6u%+@u)+a—y2:0 (35)

This is KP-2 equation.

In absence of dependence on y KP equations reduce to the Korteweg de
Vries equations

ou ou  u

A (3.7)

In fact equations (3.6) and (3.7) are equivalent. Equation (3.7) goes to
(3.6) after a simple transform v — —u, ¢t — —t.

Stationary solutions of equation (3.3) obey one of Boussinesq equations
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0%u B 0%u n oM n 0?

dy?  O0x?  Oxt 0x?

0%u B 0*u B Mu N 0?

oy?  0x?  Oxt ox?

Pu  Pu  u 0*

o + 92 + B +38:c2u =0 (3.10)
Pu  0*u O 0?

o T "o T 35t =0 (3.11)

For small distortion du of solution ug one can put

u ~ ug + duevtrT

We have following four dispersion relations for distortion:

¢ =p+p (3.12)
¢ =p*=p (3.13)
2_ .2, 4
q¢ =-p +p (3.14)
¢ =-—p*—p! (3.15)

One can see that the trivial solution u = 0 is stable only in framework of
equation (3.8). In (3.9) instability takes place at p — oo. In (3.10) at p — 0.
Equation (3.11) is pure elliptic.

All KP-1, KP-2, KdV and Boussinesq equations, except (3.10) have soli-
tonic solutions. We will study first equation (3.7). We will look for solutions
in form of propagating waves

u=u(zx—Vt) at t=0

ou o , Pu

u satisfies the equation

82
8—2 + 3u® — Vu = const (3.16)
x
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But this constant should be zero in order to give us decaying solution.

This equation can be integrated once

1 /ou\> 4 1.,

Equation (3.17) can be solved in elliptic functions. We will study it latter
on. So far we are interested only in solutions decaying at infinity: « — 0 at
x — Fo00. This condition implies £ =0, V' > 0.

Let V = 4k?. One can check that equation

2
%(%D-Hﬁ—%%:o (3.18)

has following general solution

2k>
= 5 (3.19)
cosh” k(x — zo)
xo-constant of integration.
Finally we obtain
2k>
u= (3.20)

cosh? k(x — o — 4k2t)

This is soliton in a media with negative dispersion. The solition is a
bump, propagating faster then sound, in the right direction in the frame
moving with sound velocity.

Equation (3.6) has following solitonic solution

2k?
w=—— (3.21)
cosh” k(z — xo + 4k?t)

In a medium with positive dispersion soliton is a dip, propagating slower
than sound, in the left direction moving with sound velocity.

The Boussinesq equations (3.8)-(3.11) have solitonic solutions in a form

u=u(r — \y)
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At y = 0 u(z) satisfies one of four ODE

u?—mu+%§+3ﬁ:o (3.22)
(V—Uu—%%+&f:0 (3.23)
u?+mu+%%+3ﬁ:o (3.24)
u?+wu—%%+3ﬁ:0 (3.25)

Equation (3.22) at A> < 1 has bump-type solitonic solutions. Equation
(3.23) at A? > 1 has dip-type solitonic solutions. Equation (3.24) has no
solitonic solutions. Equation (3.25) has dip-type solitonic solution at any .

Now we study solitonic solutions for the KP equations. We will seek them
in a form
u=u(r — \y — vt)

For KP-1 one gets
2

—%+3u2+()\2—v)u:0

The dip-type solitons exist for any A and any v, satisfying the condition

A —v>0

For KP-2 one obtains

2

0
a—;;+3u2+()\2—v)u:0

Bump-type solitons exist for any A and any v, satisfying the condition

AN —0v<0

13



Lecture 4

Solitons for shallow water

Lets us consider a layer of ideal fluid of thickness h. The bottom is solid, the
surface is free. Gravitational acceleration g is perpendicular to the bottom,
surface tension with coefficient o is included. The fluid is incompressible,
density is equal to unity.

X,t) X

Figure 4.1: Fluid domain.

Surface elevation is n = n(x,t). Flow of fluid is potential
v=V® and V-v =0
due to incompressibility, potential satisfies the Laplace equation

AD =0 (4.1)
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Let us denote

(I)|y=n = U(z,t) (4.2)

apparently 9
— =0 4.3
|, (4.3)

Boundary conditions (4.2), (4.3) define uniquely a solution of the Laplace
equation. Thus it is enough to follow the evolution of n(z,t), ¥(z,t)

We will not prove following theorem.(The proof is put in application.)

Theorem 1
1, U is a pair of canonical variables They obey equations

on _ o

ot o
ov oH
- 4.4
ot on (44)

here H — total energy of fluid, consisting of kinetic and potential energy
H=T+U (4.5)

Potential energy can be found in explicit form

1 [e.e]
U= §g/ n2d:):+0/(\/1 +n2 — 1)dx (4.6)

[e.e]

Kinetic energy is given by formula

1 n +o00 ) 1
T = +3 (VO)" dydx = ~3 V- V,ds (4.7)
—h J—00

Here W, is normal derivative of potential.

v, = /G(s,s')\lf(s')ds' (4.8)

Here G(s,s') = G(s', s) — Green’s function for the Dirichlet-Neumann bound-
ary problem. It cannot be expressed in an explicit form for arbitrary n(x,t).
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However, the Laplace equation can be solved approximately if kn — 0, k —
characteristic wave number.

*o 9P

O = Pg+ P +...
0P
= 4.9
=0 (1.9
(I)(] = \I](I,t)
0?P, 0*V
B = T2 (4.10)
0P,
®y|,_, =0 —— =0
y=n oy |,
10°0
@12—5@-y2+01y+02
10%°W
—§w7}2+017]+02:0
o
="z
v 1,
Co= 52 (‘5” —h”)

Assuming that steepness of the surface is small kn — 0, one can put Cy, =0
because we need only derivatives of ®.

Thus
Pv 1,
(I)l——w <§y +hy)
8_(I>N8_\If_ 12 h 83_\1]
or  or \27 T g3
0P 9*U
a—y——@(hﬂLy)

8_\11 2_28_\1183_\11 12+h ~
Ox oz oz° \ 2”7 )=

AN PUN? [ 1,
(%) *2(%) (W *hy)
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n
/ [y> + 2hy + (h+y)*] dy =
—h

n
:/h{h2+4hy+2y2}dy:
"

2
= h*(n+h)+ 2hy?|", + §y3 —
—h

2 2
= h%n + 2hn* + 5?73 +h3 —2h% 4 gh3 =
2 1
= h? 2hn* + Zn® — —h3.
Finally

(4.11)

Using weakly nonlinear approximation n << h and kn — 0 one can get

oy 0 PV 1,04
o Tt gm =3 ga
ov 1 rov 2+ _ O
ot "2\ or 9= =952

This is a system of type (2.1),(2.2)

In the linear approximation

—iwn — hk? (1 — %h%ﬂ) =0

—iwW + (g+ak:2) n=20

1
W? = ghk? <1 — —h2k2> (1 + 9/&)
3 g

17
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- > §h2 — positive dispersion
g

c 1, . . .

- < gh — negative dispersion
g

We will show that system (4.12) at ¢ = 0 is integrable.

18



Lecture 5

Lax representation

Let us consider the following overdetermined system of differential equations

ov

— + LU =0 5.1
o+ (51)
ov .
— + AV = 2
T 0 (5.2)
N oa\}
A R ov
AV = 4% + V% + Wy (5.3)
Comparing cross-derivatives gf_aq; = % one obtains
oL O0A . .
— ——— LAl |V = 5.4
(815 dy [ ’ ]) (5-4)

System (5.1),(5.2) must be compatible — what does that mean? We demand
that the common Cauchy problem for equations (5.1),(5.2)

\I]‘t:(], y=0 — \Ijo(l’) —o0o<r <o

has at least local solution in some domain on the (y, t) plane for any arbitrary
(smooth enough) function ¥ of one variable x.
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Now we observe that operator T= % — %—A — [ﬁ, A] is an ordinary dif-
Y

ferential operator, annihilating any arbitrary function of one variable. Hence
we can cancel ¥ in (5.4) and require:

%_E_%_ £.4] -0 (5.5)

Commutator [I:,A} is a second-order differential operator identically

equal to zero. Hence, one can “cancel” W in (5.4)

%—I; = %—‘;‘ — [i;A] (5.6)
S oV ou\ 0
[L,A} - (2% - 12%> oo+

0%V 02U oW\ 0 0*WwW 03U oU
(w 2o 2%) o Yo Ve (5.7)

Condition (5.5) implies

ov ou
2% — 12% =0
V=6U+C (5.8)
Then
2 2
_8_V:8V_128U+28W
dy  Ox? 0x? ox
ou oW 9PW PU ou
ot Oy Ox2 _48:173 B V% (5.9)
Let us put
oV
W = 3% + q.
System (5.9) reads now
JOU _ 04
oy Oz
3
L 610

ot Y Taw T ar Ty
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It is equivalent to the KP-2 equation

o (oU ou U ou 0?U
—|=+C—+ —+6U— | =-3— 5.11
8x<8t+ or "o T ax) 2 (5:11)
(the only difference is the coefficient 3 which can be excluded by the trivial
rescaling of y)

We found that equation (5.11) is a compatibility condition for following
pair of a linear PDE

ov U
:l:a—y + % +UV =0
ov PV ov ov ou
5_'_4%4_08—1’4_6(]8—1’4_(3%4_(1)@_0 (512)

This overdetermined system is the “LAX Pair” for KP-2 equation. Replacing

a% — _a% does not change anything. Let us consider following Lax Pair
ov 9PV
+i—+—+UV =0
zay + By +
ov P ov ov ou
+4—+C—+6U—+ (3=—+1iq)¥ =0 (5.13)

ot ox3 or ox or

Here U, g are real functions. A compatibility condition for (5.13) is equation

o (oU ou U ou 02U
Z (= = 4= — ) =3— 14
8x<8t +08x+8x3+6U8x) 38y2 (5.14)
which can be transformed to KP-1 by already mentioned transform t — —t,
U — —U. Note that both equations (5.11), (5.14) have bump-type solitons.

If there is no dependence on y, one can put ¥ ~ e~ and system (5.1),
(5.2) goes to following:

Lo =\
d¢

5 +Ao=0 (5.15)

Now ¢ = 0 and

A 03 ov oU
Av=42" 1 ou 135w
ox3 +6U&r +30$
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(we put C' = 0.) This is the “classical” Lax Pair for KdV equation, which
now can be written as follows:

oL .
- [L A} (5.16)
For the Boussinesq equation one has the system
AV =)\U
ov .
— =LV
H dy
u’==+1
o) ov ou ov
AV =4—— 4 6U— — U + puqW¥ — 1
P 6U8 —|r38 + g +08 (5.17)

Here C = £1
Aditional remarks

1) One can assume that U is complex and study the complex KdV

oU oU U
S tU5-tagg =0 (5.18)

where a — any complex number.

Suppose that U = g—i’ +ip, a =ic. Now equation (5.18) is equivalent to
the system

O, 0 0 0
ot orlor  C o8
o0 1 (od\* 1, 3%

This is a badly unstable system with Hamiltonian

1 0P\ > 1 o2k a [ [op)>
H=— — - = Sdx — = — = 2
2/"(%) de 6/ da /(8:52) +2/<8:c) (5:20)
2) One can assume that U, V, W are matrix functions. In this case one

gets matrix generalizations of KdV, KP and Boussinesq equations. The most
simple is the matrix KdV equation
ou 0 PU

5 30—U2 o5 =0 (5.21)
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Here U — any N x N matrix. One can assume that U is symmetric: U7 = U

Homework
Construct matrix generalisation of the KP-equation.
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Lecture 6

From KdV to NLSE

Let us study again overdetermined compatible pair of equations

g—;ﬂlxzo (6.1)
2—1‘+AX: (6.2)
where again
2
IAJ = % +u
A:4—33+(6u+c)%+3%+q

while u, ¢ are n X n matrix functions

But now yx is vector in C" y =
Tn
on x, t, y, and ¢ = ¢(t) is a matrix function on ¢ only. One can easily check

that equation X X
%_%:@M (6.3)

takes the following form
g—z = —32—; + % e, u] (6.4)
%4‘% (C%+g_zc> +3%u2+%:g—z+[u,q] (6.5)



This system is a matrix version of the KP equation. We study first one-
dimensional case du/dy = 0, dq/0y = 0 and assume that c is a scalar. Now
equation (6.5) reads

ou  Ou 0 Pu
§+c%+3a— +W+[ ul =0 (6.6)

q = q(t) - arbitrary matrix function on time. Equation (6.6) is a matrix
version on the KdV equation.

