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We consider the linear system of integral equations

9 o) = 9+ [, A, s) ds

and its perturbation

®) u(t) = ¢(0) + [\ A, syuis) ds + [ plt, 5, u(s)) ds

for t > a, where, following Strauss in [1], we assume that A(z, s) is an nxn
matrix which, for some fixed tg, is defined for > s = ¢, and satisfies

lim [" |A(T+h, $)— A(T, s)| ds = 0
r>0v e

(H1) sup ['14(t, 9] ds < + oo

ast=<T

lim :+h |A(t+h, 5)| ds = O uniformly fora <t < T
h=0

for all T > a > t,. The matrix A(z, 5) is assumed to be locally in L' in (¢, 5)
fort > 5 > t,. Here u, v and ¢ are continuous (but not necessarily differentiable)
n-vector-valued functions. The perturbation term p(#, s, £&(s)) is, for each
t> s > t, a functional defined for all £eS(b) = {£eC° [t,, +0): €] =
max,, ,, |€(?)| < b} for some b > 0 which is sufficiently smooth so that solutions
of (P) exist locally and are extendable. (For example, p might be continuous for
t =5 =ty and all £S(b) {2].) Also p(t, s, 0) = 0 for all ¢ = 5 = ¢,. Hypo-
thesis (H1) is satisfied for example if A(#, s) is continuous.

If (H1) holds, then for each ¢(¢), continuous for ¢ > ¢, the linear system (L)
has a unique solution existing for all > a (see [2]). Also the existence and
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uniqueness for all # > 5 > ¢, of the (continuous) fundamental matrix U(t, s) as
a solution of the matrix system

(L) U, s) = I + j LA DU dr, 125> 1,

is assured. ({ is the n x n identity matrix.) We will also have occasion to assume
that

(L) has a resolvent R(z, s) which is locally in L! in (¢, s) for
t= s>t

(H2) {
This resolvent satisfies the matrix system
(R) R(t, ) = —A(t, 5) + f LA PRG, dr, 252 1
The solution of (L) has the representations

t
(W) or) = U aola) + [ UG, s)9'(s) ds

@ ot) = ot) = [ R(t, 9)pls) ds

for ¢t = a. Of course the derivative ¢’(f) must exist for the representation (1).
These formulas imply that the solution of the linear nonhomogeneous system

(NH) u() = ot) + [ [4Gt, syu(s)+p(t, 5)] ds

is given by

(VC) u(t) = v(f) + f u(t, s)dis f p(s, ) dr ds

or

(RU) u(t) = o(t) + f " plt, 5) ds - f ) j " pls, ) dr ds

for t > a. The formula (VC) is a direct generalization of the variation of
constants formula for differential equations and may be proved by direct
verification. In the case p(t, 5) = A(t, 5)g(s), it can easily be seen from (2) that
(RU) can be rewritten as

(RU)’ u) = o(t) = [ R, g(r) .
By integration (P) includes integro-differential equations of the form
u'(t) = Py + ADQu+f(t, u) + f : [B(z, s)u(s) +g(t, 5, u(s))] ds.

In this case p(t, s, £) = p(s, &) = f(s, O+5 gls, r, &) dr.

Our purpose is to prove stability results for (L) and for (P) for certain types
of perturbations p. The allowable perturbation terms here are motivated by
and are generalizations of certain types which appear often in the theory of
ordinary differential equations. The results in Theorems 1 and 2 below are
generalizations of certain theorems for systems of differential equations (see
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Remark 1) and are proved using (VC). This approach has been taken for integro-
differential equations under *‘higher order” type perturbations (see for example
[3}-[5D; here we consider a broader class of perturbations. The assumptions in
these theorems are somewhat restrictive for the important class of integral
equations of convolution type, although they can be applied in this case as is
shown in the Example given below. For this reason we also offer Theorems 3
and 4 below which are proved in a manner very similar to Theorems 1 and 2
except that (RU)’ is used in place of (VC). On the basis of Theorem 1 two
conjectures of R. K. Miller [3] can be proved. Theorems 3 and 4 represent
generalizations of several results in the literature (see Remark 1). For other
related literature see [6]-[19].

In the theory of differential equations (i.e., the case when A4 and p are
independent of f) types of perturbations often considered are of the form
|p(t, s, 2)| = |p(s, 2)| < wls) |z| for |z] < b, where w(f) is a function which
satisfies w(f) >0 as 1 — + o0 or {§° w df < + 0 or w(f) = const. Roughly
speaking, we wish to extend these results for differential equations to the
system (P). That such an extension presents perhaps unexpected difficulties
because of the variable ¢ in p is illustrated by several counterexamples in Remark
2 below.

Our approach and arguments lead us to make the following assumption on
the perturbation term p. Let |-| denote any n-vector norm.

