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BIFURCATION ANALYSIS OF A MATHEMATICAL MODEL FOR
MALARIA TRANSMISSION*

NAKUL CHITNIST, J. M. CUSHING#, AND J. M. HYMANS$

Abstract. We present an ordinary differential equation mathematical model for the spread of
malaria in human and mosquito populations. Susceptible humans can be infected when they are
bitten by an infectious mosquito. They then progress through the exposed, infectious, and recovered
classes, before reentering the susceptible class. Susceptible mosquitoes can become infected when
they bite infectious or recovered humans, and once infected they move through the exposed and
infectious classes. Both species follow a logistic population model, with humans having immigration
and disease-induced death. We define a reproductive number, R, for the number of secondary
cases that one infected individual will cause through the duration of the infectious period. We find
that the disease-free equilibrium is locally asymptotically stable when Rp < 1 and unstable when
Ro > 1. We prove the existence of at least one endemic equilibrium point for all Ry > 1. In the
absence of disease-induced death, we prove that the transcritical bifurcation at Rg = 1 is supercritical
(forward). Numerical simulations show that for larger values of the disease-induced death rate, a
subcritical (backward) bifurcation is possible at Rg = 1.
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1. Introduction. Malaria is an infectious disease caused by the Plasmodium
parasite and transmitted between humans through the bite of the female Anopheles
mosquito. An estimated 40% of the world’s population live in malaria endemic ar-
eas. The disease kills about 1 to 3 million people a year, 75% of whom are African
children. The incidence of malaria has been growing recently due to increasing para-
site drug-resistance and mosquito insecticide-resistance. Therefore, it is important to
understand the important parameters in the transmission of the disease and develop
effective solution strategies for its prevention and control.

Mathematical modeling of malaria began in 1911 with Ross’s model [25], and
major extensions are described in Macdonald’s 1957 book [20]. The first models were
two-dimensional with one variable representing humans and the other representing
mosquitoes. An important addition to the malaria models was the inclusion of ac-
quired immunity proposed by Dietz, Molineaux, and Thomas [11]. Further work on
acquired immunity in malaria has been conducted by Aron [2] and Bailey [5]. Ander-
son and May [1], Aron and May [3], Koella [15] and Nedelman [21] have written some
good reviews on the mathematical modeling of malaria. Some recent papers have also
included environmental effects [19], [27], and [28]; the spread of resistance to drugs
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Fic. 1.1. Susceptible humans, Sy, can be infected when they are bitten by infectious mosquitoes.
They then progress through the exposed, Ey, infectious, I, and recovered, Ry, classes, before re-
entering the susceptible class. Susceptible mosquitoes, Sy, can become infected when they bite in-
fectious or recovered humans. The infected mosquitoes then mowve through the exposed, E,, and in-
fectious, I, classes. Both species follow a logistic population model, with humans having additional
immigration and disease-induced death. Birth, death, and migration into and out of the population
are not shown in the figure.

[4] and [16]; and the evolution of immunity [17].

Recently, Ngwa and Shu [23] and Ngwa [22] proposed an ordinary differential
equation (ODE) compartmental model for the spread of malaria with a suscep-
tible-exposed-infectious-recovered-susceptible (SEIRS) pattern for humans and a
susceptible-exposed-infectious (SEI) pattern for mosquitoes. In a Ph.D. dissertation,
Chitnis [7] analyzed a similar model for malaria transmission. In this paper we extend
the Chitnis model.

The new model (Figure 1.1) divides the human population into four classes: sus-
ceptible, Sp,; exposed, E}; infectious, Ij,; and recovered (immune), R;,. People enter
the susceptible class either through birth (at a constant per capita rate) or through
immigration (at a constant rate). When an infectious mosquito bites a susceptible
human, there is some finite probability that the parasite (in the form of sporozoites)
will be passed on to the human and that the person will move to the exposed class.
The parasite then travels to the liver where it develops into its next life stage. After
a certain period of time, the parasite (in the form of merozoites) enters the blood
stream, usually signaling the clinical onset of malaria. In our model, people from the
exposed class enter the infectious class at a rate that is the reciprocal of the duration
of the latent period. After some time, the infectious humans recover and move to the
recovered class. The recovered humans have some immunity to the disease and do
not get clinically ill, but they still harbor low levels of parasite in their blood streams
and can pass the infection to mosquitoes. After some period of time, they lose their
immunity and return to the susceptible class. Humans leave the population through
a density-dependent per capita emigration and natural death rate, and through a per
capita disease-induced death rate.

We divide the mosquito population into three classes: susceptible, S,; exposed,
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E,; and infectious, I,. Female mosquitoes (we do not include male mosquitoes in
our model because only female mosquitoes bite animals for blood meals) enter the
susceptible class through birth. The parasite (in the form of gametocytes) enters the
mosquito with some probability when the mosquito bites an infectious human or a
recovered human (the probability of transmission of infection from a recovered human
is much lower than that from an infectious human), and the mosquito moves from
the susceptible to the exposed class. After some period of time, dependent on the
ambient temperature and humidity, the parasite develops into sporozoites and enters
the mosquito’s salivary glands, and the mosquito moves from the exposed class to
the infectious class. The mosquito remains infectious for life. Mosquitoes leave the
population through a per capita density-dependent natural death rate.

The extension of the Ngwa and Shu model [23] includes human immigration,
excludes direct human recovery from the infectious to the susceptible class, and gen-
eralizes the mosquito biting rate so that it applies to wider ranges of populations.
In [23], the total number of mosquito bites on humans depends only on the number
of mosquitoes, while in our model, the total number of bites depends on both the
human and mosquito population sizes. Human migration is present throughout the
world and plays a large role in the epidemiology of diseases, including malaria. In
many parts of the developing world, there is rapid urbanization as many people leave
rural areas and migrate to cities in search of employment. We include this move-
ment as a constant immigration rate into the susceptible class. We do not include
immigration of infectious humans, as we assume that most people who are sick will
not travel. We also exclude the movement of exposed humans because, given the
short time of the exposed stage, the number of exposed people is small. We make the
simplifying assumption that there is no immigration of recovered humans. We also
exclude the direct infectious-to-susceptible recovery that the model of Ngwa and Shu
[23] contains. This is a realistic simplifying assumption because most people show
some period of immunity before becoming susceptible again. As our model includes
an exponential distribution of movement from the recovered to the susceptible class,
it will include the quick return to susceptibility of some individuals. The model in
Chitnis [7] is the same as the model in this paper except for the mosquito biting rate,
which is the same as in [23].

We first describe the mathematical model including the definition of a domain
where the model is mathematically and epidemiologically well-posed. Next, we prove
the existence and stability of a disease-free equilibrium point, define the reproductive
number, and describe the existence and stability of the endemic equilibrium point(s).

2. Malaria model. The state variables (Table 2.1) and parameters (Table 2.2)
for the malaria model (Figure 1.1) satisfy the equations in (2.1). All parameters

TABLE 2.1
The state variables for the malaria model (2.1).