Let n =2 A u \
1 10
“:[iw A] qZ?{o —1} (6:7)
Now (6.6) is equivalent to following pair of equations.
0A  0A PBA
at+c5—+3—4Aﬁtw|) 523 =0 (6.8)
0 0 83
a—f + a—w + 6—A2/) + i\ + =0 (6.9)

We will show that system (6.8), (6.9) generates well-known Nonlinear Schrodinger
equation Let k£ > 0 — some real number. We choose

c=3k* \= -2k

and introduce new time variable

and new unknown function
1 —ikx ikx
p=e Kop  op = ket (6.10)

now system (6.8) (6.9) turns to following

B ) 1A 1 (A _0 .,
ar AEIP) =—505- ?T(W %A)
dp Py 0 Po\
5 +1 <W+6A ) Z (60_“4 +W) = (6.11)
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Now let k — oco. We set
0
— (A+|p*) =0
ax(A l0]?)

oo [ .0%p B

using simple scaling 7 — 7/6, x — 2//2 one can get

dp [Py 2
— — t = 12
5 +i (G  lele +wlt)e ) =0 (6.12)
(6.12) is the Nonlinear Schrédinger Equation (NLSE). Linear term w(t) can
be excluded by multiplication by factor e o W)t Equation
oo [P )
— — — =0 6.13
2 +i (5 lele (6.13)
is defocusing NLSE. Equation
dp [Py 2
— — =0 6.14
87+1<0x2+|90|s0 (6.14)

is focusing NLSE.

Let us use a substitution x — ye™*¥ in (6.1). In the absence of coefficient
dependence on y , the equation turns to

Ly = \x, where y = { X1 }
X2

o2

ax; + Axi +¥x2 = Aa

T

0? -

axX; £ Px1 + Axa = Axe (6.15)
We will assume

X1 = 516“671 X2 = 526_“%1
]{32
A= —Z+ku (6.16)

26



Equation (6.15) can be written as follows:

2
40— s =~ (G + A1)

0z?
2
%% <QQ+MO (6.17)

- 1
£ OE) — iy = ——

&1 — 1éa 92
Equation (6.2) in the vector case reads

k

Ix1 %
2 ox1 oX2
? (k 2A) ox 6y ox

0
+ (S—A — z'k3) X1+ 3Ux2 =0

aX1 83)(1
b or Tiam

ox

X2 -0x1
2 IX2 ox1
+3(k +2A) O + 67 g

+ (388—“4 + z’k?’) Yo £3hx1 =0 (6.18)
xr

Plugging (6.16) in (6.18) after few simple transformations one gets

0& 0% 0& . Op, _

E + GZW + 6(,0% + 3@./451 + 3%52 =
1/ 93¢ 0&; 0A

0 06 . O o5, _

1 [ 03 06 _0A
% <4$ + 6A% + 3%&) (6.19)

Now one can make the limiting transition £ — oo and set the following

equation
110 0& 0 % B
2{0 —1]%*{@ 0]5 = K

o . [1 0 |0% 0 ¢ |9
E%Z[o —1]@%[@0 oz

aXz 83)(2
b or tiam

iA G2 B
+3{i% Z_A}g -0 (6.20)

[ & ]
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Thus for the NLSE

- 10 0 0 o
L_Z{O _1}%+[i@ o} (6.21)

for defocusing NLSE it is self-adjoint operator, for focusing NLSE it is non
self-adjoint.

i [10 ] 0 ]9 iA 92
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Lecture 7

From KP to DS - multiscale
expansion

In this chapter we will start with scalar KP2 equation

— [ =— 43k — + —— +3—u? 3— =0 7.1
2 + + + u? ) + (7.1)

0 (0du ou  u 0 0%u
ot Or  0x3 ox 0y?

Here k is some constant. We will not use limiting transition £ — oo. Instead
we will use multiscale expansion.

We present solution of (7.1) in a form
€ i® | —id 2 1 2%, Lz o
u = 5 (\Ife -+ Ye ) +ée Ug + 5‘1’26 + 5‘1’26 (72)

here ¢ — small parameter, ® = —2k3t + kx

In (7.2) U, ugy, ¥y are functions of slow variables 7 = £2t, £ = cx, n = ey.
Plugging (7.2) into (7.1), one can see that terms of order e are cancelled.
After substituting (7.2) to (7.1) we have to cancel terms proportional to

eF"® separately.

In equation for n = 0, n = 2 leading order terms are proportional to £2.
Putting n = 0, one obtains equation

o 0? 1 9?
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Amplitude of second harmonic ¥, can be found in explicit form

1, .00 o0 09\’ 3-2i®
— |2+ 3k 22—+ (2i— ) | ¥ Lg? = 4
5 zat+3k‘ Z&E+<Zaz) 2+ 0 (7.4)

0P 0P

— =2k — =k

ot Ox

From (7.4) one obtains
L g2
T (7.5)

In equation for first harmonic n = 1 first nonvanishing term is proportional
to . Collecting all these terms together we obtain the equation

ov L P ) 1

taking Wy from (7.5) we set

oV , 0% O 5 1, 0
7= B A U U2 = .
zk‘aT +3< k 0§2+0n2) 6k° ( ug +4k2| | 0 (7.6)
System (7.3), (7.6) is known as Davey-Stewanson equation.

It is remarkable that sign before second spatial derivative kzg—; in equa-

tion (7.3) and (7.6) are opposite. Transition from KP2 to KP1 equation is

performed by change a% — ia%, 59—7722 — —%. If we would start from KP1

equation we should make this replacement. Now the system takes form

02 02 1 92
2_ o — - 2
(k e 0772) to="350!"

. ov 2 82 82 2 1 2 _

Equation (7.3)-(7.6) have a remarkable special solutions. Suppose that

9_.9
on ¢

In other words, a solution depends only on &£ + an
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Now equation (7.3) can be integrated

1 1 | |2
Uy = ——
0 2k%+ a2
wt 52V = e Y

Equation (7.6) now takes form

W@_} 1
062 2k +a«

S OY a0 o
zkaT 3(k a)[

For any « it is the defocusing Nonlinear Schrodinger equation.

ﬂmwﬂzo (7.8)

If we start from KP-1 equation, a? should be replaced by —a?, and equa-
tion (7.8) reads

0 _1 1
02 2k? —«

zka—\y —3(k* + o?) [

or
If o? > k2, this is focusing NLSE.

Now one can address the question — what is going on with Lax pairs in
process of multiscale expansion. Equation

ﬂmwﬂzo (7.9)

ox &

—+4+Ly=0

Ay X
0 0? , =
—X—l——X—I—E(\Ife’kx+\lfe_’kx+...))<:0 (7.10)

Equation (7.10) is a scalar equation, to turn it to the vector equation, one
can find the wave function x in following form

X = <X16 2 +x1€e 2 + ) e 4 (7.11)

Equation (7.10) has to be expanded in Fourier series

inka
X = Z Xn€ 2
n=1
Taking into account only major terms one get following system of equations:

{ 29 4 ik 20 + LUy, =0

80— k9L 4 $Ux; =0

(7.12)
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Equation

ox Py o OX ou B
a+4m+(6wt3k:)8— 3%+q x=0 (7.13)
9q _ _,0u
or Oy

also can be transformed to a system of equations for xi, x_1. To do this, we
again present y in form (7.11) and use expansion (7.2). We realize that first
non-vanishing terms are of order 2. Collecting them together one see that
equation (7.13) is now a system

ox1 %y Ox—_1 30U

= +6ka§2 + 3V 4 Bk + 5 x =0

X2 0y dx1 30U B

97 — 6ik 852 Lygp2d o€ — 3ikugx_1 + = > € —x1 =0 (7.14)

(7.15)
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Lecture 8

Hamiltonian formalism for
waves in weakly nonlinear
media

We study a medium described by one pair of canonical variables p, ®
dp OoH 0  oH
ot 6d o p
The Hamiltonian H is some functional on p, ®. Let us perform Fourier
transform

(8.1)

1 N _ikF 37 - 1 N ki g7
O = G [ VR o) = e [ B
1

T . 1 N (8.2)
G [ AT o) = s [ ol Far

d(k) =

From now on during the next three lectures we will ommit the vector-sign
of k,¢7 and 7. After Fourier transform

ot (2n)i? / e
5H _/ 6H_5%(q)

50 (r) 5®(q)

50 (q) 00 (r)
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6®(q) 1

— —iqr
50(r)  (2m)i” (8:3)
Hence
SH 1 / OH iy
50(r) — (2m)i2 | 59(q) ¢
Hhos oplk) 1 SH
P _ —i(k+q,r) drd
ot (2W)d]/€ 5(q) "
However 1
—i(k+a,r) 7. _
(2W)d/e dr =6(k+q) (8.4)
Finally
op(k)  6H
ot 6B(—k)

But ®(—k) = ®(k), p(—k) = p(k) After Fourier transform equation (8.1)

take from
@ _ O0H 0 (k) L oH (8.5)
ot 50(k) ot dp(k) ‘

For beginning we suppose that the Hamiltonian H is quadratic functional
invariant with respect to spatial transitions. The most general form of such
functional is following

H:%/MMMM@@M+%/BWMM@@M+
+;/R@mwmwmk+%/cwmwmwmk (8.6)
H is a real functional, hence
A(—k) = A(k) = A(k)
C(—k) = C(k) = O(k) (8.7)
B(k) = B'(k)
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B(—k) = B'(k) this means

B(k) = By + iBs(k)
Bi(—k) = Bi(k) (8.8)
By(—k) = =By (k)

Equations (8.5) now are

0
a—f = AD + (B, +iB,)p
o

Assuming that p, ® ~ ¢ one obtains

wk)=By,+A A=,/AC — B? (8.10)

The medium is stable if AC' — B? > 0. In virtue of (8.7) (8.8)
A(—k) = A(k)

Thus A(k) and By(k) are symmetric and antisymmetric parts of frequency.
Equation for w(k) has two solutions, but only one of them has physical
meaning. To determine the sign in (8.10), we have to introduce normal
variables

a(k) = u(k)p(k) + v(k)®(k) (8.11)
Such that da(k)
5 = iw(k)a(k) (8.12)

sign in w(k) is still not known. Plugging (8.11) to (8.12) and using equation
(8.9) one gets

(iw + (B))v = uA
1

we assume v(—k) = v(k) = v(k). Thus
a(k) = v [(I) + %(Bl + iA)p]
ot (=) = v [cp + %(B1 - z'A)p} (8.13)
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Then

p = HF%—A(a(k)—a*(—k)) (8.14)
o — %(a(/{)m*(/ﬁ))—%p: (8.15)

[0 (o)

To determine v(k) we substitute (8.15), (8.14) to the Hamiltonian and de-
mand that

"= / )k (8.16)
A relatively long calculation leads to a very simple result

A
or L
B

V2A

obviously sign in (8.17) should coincide with the sign of A. Finally

(8.18)

w(k) = Bo(k) + signA(k) - A(k)

Sign of w(k) has clear physical meaning — Waves with wave vector k have
positive energy if w(k) > 0 and negative energy in the opposite case.

For normal variable one gets

|A|1/2
\/§A1/2

- j% {(1 L %) a(k) + (1 - %) a*(—k)] (8.19)

Comment

p = —isignA

(a(k) = a*(=k))

In nonlinear media the Hamiltonian cannot be transformed to form (8.16).

In a weakly nonlinear medium the Hamiltonian can be expanded in terms
of canonical variables.
H=H,+H;+H,... (8.20)
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One can perform this expansion in normal variables. Now

Hy = / w(k)a(k)a* (k)dk
Hy = H{"+H{

1
HY = 3 / {Vk(,oéi)bakaklakg + c.c.} 5(k + ky + ko)dk dky dko  (8.21)

1
HY = — {Vk{gf}k?a;aklakz + c.c.} 5(k — ki — ko)dk dk, dky = H,

The whole Hamiltonian can be presented as a sum
H = Z Hym n<m
n,m

1
Hn,m = — {Vkl...kn,kn+1n-kn+ma*(kl) . CL*(]C”)CL(]{Z”+1> e a(kn+m) + +C.C.} X

nlm!
Xé(k’l + ...+ kn — kn—i—l — ... ]{?n+m)dk1 c. dkn+m
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Lecture 9

Three waves interactions

In the last chapter we introduced normal variable ay
ap = ugpr + Ve Py

and defined coefficients uy, v, from two conditions:

1. a4 satisfies the equations

da,
ot

= iu)kak
2. Quadratic Hamiltonian Hs (8.16) has diagonal form
H, = /wkaka};dk

Now equation (9.2) can be presented as follows

8ak (SH

ot —Zéaz

(9.2)

(9.3)

Now we address following question. Let H is an arbitrary Hamiltonian.
What condition we have to impose on u, v to provide validity of equation

(9.3)?