§£ p(t, 5, &(s)) ds is continuously differentiable for 7 > a, for all
a > ty and all £ e S(b), and satisfies

d t
2], v s s
d .

for all ¢+ > a and ¢ € S(b) where s(¢; a) (t) = max, .., |£(s)] and
w(t) = p+9(t)+y(t). Here p = const. >0 and %, y are non-
negative functions bounded on finite intervals which satisfy

< () 5(¢; a) (O

(H3)

+
\ 7(t) ~0ast— + oo and y*=ft0°°ydt< + o0,

We will also have occasion to assume

p(t, s, &) = p,(t, 5, £)+p,(s, £), where p, satisfies (H3) with p = 0
(H3) (and p, is continuous and satisfies the inequality |p,(s, z)| < p |7
for all s > ¢, and for all z € R" such that |z| < b.

Note that if p satisfies (H3)’, then p satisfies (H3).
We make the following definitions for the general system of Volterra
equations

\)) ) = o) + [ K, s, ue)ds, t=azt,

where for each ¢ > s > ¢, the kernel K(t, s, £(s)) is a functional on S(b) satis-
fying K(t, 5, 0) = 0.
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Definitions. Let N be a normed space of vector-valued functions defined
for ¢ > t, with norm |- |y. The zero solution u(f) = 0 corresponding to ¢(f) = 0
is called

(1) stable on N for a given a > t, if for each ¢ > 0 there exists a § = 8(e, a)
> 0 such that |p|y < 8, ¢ € N, implies that each solution u(¢) of (V) exists and
satisfies |(f)] < e for all 7 > q;

(2) stable on N if it is stable on N for every a > t;;

(3) uniformly stable on N if it is stable on N and 3 is independent of @ > t,;

(4) asymptotically stable on N for a given a > t, if it is stable on N for this
a > t, and if there exists a & = 8(a) > 0 such that to each ¢ > 0 there corre-
sponds a T = T(e, ¢) = a for which |u(t)] < eforallz > Tand |p|y < §;

(5) asymptotically stable on N if it is asymptotically stable on N for every
a > ty;

(6) asymptotically stable on N uniformly in a > t, if it is asymptotically
stable on N and 8 in (4) can be chosen independently of @ > ¢,;

(7) equi-asymptotically stable on N for a given a > t, if T in (4) is indepen-
dent of pe N, |ply < 8;

(8) equi-asymptotically stable on N if it is equi-asymptotically stable on &
for every a = 1,.

We point out that the space N, or more precisely the norm |- |y, may depend
on a > t,. Also, for linear systems (L) it is clear that in the definition of
asymptotic stability on N the constant 8(a) can be taken to be + o (i.e.,
asymptotically stable linear systems are globally asymptotically stable) and
consequently the asymptotic stability of linear systems is automatically uniform
ina > t,

These definitions are equivalent to those made for ordinary differential
equations in the case that X and ¢ are independent of the variable 7. Unlike the
case of differential equations, however, there is a distinction between stability
of (V) for a given a > ¢, and stability for all a > ¢, and a distinction between
asymptotic stability and equi-asymptotic stability on N. (We would like to
thank R. DeFranco for his helpful suggestions relating to the latter distinction.)
Examples will be given below (after the proof of Lemma 2).

When we speak simply of the stability of (V) we mean the stability of the
zero solution corresponding to ¢ = 0.

As is shown by familiar results and examples for differential equations [21],
we cannot in general expect a stability property of (L) to hold for (P) under
the assumption (H3) without at least the assumption of uniform stability on
R, = {¢ = const. € R*}. Further, in the case of differential equations one in
fact needs stronger assumptions about (L); for example, uniform asymptotic
or exponential stability (unless p = 0, n = 0). Referring to Lemma 1 below
and Remark ! we see then that we are justified in assuming that (L) is at least
uniformly stable on R, and also stable on C(a) = {¢(?): g€ C't,y, + o0),
lpl; = |p(@)|+]|9'lo < + o} in order to assert the preservation of stability on
an arbitrary space N from (L) to (P). Specifically, we will prove

THEOREM 1. Assume (H1) and (H3). Assume (i) (L) is uniformly stable on
R, and (ii) (L) is stable on C,(a) for some a = ay = to. There exists a constant
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po > 0 such that if p < py (p as in (H3)), then the following conclusions hold.
(a) If (L) is stable on some normed space N for this ay > t,, then (P) is stable
on N for this ay > to. (b) If (ii) holds for a = t,, then (P) is uniformly stable
on a normed space N when (L) is uniformly stable on N.

Suppose in addition that (L) is asymptotically stable on R, for all a > a, and
that (H3)' holds. (¢} If (L) is asymptotically stable on a normed space N for ay,
then (P) is asymptotically stable on N for this a,. (d) Suppose (L) is asymptotically
stable on R, for all a > t, and that (ii) holds for a = t,. If (L) is uniformly stable
on a normed space N and asymptotically stable on N uniformly in a > t,, then so
is (P).

THEOREM 2. (a) Assume that hypothesis (i) is dropped from those of
Theorem 1 and that y = 0 in (H3) and (H3)'. Then the conclusions of Theorem 1
hold. (b) Assume that hypothesis (ii) is dropped from those of Theorem 1 and
that p = 4(t) = 0 in (H3). Then the conclusions of Theorem I hold.