Sh: Number of susceptible humans

Ep: Number of exposed humans

Ip: Number of infectious humans

Rp:  Number of recovered (immune and asymptomatic, but slightly infectious) humans
Syt Number of susceptible mosquitoes

E,: Number of exposed mosquitoes

Iy: Number of infectious mosquitoes

Np:  Total human population
N,:  Total mosquito population




ANALYSIS OF A MATHEMATICAL MODEL FOR MALARIA 27

TABLE 2.2
The parameters for the malaria model (2.1) and their dimensions.

on:
Bhawt
Bon:
Bun:
vp:
Uyt
Yh:

6h:
Ph

Hin:
H2n:

Miv:
H2v:

Immigration rate of humans. Humans x Time~1!.

Per capita birth rate of humans. Time™1!.
Per capita birth rate of mosquitoes. Time~1.
Number of times one mosquito would want to bite humans per unit time, if humans were
freely available. This is a function of the mosquito’s gonotrophic cycle (the amount of
time a mosquito requires to produce eggs) and its anthropophilic rate (its preference for
human blood). Time™!.

The maximum number of mosquito bites a human can have per unit time. This is a
function of the human’s exposed surface area. Time .

Probability of transmission of infection from an infectious mosquito to a susceptible
human, given that a contact between the two occurs. Dimensionless.

Probability of transmission of infection from an infectious human to a susceptible
mosquito, given that a contact between the two occurs. Dimensionless.

Probability of transmission of infection from a recovered (asymptomatic carrier) human
to a susceptible mosquito, given that a contact between the two occurs. Dimensionless.
Per capita rate of progression of humans from the exposed state to the infectious state.
1/vy, is the average duration of the latent period. Time™1.

Per capita rate of progression of mosquitoes from the exposed state to the infectious
state. 1/vy is the average duration of the latent period. Time~!.

Per capita recovery rate for humans from the infectious state to the recovered state. 1/
is the average duration of the infectious period. Time™1.

Per capita disease-induced death rate for humans. Time 1.
Per capita rate of loss of immunity for humans. 1/pp is the average duration of the
immune period. Time™?!.

Density-independent part of the death (and emigration) rate for humans. Time™1.
Density-dependent part of the death (and emigration) rate for humans. Humans™
Time~ 1.

Density-independent part of the death rate for mosquitoes. Time™1.
Density-dependent part of the death rate for mosquitoes. Mosquitoes™! x Time~1!.

1 x

are strictly positive with the exception of the disease-induced death rate, ¢5, which
is nonnegative. The mosquito birth rate is greater than the density-independent
mosquito death rate, v, > pi1,, ensuring that we have a stable positive mosquito

population.

(2.1a) % = Ap + YNy + pp Ry — M (£)Sh — fr(Np)Sh,
(2.1b) % = M(t)Sh — vnEp — fn(Np)En,

(2.1¢) % = vnEn —yln — fo(Np)In — 6pln,

(2.1d) % =y dn — prRir — fo(Np) Ry,

(2.1e) ddst” = Ny — Xy (£) Sy — fu(Ny) S,

(2.1f) dﬁ” = A\ (t)Sy — v By — fu(Ny)Ey,

(2.1g) ddlt” = vy By — fo(No)lu,

where f1,(Ny) = p1n+pon Ny is the per capita density-dependent death and emigration
rate for humans and f,(N,) = p1, + pi2, NV, is the per capita density-dependent death
rate for mosquitoes. The total population sizes are N, = Sy + Ej + I, + Ry, and
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N, = Sy + E, + I, with

dN,

(2.2a) Tth = Ap + YNy — fo(No)Np — 0n1p,
dN,

(2.2b) g =Yy Ny — fu(Ny) Ny,

and the infection rates are

(2.3)

I,
A = bn(Np, Ny) - Bho - N

v

and A, = by(Ny, N,) - <ﬂvh Ie § - §h> .
h

We define the force of infection from mosquitoes to humans, \;, as the product of the
number of mosquito bites that one human has per unit time, by, the probability of
disease transmission from the mosquito to the human, 3., and the probability that
the mosquito is infectious, I,,/N,. We define the force of infection from humans to
mosquitoes, A, as the sum of the force of infection from infectious humans and from
recovered humans. These are defined as the number of human bites one mosquito
has per unit time, b,; the probability of disease transmission from the human to the
mosquito, G, and Byh; and the probability that the human is infectious or recovered,
I,/Ny, and Ry, /Nj,. Here, we model the total number of mosquito bites on humans as

OyOh
Jv(Nv/Nh) + Oh

oy Nyop, Np, o

2.4 b=
( ) oy Ny + o Ny,

b(Ny, N,) =

vy

so that the total number of mosquito-human contacts depends on the populations of
both species. We define by, = by (Np, N,,) = b(Np, N,))/N}p, as the number of bites per
human per unit time, and b, = b, (Np, N,,) = b(Np, N, ) /N, as the number of bites per
mosquito per unit time. In the limit that the mosquito population goes to zero or the
human population goes to infinity, the model reduces to that in Chitnis [7] and has the
same mosquito-human interaction as in Ngwa and Shu [23] and the Ross—-Macdonald
model (as described by Anderson and May [1]), where the total number of bites is
limited by the mosquito population. The number of bites per mosquito is then o,
(denoted by o, in [7]), and the number of bites per human is o, N, /Np,. We show a
summary of the model of mosquito-human interactions and its limits in Table 2.3.

TABLE 2.3
Number of mosquito bites on humans in the malaria transmission model (2.1) and its limiting
cases with population changes.

Number of bites Number of bites Total number
per human, by, per mosquito, by of bites, b
General oy Nyop, ovopNp oy Nyop Np,
model oy Ny + o Np, ouvNy + op Ny, oy Ny + o Np,
As Nj, — o0 ov Ny . ouNy
or N, —» 0 Ny,
As N, 0 opNp,
h oh onNp
or N, — oo Ny

To simplify the analysis of the malaria model (2.

1), we work with fractional

quantities instead of actual populations by scaling the population of each class by the
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total species population. We let

In R By
= -

2. = =
(2.5) eh N, N,

in
with
(2.6) Sn = spNp = (1 —ep —1tp — Th)Nh and S, = s,N, = (1 — ey — iU)NU.

Differentiating the scaling equations (2.5) and solving for the derivatives of the scaled
variables, we obtain

deh 1 |:dEh th:| and dev 1 [dEv dNU:|

2. Gh _ — |%Zh _ G0 _
(2.7) a N, | at  "at a “a

dt N,

and so on for the other variables.

