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Abstract

A system of one-dimensional equations describing media with two types of interacting waves is considered. This system can
be viewed as an alternative to the model introduced by Majda, McLaughlin and Tabak in 1997 for assessing the validity of weak
turbulence theory. The predicted Kolmogorov solutions are the same in both models. The main difference between both models
is that coherent structures such as wave collapses and quasisolitons cannot develop in the present model. As shown recentl
these coherents structures can influence the weakly turbulent regime. It is shown here that in the absence of coherent structure
weak turbulence spectra can be clearly observed numericall901 Elsevier Science B.V. All rights reserved.
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1. Introduction spectra are a useful theoretical tool for explaining var-
ious complex wave phenomena observed in nature.
_ o Only a few attempts have been made to compare
Weak turbulence theory is an efficient tool for de- predictions of weak turbulence theory with numeri-
scribing turbulence in systems dominated by resonant ¢ results. One can mention the results of Pushkarev
interactions between small-amplitude waves. One of 53nd Zakharov [2] who numerically solved the three-
the key ingredients to the theory of weak wave tur- gimensional equations for capillary water waves and
bulence is the so-called Kolmogorov spectrum [1]. gpserved a power-law spectrum close to that derived
Kolmogorov weak-turbulence spectra have been ob- by Zakharov and Filonenko [3]. Majda, McLaughlin
served in several physical systems (for example, in @ and Tabak [4] introduced a model, the so-called MMT
sea of wind-driven, weakly coupled, dispersive water mogel, for assessing numerically the validity of weak
waves). We believe that Kolmogorov weak-turbulence yrpulence theory. Since their results indicated a fail-
ure of the predictions of weak turbulence theory, more
computations have been carried out recently to get a
~* Corresponding author. better understanding of wave turbulence in the MMT
E-mail address: dias@cmla.ens-cachan.fr (F. Dias). model [5-7]. The present understanding is that co-
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ab
herent structures can strongly affec_t weak turbulence. ; %k = sapby + / Troab1asas
These coherent structures essentially are wave col- 9t

lapses and quasisolitons. Wave collapses in the form x (k1 + ko — k3 — k) dk1dko dks, (1)

of sporadic localized events represent a strongly non- whereay, by denote the Fourier components of two

linear mechanism of energy transfer towards small ynes of interacting wave fields and asterisk stands
scalgs. QuaS|sqI|tons or envelope sollton_s denote ap-¢,, complex conjugation. Like the MMT model, this
proximate solutions of the MMT model whichtend to .\ J4el is determined by the linear dispersion rela-

classical solitons in the limit of a narrowbanded spec- o (, — k|* and the interaction coefficieflogy =
trum. The presence of such quasisolitons may explain lkikoksk|P/4. Thus wx, sor and Tipx are homoge-
the deviation from weak turbulence leading to the ap- a5 functions of their arguments. The three parame-
pearance of a steeper spectrum (the so-called MMT o5 andg are real with the restriction « > 0. If
spectrum) in some cases [6,7]. Recently, Biven et al. |, o caty — 2 andg = 0, Egs. (1) correspond to cou-
[8] addressed the problem of breakdown of wave tur- pled nonlinear Schrédinger equations.

bulence by intermittent events associated with nonlin- = 1,4 system possesses two important conserved

ear coherent structures. , __ quantities, the positive definite Hamiltoni&h, which
In the present Letter we consider a model which is o split into its linear partd, and its nonlinear part

quite similar to the MMT model. However, coherent HyL

structures cannot develop. Our model takes the form '

of a system of equations describing the interactions of H = H + HnL

two types of waves. This is a fairly widespread case 2 2
which includes, for example, the interaction of elec-  — @k (lag|” + s1bx[%) dk

trons with photons or the interaction of electromag- .
netic waves with Langmuir waves [1,9]. The main con- + / T2acarbabzayd(ky + k2 — k3 — k)
clusion of this Letter is that numerical results based x dky dkodksdk,

on the present model are in agreement with the pre-
dictions of weak turbulence theory. Agreement be-
tween numerical simulations and weak turbulence the- 9 2

ory was also recently obtained by Zakharov et al. [10], N = /(|a"| + i) dk.
who examined a modified version of the MMT model

that allows for “one to three” wave interactions.

Of course, it will be necessary in the future to per-
form numerical computations on the full equations de-
scribing the physical phenomena of interest. However,
we believe that a lot of information can be obtained f; + kp = k3 + &,
from the solution of simplified models. Since the the-
ory of weak turbulence is quite general, its main state-
ments can be tested with simple models, for which nu- It is well known that wheny = 1 conditions (2) have
merical simulations can be performed more easily. ~ nontrivial solutions only it < 1. The case =1 and
a = 1/2, which mimics gravity waves in deep water,
was treated in some recent studies [4—7]. In particu-
lar, Zakharov et al. [7] showed that the MMT model
with o < 1 exhibits coherent structures which strongly
affect the weakly turbulent regime. Here accounting
for s # 1 allows the resonance conditions (2) to be
satisfied for anyx. If @ = 2, we can solve explicitly
Egs. (2) to obtain

2(k1 — sk2)
x 8(ky + kp — k3 — k) dky dkp dks, ka=ki———"—

and the total wave action (or number of particles)

Note that both individual wave acti0|fs|ak|2dk and
i |bx|2dk are conserved in the system.