Theorem 2(b) is stated and proved in [6] and is given here only for com-
pleteness and comparison purposes. Well-known examples for differential equa-
tions [21] show that Theorem 1 is false if (i) or (ii) is dropped or if (i) is replaced
by the assumption of stability on R, for every a > 1,.

Example. Consider the following problem as posed by Miller in [4]:

w'(t) = Au + j | Bt—s)u(s) ds+h(t,i), tza
u(®) = (1), 0<st<a

Here A(?, u) = o(ju|) uniformly in ¢ > O near u = 0. Following Miller we
assume the linearized system (2 = 0) is uniformly asymptotically stable as
defined by Miller in [4] and that B e L[0, + o0). This implies that the funda-
mental matrix U(f) —0 as t — + o0 and U e L'[0, + o) (Theorem 4, [4]). An
immediate application of the main perturbation result in [4] is that for | f], =
SUPo<i<a | ()| < 8(e, @) the solution u satisfies |ulo < ¢ and |u] >0 as
t — + oo, Miller conjectures (for & = u?) but does not prove that 8 can be
chosen independently of a > 0. We can confirm this conjecture by using
Theorem 1. Integrating the integro-differential equation, we find

) = olf) + f ' [A + [ ' Br—s) dr] u(s) ds + j " Ks, uls)) ds,

where (f) = f(a)+ [ {% B(s—r)f(r) dr ds. First we note that the above assump-
tions on the linearized system imply that it is uniformly stable on both R, and
C(a) (since U is bounded and in L'[0, + o) respectively) and asymptotically
stable on R, (since U — 0) for every a > 0. Further, p = h(s, u(s)) = o(ju|)
uniformly in s > 0 is easily seen to satisfy (H3)" with p, = 0 and p < p, if
b > 0 is taken small. Thus, all the conclusions of Theorem 1 hold. Consider
the space N(a) = {p e Cy(a): |¢'(f)] — 0}. Since N(a) is a subspace of C,(a),
it follows that the linearized and, hence the perturbed system, are uniformly
stable on N(a). This means there exists a 8; = 8,(¢} > 0, independent of a > 0,
such that |o|; < 8, implies |u|, < = Now p(a) = f(a) and ¢'() = {3 B(t—r)f(r)
dr. Note that Be L'[0, +co) implies [§ |[B(t—r)| dr = [i_, |B(r)| dr =0 as
t — + oo for every a > 0. Hence, l¢'(#)| < §§ |B(t—r)| dr | f|, — 0 and it follows
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that ¢ € N(a) for every a > 0. Moreover, |¢|; < (1+B8%) |f]|,, B* = |5 * |B] dr.
Thus, if |f]|, < 8 = 8,/(1+B*), then |u|o < e. Here 8 is independent of
a > 0. To complete the proof of Miller’s conjecture we use part (d) of Theorem
1. First we need to note that (L) is asymptotically stable on N(a) uniformly in
a > 0 since it is linear. Hence, (P) is asymptotically stable on N{g) uniformly
in a > 0, which is to say that there exists a constant 8, > 0, independent of
a > 0, such that |p|, < 8, implies |u| -0 as t — +oo. Thus, |f], < 8% =
8,/(1+ B*) implies |u| — 0. To sum up: if |f], < 8* = min (8%(¢), 8%), then
lulg < € and |u| -0 as t — + o0; here 8* is independent of a > 0, as con-
jectured by Miller.

In order to present our second set of results, consider the hypothesis:

p(t, 5, £) = A(t, s)q(s, £), where, for each s > 1, g(s, z) is a real-
(H4) { valued function for s > 7, and zeR", |z| < b, which satisfies
|g(s, z)] < w(s) |z], where w(s) is as in (H3).

In this case our analysis will utilize (RU)" and hence will require corresponding
information about R in place of U; that is, we need different stability assump-
tions on (L) from (i) and (ii) in Theorem 1. Let LC = {p & C"[t,, + 0): |g|, =
f® |l ds < +o0} and Co = {p e C[tg, +0): |plo < +0}.

THEOREM 3. Assume (H2) and (H4). Assume that (i) (L) is uniformly
stable on LC and (ii) (L) is stable on C, for some a = a, > t,. There exists a
constant p, > 0 such that if p < pg (p as in (H4)) then the following conclusions
hold. (a) If (L) is stable on some space N for a = ay, then (P) is stable on N for
a = ag. (b) If (i) holds for all a = t, and (L) is uniformly stable on some space
N, then (P) is uniformly stable on N. (c) Suppose (L) is equi-asymptotically stable
on LC, for a = ay. If (L) is asymptotically stable on a normed space N for a = ay,
then (P) is asymptotically stable on N for a = a,. (d) Suppose (L) is equi-
asymptotically stable on LC, for every a = t, and (i) holds for a = t,. If (L) is
asymptotically stable on a space N uniformly in a > t, and uniformly stable on N,
then so is (P).