This creates a new seven-dimensional system of equations with two dimensions for
the two total population variables, N; and N,, and five dimensions for the fractional
population variables with disease, ep, in, Th, €y, and i,:

deh o O-UO—}LN’L)/B}L'U/I:'U . Ah .
(2.8a) i (M (I—ep—ip—71n)— (v +0n+ N, en + Oninen,

dip, Ap\ . 9
2. — = _ o
(2.8b) g = Vnen (% + 6 + Yn + Nh) in + Oniy,
dry, . Ay )
2. - = — h
(2.8¢c) pra (ph +Yn + Nh) Th + OninTh,
dNjy, .
(2.8d) T Ap 4+ YnNp = (pan + p2nNo) Ny — 6nin Ni,
dev O'U(ThNh . ~ .
2. =\ " v v 1- v — ty) — (WMo v)€v,
( 86) dt (O'/UNU +0'hNh> (5 hth +ﬂ h"’h) ( € ! ) (V +f¢) )6
diy .
(2.8f) é = Vpey — Uyiy,
dN,
(28g) dt = /vav - (va + NZva)Nv'

The model (2.8) is epidemiologically and mathematically well-posed in the domain

ep > 0,
en iy 2> 0,
in rp >0,
Th en +ip +rp <1,
(2.9) D= N, | €R7 N, >0,
€y €y Z Oa
Ty iy > 0,
N’U 67J + i'U S ]‘7
N, >0

This domain, D, is valid epidemiologically as the fractional populations ey, iy, 11, €y,
and i,, are all nonnegative and have sums over their species type that are less than or
equal to 1. The human and mosquito populations, N, and N,,, are positive. We use the
notation f’ to denote df /dt. We denote points in D by x = (ep, in, Th, Ni, €y, iy, Ny).
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THEOREM 2.1. Assuming that the initial conditions lie in D, the system of
equations for the malaria model (2.8) has a unique solution that exists and remains
in D for all time t > 0.

Proof. The right-hand side of (2.8) is continuous with continuous partial deriva-
tives in D, so (2.8) has a unique solution. We now show that D is forward-invariant.
We can see from (2.8) that if e, = 0, then e}, > 0; if ¢;, = 0, then 4}, > 0; if r, = 0,
then rj, > 0; if e, = 0, then €], > 0; and if ¢, = 0, then ¢}, > 0. It is also true that if
en +in + 1, = 1, then e}, + 4}, +r};, < 0; and if e, + ¢, = 1, then e}, + i/, < 0. Finally,
we note that if N = 0, then Nj > 0 and if N, = 0, then N; = 0. If N}, > 0 at time
t =0, then N, > 0 for all ¢ > 0. Similarly, if NV, > 0 at time ¢t = 0, then N,, > 0 for
all £ > 0. Therefore, none of the orbits can leave D, and a unique solution exists for
all time. O

3. Disease-free equilibrium point and reproductive number.

3.1. Existence of the disease-free equilibrium point. Disease-free equi-
librium points are steady-state solutions where there is no disease. We define the
“diseased” classes as the human or mosquito populations that are either exposed,
infectious, or recovered, that is, ey, i, 71, €,, and i,,. We denote the positive orthant
in R by RZ_, and the boundary of RZ_ by GRL The positive equilibrium human and
mosquito population values, in the absence of disease, for (2.8) are

_ — 3 _
Un — pan) +/ (n — pan)? + dpaniy and N;:wu Fiv.

(
3.1 N} =
(3:-1) h 212, 2y

THEOREM 3.1. The malaria model (2.8) has exactly one equilibrium point, x4 =
(0,0,0,N7,0,0,N;), with no disease in the population (on DN IRT).

Proof. We need to show that x4 is an equilibrium point of (2.8) and that there
are no other equilibrium points on D N 8]1%1. Substituting x4, into (2.8) shows all
derivatives equal to zero, so g is an equilibrium point. We know from Lemma A.1
that on DN 8Rz_, ep =ip =71p = €y, =1, = 0. For i;, = 0, the only equilibrium point
for Ny, from (2.8d) is N}, and the only equilibrium point for N, in D from (2.8g) is
N. Thus, the only equilibrium point on D N 6R1 is wgfe. O

3.2. Reproductive number. We use the next generation operator approach
as described by Diekmann, Heesterbeek, and Metz in [10] to define the reproductive
number, Ry, as the number of secondary infections that one infectious individual
would create over the duration of the infectious period, provided that everyone else is
susceptible. We define the next generation operator, K, which provides the number of
secondary infections in humans and mosquitoes caused by one generation of infectious
humans and mosquitoes, as

_ 0 Khv
” k= (2 K,

where we use the following definitions:
Kpy: The number of humans that one mosquito infects through its infectious
lifetime, assuming all humans are susceptible.
K,n:  The number of mosquitoes that one human infects through the duration of
the infectious period, assuming all mosquitoes are susceptible.
Using the ideas of Hyman and Li [14], we define K}, and K, as products of
the probability of surviving till the infectious state, the number of contacts per unit
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time, the probability of transmission per contact, and the duration of the infectious
period:

Vy 1
3.3a Ky, = b By [ —————— ),
( ) 4 <Vv + Hiv + ,U/Q’UN':) 6h </1/1v + //LQvN;;)

Up, 1
3.3b K, = b7 - Bon
(3:3b) g (Vh+u1h+M2hN;’{> h Bon <7h+5h+u1h+M2hN;{>

+ ( Vn ) Th >
Vp + pan + pan Ny Y+ On + pan + p2n Ny

= 1
by h.( )
w P o i+ o

In (3.3a), vy/(Vy + pi1v + p2, V) is the probability that a mosquito will survive the
exposed state to become infectious;! b} = b,(Nj, N}) is the number of contacts that
one mosquito has with humans per unit time; and 1/(p1, + po,Ny) is the average
duration of the infectious lifetime of the mosquito. In (3.3b), the total number of
mosquitoes infected by one human is the sum of the new infections from the infectious
and from the recovered states of the human; vy, /(vy, + pan, + p2p N} is the probability
that a human will survive the exposed state to become infectious; vy, /(v + 6p + p1n +
porNy) is the probability that the human will then survive the infectious state to
move to the recovered state; b = by (N, N) is the number of contacts that one
human has with mosquitoes per unit time; 1/(yy + 6n + pin + pon Ny ) is the average
duration of the infectious period of a human; and 1/(py, + pap + penNy) is the average
duration of the recovered period of a human.

We define Ry as the spectral radius of the next generation operator, K, i.e.,
R% = KynKpy. Then, R% is the number of humans that one infectious human will
infect, through a generation of infections in mosquitoes, assuming that previously all
other humans and mosquitoes were susceptible.

DEFINITION 3.2. We define the reproductive number, Ry, as

(3.4) Ry =/ Kyn Kho,

where K, and Ky, are defined in (3.3).

The original definition of the reproductive number of the Ross—Macdonald model
[1] and [3], and the Ngwa and Shu model [23], is equivalent to the square of this Ry.
They ([1], [3], and [23]) use the traditional definition of the reproductive number,
which approximates the number of secondary infections in humans caused by one
infected human, while the Ry in Definition 3.2 is consistent with the definition given
by the next generation operator approach [10], which approximates the number of
secondary infections due to one infected individual (be it human or mosquito). Our
definition of Ry includes the generation of infections in mosquitoes, so is the square
root of the original definition. The threshold condition for both definitions is the
same.

3.3. Stability of the disease-free equilibrium point.

THEOREM 3.3. The disease-free equilibrium point, T4fc, is locally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

The proof of this theorem is in the appendix section A.1.

In defining periods of time and probabilities for Ry, we use the original system of equations
(2.1) and not the scaled equations (2.8). As the two models are equivalent, the reproductive number
is the same with either definition: p1p + pon Ny = ¥n + Ap /Ny and piy + p2o Ny = ¥o.
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4. Endemic equilibrium points. Endemic equilibrium points are steady-state
solutions where the disease persists in the population (all state variables are positive).
We use general bifurcation theory to prove the existence of at least one endemic
equilibrium point for all Ry > 1. We prove that the transcritical bifurcation at
Ry = 1 is supercritical (forward) when 6, = 0 (there is no disease-induced death).
However, numerical results show that the bifurcation can be subcritical (backward)
for some positive values of 9, giving rise to endemic equilibria for Ry < 1.

