A. APPENDICES

You should remember the following piece of advice. There is so little that is
true in mathematics, that anything you make up is likely to be wrong.

There are seven appendices.

1. Background Material. The material in this section is critical for
success in any ordinary differential equations course. You will have seen
all of this material in previous courses, but, if you are a typical student,
you will have forgotten much of it. In fact, you might even think that
you haven’t seen some of it before.

2. Partial Fractions. This material should also be familiar to you. You
will use it extensively when integrating and when applying Laplace
transforms.

3. Infinite Series, Power Series, and Taylor Series. This material
should also be familiar to you, but most students don’t really master
series until they use it in differential equations.

4. Complex Numbers. Much of this material will be new to most stu-
dents.

5. Elementary Matrix Operations. Most students will have seen spe-
cial cases of these results.

6. Least Squares Approximation. This will be new to most students.
It shows how to find the best straight-line approximation, y = mx + b,
to a data set consisting of n points.

7. Proofs of the Oscillation Theorems. This contains the proofs of
the theorems stated in Chapter 8.

A.l Background Material

Solving Quadratic Equations:
The solutions of the quadratic equation az? + bx 4 ¢ = 0 are

. —b+ Vb? — 4ac
SR e—

If the discriminant — that is, b> —4ac — is positive, the equation has distinct
real roots. If b2 — 4ac = 0, the roots are real, but repeated. If b*> — 4ac < 0,
the roots are complex, and are complex conjugates.
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Perpendicular Lines:
The two straight lines, y = mix 4 by and y = mox + by, are perpendicular if
mimeo = —1.

Properties of Trigonometric Functions:

All angles are measured in radians where 180° = 7 radians. Thus, 90° = 7/2
radians, 60° = 7/3 radians, 45° = 7/4 radians, and 30° = 7/6 radians. An
easy way to remember the values of the trig functions at frequently used
angles is to use the following table.

0° 300 45°  60°  90°
x = 0 w/6 w/4 7w/3 7w/2
sinz = V0/2 V1/2 V2/2 V3/2 V4/2°
cos T VAa/2 V32 V2/2 V172 V0/2

which simplifies to

0°  30° 45° 60°  90°

x = 0 x/6 w/4 w/3 w/2
smz = 0 1/2 1/vV2 V3/2 1
cosx = 1 +/3/2 1/y/2 1/2 0

The graphs of sinx and cos x are shown in Figure A.1.

empty

Graphs of the functions sinx and cos x

Figure A.1
sin(—z) = —sinx
cos(—z) = cosz
sinz +cos’z = 1
sin(x +y) = sinzcosy+ coszsiny
cos(r+y) = cosxcosy—sinzsiny
sinz
tanx =
cos T
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tanx + tany

tan(z +y) = ——
( v) 1 —tanztany
di,sinx = cosz
J-cosT = —sinzw
%tanx = sec’z
[sinzdx = —cosz+C
Jeosdx = sinz+C
Jtanzdx = —In|cosz|+C
. x> 2 ;
smx—x—g—i—ﬁ— ey for —oco< T <00
. 22t ;
COST = —E—i—z— ceeyfor —o0o <X <00

The Inverse Trigonometric Functions:

If 2 =sinf, and —7/2 < 6 < 7/2, then 6 = arcsinz. The function arcsin z

is sometimes written sin"'x. If x = tan, and —7/2 < 0 < 7/2, then

f = arctan z. The function arctan z is sometimes written tan—! z.

Larcsinez = 1/V1—2a?

Larctanz = 1/(1+2?)

Properties of Exponential Functions:

eV =1
Sty = eTeY
et Y = eTe Y
e = 1/e*
eaw — (ea)m
a® = e*m fora >0
d axr axr
—e™ =qe
dx
axr 1 axr
e dx = —-e" +C
a
. 2 ad
e :1+x+§+§+ s for —oco << o0

The graphs of e* and e~ are shown in Figure A.2.

Properties of Logarithmic Functions:
Inz is defined only for x > 0

Inl = 0
Ine = 1
In(zy) = Inz+lny
In(z/y) = Inz—Iny
lnz™ = nlnx
Inz=! = —Ilnx
e = gz ifx>0
Ine® = T
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empty

Graphs of the functions e* and e~™*

Figure A.2

lnaz*1
dx oz

1
/—dx:1n|x|+C’
x
/lnxdx =zhr—z+C
There are NO general formulas that simplify either In(z + y) or In(z — y).