Finally, we have

THEOREM 4. (a) Suppose that hypothesis (i) is dropped in Theorem 3 and
that y = 0 in (H4). Then the conclusions of Theorem 3 remain valid. (b) Suppose
that hypothesis (ii) is dropped in Theorem 3 and that p = »(t) = 0 in (H4). Then
the conclusions of Theorem 3 remain valid.

Before proving these theorems we need some of the results in the following
lemmas concerning the connection between stability of (L) on certain spaces
and U or R. Define L to be the space of ¢ measurable in s e [1,, f] for all ¢ = ¢,
for which |p|, < + 03 LC, to be those ¢ € C%t,, + o) for which ||, = |@|o+
lplr < +o0; and LC, to be the subspace of LC consisting of those ¢ satisfying
|@(8)] =0 as ¢ — + oo,

LEMMA 1. Assume (HI). (a) (L) is stable on R, or respectively C,(a) for a
given a > ty if and only if there exists a constant M (a) > 0 such that |U(t, a)|
< M(a) for all t = a or respectively |U(t, a)] < M(a) for t = a and in addition
Sup,», {4 (U, 8)| ds < M(a); (b) (L) is uniformly stable on R, or respectively
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C,(a) if and only if M is independent of a > t, in (a); (¢) (L) is equi-asymptotically
stable on R, for a given a > t, if and only if |U(t, a)] - 0 as t - + o.

We note that asymptotic stability on R, of (L) implies its equi-asymptotic
stability on R, (the converse is obvious) since the ball |¢| < 8, ¢ € R,, is compact
and T(p, €) is continuous in ¢ (by continuity with respect to data).

Proof. For the space R, the solution of (L) is given by u(t) = U(t, a)e,
@ € R,. It is clear from the definitions that the stability of (L) on R, for a given
a >ty is equivalent to the uniform boundedness in ¢ > a of the operator
U(t, a) on R, and that uniform stability on R, is equivalent to the uniform
boundedness of this operator in ¢ and a for ¢ > a > #,. This proves (a) and (b)
for the space R,. Further, it is clear that if |U(z, @)l — 0 as ¢ —> + oo then
|o(@)] = |U(t, a)p| — 0 as ¢ — + oo for all p e R,. Conversely, suppose (L) is
equi-asymptotically stable on R, for an a > ¢, so that |p| < 8 = 8a), pc R,
implies that for any € > O there exists a T = T'(c) > a such that |U(t, a)dp| < €
for ¢t > T and for all g€ R,, |p| = 1. Thus |U(t, a)| = sup4;=1 (U, a)p| <
€87 Y(a) for t > T(e); that is, |U(¢, a)| — 0 as t — + co. This proves the lemma
for R,.

Now consider the space C,(a). For ¢ e C,(@) the solution v(f) of (L) is
given by (1). If the conditions of (a) are satisfied, then clearly |v(t)] < M(a)p|,
and (L) is stable on C,(a); and if M is independent of @ > t,, then (L) is uni-
formly stable on C;(a). Conversely, suppose (L) is stable on C,(a) forana > ¢,.
Then a priori (L) is stable on R, and, hence, |U(¢, a)] < M,(a) for some
constant M,(2) > 0 and all ¢ > a. Furthermore, we have then that |j,‘, uq,
8)e'(s) ds| < €, t > a, for all e Cy(a), ||, < 8. It follows from a result stated
in [2, p. 261] that sup,., |% |U(t, s)| ds < M,(a) < + co. This proves (a) for the
space C,(a) with M(a) = max { M(a), M,(a)}. If (L) is uniformly stable on
C,(a), then M, is independent of a > ¢, and hence M is independent of a > ¢,.

The following results dealing with the resolvent will be useful below.

LEMMA 2. Assume (HI), (H2), and (H3). (a) (L) is stable on C, for a given
a > ty if and only if there exists a constant M(a) > O such that sup,, !
|R(, $)| ds < M(a); (b) (L) is uniformly stable on C, if and only if it is stable
for all a > t, with M independent of a > t, in part (a); (¢) if (L) is stable on LC
Sfor some a > t, then there exists a constant M(a) > 0 such that ess sup,. ..,
|R(¢, )| < M(a); (d) if (L) is uniformly stable on LC then M is independent of
a > tyin (c); (e) if ess SUPys g | R, 5)| < M(a) for some constants M(a) > 0
and a = 1, then (L) is stable on LC, for this a > ty; (f) if M is independent of
a >ty in (e) then (L) is uniformly stable on LC, ; (g) (L) is equi-asymptotically
stable on LC,, for a given a > t, if and only if lim,_, , ., €8S suUps(, o |R(2, 5)| = 0.

Proof. (a) The solution of (L) for ¢ € Cy is given by (2). Clearly the assumed
bound on R implies |v(f)] < (1+M(a)) |¢l, and consequently the stability of
(L) for this a > ¢,. Conversely, if (L) is stable on C, for a > t,, then
|f2 R(t, 5)p(s) ds| < e for |plo < 8(a, €) for each ¢ > 0 and some &g, €) > 0.
As before, a theorem stated in Miller [2, p. 61] implies the existence of the
desired constant M(a) > 0.

