ANALYSIS QUALIFYING EXAM

AUGUST 2021

Please show all of your work. GOOD LUCK!
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Justify your steps. Hint: You may find using Taylor series useful.

Let f be a real valued continuously differentiable function on the real line.
Suppose that f’ is bounded, f(0) = 0, and f’(0) = 5. Find

lim n2/ f(x)e_"2$2dx.

n—oo 0

Justify all steps.

Let f € L?([a,b]) be real-valued. Show that

([ e ([ ensnce) < [ 107

Hint: One may, for example, write f(x)?cos(z) = f(z) - f(z) cos(z).

Let (X, M, p) be a finite measure space, and let f(x) be a measurable
function on X. Suppose that

mit) = pla: |f@)| > 1} = &

for ¢t > 1. Find all values of p, 1 < p < oo such that f(z) € LP(X, p).

Let {fn}5%; be an orthonormal basis of L?([0,1]). For each p > 0 and any

t € [0,1], calculate
t
| tuts)ds
0

Let f(z) = (sinz)/z. Define a measure y on R:

w(X) =m({z: f(x) € X})
for every Borel set X. Here m is the Lesbegue measure. Prove that p
is absolutely continuous with respect to m and find (du/dm)(3/7). Here
dp/dm is the Radon-Nikodym derivative. Hint. f(mw/6) = 3/m.
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