WRONG: In(z+y)=Inz+1ny
WRONG: In(z —y) =lnz —Iny

The graphs of e* and Inx are shown in Figure A.3.

empty

Graphs of the functions e* and Inz
Figure A.3
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The Hyperbolic Functions:

sinhz =

(e~ e7)

— N

coshz = 3 (e® +e™)

sinh x et —e "

tanh x = = — p
coshx e +e @
sinh0 = 0
cosh) = 1
di, sinhx = coshx
d‘—i coshr = sinhz
Properties of Derivatives:
d d
—[ef ()] = e=—f(2)
d d d
(@) % 9(0)] = () = =g(2)
d a

d {f(w)] f'(@)g(z) — f(z)g'(x)
dz | g(z) g%(x)

dy  df du

If y = f(u(x)), then T dude

d%: /: f@)dt = f(x), if f(t) is continuous at t = x.

If f(x) is differentiable at x = a then f(z) is continuous at x = a.
If f'(z) > 0 in the interval a < < b then f(z) is increasing in that interval.
If f/(x) < 0 in the interval @ < x < b then f(z) is decreasing in that interval.
If f”(x) > 0in the interval @ < x < b then f(z) is concave up in that interval.
If f(z) < 0 in the interval a < z < b then f(x) is concave down in that interval.
The function f(z) has a local, or relative, maximum at g, if f(x¢) > f(x) for all x near x.

The function f(z) has a local, or relative, minimum at g, if f(xo) < f(x) for all 2 near xg.

Properties of Integrals:

/cf(x)dx:c/f(x)dx

/ [ (z) + g()] de = / f(z) dz + / o(x) du
/ f(@)g (@) de = f(@)g(z) - / f(2)g(x) du
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Table A.1 _Table of derivatives

f(x) [ (x)

c 0

" TL[L’nil

ev e’

sinx cosw

cosw —sinx

tanx sec?x =1/ cos® x

cot x —csc?x = —1/sin?z
secx =1/cosx secztanx = sinz/ cos? &
cscx =1/sinx —cscxcotr = —cosx/sin’
In |z| 1/x

sinhz = (e* —e™%)/2 | coshx

coshx = (e* +e77)/2 | sinhz

arcsin x 1/v/1— a2

arctan 1/(1 4+ 2?)

/udv:uv—/vdu

/ f@)d (@) da = f(x)g()]" - / F(@)g(z) dx

/f(g(x))g'(x) dx = /f(u) du where u = g(x)

There are NO general formulas that simplify either [ [f(xz)g(z)] dzor [ [f(z)/g(x)] dx.

WRONG: /f(x)g(x) dx:/f(x) dx/g(x) dx

[ f@) @
WRONG: / o) “ = Tolo)de

A.2 Partial Fractions

We sometimes need to express a rational polynomial — that is, a function of
the type

(A1)
where P(z) and Q(x) are polynomials — in an alternative form. The standard
technique, known as partial fractions, goes as follows. (We should point out

that this general explanation is much more involved than doing a particular
example.)
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Table A.2 Table of integrals

@) 7@ da

" 2"/ (n+1)+C,n# -1
1/x In|z|+C

e’ e +C

sinx —cosx +C

cos T sinz + C

tan x —In|cosz| +C =1In|secz| + C
cot x In|sinz|+ C

secx = 1/cosx In|secx 4 tanz| + C
cscx = 1/sinx In|cscx —cotx| + C

sec? x tanx + C

csc? —cotx +C

Inz rlnx—x+C

sinhz = (e* — e %)/2 | cosha + C

coshz = (e" +e77)/2 | sinhz 4+ C

1/[(z — a)(x —b)] (In|lz —al| —Injz—0d))/(a—b)+C,a#b
1/(1+ 2?) arctanx + C

1/V1+ 22 In(x+vV22+1)+C

1/v/1— a2 arcsinz + C

1/va? -1 In(x++vz2-1)+C

€% gin bz e (asinbx — beosbx)/(a® + b)) + C

€™ cos bz e (bsin bz + acosbx)/(a® + b?) + C

1. If the degree of the polynomial Q(z) is less than or equal to the degree
of P(x), then divide Q(x) into P(z), obtaining a polynomial plus a term
similar to R(x) in (A.1), but where the degree of the new Q(x) is greater
than the degree of the new P(x). From now on we concentrate on this
new R(x).