(b) The proof is as in (a) where M is independent of a > ¢, (since § is
independent of @ > ;).
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(c) The unique solution of (L) is again given by (2). We first consider the
scalar case n = 1. If (L) is stable on LC then for each ¢ > a, v(¢) is a continuous
linear functional on LC for each ¢ > a, Moreover, since |v], < + oo (for |¢|;
small) this family of linear functionals indexed by ¢ > a is uniformly continuous.
Also the linear functional defined on LC by ¢(¢) for fixed ¢ > a is continuous
for almost all ¢ > a and again, by the uniform boundedness principle and the
fact that ||o < .4 oo, this family of functionals is uniformly continuous. Thus,
from (2) we see that the family of linear functionals on LC defined by Fp =
{% R(, s)p(s) ds is uniformly continuous for almost all # > 4. By the Hahn-
Banach Theorem, each linear functional F, can be extended (with the same
norm) to the space L and, hence, for ¢ > a we have a family of uniformly
continuous linear functionals F¥, ¢t > q, defined on L. For each ¢ > a the
Riesz representation theorem tells us that Fye = [} R*(, s)e(s) ds, where,
because LC is dense in L, we have that R*(#, s) = R(t, s) almost everywhere for
t 2 s > a. Theorem 5 ([22], p. 289) implies that |F§| = ess sup,s ., |R(Z, 5)| for
each ¢ > a. But the family F} is uniformly continuous and hence |F*| < M(a)
for some constant M(a) > 0. This proves (c) in the scalar case n = 1.

For the nonscalar case we proceed as follows: take |-| to be the vector
norm |x| = max |x;| and the matrix norm |M| to be |M| = max;; |m|. This
is no loss in generality by the equivalence of all vector norms on R, and matrix
norms on 7 X rn matrices. Then v(s) € L if and only if v(s) € L for each i. Suppose
€8S SUP,»s», |R(2, 5)| is not finite. Then R(¢, s) must have a component r,,(z, 5)
for which ess sup,, s 4 [Fum(2, 5)| is not finite. If we define the extended functional
on L by (% R,(t, )p(s) ds, where Ry,(t, s) = (r;(t, 5)) with r,(z,5) = 0 for
(G j) # (k, m) and ¢ > 5 > a, then by the above scalar result this family of
linear functionals defined on L is not uniformly bounded in ¢ > a. Consequently
there exist a sequence of unit elements ¢, € L and a sequence #; — + c0 such
that |[i Ry,(t;, $)pi(s) ds| — + o0 as i — + co. Thus, [’ R(t,, s)p,(s) ds, which has
f& Ryml;, $)pi(s) ds as a component, must be unbounded as i —> + co. This
proves (c) in the general case.

(d) If (L) is uniformly stable on LC, then the above argument may be
repeated, and hence M (a) is independent of a > ¢,.

(e)—(f) For ¢ € LC, the solution v(¢) of (L) is given again by (2). If R(z, s) is
essentially bounded by M (a) for ¢ > s > a, then we have the obvious estimate
[vlo < (14+M(2)) |p|, from which follows the stability (and uniform stability if
M is independent of a > #;) of (LY on LC,.

(g) Let F, be the linear functional considered in part (a) restricted to LC,
and F¥ be the extension of F¥ from LC, to L. If (L) is asymptotically stable on
LC, then arguing as in (c) we can show that |F¥| = ess sup;5 ., |R(, 5)] =0
as t — + oo, (Here we use the fact that LC, is dense in L.) The converse is
obviously true from (2).

At this point we can give an example which illustrates the distinction
between the stability of (L) for a given a > ¢, and stability for all a > t,. We
take 7, = 0 and the kernel A(z, 5) to be the solution of (R) with R(z, 5s) = ¢—2s.
For this system we have U(¢, s) = ts—s*+1 which is bounded in ¢ for s = 0
but unbounded in ¢ for s # 0. Thus, (L) in this case is stable on R, for a = 0 but
unstable for @ # 0.
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We also can give an example of a system (L) which is asymptotically stable
at a = 0 but not equi-asymptotically stable at ¢ = 0 on the space N = {¢p € C,:
lp(t)] -0 as t — + oo with norm |p|, < +o0}. With n =1 and @ = 0 we
set A(#, s) = —1in (L), in which case R(t, s) = exp (s—¢). By Lemma 2(e) this
system is stable on LC ., for @ = 0 and hence on the subspace N. From (2) it is
easy to show that |v(f)] — 0 as # — + oo for all ¢ € N, and consequently (L) is
asymptotically stable on N for a = 0. However, (L) is not equi-asymptotically
stable on N for a = 0. This can be shown by consideration of the sequence
@; € N defined by

0; O0<t<i-1

1—i+l; i-1<t<i

?ill) = 1; i<t<it+l
—t+i+1; t>i+1

for which |g;|. = 3 for all i. That (L) is not equi-asymptotically stable on N
follows from the fact that v(i+1) = e"'~e™2? = const. for all i, where v,(¢)
is the solution of (L) corresponding to ¢; given by (2).

