ANALYSIS QUALIFYING EXAM

FALL 2018

Please show all of your work and state any basic results from analysis
which you use. GOOD LUCK!
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a) Let {a,}n>1 be a sequence of real numbers for which

lim a,
n—oo

lim —
S Z %
also exists, and show that the two limits are equal.

b) Give an example to show that there exists a sequence {by,},>1
of real numbers which does not converge and for which the limit of

averages
n
1
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exists. Prove that

does exist.

The I' function can be defined by the following integral

I‘(z):/ t* e tdt
0

where, by dt, we mean Lebesgue measure on (0, 00).
a) Show that I' is continuous for z > 0.
b) Prove that

n

r(z) = lim [ 71— Lyrar
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Let f € L'(X, u) with f > 0. Show that

/ f(@)du(a /0 ul{a s fl@) > y})dy

where, by dy, we mean Lebesgue measure on (0, 00).



(4)

FALL 2018

Let (X, M, pu) and (Y,N,v) be measure spaces. For any 1 < p <
oo and 1 < r < oo consider the space LP" of jointly measurable
functions f: X x Y — C for which

1/r

o = ( L/ If(x,y)lpdu(fv)y/pdV(y)) <o

a) Show that ||- ||, , is a norm on the collection of equivalence classes
of functions in LP" which agree a.e.
b) Show that the following analogue of the Holder inequality is true:

/ / (@, 9)9( )| du(@)dv() < [ Fllpe 19y
Y JX

whenever f € LP", g € L' and the parameters satisfy 1/p+1/p' =
land 1/r+1/r" =1.

I/

Let (X, M, p) be a measure space. Let {v,}n,>1 be a sequence of
finite measures on M with v, << p (i.e. v, is absolutely continuous
with respect to p) and

o0
Z vp(X) < o00.
n=1
Show that the mapping v : M — [0, 00) defined by setting
v(E) =) vn(E) forall E€M
n=1
defines a measure. Moreover, prove that v << u and
dv_ 5~ dn
d/L - n=1 d/L

for p-almost every x € X.

Show that for any o € R\ Z,

Yot =T
2 T o 2
= (n+a) sin(ma)
Hint: Expand the function f(z) = e~2™* in an appropriately cho-
sen orthonormal basis of L?(T).