We first rewrite the equilibrium equations for u = (ep, €,) in (2.8) as a nonlinear
eigenvalue problem in a Banach space:

(4.1) w = G(¢u) = CLu+ h(C, ),

where u € Y C R?, with Euclidean norm || -||; ¢ € Z C R is the bifurcation parameter;
L is a compact linear map on Y; and h({,u) is O(||u]|?) uniformly on bounded ¢
intervals. We require that both Y and Z be open and bounded sets, and that Y contain
the point 0. We define Z as the open and bounded set Z = {( e R|—Mz < ( < Mz}.
This set is defined to include the characteristic values (reciprocals of eigenvalues) of
L, so there is minimum value that Mz can have, but Mz may be arbitrarily large.
We use

(4.2) ¢

OyOh
oulNF + opNJ,

for the bifurcation parameter. We also define 2 = Z x Y so that the pair (¢, u) € Q.
We denote the boundary of Q by 0f.

A corollary by Rabinowitz [24, Corollary 1.12] states that if {, € Z is a char-
acteristic value of L of odd multiplicity, then there exists a continuum of nontrivial
solution-pairs (¢, u) of (4.1) that intersects the trivial solution (that is, (¢, 0) for any
¢) at (o, 0) and either meets 92 or meets (507 0), where (o is also a characteristic value
of L of odd multiplicity. We use this corollary to show that there exists a continuum of
solution-pairs (¢,u) € € for the eigenvalue equation (4.1). To each of these solution-
pairs there corresponds an equilibrium-pair (¢, z*). We define the equilibrium-pair,
(¢,x*) € Z x R7, as the collection of a parameter value, ¢, and the corresponding
equilibrium point, z*, for that parameter value, of the malaria model (2.8).

THEOREM 4.1. The model (2.8) has a continuum of equilibrium-pairs, (¢,z*) €
Z x R7, that connects the point (&1, zage) to the hyperplane ¢ = Mz in R x R” on the
boundary of Z x R” for any My > &, where x* is in the positive orthant of R”. Here
& = 1/VAB, where A and B are defined in (A.19).

We show the proof of this theorem and related lemmas in appendix section A.2.

THEOREM 4.2. The transcritical bifurcation point at ¢ = &1 corresponds to Ry =
1. For the set of ¢ for which there exists an equilibrium-pair (¢, z*), the corresponding
set of values for Ry includes, but is not necessarily identical to, the interval 1 < Ry <
0o. Thus, there exists at least one endemic equilibrium point of the malaria model
(2.8) for all Ry > 1.

Proof. Using the definition of ¢, (4.2), some algebraic manipulations of Ry (see
(3.4)) produce

(4.3) Ry = (VAB.

Thus, Ry is linearly related to ¢, and when ¢ = &, Rg = 1. For any Ry > 1, (4.3)
defines a corresponding (. We pick an My larger than this (. Then, Theorem 4.1
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Bifurcation diagram showing endemic equilibrium
points for two values of Bh
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+
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Bifurcation Parameter: C x 107

F1G. 4.1. Bifurcation diagrams for (2.8) showing the endemic equilibrium values for the fraction
of exposed humans, ey, plotted for the parameters in Table 4.1 (except for oy and oy, which vary with
¢) and two values of the disease-induced death rate (8, = 3.454 x 10~ and &, = 3.419 x 10~°). For
the parameter values in Table 4.1, there are three equilibrium points in D: a locally asymptotically
stable disease-free equilibrium point, T4fe, on the boundary of the positive orthant of R7, and two
endemic equilibrium points inside the positive orthant. Linear stability analysis shows that the
“larger” endemic equilibrium point is locally asymptotically stable, while the “smaller” point is
unstable. Further linear analysis with an increased value of o, = 0.7000, o, = 21.00, and all other
parameters as in Table 4.1 (with Ry = 1.155) shows that x4f. is unstable, and there is one locally
asymptotically stable endemic equilibrium point.

guarantees the existence of an endemic equilibrium point for ¢, and thereby for the
corresponding value of Ry. It is possible, though not necessary, for the continuum of
equilibrium-pairs to include values of { < & (Rp < 1). d

Typically in epidemiological models, bifurcations at Ry = 1 tend to be supercrit-
ical (i.e., positive endemic equilibria exist for Ry > 1 near the bifurcation point). In
this model (2.8), in the absence of disease-induced death (6, = 0), we prove, using
the Lyapunov—Schmidt expansion as described by Cushing [9], that the bifurcation is
supercritical (forward).

THEOREM 4.3. In the absence of disease-induced death (6, = 0), the transcritical
bifurcation at Ry = 1 is supercritical (forward).

Details of this proof are in appendix section A.2.

In the general case, a subcritical (backward) bifurcation can occur for some pa-
rameter values, where near the bifurcation point, positive endemic equilibria exist for
Ry < 1. Other examples of epidemiological models with subcritical bifurcations at
Ry =1 include those described by Castillo-Chavez and Song [6], Gémez-Acevedo and
Yi [13], and van den Driessche and Watmough [26]. The model of Ngwa and Shu [23]
exhibits only a supercritical bifurcation at Ry = 1. Although we cannot prove the
existence of a subcritical bifurcation, we show through numerical examples that it is
possible for some positive values of 8. This is important because it implies that there
can be a stable endemic equilibrium even if Ry < 1.

We use the bifurcation software program AUTO [12] to create two bifurcation
diagrams around Ry = 1 (Figure 4.1) with parameter values in Table 4.1, except for
Oh, 0y, and 6. oy and o, change as ( is varied, as shown in the figure; however,
their ratio, § = op/0, = 30, remains constant. One curve has 6, as in Table 4.1,
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TABLE 4.1
The parameter values for which there exist positive endemic equilibrium points when Ry < 1:
Ro = 0.9898. The unit of time is days.

Ap = 3.285 x 102
Py = 7.666 x 107° 1y = 0.4000

Bon = 0.8333 Bhe = 2.000 x 102
Bon = 8.333 x 1072
o» = 0.6000 o, = 18.00

v, = 8.333 x 102 vy = 0.1000
~vp = 3.704 x 10~3
6, = 3.454 x 104
pn = 1.460 x 10~2
pip = 4212 x107%  pq, = 0.1429
pop = 1.000 x 1077 pgy = 2.279 x 1074

Plot of infectious human population against time
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F1G. 4.2. Solutions of the malaria model (2.1) with parameter values defined in Table 4.1 show-
ing only the number of infectious humans, Iy, for two different initial conditions. The parameters
correspond to Rg = 0.9898. Initial condition 1 is S, = 400, E; = 10, I, = 30, R, = 0, S, = 1000,
E, = 100, and I, = 50. Initial condition 2 is S, = 700, E; = 10, I;, = 30, R, = 0, S, = 1000,
E, = 100, and I, = 50. The solution for initial condition 1 approaches the locally asymptotically
stable endemic equilibrium point, while the solution for initial condition 2 approaches the locally
asymptotically stable disease-free equilibrium point.