Finally, before proving our theorems we make some observations.

Remark 1. In the case that (L) reduces to a differential system (i.e., 4 is
independent of ¢), uniform stability (and not asymptotic stability) on C,(a) is
equivalent to uniform asymptotic (or exponential) stability as defined for
differential equations. This can be seen from Lemma 1 in the case U(z, 5) =
Y(2)Y ~'(s), where Y(f) is a fundamental solution matrix of the homogeneous
system and from theorems in [23, p. 85] and [24, p. 290). Thus, in this case,
Theorem 1 (or Theorem 2(a)) with = y = 0 reduces to a well-known perturba-
tion result for differential systems (see [21, p. 68] and [25]). Also Theorem 1
with p = 0,y # 0 yields a result of Strauss and Yorke [26]. Theorem 2(b) yields
another well-known perturbation result (see [21], [27]). An important fact from
the theory of differential equations is that for perturbations of higher order the
hypothesis of uniform asymptotic stability cannot be weakened to that of either
asymptotic stability or uniform stability (for examples, see [21], [27]). This
points out the importance of stability on C,(a) in Theorem 1. The assumption
of stability on C(a) for a fixed @ > ¢, also appears in perturbation theory for
differential equations [24].

Also, if y = n = 0 in Theorem 4(a) we obtain a result due to Strauss [1],
which is itself a generalization of a result of Miller, Nohel and Wong [11].

Remark 2. Here we offer some counterexamples which perhaps lend some
necessity to the strength of assumption (H3) and/or (H3)’ on the perturbation
term p. If n = 1 and 4 = —1, then (L) is uniformly asymptotically stable as a
differential equation or equivalently stable on C,(a) for all a. If we take p = e u
sin (z— ), then the solution u of (P) with @ = 0 and ¢ = ¢ = const. has Laplace
transform Lu = c(s>+1)/(s* +s*+(1 —€)s+1). It is easy to show (using the
Routh-Hurwitz criterion) that for all small ¢ > 0 the denominator has two
complex conjugate roots in the right half-plane, and hence that u is unbounded
for any initial function ¢. Consequently, in marked contrast to the case when
p is independent of ¢, perturbations p satisfying | p(z, s, u)| < e[u| for arbitrarily
small € uniformly in ¢ > 5 > ¢, do not in general preserve stability even when
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the unperturbed system (L) is exponentially stable. The same example, only
withp = uexp (t—s)orp = wexp (s—1), shows that the integrability on [0, + o0}
or the tending to zero in either variable 7 or s (holding the other variable fixed)
is not sufficient for preservation of stability.

Finally we give a higher-order example to illustrate that even for exponenti-
ally stable linear systems stability is not preserved under perturbations satisfying
p(t, s, ) = o(ju) near u = O uniformly in ¢t > s > #,. This is again in marked
contrast to the case of differential equations. Againleta = 0and 4 = —1 and
take p(t, s, u) = p*(t, s)u>, where p*(t, s) = c(t)+[: c(r) dr. Here c(?) is any
differentiable function defined for ¢ > 0 satisfying0 < c(f) < M, ¢ € L'[0, + o),
and lim sup,., ; , ¢(t) > 0. Under these conditions p*(s, s) is bounded uniformly
in £>s5>0 and hence p = o(|u|) uniformly in ¢ > s > 0. The perturbed
equation

3 u@) =9 — [ uls) ds + [ p*(t, W) ds,  @eR,,

as pointed out, has a linearization which is exponentially stable (hence, is
uniformly and asymptotically stable on R, and stable on C;(a) for every a > 0)
and satisfies all hypotheses of Theorem 1. We now show that this perturbed
equation (3) is unstable on R,. The equation (3), from (VC), is equivalent to
the equation

t 5
wi) = (pe_'+e_'f e”‘if P*(s, NW(r) dr ds
0 ds Jo
or, by the way p* was chosen, to the équation
C) wt) = pe " +e(d) f ; u*(s) ds.

Let w(t) = u()/c(r). Then w(t) = pe™*c(t) + [ cX(s)w(s) ds, and clearly w(?)
> Oforallf > 0and ¢ > 0. Moreover, clearly lim inf,_, , , w(¢) > 0 and hence
w(f) = & > Oforall > 0 and some constant §; i.e., u(t) > 8c(f) > Ofort > 0.
From (4), u(?) > 8%c(?) [§ c*(s) ds > 0, t = 0. Now note that

+ o0 > limsupc(t)ft c2(s)ds = b > 0,
t++w o
for otherwise b = 0 would imply ¢(#) — 0, contrary to the way in which ¢(z)
was chosen. Thus, for all ¢ > 0 we have lim sup,. ., u(f) = 8b > 0. The
constant §%b being independent of ¢ implies that (3) is unstable. (In fact, if ¢(¢)
is chosen so that ¢* ¢ L'[0, + c0), then b = + oo and solutions u(f) are un-
bounded, for ¢ > 0.)