From (9.1) one obtains
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* * * * *
ap = uppy + v Py

" ) (9-4)
a_ = U_pp;, + V_ D).
Then, after differentiation of (9.3) by time
ay, _ ., Ok, O
o~ "o T o
0H 0H OH
O e — 9.5
Sar ~ "Msor T g (9:5)
0H  0Hda;  OH da_y OH 0H
= =up— _ 9.6
ot saiop T oan opn  ear T “Fas (9:6)
In the same way
OH 0H OH
=vp— + (9.7)

60 Foar U_kéa_k

Substituting (9.6), (9.7) to (9.5) and assuming that condition (9.3) is
satisfied for any Hamiltonian H, one gets
OH OH oH oH 0H

7 =u(vp— +v_p—) — v (U — + u_
day i k5a}z+ k5a_k) A tU-k

) (9-8)

day da_y,

Condition (9.8) must be valid for any Hamiltonian H. It implies following
condition on coefficients

UpV_f = U_Vk (99)

UV — VpUy, = 1 (9.10)

In previous chapter we found

A
(B1 £ iA)vg v, = :I:—2A (9.11)

| =

U =

Substituting (9.11 into
satisfied.

—~

9.9), (9.10) one can see that these conditions are
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We have proved a very important theorem - change of variables (8.19)
transforms any Hamiltonian equation (8.1) to equation (9.3).

Suppose that Hamiltonian H is expanded in series in powers of ajaj.
We assume that the medium is homogeneous. It means that Hamiltonian
should be invariant with respect to transform a;, — aze’** where \-arbitrary
vector. The Hamiltonian is

H=Hy+Hy+ ...
H2 = /wk|ak\2dk
Hy = Hy" + H
1 * Xk
_@”:é/ﬂﬁﬂﬂwm%+Wﬁ%%%ﬂaﬂk—h—bmwh%@l%

1 * *(1, * ok
e = 5 /{V,f;’i)kﬂkaklakz + Vkéllfklakaklakz}a(k — ky — ky)dkdk,dk£9.13)

Equations (9.3) are following

a—tk = WEar + ’L/ {ivkéol”?%aklakz (]{7 + ]fl + ]{32)+

+= vk(lkzlmaklalﬂé(k kl ]{72) + Vk e, k2ak1ak25(/€ —+ ]{71 — ]{72)} dkldk2(914)

Note that in a general case the Hamiltonian H can be presented as follows

H:ZHW” n<m

_ () ) )
H,, = i /{ R SN 7 A R Enm0 (k1 +

ok = Engt o — k) 4 Yy - (9.15)

Suppose now that w(k) > 0 and
(U(k’l + k’g) = (U(k’l) + w(k‘g) (916)
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has nontrivial solutions. In the simplest case, when dimension of the space
d > 2 and w'(k) > 0 w = w(|k|]) one can find a sufficient condition for
solvability of equation (9.16). This condition is positivity of dispersion w” >
0. Indeed, in this case, for parallel vectors ki, ko

w(ky + k2) > w(ky) + w(ks) (9.17)

Now replacing k1 — ki + ki, ks — ko — k. where (k,, k1) = 0, one can
turn inequality (9.17) to equality.

Suppose we found three wave vectors p;, ps, ps comprising the resonant
triad

D1 = P2 + D3

(1) = w(pa) + w(po) (5-18)

Let the wave filed a(k) is a combination of three quasi-monochromatic
wave trains

a(k) = A(k) + B(k) + C(k) (9.19)

We assume that A(k) = 0 if |k — p1| > €, B(k) = 0 if |k — pa| > ¢,
C(k) = 0if |k — p3| > €. Here € is a small parameter. Functions A, B, C' are
concentrated near wave vectors pi, pa, ps.

To construct approximate envelope equations we perform change of vari-
ables

iwkt

ar = e“*ey (9.20)

From (9.14) we obtain

0 L. |
% B i/{5‘/’“’2’7?’?2021sze_l(warwlirwk?)t(S(k + ki + ko) +
1

5 Uy O Cra TR (ke — kg — ko) (0.21)

+Vk’f§j;i>2c;1ck2e-“wwkl ~kt§(k + ky — ko) Yk dks (9.22)
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Let in (9.20) k is close to pi, w(k) -close to w(p;). In the right hand side
of (9.21) most terms are fast oscillating. In the limit of small amplitude
lax] — 0 they can be neglected. Only “secular”, non-oscillating terms are
important. Looking at the right hand side of equation (9.21), one can see
that only second term can be slowly oscillating, if we assume ky =~ ps, ko >~ ps3
or viceversa. Taking into account only these terms and returning back from
¢, to ap one can put approximately

0A

o = k) Ay +i / V2, Bry Cralr ey (9.23)

Now one can put

k=p +x k1 =p2+ 31 ko = p3 + 20

and introduce
A= Aeiw(pl)t B = Beiw(pg)t O = éeiw(p3)t
Then equation (9.23) reads

0A, . - L.
—= =ij(w(p1+2)—w(pr))Ax+i / V;)(llf;)f,pg—l—%hpg-l-%? B, Cy0s sy — sy dindoey

ot
(9.24)
Now we can put approximately

w(pr + ) —w(pr) = (v, %)

here v; = 22|,_, -group velocity of the first wave train A(k) and

1,2 _
V( ) ~ (2m) d/2Up1,p27p3

P13, p2+oe1,p3ti2

U is a constant.

Now from (9.24) one obtains

= i(se0)) A, + i(2m) "YU / B, C.p6(5¢ — 301 — 355)dserdszy

SIS
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Performing Fourier transform

a(r) = )i /fl(%)ei%rd%

1 —tir
e /a(r)e dr

and similar transforms for B, C, one ends up with following PDE
oa

a5 + (11 V)a = iubc

Repeating this procedure, assuming k£ ~ p, and k =~ p3, we get finally
following system of nonlinear PDE

A(s) =

0 :
8_;L + (11 V)a = iubc
b
a + (UQV)b = wu*ac’ (925)
dc sk Pk
i (v3V)e = iu*ab

here
Oow Oow
Vg = %hf:pz V3 = a—k|k=p3

In these equations u is a complex constant.

u= 2m)"PV IR, = lule®
By simple transform
a— |u|7V%e % b— |u|"2e7 ¢ — |u|7V2e %

one can put v = 1 and finally get the system

9, .

8_§SL + (11 V)a = ibe

b .

g + (12V)b = iac (9.26)
0 —

8_§ + (v3V)c = iab
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This is so-called “three-wave system”. This system admits following re-

duction
a=iu b=

where u, v, w -are real functions. Now

(9.27)

In the spatial homogenous case this system simplifies to the system of

0
8_1: + (nV)u = —vw
0
8—: + (12,V)v = uw
ow
2 (v3V)w = uv
ODE’s
ou_ _
5 = "W
v _
gy = U
o _
or "

(9.28)

identical to the Euler equation for free rotation of three-dimensional rigid

body.

Spatially homogenous system (9.26) reads

da |
a—lbc
b
at—zac
dc . .
a—lab

(9.29)

This system has following constant of motion
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lal® + [o* = I

9.30
af? + [e? = I (30

In the case of amplitudes tending to zero at boundaries (or in infinity)
general system (9.26) has constants of motion

/\a|2dr+/\b|2dr:h

(9.31)
/\a|2dr+ / |c|2dr = I,

These motion constants are known as Manley-Row relations.

Now suppose that w(k) can change sign. In other words, we have both
waves of positive and negative energy. In such medium one could find a triad
satisfying following conditions

+py+p3 =0
P1 T P2 T P3 (9'32)
w(p1) +w(p2) +w(ps) =0

For these triads the main nonlinear term is Hél). Repeating previous
considerations one ends up with the system

0 7k %

8_j + (11V)a = —ib*c

E + (UQV)b = —1a C (933)
oc

Fria (v3V)e = —ia™b*

The Manley-Row relations now take form
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/|a|2dr—/|b|2dr:]1
/|a|2dr—/|c|2dr:[2

System (9.33) has a simple solution

a=b=c=—iu
ou
ot
1
u:
to— 1t

This equation describes spatially uniform explosion (collapse).
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Lecture 10

From KP-1 Equation to 3-wave
System

In this lecture we will derive the 3-wave system from the KP-1 equation and
find Lax pair for 3-wave system. We start from the KP-1 equation

0 (0du ou®  dPu 0%u
— | = -3 =0 10.1
or (8t+38x +0x3> 0y (10.1)
After Fourier transform
1 .
(@, y) = o / u(p, q)e' P+ dp dg
s
p, q are components of wave vector k = (p, q) and
1 .
ulp,q) = 5 / u(z, y)e PV de dy
Equation (10.1) takes form
ou , 31
= iw(k)u - 2—77: Wy, 0 (k — Ky — ko) dhey dey (10.2)
Let in (10.2) p >0
As far as
U_p = uj, (10.3)



one can transform equation (10.2) to following form

% = w(p, q)u(p, q) — ZL: /m >0 (up1q1upzq25(p —p1 —p2)0(qg— ¢ — @)+
p2 >0

205 Upagy0(D + P1 + P2)8(q + 1 — q2)) dpy dpa dgy dgo

Here ;
w(p,q) =1’ + 3% (10.4)
Now we introduce normal variables
Up,g = \/?apvq
2

In these variables
8a(8pt, Q) _ iw(p,q)a(p,q) — ?;Lf /]D1 o 0P192)""? (g, gy (0 — p1 = P2)3(q — @1 — 42)410.5)

p2 >0
+2Us 4 Upogo 0 (P + 1+ p2)d(q + @1 — Q2)) dpy dpy dqy dgs

One can check directly that equation (10.5) can be written in the form

da(p,q) . 0H

ot Zéa

*
p,q

H =/ w(p, q)|apg|*dp dg —
p>0

3
dx [ PL>0 (P1p2ps) (up1q1up2q2up3q3 + up1q1up2q2up3q3) X (10.6)
p2 >0
p3 >0

X6(p1 — p2 — p3)0(q1 — @2 — q3)dp1 dgy dps dgo dps dgs

One can easily check that in initial variables the Hamiltonian is

H= %/{[zf +3(07'wy)*| — u} de dy (10.7)

Later on we will show that equation (10.1) has infinite number of motion
constants. They will be discussed in the further lectures. So far we estab-
lished that KP-1 equation is a Hamiltonian system belonging to the class
described in lecture 9.
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This could be starting point for derivation of the three-wave system. First
of all we have to be sure that resonant triads do exist. To see this we note
first that dispersion relation (10.4) can be parameterized as follows

p=5& —&
q=*(& - &) (10.8)
w=4(6 - &)

As far as p > 0 & > &. Since this time, we will study only the case £ > &2,
q > 0 and &1, & are positive. Let us consider the triad

p1 =& —& p2 =& — &3 p3 =& — &3
@ =& -8 @ =& —& g3 =& — & (10.9)
w =4 —€)  w=4(8-6) ws=4( &)

Apparently (10.9) comprise the resonant triad

P1+ P2 = D3
¢1+G2 = @3
w1+ wy = ws
Now we will derive a system, more general then 3-wave.