while the other has &, = 3.419 x 10~°. The curve with &, = 3.454 x 10~* has both
unstable and stable endemic equilibrium points. There is a subcritical bifurcation
at ¢ = 7.494 x 107% (Ry = 1), and a saddle-node bifurcation at ¢ = 7.417 x 10~*
(Ro = 0.9897). Thus a locally asymptotically stable endemic equilibrium is possible
for values of Ry below 1. Further bifurcation analysis (not presented here) indicates
that as ¢ is increased to ¢ = 50 (Ry = 66719), the size of the projection of the
endemic equilibrium on the fractional infected groups increases monotonically, and the
equilibrium point remains stable. For comparison we show the bifurcation diagram
with &, = 3.419 x 10~°. Here, we see only a stable branch of endemic equilibrium
points. There is a supercritical bifurcation at ¢ = 7.209 x 104 (Ry = 1). There
are no endemic equilibrium points for Ry less than 1. As ( is increased to ¢ = 50
(Ro = 69358), the size of the projection of the endemic equilibrium on the fractional
infected groups increases monotonically, and the equilibrium point remains stable.
Figure 4.2 shows the infectious human population, for two different initial condi-
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tions, of the solutions to the unscaled equations (2.1) for parameter values in Table 4.1
with Ry < 1. One solution approaches the locally asymptotically stable endemic equi-
librium point, while the other approaches the locally asymptotically stable disease-free
equilibrium point.

The parameter values in Table 4.1 are within the bounds of a realistically feasible
range, except for the mosquito birth and death rates, 1, and p1,, which have been
increased to lower Ry below 1. More realistic values are ¥, = 0.13 and p, = 0.033,
which result in (with all other parameters as in Table 4.1) Ry = 1.6. More lists of
realistic parameter values, and their references, can be found in [7] and [8]. &, =
3.454 x 10~* corresponds to a death rate of 12.62% of infectious humans per year.

5. Summary and conclusions. We analyzed an ordinary differential equa-
tion model for the transmission of malaria, with four variables for humans and three
variables for mosquitoes. We showed that there exists a domain where the model
is epidemiologically and mathematically well-posed. We proved the existence of an
equilibrium point with no disease, x4r.. We defined a reproductive number, Ry, that
is epidemiologically accurate in that it provides the expected number of new infections
(in mosquitoes or humans) from one infectious individual (human or mosquito) over
the duration of the infectious period, given that all other members of the population
are susceptible. We showed that if Ry < 1, then the disease-free equilibrium point,
Zgfe, is locally asymptotically stable, and if Ry > 1, then x4 is unstable.

We also proved that an endemic equilibrium point exists for all Ry > 1 with
a transcritical bifurcation at Ry = 1. The analysis and the numerical simulations
showed that for 65, = 0 (no disease-induced death), and for some small positive values
of 8y, there is a supercritical transcritical bifurcation at Ry = 1 with an exchange of
stability between the disease-free equilibrium and the endemic equilibrium. For larger
values of 0y, there is a subcritical transcritical bifurcation at Ry = 1, with an exchange
of stability between the endemic equilibrium and the disease-free equilibrium; and
there is a saddle-node bifurcation at Ry = R for some Rj < 1. Thus, for some
values of Ry < 1, there exist two endemic equilibrium points, the smaller of which is
unstable, while the larger is locally asymptotically stable.

Although we cannot prove in general that the endemic equilibrium point is unique
and stable for Ry > 1, numerical results for particular parameter sets suggest that
there is a unique stable endemic equilibrium point for Ry > 1. Also, from Theorem 2.1
it follows that all orbits of the malaria model (2.8) are bounded. Thus, if there were
no stable endemic equilibria in D, then there would exist a nonequilibrium attractor
(such as a limit cycle or strange attractor), though for this model we have no evidence
for nonequilibrium attractors.

The possible existence of a subcritical bifurcation at Ry = 1 and a saddle-node
bifurcation at some Rj < 1 can have implications for public health, when the epi-
demiological parameters are close to those in Table 4.1. Simply reducing Ry to a
value below 1 is not always sufficient to eradicate the disease; it is now necessary to
reduce Ry to a value less than R to ensure that there are no endemic equilibria.
The existence of a saddle-node bifurcation also implies that in some areas with en-
demic malaria, it may be possible to significantly reduce prevalence or eradicate the
disease with small increases in control programs (a small reduction in Ry so that it
is less than R). In some areas where malaria has been eradicated it is possible for
a slight disruption, like a change in environmental or control variables or an influx
of infectious humans or mosquitoes, to cause the disease to reestablish itself in the
population with a significant increase in disease prevalence (increasing Ry above R}
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or moving the system into the basin of attraction of the stable endemic equilibrium).

As we have an explicit expression for Ry, we can analytically evaluate its sensitiv-
ity to the different parameter values. We can also numerically evaluate the sensitivity
of the endemic equilibrium to the parameter values. This allows us to determine the
relative importance of the parameters to disease transmission and prevalence. As each
malaria intervention strategy affects different parameters to different degrees, we can
thus compare different control strategies for efficiency and effectiveness in reducing
malaria mortality and morbidity. This analysis, in the limiting case of the Chitnis
model [7] shows that malaria transmission is most sensitive to the mosquito biting
rate, and prevalence is most sensitive to the mosquito biting rate and the human
recovery rate. The sensitivity analysis for the new model (2.8) is forthcoming [8].

We are extending the model to include the effects of the environment on the
spread of malaria. Some parameters, such as the mosquito birth rate and the incuba-
tion period in mosquitoes, depend on seasonal environmental factors such as rainfall,
temperature, and humidity. We can include these effects by modeling these parame-
ters as periodic functions of time. We would like to explore this periodically forced
model for features not seen in the autonomous model, including the modifications
to the definition of the reproductive number and the endemic states. This would
provide a more accurate picture of malaria transmission and prevalence than that ob-
tained from models using parameter values that are averaged over the seasons. Other
planned improvements to the model include the addition of age and spatial structure.

An ultimate goal is to validate this model by applying it to a particular malaria-
endemic region of the world to compare the predicted endemic states with the preva-
lence data.

Appendix. Lemmas and proofs of theorems.

LEMMA A.1. For all equilibrium points on DHGRZH ep =1ip =Tp = €y =1y = 0.