Proof of Theorem 1. (a) We first prove that (P) is stable on' N for the given
a = a, =ty if (L) is; that is, for any ¢ > O satisfying ¢ < b we wish to show
that for this @, the solution u(#) of (P) exists and satisfies |u(f)| < e for all
t > a, provided that |p|y < 8 for some § = 8(e, qo) > 0.

Let M, and M,(ay) be as in Lemma 1(b) and 1(a) respectively (cf. (i) and
(ii)). Suppose p < py = 1/M,(a,). Then there exists a small constant § > 0
such that pM,{(a,)+0 < 1. Referring to (H3) we choose T = T(e, ap) = t, 50
large that

0< M, J.: ¥(s) ds+ M ,(a,) max |5(s)| < /4.
s=T
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First we show that u(f) exists and can be made small on the finite interval
[ao, T], provided that |g|y is chosen small. (If T < a,, then this step of the proof
is not needed.) From (VC), (H3), and (P) we have that u(¢) satisfies

)’ u(t) = o(f) + f ' U(t, $)P(s) ds,

where P(s) = d(f;_ p(s, r, u(r)) dr)/ds for as long as u(t) exists for ¢ [a, T].
That u(z) exists for some ¢ > a, was assumed at the outset. Note that »(?) exists
for all ¢+ = a, by (VC). From (H3) we have the estimate

) |P(s)] < M;s(ao; u) (5),

where M, is a positive constant such that |w(s)| < M; for s €[ay, T] (w(s) is
bounded on finite intervals by (H3)). This estimate (5) holds for those s for
which u(s) exists. From (P)’ we have that

W] < [oto)|+ MM, [ s(us ac) () ds,
and, by maximizing both sides over the interval [a,, ?], that
0 < 5(u; ao) (1) < 5(v; ao) (T)+ MM [ s(u; a0) () ds,
which implies by Gronwall’s lemma that

(©) lu(®)] < s(u; ao) () < s(v; ao) (T) exp (MM(T—1,))

for those ¢t € [ay, T] for which u(?) exists. By the assumed extendability property
of solutions of (P) it is true that so long as |u(f)| < b the solution u(z) can be
continued as a solution of (P). From (6) and the fact that the assumed stability
of (L) on N implies s(v; ao) (T) can be made small for |g|y small, it clearly
follows that for |p|y small u(¢) exists on [ay, T] and is small. Specifically, choose
8, = 8,(e, ag) > 0 so small that

M s(v; ap) (T) < emin (1, (M3 M(a,))~'6) exp (M M;(t,—T)).

“Then from (6) we have |u(?)| < ¢ < b for as long as u(¢) exists on [a,, T'] which,
as pointed out, implies #(#) exists on the whole interval [a,, T]. In addition, this
choice of 8, implies from (6) that

8) lu(9)| < emin (1, GMsMy(a))™6),  telag, Tl.

Since |u(T)| < ¢, u(r) actually exists beyond T. We wish now to show in
fact that |[u(r)] < € for all t > a, if |p|y is small enough. Specifically, choose
8, = 8,(e, ap) > 0 such that {u(f)] < €8/4 for all t > a, and for |p|y < §;.
This is possible by the assumed stability of (L) on N at a,. Set 8§ = min (8,, 3,)
and assume that |p|y < 8. For purposes of contradiction suppose that there
exists a first point T' such that T < T’ < + oo for which |#(T’)| = ¢. From
(H3) and

©) ue) = o) + | L U@ PG ds + (1 UG $)P(s) ds
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for t € [T, T'] we obtain the estimate

O] < B/4 + [ [UG 5)| wls) ds s(u; a0) (T)

+ e [ UG 9] @A) +1(6)+p) ds,
or, from (7) and (8),
[u(®)| < €6/4+ M3 M;(ao)e(4M 3M(ay)) ™

+ (My [ 76) ds+ Mofag) max [n(9)] + pM(ao)e

< «(30/4+ pM(ay)).

Thus, for all ze ([T, T'], |u(t)] < e(f+M,(a,)) < e, which in particular implies
the contradiction |(T’)| < e.

Thus, if |p|y < 8 = 8(e, ao) we have that |u(r)| < « for all 1 = a,; i.e., (P)
is stable on N for this a,.

(b) If hypothesis (ii) holds for a = ¢,, then M,(a,) in the above argument
can be replaced throughout by M,(z,). It is easily seen then that & in the above
argument is independent of ay > ¢,.

(c) Suppose now that (L) is asymptotically stable on N for g = a, and that
(H3)" holds. We wish to show that (P) is also asymptotically stable on N for
a = a,. But by definition, asymptotic stability on N implies stability on N and
we have already shown (P) preserves stability on N if p < 1/M,(a,). (Note:
(H3)’ implies (H3).) Consequently, we need only show that, for a = a,,
|u(t)] — 0 as ¢ — + co provided only that ||y is small enough.