Let us define & > & > ... > &, >0

Oy = (& — &) + (6 — )y + 488 — &)t (10.10)
D + Py = 5 Dy = — Dy

Suppose that the wave field u is a composition of quasi-monochromatic wave
trains

w=Y cuy(&n)es i#j (10.11)
i

Uji = Uy

E=¢ecx n=cy T=c¢t
Here ¢ is a small parameter. Let us look for e~*®4y2. It has oscillating and
non-oscillating terms. Neglecting oscillating terms, we set

et~ Y Sugg + (10.12)
k+#i
k#
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Plugging (10.11) in (10.1) and keeping only terms of order 2, one obtains
the following system

0

k #i
k#j
Lo m9 0
UV = v, %€ + vy a
oY = ﬁw(p qQ)=3(p*— ) _ 1266 (10.14)
v ogp p? 7
@ _ 0 _ 6 _
Vijo = a_qw(pa q) = ? =6(& + &)

In the simplest case n = 3, assuming uy3 = (£, —&)Y2A, up = (& —&3)Y2B,
g3 = (& — &3)1/2C one obtains 3-wave system with interaction coefficient

u=—3(& — &)V2(6 — &)V (& — &)

To find Lax pair for system (10.13) we start with the first Lax operator for
KP-1

Ox  0*x
A T A = 10.15
1 o + 922 + uy ( )
we will seek its solutions in a form
Y = Z Xkeigkx+i§gy+4i§gt (10.16)
k=1
Xt = Xx(§,7,7)
Keeping in (10.15) only non-oscillating terms of order e, one obtains the
system
(O ox;
k#j
Repeating this procedure with the second equation one yields
oxi QaXz’ .
9y & o€ + Z;(ﬁ + ) Wik Xk ( )

One can check that the compatibility conditions for equations (10.17), (10.18)
is exactly equation (10.10)
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System (10.13) is a special class of more general system of n-waves. To
construct the general system we start with the following overdetermined pair
of linear equations

ov ov

5y oy tIRQY (10.19)
ov  _0v
= G% (G, Q¥ (10.20)

Here F', G are commuting matrices: [F, G| = 0. One can think that they are
diagonal:

aq O bl O
0 an, 0 by,
Compatibility condition for system (10.19), (10.20) is following
0 0 0 8
a0 Q= 5, B QA+ Forl6. Q= G R Q= [IF Q) (G, @)} = 0 (10.21)

One can con81der that diagonal elements of @) are zero. Then equation (10.21)
read

aQij a@z ]

(bl — bj)ﬁ—y + (biaj - a]b O Z 52ngszkg (1022)
k#i,j
Eikj = by — agb; + a;b; — a;b; + arb; — a;by, (10.23)

Let I — some real diagonal matrix /2 = 1. All diagonal elements I, = +1.
Suppose that () satisfies the condition

Qt =1QI (10.24)
This condition is called reduction.

If n = 3, completely anti-symmetric tensor €;; has only one component
€ = £193. Let us assume that I =1, a1 > as > a3

— ' A
Qs = ———
l
= ——~B 10.25
e w 10-29)
)
- ¢
9=
Qij = —iQ};



We go to the three wave system

€123

\/(al —az)(a1 — az)(az — az)

u =

Assuming that

We obtain the explosive system (9.33).

52



Lecture 11

Dressing method

Let w(z) = u(z,y) + w(x,y) (z = z +iy) be an analytic function. Then

a_w— Q_FZQ w—a_u_@_i_i a_u_'_@ =0
0z  \oxr Oy ~Or Oy oy Oxr)

in virtue of Cauchy-Riemann conditions. What is

a1,

0z z
To answer this question we present

1 ) z
— = lim —

z e0zZ+4¢€
0 z 1 z
o = ¢ (11.1)
0zZzZ2+e zZ+e (224¢e)?2 (22+¢)?

If e — 0, expression (11.1) tends to zero everywhere except z = 0. One
could guess that it is a é-function of two variables with some coefficient. We
introduce polar coordinates now:

21 = Tim ————
07z 0 (r2 4 ¢)?

Integrating over the whole complex plane one gets after integrating over

angles
o € < du
2 ——rdr = =
7T/O (r2+5)2T r W&/O (0t o) s
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Finally

9L 5(2)6(2) = 76(x)o(y) (11.2)
0Z z
In the same way for zy = xo + iy
o 1
grr =~ o —20)d(y — ) (11.3)

Thereafter we will denote complex numbers by Greek letters.

Suppose that function x (A, \) is not analytic but satisfies on the A-plane
the following condition (nonlocal 0-problem)

ox
O\

at A\ — oo this function tends to the constant xy — xo.

:/xmmﬂmmxnmw (11.4)

Using formula (11.3) one can transform (11.4) to integral equation

1/T@§mm

x=xot o [ SR n)dndndgdg (11.5)

Singularity

1 I A—¢&
—— =lm——
A—§& =0 A—¢]2+¢
According to Fredholm alternative, equation (11.5) has nontrivial unique
solution if and only if homogeneous equation

X = %/T(i’%’?n)x(n,ﬁ)dndﬁ (11.6)

has only trivial zero solution. We will assume that this condition is satisfied.
It means that the nonlocal d-problem (11.4) normalized by zero condition in
infinity
X —0as A — o0
has only zero solution.
We assume now that the kernel T in (11.4) depends on coordinates x, y,
t as follow
T(n,7, A, A) = e® DTy (n, 7, A, A)e™ ™ (11.7)
D(N) =iz + A2y + 4iX’t
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It means that T satisfies the system of linear equations

8—T—l—i()\—n)T:O

Ox

or

— + i =n)T =0 11.8

G i =) (11.8)

or

— +i(N = )T =0

o T =)

Equation (11.4) can be rewritten symbolically as follows

9x
OX _ T 11.9
oy = XK (11.9)

Let us introduce following differential operations

0 :
Dix = X + 1Ay

ox
0
Doy = a—z + A2y (11.10)
0
D3y = 8_>t< +4iX3y

(11.11)

They commute with operation 9/0\. Applying D; to (11.9) one can see that
0
gy Dix = Dix» (11.12)

Let Px = P(Dy, Dy, D3)x is any polynomial on Dq,D5,Ds3. Its coefficients
are functions on (\, y, t). By induction one can realize that

0
Y Py=PyxT 11.13
gy DX = Pxx ( )

Let xo = 1, A — oo. In neighborhood of infinity function y has asymptotic
expansion

X1 | X2
=1l+=+=+... 11.14
% + 3 - 2 + ( )
1 _ _ _ _ —
=1 [ T En )l pdndidsag (11.15)

1 ~ _
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and so on.

Now we construct following differential operator

Py = (D2+Df+u)x

_ Ox 9 o \ B
Plx_a—erAer(a—xHA) X+ ux = (11.16)
_Oox , Px .\ 0x

substituting (11.14) in (11.16) we see that at A — oo

1
PlX:Qi%%—u%—o(X)

Hence if

u= —2@% (11.17)

Pxy—0 atA— o0

However, P, is a solution of the nonlocal d-problem (11.13). Hence P,y = 0
and function x satisfies the equation

(D2 + D} +u) x =0 (11.18)

One should remember that w is defined by equation (11.17)

In the same way we construct operator

Pyx = (D3 + 4D} + 6V D, + 3V, +q) x =
%) 0 0 ok
= (= — 1222 = + 120 = +4— 11.19
(01& ar e T s (11.19)

o .
+6V (— + M) + (3V, + q)) X
Ox
Substituting (11.14) into (11.19) and send A — oo one can see that

2
Pyx — A K—m%) +6iV] 112020 gy 400

Ox 0x? Ox
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If we choose

V=u= —2@% (11.20)
xr
IX2 0*x1
=122
a or b1 0x?

We achieve P,x — 0 as A\ — oco. Hence P,y =0 or

(D3 4+ 4D? + 6uD; + 3u, +q) x =0 (11.21)

Let

X = Spe—i)\x—)\zy—éli)ﬁt

Dy = 0_4P6—iAx—A2y—4iA3t
Ox

D2X — a_(pe—i)\x—)\Qy—M)\gt
Ay
0_4P6—i,\x—,\2y—4z‘>\3t
ot
In terms of ¢ equations (11.18), (11.21) read
0 02
a—§+a—;§+ug0:0 (11.22)

oo Py D

This is the Lax pair for KP-2 equation. Hence u satisfies the KP-2 equation.

D3y =

+ Buz +q)p =0

If we choose

0
p._9 ..
1 &E—FZ)\
0
Dy = — +i)\?
2 8y+l
0
Dy = — +4i)\’°
3 at—l— I\

We end up with KP-1 equation. Now ®(\) = i (Az + A2y + 4A3t).
In the linear approximation one can put x = 1 in (11.14) (11.15). Then

1 _ . . . _
X1~ = / To(€, €, n, i) EmetilE = dil& =0 ge gé ap diy (11.23)
T

Now we see the origin of the parametrization (10.5)
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Lecture 12

Solitonic solutions of the KdV
equation

Suppose that the kernel in 0 -problem is such that y-dependence drops out.
To do this, one can put

T, 7, \A) =T\ N0+ N)o(7+ ) (12.1)

Function Y satisfies now the following d-problem

% _ T()\, 5\)622‘(,\;1c+4>\3t)X(_)\7 _)\) (12,2)

So far T(A, A)-is an arbitrary analytic complex function of .

This equation can be solved explicitly if one assumes:

N
TN =7) 5= A)3(A = \n) (12.3)
n=1
here Ay, ..., \,-set of complex numbers.

From (12.2) one can see that x is analytic function in all complex plane
with exception the set of points A, ..., \,. In this points it has simple poles.
Thus y is a rational function
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N
X=1+>" S (12.4)

Let us denote ¢, = (A\,x + 4X3t) = ¢, (A, ) Using the Poincére formula
one gets

[ = Tne® x| _x., (12.5)

al f
o =1- —m 12.6
Ko =1-2 52 (12.6)

Now we have to assume that A\, + \,, # 0. In other words the set of poles
does not include reflected points A, — —\,. Equation (12.5) reads

N

. fm 9
fo+ Tpe®0n Yy =T, ¥ (12.7)
At A

Function x (12.4) is the following expansion at A — oo
1 1

Hence x;, = ZZZI fms X2 = ZZZI A Sm, ete.
Suppose that N =1, \y = u

X:1+m, ¢ =¢ = (nx+4p°t), TL =T, fi = f.
T
Ty
0 4pTe=2®
w90 _ _AuTe (12.8)

or (e=2i¢ + %)2

This is one-solitonic solution of the complex KdV equation. It depends
on two complex parameters p, 1. To make it a regular solution of the real
KdV equation, one has to put

W=1K k is real
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2KxTQ

T =ikre xg is real .

Then solution (12.8) reads u = —W’Zi_w-

This is a soliton!
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Lecture 13

N-solitonc solutions of the KdV
equation

To construct N-solitonic solutions, one has to assume that A\, = ik, x, > 0
and

Ty, = iM;, fr =gk ior = Ly = —(kpx + 4K)t)
Equation (12.7) reads

N

Im 2 2L
—|—M262Lk E — = Mie*"*
Ik k ot K + Km, k

hi+ MY

m=1

= MZelw 13.1
ror + Fon L€ ( )

Absolutely central role in future consideration plays Theorem 1.
Theorem 1

X1 = —iglnA (13.2)
ox
MZ Lg+Lm,
A = det ||Spm + —EC (13.3)
Kk + Km
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In the world literature A is called 7-function! First we prove Theorem 1.
One can see that 7 = A (13.3) is just a determinante of system (13.1)

glnT—E
ozr T

To find a derivative from a determinate one should differentiate sequentially
columns of the determinante and add the results. Then

Tx Z Tm
T T
m

Tm — result of differentiation of the column number m. In 7, only this column
differs from columns in 7.

—Miel

_M2eL2
Mse L

elm = —h,,etm

T =
2 L
—Mze
here we used Cramer’s theorem.
Tx
— =— E hyefm
-

Comparing with (13.2) we accomplish the proof. Note that

Finally

2 2
TS —TT,
u=—2——Inrt=-22%2 "
Ox? T2
Let us look at the structure of 7-function. One can see that it can be pre-
sented in the following form

(13.4)

T:1+T1+T2+... (135)
Here
M
=D o
= MIMIAY
i<j
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L 1 2
A . 2K; RitkK; . 1 1 _ (K;Z _ Ii.?)
i 1 1 -

5. a 4Hil<éj (FLZ' + Iij)2 N 4I<Lilij(lii + Iij)z

Kit+Kj 2K

1<j<k
1 1 1
2k Kitkj  Kitkg
A= | L 17 1
Z.]k - Hi-i-ﬁj 2I€j Hj-i-ﬁk
1 1 1
Kit+KEg Kjt+KE 2K

To calculate A;j; we note first that this expression is symmetric with respect
to permutation of its indices. Indeed

1 1 1 1 1 1
2K; Kit+Kj Ki+tKE KitK; 2K Kj+KE

Aoy — 1 1 1 - 1 1
ijk = | Kitk; 2K Kj+tKE - 2K Kitk;  Kitkg

1 1 1 1 1 1

KitKk Kj+RE 2K KitKk Kj+KE 2K

In the last formula we replace first and second rows. Let us replace first and
second columns.