Proof. We need to show that for an equilibrium point in D, if any one of the
diseased classes is zero, all the rest are also equal to zero. We show, by setting the
right-hand side of (2.8) equal to 0, that if any one of ey, ip, 74, €, OF 4, is equal to 0,
then e, =i, =1, =€, =4, =0. For i}, =0, e;, =0 if and only if i), = 0.2 Similarly,
for rj, = 0, i, = 0 if and only if 7, = 0. Thus, if e;, = 0, i, = 0, or rp = 0, then
enp =1ip = rp = 0. From €} = 0, we see that if e;, = i, = r, = 0, then 4, = 0. Also,
for i, = 0, e, = 0 if and only if 4, = 0. Thus, if e, = 0 or ¢, = 0, then e, =i, = 0.
Finally, for e/, =0, if e, = i, = 0, then i, = 7, = 0. O

A.1. Proof of Theorem 3.3.
Proof. The Jacobian of the malaria model (2.8) evaluated at x4y, is of the form

Ji 0 0 0 0 Jig O
Ju Jy O 0 0 0 O
0 Jgp Jss 0O 0 0 0
(A.1) J=| 0 Jo 0 Ju 0 0 0
0 Jsz Jss O Jss 0 O
0 0 0 0 Jgs Jog O
0 0 0 0 0 0 Jo

2As the right-hand side of (2.8b) is a quadratic function of 4y, there are two possible solutions
of ip, when z’h = 0 and e, = 0. However, the nonzero solution of i; is greater than 1 and is thus
outside of D.
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As the fourth and seventh columns (corresponding to the total human and mosquito
populations) contain only the diagonal terms, these diagonal terms form two eigen-
values of the Jacobian:

(A.2a) 6 = n — piin — 202 Ny = —v/(bn — p1n)?® + dponly,
(A2b) nr = 1/% — Hiv — QMQUN': = _('(/}71 - Mlu)~

As we have assumed that v, > uq,, both ng and n; are always negative. The other
five eigenvalues are the roots of the characteristic equation of the matrix formed by
excluding the fourth and seventh rows and columns of the Jacobian (A.1):

(A.3) Asn® + A + Asn® + Ag® + A+ Ag =0
with

A =1,

Ay =DB1+ By+ B3+ By + Bs,

As = B1By + B1B3 + B1By + B1Bs + By B3 + Ba By + BaBs + B3 By
+ B3 Bs + B4Bs,

Ay = B1ByB3 + B1ByBy + B1 By Bs + B1B3By 4+ B1B3Bs + B1 B4 Bs + By B3 By
+ By B3Bs + By B4 Bs + B3 B4 B,

Ay = B1ByB3By + B\ ByB3Bs + By BoByBs + B1 B3 By Bs + By B3 B4 Bs
— B B7Bs By,

Ao = B1ByB3ByBs — (B3Bs B Bs By + BBy By B10Bi1),

and By = vy, + ¢n + Ap/Ny, Bo = v, + 6 + 90 + A /Ny, By = pp + by + Ap /Ny,
By = vy + 9y, Bs = ¥y, Bg = b, Bn, Br = v, Bs = by fun, Bo = vy, Big = Vi, and
By1 = by Byn-

To evaluate the signs of the roots of (A.3), we first use the Routh-Hurwitz cri-
terion to prove that when Ry < 1, all roots of (A.3) have negative real part. Then,
using Descartes’s rule of sign, we prove that when Ry > 1, there is one positive real
root.

The Routh-Hurwitz criterion [18, section 1.6-6(b)] for a real algebraic equation

(A.4) ant™ + ap12" -+ a1z +ag=0

states that, given a, > 0, all roots have negative real part if and only if Ty = a,,
Ty =ap-1,

. . An_1 an O Ap—1 PN 0

n—1 n

Ty = s an_s |’ T3=|an3 an2 an1 |,..., T = : :
" " (p—5 Qp—4 Qn-3 0 - ap

are all positive, with a; = 0 for ¢ < 0. This is true if and only if all a; and either all
even-numbered T} or all odd-numbered T}, are positive (the Liénard—Chipart test).
Korn and Korn [18] in section 1.6-6(c) state Descartes’s rule of sign as the number
of positive real roots of a real algebraic equation (A.4) is equal to the number, N,
of sign changes in the sequence, a,, a,_1,... ,aq, of coefficients, where the vanishing
terms are disregarded, or it is less than N, by a positive even integer.
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We show that when Ry < 1, all the coefficients, A;, of the characteristic equation
(A.3), and Ty, T, and Ty, are positive, so by the Routh—-Hurwitz criterion, all the
eigenvalues of the Jacobian (A.1) have negative real part. We then show that when
Ry > 1, there is one and only one sign change in the sequence As, Ag,..., Ag, so
by Descartes’s rule of sign there is one eigenvalue with positive real part, and the
disease-free equilibrium point is unstable.

The expression for RZ in (3.4) can be written, in terms of B;, as

B3BgB7Bg By + BgB7BgB1o D11
A5 R = .
(4.5) 0 B1ByBsB,Bs
For Ry < 1, by (A.5),
(A.6) B3 BgByBg By + B¢ By BgB19gB11 < B1B2B3B4Bs,
(A?) BgB7BsBg < B1B>;B4Bs.

As all the B; are positive, A5, A4, A3, and Ay are always positive. From (A.7) we
see that A; > 0, and from (A.6) we see that Ay > 0. Thus, for Ry < 1, all A; are
positive. We now show that the even-numbered T}, are positive for Ry < 1. For the
fifth-degree polynomial (A.3), Tp = As, which is always positive. To = A3 Ay — A3 A5,
which we can show to be a positive sum of products of B;’s, so T > 0. Lastly,

T4 = Al[A2A3A4 — (AlAi + A§A5)} — AO [Ag(A3A4 — A2A5) — (2A1A4A5 — AoAg)]
For ease of notation, we introduce

C1 = Ay A3 Ay — (A1 A] + A3 A5),
Cy = A3(A3Ay — AsAs) — (2A1 A4 A5 — AoAg)7

where we can show that C7; > 0 and Cs > 0, so that T, = A;C; — AyC5. We define
Y = Cy + BgB;ByB1oBiy.
As CSY > €y and Ag > 0, for TV = A0y — AoCY, Ty > TV Similarly, we define
A(()l) = Ao + (B3BsB7Bs By + BsB7ByB1oBh1)-

As AV > Ag and ¢V > 0, for T = A0y — AVCY, TV > 7). Finally, we
define

Agl) — Al _ (BlBQB4B5 — BGB7B8B9)‘

As APV < Ay (for Ry < 1) and C; > 0, for T(Y) = AV 0y — A eV, T/ > 1Y, We
can show that T4(3) is a sum of positive terms, so T4(3) >0. AsTy > T4(1) > T4(2) > T4(3),
T, > 0. Thus, for Ry < 1, all roots of (A.3) have negative real parts.

When Ry > 1

B3BgB7Bg By + BsB7BgB19gB11 > B1B2B3B,4Bs,

and so Ay < 0. As As, Ay, A3, and A, are positive, the sequence, As, Ay, Az, Ag, A1, Ag
has exactly one sign change. Thus, by Descartes’s rule of sign, (A.3) has one positive
real root when Ry > 1.
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Thus, the disease-free equilibrium point, x4, is locally asymptotically stable if
Ry < 1 and unstable if Ry > 1. If Ry < 1, on average each infected individual infects
fewer than one other individual, and the disease dies out. If Ry > 1, on average each
infected individual, infects more than one other individual, so we would expect the
disease to spread. The Jacobian of (2.8) at x4 has one eigenvalue equal to 0 at
Ry =1. O

A.2. Proofs of theorems and lemmas for the existence of endemic equi-
librium points. The equilibrium equations for (2.8) are shown below in (A.8). In
this analysis, we use the terms ey, ip, Th, Np, €y, iy, and N, to represent their
respective equilibrium values and not their actual values at a given time, t.