By Lemma 1(c) we have that |U(t, 5)] -0 as t — + oo for each s > a,.
Let 8,(a,) be the constant in the definition of asymptotic stability of (L) on N
and 8,(¢) the constant in the definition of stability of (P) on N. Set &(a,) = min
(8:(ap), 8,(b/2)). Then ||y < 8(a,) implies that |v(r)] — 0 and that u(r) exists
and is bounded by b/2 for all ¢ > a,. For purposes of contradiction, suppose
that lim sup ,. ., |u(®)|] = »* > 0. Assume p < 1/4M,(ay). Using (H3)" we
choose T > aq so large that

(10) (612) (M(ao) max [n(s)| + My |7 #(s) ds) < w3
and so large that in addition
an W) < 07, 12T,

where 6 is some fixed constant, 3/4 < 6 < 1. Note that pM,(as)6~! < 1/3.
From (H3)’ and from (P)’ for t > T we have

ol < RO + [} 10 9] 1P| ds + [ UG, o) lu(s)} ds
+ G2 [ 1UG 5)| () +) ds.
Thus (10) and (11) imply that
@ < o] + [ UG )] 1P)] ds+u*[3+ My(ao) ™ u.
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Let t —> + 0. Then [o(f)] -0 and by the Lebesgue dominated convergence
theorem {; |U(t, 5)| |P(s)] ds — 0. (P(s) is bounded on [a,, T] by (H3)")
Consequently we find that 0 < u* < u*/3+M,(ao)0” 'u* < 2u*/3, a contra-
diction. Hence, #* = 0 and (P) is asymptotically stable on N for this a,.

(d) If (L) is asymptotically stable uniformly in @ > #,, then & in part (c)
above is independent of a = a,, and hence the proof of (c) as given yields the
fact that (P) is asymptotically stable uniformly in a > ¢,.

Proof of Theorem 2. The proof of part (a) is exactly as the above proof of
Theorem 1 except that in (9) we have v* = 0, which follows from (8) with
y(s) = 0. The reason hypothesis (i) of Theorem 1 can be dropped in this case
is that the uniform bound on |U(t, s)| is no longer needed. This same remark in
the proof of the preservation of asymptotic stability of (P) above holds. For the
proof of part (b) see [6].

Proof of Theorem 3. The idea of the proof is exactly that of the proof of
Theorem 1 except that we begin with the following integral equation for the
solution u(f) of (P) which arises from (RU)’:

(12) u(t) = v(t) — f: R(2, 8)g(s, u(s)) ds, t > ay.

(a) Given ¢ > 0 sufficiently small we choose T = T(¢) > t, so large that
[7(®)] < e for ¢t = T (see (H4)). The proof breaks into two parts as does the
proof of Theorem 1. First we show that u(f) exists and satisfies |u(f)| < e for
te{ag, T provided that |p|y < 8, for some 8, = §;(¢, ay) > 0. Since this
step is very much like the corresponding step in the proofs of Theorem 1 (and
is essentially a continuity-with-respect-to-data argument on finite intervals), we
omit its details.

By the continuation property of solutions to (P) we know that for |p|y < §;
we have that |u(?)] < € for te[ay, T') for some T’ > T. We wish to show
T' = +oco0 and proceed to do this as above by a contradiction argument.
Suppose T’ > T is the first point for which [u(T’)| = e. We estimate u(?) by
using (12) on ¢ € [T, T'] where |u(?)] < e:

T t
uol < o] + [7 RG] lals, us)l ds + [}, IR, ) |aCs, uls))] ds
T
< 5(v3a0) () + [, IR, 9)] |aGs, )] ds
+ Mp+os@; T) () + M j - Y()s(;T) (s) dis,
where M is the larger of the two constants appearing in Lemma 2(a) and 2(d).
In a manner similar to the proof of Theorem 1 it can be shown that for |g|y <
8,(e, ap) we have for all ¢ > ¢,
53 a0) @) + [ IRG, 9)| |q6s, uls)| ds < Sem™" exp (—mMy*),
%o

where m = (1—M(p+¢))~!. Here € and p, (with p < p,) have been chosen so
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small that 0 < m < 4 co. Consequently, maximizing over [T, f] both sides of
the inequality, we arrive, after some manipulations, at

su; T) (f) < me(@m)™"! exp (— mMy*) +mM f - Y(S)stu; T) (5) ds

for te[T, T']. An application of Gronwall’s lemma leads immediately to
s(u; T) (t) < €/2 for te[T, T’'], which obviously implies the contradiction
[(T")| < e for |p|y < 8,. Thus, for |p|y < & = min (§;, 8,) we have |u(f)] < ¢
for all £ > g, if € and p, are small enough. This proves that (P) is stable on N
ata = a,.

(b) As usual, part (b) follows from the proof of (a) with M, and hence 8,
independent of a > ;.

(c)~(d) Starting from (13) and using Lemma 2 we can prove parts (c) and (d)
exactly as parts (c) and (d) of Theorem 1 were proved with U replaced by R.
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