11 1
2K ; Ki+K; Ki+tKE
Aoy — T 17 _A
ijk — ,Lgi-:it-lij 2,1@1' KitKg - Jjik
Kj+KEg KitKk %

Then A;j;, can be presented in the form

Piji
Sﬂiﬂjﬁk(:‘ii + Iik)2(:‘<&i + lij)2(lij + Iik)z

A =

Here P,ji-symmetric polynomial of power 6. Apparently A;; = 0 Hence
Pk >~ Mk — k)% (ki — k)% (k; — ki)?, where X - is still indefinite constant.
To find it, one set k; — 0. In this limit

1

Hence A = 1. Finally

(ki — K;)* (ki — k) (555 — k)
8rikjkk (ki + ki) (ki + k)2 (Kj + Ki)?

Ay =
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Let us introduce

Mi2 2K;x 1 1 Mz2
— =" xTr; = n
2[{2- 2/'{2' 2:‘%’

Now

T = Zewk Or = —kp(r — xp) + 4/~€it

2
_ N 20004y (Fi = Ry)
Ty = e
: ; (ki + K5)°

In the same way

T = Z 2(¢i1+¢i2+m+¢il) H (/{Zk: B /{im)z 1
1 = e — = ( 36)

2
K; K;
i1 <in<...<i m>k ( i T ””)

where k=1...land m=1...]

Remark

2
Note that we can remove the restriction x; > 0. What we need is ]2\,4; > 0
and K; + Kk; # 0

If we have exactly n poles

T=14+1+...+7,

2
7, = eXé1ttén) M’ j > (13.7)
Il (ki + £;)?

where t = 1...nand j = 1...n. One can see that two-solitonic solution is
defined by four parameters ki, ko, T1, o

_ 2¢1 2¢2 (Hl_'%z)z?ri-z
T=1+4e2 4?2 4 20 2L Aorte) (13.8)
(K1+/€2)2

Here
{ (bl = —Iil[(l’ — T — 4K%t>]
(bg = —Iig[(l’ — X9 — 4I€§t>]

In virtue of (13.4) following transform

T — ae”®71, a,b— constants
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does not change .

Let in (13.8) ¢y — —00, ¢ — finite. Then 7 — 1 + €2?2. This is solution

with parameters ko, 1o, If ¢ — > <1 + 221;:3262@). Factor e?*' can be

omitted, and one can put

2 -
T—>1+M62¢2:1+62¢2

(Kl + K2)2
(&2 = —lig(l' — i’g) + 4Hgt
1 2
Lf‘g =T9 — — ln 7(1{1 + KQ)

2/‘{,2 (K,l — K2)2

In the same way
if g9 — —00 ¢ — finite
7 — 1+ 2% parameters ki, 1

if gbg — 0

2 2
T—>1-— %62@ parameters ki, 1 + ﬁ In % Now let k1 > ko > 0,
t — +oo.

If ¢y is finite x ~ 43t

Gy ~ —dky(KT — K3)t
Py — —o0 if t — 400

Py — +0 if t — —00

If ¢y is finite x ~ 4k3¢

¢1 ~ —dry (K5 — K2t = 4ro(KS — K3t

Now situation is opposite

¢ — +oo if t — —o0

P — —0 if t — 400

Summarizing the situation we see that if ¢ — —oo the ”fast” solution is posed

at . )
T =4K3t — a1 — —lnw
R1 (/ﬁ - /iz)

(13.9)
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the slow solution is posed at

T = 4Kt — 29
If £ — 400 the fast solution is posed at

T~ 4R — 1y
The slow solution is posed at

1 2
$24n§t—$2——lnm

13.10
2/'{2 (Hl — Iig)z ( )

These results can be interpreted as follow. Solutions interact like repelling
particles. They scatter elastically. ”Fast” solution chases ”slow” one and
hits it. Then "slow” solution turns to ”fast” one.

In the same way one can study time asymptotics of the N-solitonic solu-
tion. Let k1 > ko > ... > Kk, > 0. We will study asymptotic behavior of the
soliton with number k.

Gr =~ const T ~ 4rit
Om = _4’€m(’iz - K?’I’L)t
Ift— —o0

Om — —oc0 if m >k

Om — Fooif m < k

The most important are two terms, one is proportional to e2(¢1+-+x—1)
second one is proportional to e2(@1++és-179x) Keeping in consideration only
these two terms and making ”cancelling” of an insignificant factor ae® one
gets

[1(k1 — mr)? . (ko1 — Bk)? o4,

[1(k1 + kr)? ... (ka1 + Ki)?

It means that at ¢ — —oo the ”k-soliton” is posed at

T~1+

k-1

1 2
x;:4&it—xk+2—lnw
=

13.11
1 2/€k (I{l — I{k)2 ( )

Ift— 400

Om — —00, if m <k,
Om — +00, if m > k.

66



Repeating previous consideration one can find that the ”k-soliton” is posed

i o (FL[ + Iik)2

13.12
2I<Lk (Hl — Iik)2 ( )

xy o~ Akt — xp, + Z

I=k+1
The total shift for the ”k-soliton” is
1 =L (ki + k)2 (ki + kg)?
) —xl = — In — 1
k 2k (K1 — Kg)? Ky — Ki)?
kA ! k vl ! k

We obtained a remarkable result. A soliton of an indemediaded velocity
acquired positive shift after interaction with slower solitons and negative shift
after interaction with faster solitons. A total shift is algebraic sum of particle
shifts. This shift does not depend on details of interaction.

If two solitons have very close parameters k1, ko they could not get so
close to each other. The minimal distance between them is proportional to

1 (Hl — Iig)z
Ap o~ —— p 2
o 2,%1 . 4/‘6%
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Lecture 14

Unchecked. Scattering in the
Schrodinger equation

We start with equation:

d2
TVt U = u(z)¥ —o0 < k< oo (14.1)
T

u(x)-real function satisfying the condition

/_OO<1 ) u(@)]dz < oo (14.2)

o0

k = k, is eigenvalue if the solution f, of equation (14.1) tends to zero at
|z| — oo. It is well known that this solution is unique. Indeed, if ¥, W5 are
two solutions of (14.1) then

{\Ifl, \IIQ} = const = C' (143)

Here {Wy, Uy} = W, Wy — Psig, Wy -wronskian of functions Wy, Wy, If Uy, Wy-
eigenfunctions, they tend to zero at |z| — oo, hence C' = 0 and W, ¥y are
proportional to each other.

Eigenvalue k,, must be pure imaginary. Indeed, if k,, is complex

68



d*f,

_— 2 p—
EE ) (14.4)
From (14.4) one gets
d - r 7.2 2 2

after integrating by = one obtains

k2 = k2

n n

Apparently {f,, fo} = 0, and eigenfunction F' can be made real. Let us
introduce Jost functions ¥, ®-solutions of equation (14.1), defined by bound-
ary conditions

U — eikx P — e—ik:c

T — +00 Tr — —00

(14.6)
Jost functions satisfy certain integral equations. One can present ¥ in a form
U = 1% 4 cye ke

with additional condition
e 4 che = () (14.7)

Hence
\I]/ — ik(clelkx o Cze—zkm

U+ k20 = ik(ce™ — che ™) = u (14.8)
Combining (14.7), (14.8), one gets

1 —ikx 1 ik
= %u\lfe k dy = ———uWe™ (14.9)

Integrating equation (14.9) we take into account boundary conditions
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Y ,
= 1—— Te~ kv
“ 2k J, e Y
o (14.10)
Cy = ﬂ i u\Ierkydy
One can introduce a new function 4 = We ** = ¢; + coe 2%, From
(14.10 we conclude that A satisfies the integral equation

Az, k) =1— — OOu(y)(l — 2R Ak, y)dy (14.11)

T

The same operation can be performed with function . Now

1 [ ,
g = ik ’ ude=*dy
Lo (14.12)
= 1—-— De'Vdy.
“ 21k _oou o

Let us denote B = ®e’**. This function satisfies the integral equation

1 °° -
Bz, k) =1— 5T u(l — ** Bk, y)dy (14.13)
1 xX
Suppose now that k =& +in ,n >0

|€2ik(y—r) | = e~ 2n(y—x)

In (14.2) y > 2 and this exponent tends to zero as y — oo. In (14.13)
|e?k(@=v)| = e=2(==y) Ag far as y < =, this exponent also tends to zero
n — o0o.

Hence both functions A, B could be analytically continued to the upper-
plane. They have these asymptotic expansions

1 o0
A _
= g | ey
1 [® k—oo Imk>0 (14.14)
B — 1_ﬁ u(y)dy
l —00
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and

) 1 o0 )
U — ke (1 - — u(y)dy) P — ¢t (1 - —

2ik

Let k = iX,,. Then

Ulpmin, — e 0n* T — 00
Plpmin, — €7 T— — 00

They present the same eigenfunction f,, and can differ only on some factor.

Suppose that f, is designed by asymptotic

f, — € T — —00

r — OO

Hence
fn = (I)|k:mn = bnq>|k:iNn~

In this point ¥ and & are proportional to each other.

(14.15)

(14.16)

U(k,r) = U(—k,z) and ®(k,z) = ®(—k, z) also are solutions of equation

(14.1). Apparently, they are analytic in lower half-plane.
comprise a fundamental system. Then, one can put

O(k,z) = a(k)V(—k,z) + b(k)V(k,x)
Phi(—k,z) = b(—k)V(—k,z) + a(—k)V(k, )

Apparently

Note that
(U(k), U(—k)} = 2ik  {D(k), B(—k)} = —2ik
Calculating {®(k), ®(—k)} by the use of (14.17) one finds
la(k)[* — [b(k)]* = 1
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We will call

QS

%monodromy matrix, according to (14.20) this matrix

S

is unimodular.

Now from (14.17), (14.19) we get

1

alk) = 5—{, ®)

a(k) = ﬁ{xy, o} (14.21)

Hence a(k) is analytic in the upper half-plane. By plugging (14.16) into
(14.21) one gets

a— ﬁ {ik(<1 -~ ﬁ :Ou(y)dy—l—...) + (1 — ﬁ :OU(y)dy)}

1 o
=1- ) u(y)dy + . (14.22)

The scattering amplitude 7 (k) is defined as follows

a(k)
k) =——=.
r(k) 0
Also we define d(k) = ﬁ—amphtude of penetration through the potential
barrier. From (14.20) we obtain
Ir(k)|* + |d(k)]* =1 (14.23)

This is the “unitary condition”: By definition the potential u(z) is reflec-
tionless if r(k) = 0.

In this case a(k) can be found explicitly from the conditions |a(k)| = 1
for real k, a(—k) = a(k) a(k) — 1 k — oo; a(k)-analytic in the upper
half-plane.

If a(k) has no zeros in upper half-plane then a(k) = 1. In virtue of con-

dition a(—k) = a(k) all zeros are posed on the imaginary axis. Apparently
they are exact eigenvalues X,,. a(k) can be presented as the product

ok — R,
a(k) =[] P (14.24)
m=1 n
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For reflectionless potential function

Y(k,x) =

— A(=k, z) (14.25)
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Lecture 15

Unchecked. Solution of the
inverse scattering problem for
the Schrodinger equation

The inverse scattering problem is formulated as follows: Suppose that the
reflection coefficient n(k), set of eigenvalues x,, (n = 1, ..., N) and coefficients
b, is known. How to find the potential U(x)?

It is enough to reconstruct function x(z), define d through conditions

_elh) e BB

k) = = 15.1
(k) = et = T (15.1)
x(k) = U(k)e™™* = A(~k) Imk >0 (15.2)
Indeed according to (14.14) in the lower half-plane
X — 1+ 2 (15.3)
—ik

——E/OOU( )d U—+2£ (15.4)

X1 = 2 ) y)ay = axXl .

In a general case x(k) is a funciton analytic in both upper and lower half
plane. It has simple poles on the upper imaginary half axis and a jump on
the real axis. Thus it can be presented in a form

X(k) =1+ n(2) +i/_oo ;(_—%dg (15.5)

k—ik, 2mi
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Here 1y, (z) are residues in poles and

p(OxT —x~

— jump on the real axis

Equation (??7) can be rewritten as follows

1

— = W(— Y

el a) = V(=) & (k) Uk,
or )

— B = A(— 2ik:cA o

77 B = A=) £ (e A(R)
Now we see that

_ B(ikn) ik, )T

ZXn - CL/(KJ”> Xn ? a/(,‘{n)
and ' '

p(&) = n(k)e*™ * A(k) = r(k)e*™ x(—k)
Then

o(ikn) = bV (iky,) = byx(—ik,)e ™
Finally:

_ Zb” 2KnT
Xn - a/(lﬁln)e X( Z"{n)
It is remarkable that
by, 9 ..
- = M, — — realpositivenumber
a'(Kn)

(15.6)

(15.7)

(15.8)

(15.9)

(15.10)

(15.11)

(15.12)

(15.13)

To prove this statement, we differentiate equation (14.1) by k and put k = ik,

d>Vy,

dz?