Egs. (1) describe four-wave resonant interactions
satisfying

w1+ sw2 = sw3 + wy. (2)

2. Model equations and Kolmogorov spectra

We consider the system of equations proposed in

[7],

da
i a—tk = wrax + / T1o3a1bobs
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2(k1 — sko)
_ = 3

1+ ®)
Itis clear that Eqgs. (3) with = 1 give the trivial solu-
tion k3 = k2, k = k1. As a general rule, for a given
«, nontrivial families of resonant quartets obeying
Egs. (2) can be found for all values of~ 1.

k=ko+

In the framework of weak turbulence theory, we are

interested in the evolution of the two-point correlation
functions

(axa})=n{s(k — k') and (beb))=n}sk — k'),

where (-) represents ensemble averaging. Under the
assumptions of random phases and quasi-Gaussianity;
itis then possible to write a system of kinetic equations an’ —const and nz x wy -1

a b
for nj andnj as

onj
8_ =27 / | T123| U123k5(a)1 + swy — sw3 — wy)

X §(k1+ ko — k3 — k) dk1dko dks, 4)
3”2 277ba
T =27 | |T1ox| U538 (sw1 + w2 — w3 — swi)

X 8(k1+ ko — k3 — k) dk1dko dks, (5)
with
Uty = s + i — i,

The stationary power-law solutions of Eqgs. (4), (5)
can be found explicitly. To do so, let us examine
Eq. (4) only since the problem is similar for Eq. (5) by
permutingnj anan as well asw; andswy. Looking
for solutions of the formm; o wk_’/, n’,j X (swp)™Y

and applying Zakharov's conformal transformations,

the kinetic equation (4) becomes

N —y—1.g
ot k) - safy’ (6)
whereN% = n{ dk/dw and
gy = [ Siz1+ 8" = 582" — 8]
A
X 8(L+ s&3 —s&2 —&1)
« 8(1+El/a E1/ot _ %_il./oz)
X [14 (s&3)Y — (s&2)" — &] | dErdE2dEs,
(7)
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with
A={0<& <1, 0<sér <1, & +s& > 1},
S123=
and

26+3
y=3y+1- p .

o

The nondimensionalized integraﬂaﬂ in Eq. (6) re-

sults from the change of variables — wi&; (j =1,
2,3).

Thermodynamic equilibrium solutiong/ (= 0, 1)
given by

8
are obvious. In addition, there exist Kolmogorov-type
solutions § =0, 1)

nz,b o wl({72ﬁ/371+01/3)/a and

nz,h I wkf(ZB/SJrl)/a’ (9)

which correspond to a finite flux of wave actighand
energyP, respectively. We point out that Egs. (8), (9)
are also steady solutions of Eq. (5) and they are identi-
cal to those derived from the MMT model [4]. The fact
that the kinetic equation depends on the parameter
implies that the fluxes and the Kolmogorov constants
also depend on (see below). However, there is no
s-dependence on the Kolmogorov exponents because
of the property of scale invariance. As found in [7], the
criterion for appearance of the Kolmogorov spectra (9)
is

3
B >2u >
This means physically that a flux of wave action to-
wards large scales (inverse cascade with 0) and
a flux of energy towards small scales (direct cascade
with P > 0) should occur in the system. The full ex-
pressions of Eg. (9) can be obtained from dimensional
analysis yielding
13 ( 28/3-1+a/3)/a.

B < —g or (20)

ng=c1Qa

”2 _ lel/S(sw )& 28/3-1+a/3)/a (11)
and

ng = 4P 1/3 (2ﬂ/3+1)/a

”Z —02 /3(sa) ) (2/3/3+1)/a (12)
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where region is located at small wave numbers, i.e.,
914t -1/3 ab _ { 6,3 if8<k<12
= <_(;—°‘ﬂ” ) , Ji 0  otherwise
Y ly=0 Parameters of the sinks are
BV A -1/3 . o
b _ ( Msapy > 13)  eb_[16.08 ifk<k; (k; =5).
2 ay ly=1 - 0 otherwise

denote the dimensionless Kolmogorov constants. and
Thes_e can be computed directly by using integral (7) ab { 102,7x 104 if k >kt (k+ =550,
and its analogue fa¥ /2 /1. vyt = d

In the numerical computations, we will fig = ) o ] o
3/2> 1 in order to prevent the emergence of coherent USiNg this kind of selective dissipation ensures large
structures such as wave collapses and quasisolitonsS"ough inertialranges atintermediate scales where so-
revealed in [7]. Our goal is to check the validity of the 1Utions can develop under the negligible influence of
Kolmogorov spectra which are relevant in several real 9&mMPing. According to criterion (10), we focused on
wave media as already said in the introduction [1]. we £ = 2 ands = 1/10 as a typical case for testing weak

will restrict our study to solutions (12) associated with  turbulence predictions. Simulations are run from low-
the direct cascade. level initial data until a quasisteady state is reached

and then averaging is performed over a sufficiently
long time to compute the spectra. The time step, set
equal toAr = 2 x 10°°, has to resolve accurately
the fastest harmonics ~ 1/wmax of the medium or