UthNvﬂhviv . .
A. — | (1 — — i — - A, /N ) =
(A.8a) (UUNv n UhNh> (1 —ep—in—1h) — (Vh + UYn + An/Np)en + Sninen =0,

(A.8Db) vnen — (Yn + On + Un + Ap/Np)ip + 6piz =0,
(A.8¢c) Ynin = (pn + ¥n + An/Nip)rn + opinrs = 0,
(A.8d) Ap + Ny — (pan + ponNp) Ny, — Opin Ny = 0,
(A.8e) (M) (Bonin + Bunrn) (1= e = i) = (v + )ey =0,
(A.8f) Vo€y — Poly = 0,
(A.8g) Yy Ny — (p10 + pr2yNy) Ny = 0.

We rewrite (A.8a) and (A.8e) in terms of the bifurcation parameter, ¢ (4.2), and a
new parameter, 6 = oy, /0,, to obtain

N* 4+ 60N/
M)Nvﬂhviv(l —ep—ip—1h) — (Vh +Yn + Ap/Np — nin)en =0,

¢ Ny + 0Ny
N, + 0Ny,

(A.92) g(

(Agb) > Np (ﬂvhih + ﬁvhrh) (1 — €y — 7;1)) - (V'U + 1/)11)611 =0.
We can vary the bifurcation parameter, ¢, while keeping all other parameters fixed. In
terms of the original variables, this corresponds to changing o and o, while keeping
the ratio between them fixed. We can pick @, the ratio between them, and sweep out
the entire parameter space.

We reduce the equilibrium equations to a two-dimensional system for e, and e,
by solving for the other variables, either explicitly as functions of the parameters,
or in terms of e, and e,. We solve (A.8g) for N,, explicitly expressing the positive
equilibrium for the total mosquito population in terms of parameters (exactly as in
the disease-free case (3.1)):

(A.10) N, = Lo
M2y

Solving for ¢, in (A.8f) in terms of e,, we find

Vy

Uy

We write the positive equilibrium for Nj, in terms of ip, from (A.8d) as

(Vn — pin — 6nin) + v/ (Un — pin — 6nin)?® + 4pan Ay
2p2n '

(A.11) iy =

€y-

(A.12) Ny =
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Using (A.12) in (A.8c¢), we solve for r, in terms of iy:

_ 29nn
20n + (Yn + pan — 6nin) + /(Yn — pan — Onin)? + dponhp

(A.lS) Th

Given the nonlinear nature of (A.8b), it is not feasible (or useful) to solve for iy
in terms of e explicitly. We therefore use (A.12) to rewrite (A.8b), and define the
function ey, = g(ip) as

Y+ 6+ 3 (Wh + pi1n = Snin) + /(n — pan — Onin)? + 4M2hAh) _

glin) = ” ih.

We note that g(0) = 0, and label the positive constant g(1) = e}***. As g(in) is a
smooth function of ¢, with ¢'(i,) > 0 for i), € [0,1] and e, € [0, €***], there exists a
smooth function i, = y(ep,) with domain [0, e]***] and range [0,1]. As ¢’(0) > 0, the
smooth function y(ep) would extend to some small e, < 0. Substituting i, = y(ep)
into (A.12) and (A.13), we can also express N, and r, as functions of ey,.

We now introduce the bounded open subset of R?,

(A.14) Y:{(Zh >6R2

for some €, > 0 and some €, > 0. By substituting (A.10), (A.11), (A.12), (A.13), and
in, = y(ep) into (A.8a) and (A.8e), we reformulate the seven equilibrium equations
(A.8) equivalently as two equations for the components (ep,e,) € Y. To place these
two equations into the Rabinowitz form (4.1), we need to determine lower order terms.
We rewrite (A.8b) as f(ep,ip) = 0, where f(en,in) =

—ep < e < eprer
—€, < e, < 1 ’

Vh€p — ihv

1 . -
Yn + On + 3 ((wh + pian — Onin) + v/ (n — pin — Snin)? + 4M2hAh)

and use implicit differentiation to write i, = y(en) as a Taylor polynomial of the form

(A.15) in = yren + O(e}),
where
of
b B v
Yy1= — Bf = 1 5 .
Din lip=en=0 Yhton+3 ((d)h + pan) + v/ (Yn — pan)? + 4u2h/\h)

Finally, we substitute the Taylor approximation for ¢;, (A.15) into 7}, (A.13) and
Np, (A.12), and then all three, along with 4, (A.11) and N,, (A.10) into the equilibrium
equations for e, (A.9a) and e, (A.9b), to provide first order approximations to the
equilibrium equations:

wo (3)=C ) ()e((2))
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where

(A.17a) fii0=—

1
vht 5 ((W + pan) + v/ (n — pn)® + 4ﬂ2hAh) ] ;

Vvﬂhv (% - :ulv)
'(/Jv:u2v ’

Vh ((1/111 = pan) + v/ (¥n — pan)? + 4Ah,u2h>
2p12n (% +6n+1 ((ﬂm + p1n) + v/ (Yn — pan)? + 4u2h/\h)>

(Al?b) fl,Ol = C !

(Al?C) f2710 = C .

’Ythh
Pr + % (Wh + pan) + \/Wh — pan)? + 4u2h/\h)
(A.17d) foor=— Wy +wy).

X 6vh+

b

To apply Corollary 1.12 of Rabinowitz [24], we algebraically manipulate (A.16)
to produce

(A.18) u=(Lu+ h({,u),

where

Vvﬁhv (wv - ,ulv)

(A.19a) A
Yy 2y (Vh + 3 ((% + pan) + v/ (Wn — p1n)? + 4u2h/\h))

)

’Yhﬁvh
pr+ 3 ((1/% + p1n) + v/ (n — pan)? + 4u2h/\h)

Uh ((¢h — pan) + (U — pan)? + 4u2h/\h)
2412k (Y + V) (% +én+1 ((1/)h + pap)+/(Yn — i) + 4H2hAh>) ,

(A.19b) B = | Bun +

X

and h(¢,u) is O(u?). The matrix, L, has two distinct eigenvalues: ++v/AB. Charac-
teristic values of a matrix are the reciprocals of its eigenvalues. We denote the two
characteristic values of L by &, = 1/v/AB and & = —1/v/AB. As both A and B are
always positive (because we have assumed that 1, > p1,), & is real and corresponds
to the dominant eigenvalue of L. The right and left eigenvectors corresponding to &;
are, respectively,

(A.20) v:({%) and w= (VB VA).

For My > &,as 0 € Y, (£,0) € Q. By Corollary 1.12 of Rabinowitz [24], we
know that there is a continuum of solution-pairs (¢, u) € €, whose closure contains
the point (&1,0), that either meets the boundary of 2, 99, or the point (£3,0). We
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denote the continuum of solution-pairs emanating from (£;,0) by %1, where € C Q,
and from (&2,0) by %2, where % C Q. We introduce the sets

(A.21a) Zy = {C € Z| Ju such that (C,u) € €1},
(A.21b) Uy = {u€ Y| 3¢ such that (¢,u) € 6},
(A.21c) Zy = {C € Z| Ju such that (¢,u) € G},
(A.21d) Uy = {u € Y| 3¢ such that (¢, u) € %} .