— kK20, — U(z)Vy, = —2ik, ¥ (ik,)

The other hand W (ik,,) satisfies the equation

d*V (iky,)

dz?

— K20y — UV(ik,) =0
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JFrom (?7), (?7?7) we obtain equation
d T
d—{\I/k, U} = —2ik, U= (ik,) (15.16)
x

As far as ¢ — +oo U — etk

hr}ra {V,,, ¥} =0 (15.17)
Then
lim {0, U} = +2ix, / U2 (ikpx)de (15.18)

Now we differentiate equation (?74.16) by k and put again k = ok,,. We set
o = a'(k)¥(—k) + b (k)W (k) + b(k)¥(k) (15.19)
Let us calculate the Wronskian {¢y, ¥} as x — —oo obv
{08, Ui} = b{pr, o} — 0 at z — —o0 (15.20)

We get
A {U(—k), U(k)} oo + 0, { ¥, ¥} =0 (15.21)

But Wronskian {¥(—k), ¥} = +2k,. It does not depend on z and can be
calculated at x — 400 where U(—k) — ™% U — ¢~ "n?

Putting together (?7) and (??) we obtain

by, 1
= >0 15.22
) f U2dx ( )
Hence | -
S /_OO U (iky, z)2dr (15.23)

Now we can accomplish derivation of equation solving the ISP. Equation (?7)
reads

> ffe‘%ﬁmx(&)
=1+iy =~ P 2 e d¢ (15.24)

This equation holds in the whole complex plane.
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Then
— M2e—2nn:c <1 _ i Xm — L /OO wd€> (1525)

= K + Ky 2w —iky, + &

As far as x (&), x, are found

U=25 (Sl + 5 [ exos) s

If (&) = 0, we obtain already derived finite system of linear algebraic equa-
tions

N
—2Knx Xm 2 _—2knT
o+ M2e2n — 2 = MPe % 15.27
X n E D (15.27)
Note that in the general case g, = x, """ = % is eigenfunciton of equation

(14.1)
Cip(ikn) by W (ikn)

n = Xn€™"" —- = 15.28
g Xn€ a(iky) a'(1ky, ) ( )

is eigenfunction of equation (14.1) with asymptotics

l
n _ Fn® — 15.29
g ) T — —00 (15.29)
ib
, = — n —Kn® M2 2KnT 15.30
g a’(ifin) T — +00 ( )
Now
/ 2d b /\Ifzd L e (15.31)
r=——" = _
In (@ (irn))2 TWdz "

So we have now interpretation of coefficients M,,. This is nothing but L,
norm of eigenfunction g, = x,e""

Let us calculate now 2% <a§ + Zan) X k=&+1in
7 WZ Xn0(k —ir,) +i(xT —x7)d(n) (15.32)
N
8—>f =T Z MZe 2%y (—ikn )6 (k — iky) +ir(&)x(—=k,2)d(n)  (15.33)
Ok — "
Completely in accordance with results of lectures 11-12.
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Lecture 16

Unchecked. Triangle
representation and Marchenko
equation

Let us calculate following integral

K@”nzég/f@gm—1ﬁW*%m (16.1)

A(k) is analytic in the upper half-plane and A(k) — 1 — 0 at |k| — oc.
Hence K(x,y) =0 if x > y. Now we calculate the integral

| Kayemay= [ K@peray = (a@ - ver 162
But A(q)e"® = ¥(q,x). Hence

U(k,x) = e + / K(z,y)e"%dy (16.3)

Equation (16.3) is the triangle representation for the Jost function ¥(q, x).

Let us introduce function

N )
F@:ZM%M+%/T@W% (16.4)
n=1

— 00
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and show that K (z,y) satisfies to the following equation

K(:L’,y):/OOK(x,z)F(z+y)dz+F(x+y):O (16.5)

This is famous Marchenko equation. To prove this note that W(—gq,x)
also has triangle representation

U(—k,x) = e ke +/ K(z,s)e™ds

From (14.14) we get

¢ e~ ke — / K(z,y)e *ds + r(k) {eikx +/ K(:E,x)eikzdz] (16.6)

a

1 iky

Now we multiply equation (16.6) to 5-¢"*¥, y > = and integrate over k.

We get immediately

K(z,y)+ Fo(z +y) + /OO K(z,s)Fo(s+y) (16.7)

= i (? — e_ikx)eikydk — i (é —

—=) dk,
2 a 2 J_ @ ‘ )

—00

Here

F@:%[T@W@

Integral in the right hand can be calculated by residues if y > z

i (é _ e—ik(y—x))dx — ZZ 6—Nnyw = (16.8)

21 J_a a’'(iR,,)
b
: —N, n : _ 2 —N, .
ZZ@ ym\:ﬂn(z?‘ln) = —ZMne y\I]n(ZNn)

But -
U(iR,) = e ™" —I—/ K(z,2)e "*dz (16.9)
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Plugging (16.9) into (16.8) we obtain equation (16.5) note that this equa-
tion is correct only in the half-plane y > z. If y < z, K(z,y) = 0, but

F(z+vy) —l—/oo K(x,z2)F(z +y)dz #0

Thus we cannot use Fourier transform (16.2) to find equation for A(k). Note
that from (16.3) one gets (k — oo Imk > 0)

U(k,z) = e (1—%+...)

Comparing with expansion (14.14), one gets

1/:0 u(y)dy = K(x,x) U= —Q%K(x, x)

We shall seek solution of the Marchenko equation in the following form

K(z,y) = Z B (z)e™ Y 4 L /OO S(k,y)e ™ dk (16.10)

21 J_

Comparing coefficients before different y-exponents one gets system of
equations

ho(z) + M2e™S® 4 M2 / K(z,2)e™™*dz =0 (16.11)

s(k, ) + r(k)e™ + r(k) /OO K(s,2)e*dz (16.12)

Plugging (16.10) into (16.11), (16.12) one obtains

e Nn‘i‘Nm)x Mg / S(q, x>€(iq_Nn)x

h, M2y — dg = —M?*e ™" (16.13
(a) + M2 SR da = M (1613)

(
R, TR, 21
Equation (16.13) goes to (?7?) if one puts
Yo = —hne " hy = —yue " (16.14)
s(k,z) = —r(k)y(—k)e*® (16.15)

One can easily check that equations (??7) and (16.12) coincide.
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Lecture 17

Unchecked. Equation
integrated by the local 0 -
problem

A very important class of nonlinear wave systems, including the Nonlinear
Schrodinger and Sine-Gordon equations could be integrated by the use of the
local 0-problem.

Suppose that in the nonlocal 0-problem

Now we have the local O-problem

ox -

o XA)R(A,A) (17.2)
In the scalar case one has from (?7)
i Inx(\) = R(A, ) (17.3)
O\
and this problem can be solved in the explicit form
In (1) = % / %dndﬁ (17.4)

Thereafter we will study only the case where x, R are nxn matrices.
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Suppose that x is normalized by the condition
x—1 M=o (17.5)

Here 71”7 denotes a unit matrix. Then y satisfies the integral equation

X:H%/WC[W—, (17.6)

As before we will assume that this equation has unique solution. It means
that solution of equation (??) with zero boundary condition

XxX—0 A—o0 (17.7)

is identically zero. We introduce a pair of commuting differential operators

0
Dix = 9, X + XA (17.8)
0
Dyy = — B 17.
2X 8:62X+X (A) (17.9)

Here A(X), B(\) - rational functions on A, depending on x1,z5. The com-
mutativity condition [Dy, Dy] = 0 implies that

0A 0B
-~ +[AB]= 17.1
92, oz, T A BI=0 (17.10)

In the simplest case when matrix coefficients of A, B do not depend on x1,
equation (?7?) is simplified up to

AN, BOV)] =0 (17.11)

Commutativity of Dy, Dy means that the system of equations

_ Op _
Dao =22 4 oBO) =0 (17.13)
81’2

In the simplest case of constant coefficients ¢ can be chosen as follow

o= o~ (ANz1+B(N)a2) (17.14)
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Suppose now that R(\, A, 21, 73) depends also on x1, 75 obeying the equations

%R +RA(\) = AMR (17.15)
%R +RB(\) = BO)R (17.16)

The general common solution of equations (?7) is
RO, 21, 29) = ¢ ' Ry(\, Ny (17.17)

Here Ry(), \) - an arbitrary matrix function, independent of x1, z5. To prove
this statement one just has to remember that ¢! satisfies the equations:

i

_— _1 =
o + AN 0 (17.18)
Oy 1
—01'2 + BN =0 (17.19)

this is because dp~! = —p~tdpp!

Our further strategy is following. We claim that in virtue of equations
(??) a solution x of the local 0-problems satisfies the system

% + XA\ = u(A)x (17.20)
% +xB(\) = v(\)x (17.21)
(17.22)

Here u()\),v(\) again are rational functions on A, with the singularities "no
worse” then those of A(A), B(A). A more precise statement is following:
Suppose A(\) is presented as

AN =P+ Ay (17.23)

Here P(\) = P,\" + P, 1A\""! + ... is a polynomial of degree n, while A, is

a sum of fractions, associated with the point A = A\,
A AY

o Tt G

A, = (17.24)
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we claim that u(A) can be decomposed to the similar partial fractions
u(A) =P\ + > A, (17.25)

n (??) P()) is a polynomial of same degree. Moreover P, = P,. Then
P(\) = P+ P, A" L (17.26)

and again _ .
&:T#E+m+6{%mi

Similar statement is valid for B(\),v(\). This fundamental statement can
be easily proven in the simplest case when A()), B(\) are polynomials.

(17.27)

To make a proof we apply operators D 5 to equation (??) and mention

that % = % = 0, and operation D; 5 and a%\ are commuting. Then we get

B dx OR

in virtue of (??7) one gets

0 ox
—Dix == AN =D 17.2
00— (7 +xAW) ) R = D (17.29)
In the same way
0
5D2x = DoxR (17.30)

Equations (??7) (?7) mean that Dy, Do satisfy the equation (?7). However,
they have a polynomial-type asymptotic when A — oo.

One has
XX
x=1+3 5+ (17.31)
1
X1=—— /X(U)R(n,ﬁ)dndﬁ (17.32)
1
=1 [ @R, pdndy (17.33)

(17.34)
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To determine u(A), v(\) one just has to introduce new operators

Lix = Dix —u(N)x (17.35)
Lax = Dax —v(N)x (17.36)

where u(A), v(A) - new polynomials and demand

Lix—0 XA— oo (17.37)
Loy — 0 (17.38)

Actually conditions (??) define the coefficients of u,v in unique way. We
illustrate this statement in the next lecture. So far we mention only that one
can put

x =Yy (17.39)

and make sure that A\ satisfies to equations

ov

= v 174

o u(A) (17.40)

ov

(17.42)

Compatibility conditions for (?7)

ou  Ov

- = = 174

9z, 0z Y (17.43)

Equations (?7?) is the Lax pair for equation (??). Let ¥ = ¢!, Then

¢ =@x " (17.44)

This is the ”dressing formulae”

85



Lecture 18

Unchecked. 21

In this lecture we will demonstrate how the scheme, elaborated in lecture 20,
works in real situation. We will consider one of the simplest examples, leading
to integration of the Nonlinear Schrodinger Equation and it’s generalization.

Let
AN)=1), B(\) =1I)

One can choose

UN =1 +u, VA =IN+vi+w

Function y satisfies the equation

0
—X+)d)\: (IX+u)x

81’1
0
X 4 XIN? = (IN* + v\ + w)yor

81’2
Oy = Al

81’1
X

0—932_( A+ w)y = N[Iy]

Using the expansion of x

X1 X2 X3
=1+ =+=+=+...
X A A2 A3
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one immediately finds

—u = [I, x1] (18.8)
—v=1[I,x1 v=u (18.9)
—ox1 —w = [I,x2] = —ux; —w (18.10)
On the other hand
Ix1 ¢!
I = = — =+ 18.11
Foxe] =5 —wa =g+ [Ioala (18.11)
Comparing (?7) and (??) we find
ox
= —— 18.12
W= (18.12)
;From (77) (77?) we get following equation
Ox _ Ox (18.13)

oz, T Tom
Plugging (?7?) into (??) gives
8Xn _ 8Xn—l—l

— wy,, 18.14
01'2 s 8:171 ( )
In particular
28! OX2
AL - A= 18.15
014 wX1 o7y ( )
Then
L)~ [Lowa] = - (1. x) (15.16)
8252 » X1 yWX1) = 8251 » X2 .
Now using equation (??) (?7) we get the closed equation, imposed on x;
oxi, x 0 ox
I — — I I,—]=0 18.17
U 8:62] or? 8:61[ xaha + 17 8x1] ( )

Note that in (?7?) I is an arbitrary constant matrix. Let us specify.