) ] ) ) at least those from the inertial range. Time integra-
Numerical experiments were carried outto integrate tion with such a small time step leads to a compu-

Egs. (1) by use of a pseudospectral code with periodic yatgnajly time-consuming procedure despite the one-
boundary conditions. The method includes a fourth-  4imensionality of the problem. This explains why we
order Runge-Kutta scheme in combination with an cpqose, — 3/2 rather than a greater integer value (e.g.,
integrating factor technique which permits efficient , _ 2) as well ass = 1/10 rather than a value> 1.
computations over long times [4,7]. Resolution with - 5theryise the constraint ok would be more severe.
up to 2048 de-aliased modes in a domain of length 2 here isa priori no special requirement in the choice
is achieved herekfnax = 1024). To generate weakly ¢ iha value ofs, excepts # 1.
turbulent regimes, source terms of the form Figs. 1 and 2 show the temporal evolution of the
a 4 4 wave actionN and the quadratic energy over the
i<fkh>ei9k _i|:(”b>(k —k;)z—l— (v;r)(k — k;r)21| window 80< ¢ < 100. At this stage, the stationary
fi v Vi regime is clearly established since the wave action and
ar the quadratic energy fluctuate around some mean val-
(bk) (14) uesN ~ 0.5 andH, ~ 5.3. Typically, the time interval
for both the whole computation and the time averag-
were added to both right-hand sides of Egs. (1). The ing must exceed significantly the longest linear period.
first term in Eq. (14) denotes a white-noise forcing |n order to monitor the level of turbulence, we define
where 0< 6 < 27 is an uniformly distributed random  the average nonlinearityas the ratio of the nonlinear
number varying in time. The term in square brackets part to the linear part of the Hamiltonian, i.e.,
consists of a wave action sink at large scales and an
energy sink at small scales. The random feature of the ¢ — ﬂ
forcing makes it uncorrelated in time with the wave Hy
field. Consequently, it is easier to control the input en- As in [2,7], this quantity provides a relatively good
ergy with a random forcing than with a deterministic estimate of the level of nonlinearity once the system
forcing. For the results presented below, the forcing reaches the steady state. We can see in Fig. 3 that

0 otherwise

3. Numerical results
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Fig. 1.5 =1/10,a = 3/2, B = 2. Evolution of wave actiomV vs. time in the stationary state.
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Fig. 2.s = 1/10,a = 3/2, 8 = 2. Evolution of quadratic energif| vs. time in the stationary state.

the average nonlinearity fluctuates around some meanHamiltonian from the conservation df. ande, as
valuee >~ 0.14, which indicates that the condition of illustrated in Figs. 2 and 3 becauge= H| (1+ ¢).

weak nonlinearity holds in our experiments. However,  Fig. 4 displays the stationary isotropic speo{ﬁe{’

it should be emphasized thatcould not be imposed  realized in the present situation. By comparison, we
too small (by decreasing the forcing) otherwise the dif- also plotted the predicted Kolmogorov solutions given
ferent modes would not be excited enough to generatepy Eq. (12). Fow = 3/2 andg = 2, they read

an effective flux of energy. This problem is particularly

important in numerics due to the discretization which n{ = ¢§ Pul/3wk_14/9 =c5 PRk, (15)
restricts the possibilities for four-wave resonances.

Since the effects of nonlinearity are assumed to be and

small in weak turbulence, it is sufficient to consider
only the quantityH, which contains the main part of ng=c3 Phl/g(swk) W= Cngl/gs WO,

the energy. We deduce the conservation of the total s = 1/10, (16)
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Fig. 3.s =1/10,«x = 3/2, 8 = 2. Evolution of average nonlinearigyvs. time in the stationary state.
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Fig. 4.5 = 1/10, « = 3/2, p = 2. Computed spectra:{ for the lower one andzz for the upper one) and predicted Kolmogorov spectra

Capk™ 7B with €, = 4 a3

wherec§ = 0.094 andc} = 0.047 are numerically cal-
culated from Eq. (13). The mean fluxes of eneryy,
in Egs. (15) and (16) can be expressed as
Py=2 / vl (k — k) ornt dk

k>k}
and
Py=2 / Vb (k — k) 2sapn? dk,

k>k}

with kj the cutoff of ultraviolet dissipation [1,7]. Then
it is straightforward to get their value’, = 0.86 and

andcy, =} Phl/sx—l“/g (dashed lines).

P, = 0.56 from simulations. We can observe in Fig. 4
that for both wave fields the spectra are well approx-
imated by the Kolmogorov power-laws over a wide
range of scales (say 20 k < 300). Here the agree-
ment between theory and numerics is found with re-
spect to both the slope and the level of the spectra.

4. Conclusion

We have studied a simplified one-dimensional mod-
el describing media with two types of interacting
waves. The regime of parameters has been chosen such
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