We denote the part of Y in the positive quadrant of R? by Y = {(ex,e,) € Y | e >
0 and e, > 0}, and the internal boundary of Y by

ep >0 enp, =0 enp =0
oYt = ( en ) ey and or and or and
Cv ey, =0 ey >0 ey =0
We can determine the initial direction of the continua of solution-pairs, 1 and
6>, using the Lyapunov—Schmidt expansion, as described by Cushing [9]. Although
we show the proofs only for the expansion of %] around the bifurcation point at { = &;
in Lemmas A.2 and A.3, the results for % around ¢ = & are similar. We begin by

expanding the terms of the nonlinear eigenvalue equation (A.18) about the bifurcation
point, (£1,0). The expanded variables are

(A22a) u=0 —+ Eu(l) + 52u(2) + . ,
(A.22b) C=&+eC+e26+-,
(A.22c) h(¢,u) = h(& +eCi +e%+ -+ ceuM) 424 4 )

=2hy(er,uV) +--- .

We substitute the expansions (A.22) into the eigenvalue equation (A.18) and evaluate
at different orders of €. Evaluating the substitution of the expansions (A.22) into the
eigenvalue equation (A.18) at O(&”) produces 0 = 0, which gives us no information.

LEMMA A.2. The initial direction of the branch of equilibrium points, u"), near
the bifurcation point, (£1,0), is equal to the right eigenvector of L corresponding to
the characteristic value, &;.

Proof. Evaluating the substitution of the expansions (A.22) into the eigenvalue
equation (A.18) at O(e!), we obtain v = & Lu. This implies that u(!) is the
right eigenvector of L corresponding to the eigenvalue 1/&1, v (A.20). Thus, close to
the bifurcation point, the equilibrium point can be approximated by e; = ev/A and
€y = eV/B. O

LEMMA A.3. The bifurcation at ¢ = & of the nonlinear eigenvalue equation
(A.18) is supercritical if (1 > 0 and subcritical if (1 < 0, where
w - hQ

(A.23) G =

w-Lv’

where v and w are the right and left eigenvectors of L corresponding to the character-
istic value &, respectively.

Proof. Evaluating the substitution of the expansions (A.22) into the eigenvalue
equation (A.18) at O(e?), we obtain u® = & Lu® + ¢ Lu® + hy, which we can
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rewrite as
(A.24) (I—&L)wu® = ¢ Lo+ hy,

where I is the 2 x 2 identity matrix. As &; is a characteristic value of L, (I — & L)
is a singular matrix. Thus, for (A.24) to have a solution, (3 Lv + hy must be in the
range of (I — & L); i.e., it must be orthogonal to the null space of the adjoint of
(I—¢&,L). The null space of the adjoint of (I—¢&; L) is spanned by the left eigenvector
of L (corresponding to the eigenvalue 1/£1), w (A.20). The Fredholm condition for
the solvability of (A.24) is w - ((4.Lv + h2) = 0. Solving for ¢; provides (A.23). If
(1 is positive, then for small positive €, u > 0 and ¢ > &, and the bifurcation is
supercritical. Similarly, if (7 is negative, then for small positive €, u > 0 and ( < &,
and the bifurcation is subcritical. 0

LEMMA A.4. For allu € Uy, ep, >0 and e, > 0.

Proof. By Lemma A.1, there are no equilibrium points on Y other than e;, =
ey, = 0,50 Uy NOYT = 0. We know from Lemma A.2 that close to the bifurcation
point (&1,0), the direction of U; is equal to v, the right eigenvector corresponding to
the characteristic value, £;. As v contains only positive terms, U is entirely contained
in Y. Thus, for all w € U;, e, > 0 and e, > 0. O

LEMMA A.5. The point u =0 € Y corresponds to xqr. € R” (on the boundary
of the positive orthant of R”). For every solution-pair ((,u) € 61, there corresponds
one equilibrium-pair (¢,z*) € Z x RY, where x* is in the positive orthant of R7.

Proof. We first show that v = 0 corresponds to zgre. As e, = e, = 0, by
Theorem 3.1 we know that the only possible equilibrium point is zg4r.. We now
show that for every ¢ € Z; there exists an x* in the positive orthant of R” for the
corresponding v € U;. By Lemma A.4, we know that e, > 0 and e, > 0. We now
need to show that for every positive e, and e, there exist corresponding positive i,
Th, 1y, Np, and N,. By looking at the equilibrium equation for ¢, (A.11), we see that
for every positive e, there exists a positive i,,. The equilibrium equation for N, has
a positive and bounded solution, depending only on parameter values (A.10). From
i, = y(ep), we see that for every positive ey there exists a positive ij,. The equilibrium
equations for r;, (A.13) and Nj, (A.12) show that for every positive i; there exists a
positive r, and Nj,. |

LEMMA A.6. The set Uy does not meet the boundary of Y.

Proof. As Lemma A.4 shows us that for all u € Uy, e, > 0 and e, > 0, we need
to show that e, < €}'** and e, < 1. By Lemma A.5, we know that all state variables
are positive. Therefore, for (A.8e) to have a solution, e, + i, < 1 so e, < 1. From
the properties of e, = g(i), we know that as ij, increases, e, increases monotonically,
reaching €;'** at i, = 1. However, we have already shown that when ej, +i, +7, = 1,
e, + 1, +r, < 0, and thus there can be no equilibrium point at ej + i, + rp, = 1.
Therefore, iy, is always less than 1, and ey, is always less than e}'**. ]

Proof of Theorem 4.1. As shown in Lemma A.4, Uy NOY T = 0 and U is entirely
contained in Y. We can similarly show that Us is entirely outside of Y+ because the
right eigenvector corresponding to &3 is ( —v/A B )T. Therefore, ) and %, do
not intersect, and by Corollary 1.12 of Rabinowitz [24], 4 meets 092. By Lemma A.6,
the set Uy does not meet the boundary of Y, so % meets 92 only at ( = M.

By Lemma A.5, for every u € Uy, there corresponds an z* in the positive orthant
of R7, and u = 0 corresponds to zgf. (on the boundary of the positive orthant of R7).
Thus, there exists a continuum of equilibrium-pairs (¢,z*) € Z x R” that connects
the point (£, z4fe) to the hyperplane ¢ = Mz in R x R”. 0
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Proof of Theorem 4.3. When 6, = 0, we can explicitly evaluate h(¢,u) in the
nonlinear eigenvalue equation (A.18) from the equilibrium equations (A.8) as

Cis, —orene
A.25 h = (6n=0)"h “)
(4.25) ¢ (D(éh—o)ehev

since the coefficients of all the other higher order terms are zero. Although we do
not show the explicit representations for C(s, —g) and D(s, —g), they are both negative.
From (A.25) and (A.22) we can evaluate the second order expansion

Cis,-0)VAVB Crs,—
A.26 ho = (6n=0) ) _ ( (6,=0) ) .
( ) 2 51 (D(éh_o)\/ﬁ\/g D(§h:0)

As hsy contains only negative terms and w, v, and L contain only nonnegative terms,
(A.23) implies that {; is positive. Thus, by Lemma A.3, with no disease-induced
death, for any positive values of the other parameters there is a supercritical bifurca-
tion at Ry = 1. a0
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