To go further, one has to specify I. Let it be a block-diagonal matrix

A
1_{ 0 _[2} (18.18)

1 0 1 0
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Let us denote

q11 q12 P11 P12
u [ q21  q22 } X2 l P21 D22 ] ( )

Here ¢11,p11 - squared matrices of dimension n
¢22,p22 - squared matrices of dimension m
q12,p12 - N X mrectangular matrices

@21,p21 - m X nrectangular matrices

0 ¢
U=—[I,x] =2 18.21
I (18.21)
;From equations (?7?) one obtains
0
¢ = 2q12¢21 (18.22)

0:)31

Equations (??) provide that diagonal terms in (?7?) one satisfied. Equations
for off-diagonal terms read

0 D?q1a 0 dq12
2— -+ 2— =2— 2 18.23
8@6112 8x% + 07, (Q12Q22) o7y G22 + 2q12921G12 ( )
0 D?*qn 0 g1
2 — -2 = -2 + 2 18.24
924 421 83:% o2y (Q21Q11) o qd11 g214912421 ( )
(18.25)
i From (77),(?7) one get immediately
0q12 826112 0q 826121
—2— — —= -8 =0-2— 8 =0 (18.26
s B2 412921912 D2y + 012 + 8G21912G21 ( )

This is the generalized Nonlinear Schrodinger system. From system (??) one
can immediately get equations

0 P qro 0? 0 (0q Jgo1
O d12921 02 21 — q12 &rlqm 91, \ Oy 21 — q12 Oy ( )

1
0 0 ([ 0qx 0q12
— — 18.2
2 <8x1 g21 8x1) ( 8 8)

975 q21q12 = o
One can easily check that equations (??) are nothing but diagonal terms in
equation (77?).
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To be sure that this is true, one has to calculate matrix function x,. The
off-diagonal elements pis,,, could be found from (77?)

dq

Iy — — 22 4 9 18.29

D12 91, + 2¢12G22 ( )
g1

-2 = — -2 18.30

P21 oy 21411 ( )

(18.31)

To find the diagonal elements p1, paa, we note that equation (??) generates
following set identities

I Xng1] = 57— —uxn = I, x1)Xn 18.32
[ » X +1] axl ux 8I1 +[ XI]X ( )
In particular
o X2
[, x3] = Dre + 1, x1]xe (18.33)
x1

i From (77) one gets

0 = 2uapn = dia g+ 201z = d2 o+ Dy = Dy = g1 a2
&Elpn = q12P21 = 12 89:1Q21 q12921912 = q12 89:1Q21 oy Q1laxlp22 = 2(421P12 = Q218x1Q12 q
(18.34)
Equation (??) can be rewritten as follow
0 0 0
X1 i X1 _ OX2 (18.35)

81’2 0:)31 81’1

Off-diagonal elements in (??) coincide with equation (?7). By the use of
(??), one can see that diagonal elements in (??) are identical to equation

(77).

To construct higher constants of motion, one can differentiate equation

(??) by
9 Oxn 9 OXnt1
= n 18.36
01'2 81’1 09:1 (UJX - 5371 ) ( )
Then use the relation
OXn
aX = _[[7X1]Xn + [LXn—i—l] (1837)
T
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Plugging (?7?) into (??) we get

a a aXn-i—l
s _[ n _[7 n - < n 1 .
Tl + o] = 5 (wx+ 2322 (15.39)
Let us denote
P, = ([]7 Xl]Xn>diag (18-39>
OXnt1
Qn = (w n+ ) 18.40
X ) ( )

P, and @, — diagonal pairs of corresponding matrix functions. They satisfy
the equations

0P, | 0Q.
ot o =0 (18.41)

Thus I, = ffooo P,dxy look like set of matrix motion integrals.

If x,, presented in a form

(n) _(n)
q 1
Xn = %}L) %2) qi(j) = 4ij (18.42)
421 922
P _ o [ G12q 0 ] (18.43)
0 —@2147s
Thus
¢12921 0
P=2 18.44
' { 0 —421912 } ( )
To calculate P, we remember that quz ) = pi;j- To calculate ()1, we mentioned
that 5
X2 Qu 0
= = + == = 18.45
Q=0 (wX1 &m)dmg [ o } (18.45)
The upper diagonal term ()17 is
g1 0q12 0Py 0 0q12
- _ _ 72 = — 18.46
Qn or 11T 5, + o7 q12 D1, 421 Dy g1 ( )
Oq22 g 0Py, 0 g

N . — — 18.47
Q22 o7 qo2 o7 qi2 + o7 qo1 o1, q12 Dy q12 ( )
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One can see that equation

P, 0O,

b T L 18.4
8:82+0x1 0 (18.48)

Coincides with equation (??7). Note that if ¢12, 21 — 0 at |x1| — oo, the same
is correct for ()11, QQ22. Thus quantities 2¢i2q21, 2¢21¢12 are real constant of
motion. One the contrary, P, are just ”formal” constants of motion, because
in a general case ), does not vanish at |z;| — co. A pure algebraic way for
construction of higher "real” constants of motion is not developed yet. This
is an interesting unsolved problem.
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Lecture 19

Unchecked. 22

In this lecture we study a more general system integrated by the local O-
problem. Let

AN) =IN,B(A=JN),[I,J]=0 (19.1)
[,J - commuting matrices. Now Y satisfies the equations
0
IX L\ IN = (Ih + )y (19.2)
81’1
X I = (A +0)x (19.3)
81’2

i From (77), (?7) we obtain

u=—[1I,x1] (19.4)
v =[] (19.5)

Equations (??), (??7) can be presented as follows

o
oy
o
81’2

+[Lxalx = AL ] (19.6)
+ [Joxalx = Al X (19.7)

As far as I, J commute one gets

) = g I+ L o = g =0 (199
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Equation (?7) is the "master equation”, generating the integrable equation
together with all its motion constants. To get the basic equation, we just
put x; instead of y. We get the following equation

0 0

8—x1[J’ X1 — 8—552[1’X1] + [ [Joxalxal = [, xalxal =0 (19.9)

One can simplify this equation, remembering that x can be presented in a

form
Y =Ud (19.10)

Function W satisfied the equations

g—i = (IN+ u) (19.11)
g—i — (A4 0)U (19.12)

Compatibility condition for equations (?77?),(??) read

ou ov
— 4T = 19.1
0% ax1+[)\+u,J)\+v] 0 (19.13)
This condition reads
[I,v] = [J,u] (19.14)
ou ov
_ — 19.1
0y 0z, + [u,v] =0 (19.15)

Resolving equation (?77?) according to (?7),(??), we end up with equation

0 0

8—:62[I’X1] - 8—x1[J’ xo) = [[1, xa], [, x1]] (19.16)

One can easily check that equation (?77) is exactly equivalent to equation
(7?).

Let now

A(N) = IX (19.17)
B(\) = J\? (19.18)



Same as before

u(A) =1 +u
v(\) = JNP+ ol +w

Function W satisfies the equations

ov
o _ (JA2 + v+ w) Wy

Ers
Compatibility conditions are

0 0
a_;g_a_xl<m+w>+[fk+u,ﬂ2+w+w]=0

as before

[, v] = [J,u]

g (L] + ] =0

o , W u,v] =
ou ow

a—@—a—m+[u,w]—0

If, as in the previous case J =1, u = v

_ { 0 —qp ] . { w11 Wiz ]
u=2 w =
421 0 Wa1 Wa2

Equation (??) reduces to the form

, _ Ou
[Z, w] 8—931
it gives
W2 = —% 21 —%
81’1 81’1
Now

g21W11 — W22(¢21 Q21W12 + Wa1q12

[u, w] -9 [ —(@12W21 — W12G21 —(q12W22 + W11¢12 } _

—9 l %%26121 —(q12W22 + Wi1q12

21W11 — Wa2(@21  (21Wi2 + W21(G12
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Diagonal parts of equation (?7?) gives

8w11 0

— —2— =0 =2 19.32
o1, a{p@thm W11 d124921 ( )
similarly
Wy = —2(]21(]12 (1933)
Finally
2q12g21 —%
w = *1 19.34
[ —%]7211 —2¢21¢12 ( )
off-diagonal parts in (??) give equations
0¢120x2 82%2
—2 8 =0 19.35
n B2 + 3q12G21G12 ( )
0¢21 079 32Q12
2 8 =0 19.36
+ n B2 + 3G21G12G21 ( )

which are identical to equations (??). So far xy, x5 were arbitrarily complex
variables. Let us assume

=i a= (19.37)

.aChz 326112

—2i—= 8 =0 19.38
7 BT + 92 + 8G12G21412 ( )
.aqT 82qT

_22—01251 + 8:;1 +8¢41ql2¢4 = 0 (19.39)

The most important special case of system (?7?) is following. Suppose n = 1,
m = N then

b1
Q2= (1) qu=1| " (19.40)
PN
N
G12G21 = u = ZPka (19.41)
k=1
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Equations (??) read

g, Pqp
—2— 8 =0
! 8t + 8252 * Ak
Opp 0Py -
—2— 4+ —— + 8 =0
) o + Oy + Supi

Now assume that pp = aqx a = +1. Then u is real

N
u= gl
k=1

We call system (?7) generalized Manakov system.
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Lecture 20

Unchecked. 23

Let us restate where we are:

Function y satisfies the equations

Ochi
— = M7, £20.1
5y WX [1,420.1)
0
z—f —(uA+w)x=N[I,x] = l 0 ! 1 0 } block — diagonalmatr{0.2)
Y _
at A — oo
X1 X2
=14+ 422+ 20.3
X + 3 + 2 - (20.3)
qu1 q12 0  q
= =9 20.4
X {%1 (&2} N [—Q21 0 ] ( )
qu = 20" q1aga1 G2 = —207 ' qu1qua (20.5)
ox 2q12G21 412z
= 4 — 20.6
Y s [ @1z —2¢21q12 (20.6)
off-diagonal matrices q2, ¢o1 satisfy the equations
012 62%2
1 o 922 q12421412 ( )
0¢a1 52%1
2f—— 8 =0 20.8
) 9 + 92 + 8¢21912921 ( )
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assuming that n =1 m = N, we choose I of the form

1 0
-1 b1

N
u= Z qr£20.10)
k=1

Equations (?7) read

2iqkt — Qkxx — 8uqk =0 (2011)
2ipgt + Prax + Suqr =0 (20.12)
(20.13)
We assume that
Then w is real
N
u= " algl (20.15)
k=1

Now system (?77?) reduces to smaller systems
2iGkt — Qrae — Suqr, =0 (20.16)

This system has a trivial solution

qr = ape” tot (20.17)
N

uo =Y olgi)’ (20.18)
k=1

Solution (?7)-(??) is the "condensate”. Let us assume

Oékzl 1§]€§N1

N =N, + N, ar=-1 N +1<k<N,

(20.19)
Now equation (??) is a generalized Manakov system, partly focusing (1 <
k < Ny), partly defocusing. One can study stability of the condensate. By

performing the transform
G — qee” ! (20.20)
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one transforms (?7) to the form

20kt — Qaz — S(u — uo)qr =0 (20.21)
Assuming that q, = Are " we derive system (??) to the form
AR + 35 (ARe)) =0
O oy On o TR 20.22

Assuming that Ay = aj + Ay one can linearize the system (?7),(??). The
result of linearization is following system

0 02 Py,
2—0A = 20.2
50 Akt a5 =0 (20.23)
0P, 1 0?
—— —Aqou + = =50A, = 20.24
U, 00U+ 55504k 0 (20.24)
This system can be rewritten as follows
0? 0? 1 02
2—0A — (4 ———0A; | = 20.2
6t25 it oo ( qrou 28:):26 k) 0 (20.25)

Here 0u = 2 aqrdAy. By multiplication by ayq; and summation we obtain
closed equation for du

0? 0? 1 02
—0A — | 4ugdu — ——=—=du | =0 20.26
ot? k+8:c2 ( 1O Y a2 u) ( )
Assuming that du ~ ¥+ we get
1
O = —dugp® + Zp‘1 (20.27)

Condensate is stable if ug < 0 — (defocusing part is prevaling) and unstable
if ug > 0.

In the Manakov case

1 0 0O ¢ ... qn 2u 1z
-1 ;i 0 ... 0 Pz 2P
I = ) u=2 ) . w= | P —2p2qu
0 -1 —pn 0 0 ’ ]
b L Pz _2an1
(20.28)
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Let us present the solution of equation (??) in a form
X =Ud (20.29)

Here ® is a common solution of the system

0P

o TEIA=0 (20.30)
i%—(f +®IN? =0 (20.31)

® is the fundamental solution of the following system

K 1 et T T 20.32
{ % = = AV — 2p 0y ( )
oV
i = (P 2u) U+ ) () Ve (2033)
z# = =N+ (=20 + )W =29 > aWin (20.34)

=1

In the condensate case equations (??) and (??) can be easily solved. Now
Pk, @r do not depend on x. Let us denote

v=> aVin (20.35)
k=1
o From (77) we get
oV,
— =AU 42 20.36
Ox e ( )
v
i —A\v — 2u¥, (20.37)

now we study time-dependent solution. Equations (??) transform now to the
form

00y
ot

= AWy, — 220y — 2V (20.39)

= (N2 4 2u)Ty + 2V (20.38)

z.a‘l’kﬂ
ot
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i From (77) one get

i%—‘; — (A +2u)V =2 u¥; =0

Now remember that

Assuming that
\I]k—l—l — (pk+1€2mt\I]1 — (ple—mut

We can exclude time-dependance from. Indeed:
V _ %e—2iut
and equations (?7) take form:

{ et = Nay 4 22V,

Z'L’"gglvo = —A\Vy — 2ua,

systems (??) (??7) are compatible. One can put

n
z—1lambdaqt
ap = e T Vo= E k41
k=1

i From (77) we get the same k = 1 algebraic equations for £

(g—=N&+2V5 =0
(g + Vo = —2u&

i From (77) we get

C=XN=2u  q=tVIN -2

(20.40)

(20.41)

(20.42)

(20.43)

(20.44)

(20.45)

(20.46)
(20.47)

(20.48)

¢12 = £V A2 —2u are not only eigenvalues of this system. There is also
degenerate solution ¢ = —A. Now & =0 Vj = 0, & are arbitrary constants,

satisfying the condition

Z Ekap =0
k=1
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Equation (??) has n — 1 parametrized family of solutions, so eigenvalue ¢ =
—1is n — 1 time degenerated. Totally we have n + 1 linearly independent
solutions. One eigenvalue behavs at A — oo as A, all other behave like —A\.
Hence, we can construct a fundamental solution

U — MY o (20.50)

as far as ® = e —iIA\? y — 1 as A — co. This is what we need. Note that
the inverse matrix ® = W' satisfies the equations

ob -
Ex +P(IN+u)=0 (20.51)
zg—i) + ®(IN? + udw) = 0 (20.52)

and can be used for dressing. It is especially interesting to study dressing
around the condensate background.
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Lecture 21

Unchecked. Solitonic solution
of equation integrable by local
D-problems

Let us formulate the following problem from linear algebra. Let x be a M x M
complex-valued matrix. x(A) — a rational matrix-valued function on complex
plane A. Suppose that all poles of x(\) are simple and it can be decomposed
into partial fractions

YA
x=1+> —° (21.1)
n=1

A—ay,
Here a,, — some complex numbers.

Let x~! — inverse matrix. It is a rational function again. Its poles are
zeros of the rational function dety. In general case numerator of this function
is a polynomial of degree N x M. This in general position inverse function
x~! has N x M poles.

In this chapter we will study following class of rational functions

N B
=1 r w7 b 21.2
X +;A_bm an # (21.2)

Certainly it is a very special class of rational functions. First let N = 1. The
function is

A
A—a

x=1+ (21.3)
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B
L [ 21.4
X +y— (21.4)

the condition yx~! = 1 is resolved if

B 1
A<1+a_b)—0, (1+b_aA)B_0 (21.5)

Let us introduce A = (a — b)P, B = —(a — b)P. Equation () now reads

P(1—P)=0; (1-P)P=0 (21.6)

. From equation () we get P = P and P = P2, therefore P is the projective
operator and

A—a A—=b

Function y, x ! could be found in form of products of the “Blaschke factors”

_ (14D |4t (21.8)
X = ) N a .
P P, P
e Rl S I (O 21.
X (1 )\—bn)< A—bn_l) ( X — by (21.9)

This representation is of course not unique. One can put factors including

fraction ﬁ in an arbitrary order.

X:H“—_bp X—lz(l—“_bp) (21.7)

Another solution of the same problem can be constructed as follows: as
far as a,, b, all are different, function

Po= Xl Qn=x"_. (21.10)
;From the condition yx~! = 1 one get
AQ,=0 PFP,B,=0 (21.11)
;From the condition x~!'y = 1 one obtains
B,P,=0 Q,A,=0 (21.12)

of course conditions () follow from (). From (),() we conclude that all residues
A,, B, are degenerate matricies.
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Equations () () read

N N
B A
An<1+§ - ’”b ):0 <1+§ ; ma )ano (21.13)
m=1 n — Ym n=1 n — Um

These equations could be turned into linear systems. We will do this in the
simplest possible case when all matricies are rank one and can be presented
as tensor products of two vectors

Av =MD P, Bn=q,D pn (21.14)
In other words
Anaﬁ = )\napnﬁ Bnaﬁ = Qnallng (2115)

We will assume that P,,, ¢n. are known while \,, @, are unknown. Let us
denote

Vom = Y Portym (21.16)
Y

(One can equation () are equivalent)

N

Vnm,um
Pn+zan_bn =0 (21.17)
N
>\mvnm
qn+zan—bn =0 (21.18)
n=1
(21.19)
When A,,, B, are found
N
X1 =Y An (21.20)
n=1

If N + 1 equations ()() are simple. Now V' = P,q, - a number

a—>b a—>b
p=-— P A= T
SO
A=(a— b)@ (21.21)
B=—(a— b)@ (21.22)



Apparently @ = P — is the projective operator. We obtained previous

result. To find the equation imposed on P, Q we consider equations

ox B
8—931 + XA()\) = UX (21.23)
ox B
Ty TXBO) =V (21.24)

Inverse matrix satisfy the equation

— + AN ' =xTTUW) (21.25)
825‘1
-1
CO L BON = TV (21.26)
81’2
Then
5% —1 ox~! 1
A —U=~[_— A 21.2
(ax1+x )X U X( e + A(N)x (21.27)
Ix -1 _ v _ _8X_1 -1
(—8x2 + XB) X =V =yx ( 05 + B(A\)x (21.28)

Neither U, nor V' have singularities at A\ = a,, b,,. This imposes the following
equation on vectors P and q

oP, o
n+ PA=0 L — Ag=0
T e (21.29)
0Py, _ ) .
Equations are satisfied if
P, =PV, g,=."¢" =5, (21.30)

Here ®,, = ®|y—q4,, S, = ®|5—s,. The next question we would like to discuss
here is a problem of reduction. Suppose that J is a matrix with a constant
elements, satisfying the condition J? = 1 and commuting with A and B

[JJLAN)]=0 [J,B(A)]=0 (21.31)
Let kernel of local D - problem satisfy the condition

R'(MA) = —JRANJ R\ A =—JRT(AN)J (21.32)
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Now compare equation for xf(\, A) and x~1(), )

LI

o _ _ _
i) — pt T ~
! (lambda, 3) = BRI, )X (A X) 5o

;From () one gets

O\

Comparing () and () one concludes
XTI NS
If this condition is satisfied
b, =d, B,=JA,tJ
if A, =\, ® P, and B,, = ¢,, ® p,, the equation () means
G =JP, i, = A\nJ

Therefore we replace A — iA. Hence

X1

14 A2
X1
i

TS\ %I—X—
xX'(A) B
el
I\

and reduction means
il =JxJ JP=1

Remembering that

| @11 G2
u [%1 %2]

we choose

J = [ (1) R } A? = 1— — diagonalmatrixn x n

now

i i
q11 G2\ 411 991
J J p— e —
X [ Agar AgaaA } [ CII2 qu }
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(M) = =R, A)x (A, X21.33)

(21.34)

(21.35)

(21.36)

(21.37)

(21.38)

(21.39)

(21.40)

(21.41)

(21.42)

(21.43)

(21.44)



In other words

al=aql', qoh=dqb, Agu =4l ¢l =AgA, g =Ad'ql, (21.45)
and equations for g2, go1 reduce to the single equation

0q
218—;2 + Quare + 8¢12Aq]5q10 = 0 (21.46)
If A =1 this is “pure focusing” equation
If A = —11 this is “pure defocusing” equation

For general diagonal matrix A equations are “mixed”.

Let q1o = 1/2¢q and ¢ is square matrix, satisfying the equation

0q 10% -
ZE + 5@ + qu q = 0 (2147)

thise equation allows further reductions. for instance one can assume that ¢
is either symmetric or antisymmetric matrix. More generally

¢" =+lg| [L,A]=0 (21.48)

Different reductions in () make possible to construct (...) of systems of the
NLSE. For instance if

SN

E ] A=1 (21.49)

QI

i _ [ lal®+ o> ab+be
1 { ba+cb b+ |c|? (21.50)
We have the following system:
1
ia; + §axx+(|a|2+2|b|2)a+b2@= 0 (21.51)
1 _
iby + §bxx+(\a|2+ |b]2 + |¢|*)b + abc = 0 (21.52)
~ 1 2 2 2
icy + 5 Cxx + (2]0)* + [e])c+ba=0 (21.53)
(21.54)
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Further reduction a = ¢ reduces system () to two equations

1
i%+§%x+ww+ﬂwﬁa+ﬁd:0 (21.55)

1 _
i@+§@f+QMF+wﬁb+fb:O (21.56)
(21.57)

In fact this system is equivalent to the system of two independent NLSE for
1
wi:§@i@ (21.58)

Other simple system that deserves to be studied

0 a b a b ¢ a b 0
b —c 0 c b a 0 —b —a
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Lecture 22

Unchecked. Simple solitonic
solution for the generalized
Manakov System

Let
AN) =iIX B(A\) = —1)\? (22.1)
Function ® satisfies the equations
8_(1) +1®IN=0 (22.2)
or
0P
— — ®I\? =0 22.3
"ot (22:3)
d = e—i[()\x+)\2t) (224)
S — eil()\r+)\2t) (225>

In future we assume that some reduction is performed so b, = a,. Suppose
we have only one pole a; = a = £ +in, by = a. Now assume that dimension
of space is N+ 1, N =n+ m. Let

7 = (&, &1, bnnst - Gnem)
Po = (5_075_17 e 7§_n7 —5n_+1, cey —§n;m)
q= (90,91, @ Gnt1, -+ > Gntm)
P=(G0s QsG> Q15+ s —Qntm))
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G = goei(aﬁa?t)

q = gke—i(aw+a2t)

Do = &]e—i(axm?t)

Dy = gkeﬂ'(awa%) 1<k<n

po = —&et @) p 4 <k <n+4m

V= (p’ q) — |§0|26i(a—&)x+i(a2—a2)t + We—i(a—a)x+i(a2—&2)t (226)
n n+m

W= Z &kl” - Z |&k|? (22.7)
k=1 k=n+1

V' is real function
V= |§0|2e—2n(x+2§t) + We2n(x+2€t) (22.8)
Solution is regular, if W > 0! According (25.14)

—a 2
Ao OO, 2

q
v v
remeber that ¢1o = ¢q1...q,. For ¢ one sets
2in

qr = 7£O£kei(a+&)m+i(a2+ﬁ2)t (22.9)

2iﬁ§o§k62i(€r+(£2—n2)t)
N |£0|26_277(m+2§t)+We2n(w+25t)

n (22.10)

One can put & = &V,. Then & drops out of the equation. Solution is
defined by a position of eigenvalue a = £ + in and by the set of complex
parameters W;. We showed that soliton does exist only if

n n+m
W>0 Y [P > > (W)
k=1 k=n+1

The “focusing” part showed prevails over the “defocusing”. Of course this
solution could be obtained by pure elementary methods.
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