2. Factor Q(x) into linear factors and quadratic factors (that cannot be
written as the product of linear factors with real coefficients), so that

mq

Qz)=(z—1)" - (z—1p)"" (2> + bz +c1)"" - (agz® +bgz +¢4) ",

where n; through n, and m; through m, are positive integers, and
a12? + by + ¢, and so on, have no real roots. For example, if Q(z) =
o3 — x, then Q(z) = z(z — 1)(z + 1), whereas, if Q(z) = 2% + z, then
Q(z) = z(2% +1).

3. For each linear factor of Q(x) of degree n — say, (x — )" — write down
a contribution to R(z) that is an expansion with n terms; namely,

Al A2 An
+ b
=71 (x—r) (x—1)

where A; through A,, are constants to be determined.
4. For each quadratic factor of Q(x) of degree m — say, (ax2 + bx + c) "
— write down a contribution to R(z) that is an expansion with m terms;
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namely,

Bix+ (4 Box + Cy B,z +C,,
ar? +br+c  (ax?+ bx + 0)2 (ax? +bx + )"’

where B; through B,, and C; through C,, are constants to be deter-
mined.

5. Add the contributions to R(x) from all the terms in Q(z) and set them
equal to R(z). Now cross-multiply this identity in 2 by Q(z) to evaluate
the constants.

Example 1 :

Write 1/ (2% — 1) as a partial fraction.

Here P(z) = 1, and Q(z) = 2? — 1. The degree of Q(z) — two —
exceeds that of P(x) — one — so we do not divide P(z) by Q(x) but use
R(z) =1/ (22 = 1). Now Q(z) = (x — 1)(z + 1), so we have two linear roots,
each of degree one. The contribution from (x — 1) is A/(z — 1), and the
contribution from (z + 1) is B/(x 4+ 1). Thus the total contribution to R(z)

is
1 A B

(x—1)(x+1) Tr-1 +x+1’
where A and B are constants to be determined by making this last equation
an identity. Cross-multiplying by (x—1)(z+1) gives 1 = A(x+1)+ B(z—1),
or

1=(A+B)x+ (A—B).
For this to be true for all x, we must have
A+B = 0
A-B = 1~
which can be solved to give A = 1/2 and B = —1/2. Thus, the partial fraction
form of 1/ (#* — 1) is

112 12
2-1 x—-1 z4+1°

O
Example 2 :

Write z/ (z — 1)? as a partial fraction.
Here Q(z) = (z — 1)? has a linear factor of degree two, so we try

x A B
@12 z2-1 @=12
This gives x = A(x — 1) 4+ B, or
x=Axr— A+ B.
Thus A=1,and —A+ B =0, so B =1, giving
T 1 1

@_1F z-1 @-1F
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Example 3 :

Write (z + 1) /[z(2? + 1)] as a partial fraction.
The contribution from z will be A/z, and from (z* + 1) will be (Bz +
C)/(2® +1). Thus, we try

r+1 A Bx+C

(@241 = 221
Cross-multiplying by z(z? + 1) gives x + 1 = A(2®> + 1) + (Bx + O) z, or
r+1=(A+B)a® +Cx + A.
Thus A=1, B=—-A= -1, and C =1, so we have

rz+1 1 —x—+1

z(x2+1) E+ 2417

A.3 Infinite Series, Power Series, and Taylor Se-
ries

An infinite series, > - ax, either converges or diverges.
Convergent series are divided into two groups — absolutely convergent
and conditionally convergent.

o If >° ja and Y 77 |ax| are both convergent, then Y7~ ay is abso-
lutely convergent.

o If >°7°  ay is convergent, but Y_p°  |ax| is divergent, then > 77  ay is
conditionally convergent.

e The third possibility — that Y ;- ax is divergent, but Y27 |ax| is
convergent — cannot occur because if Y p- |ag| is convergent, so is
ko O

The reason that it is important to distinguish between absolutely and
conditionally convergent series is Riemann’s rearrangement theorem.

Theorem 4 : The terms of an absolutely convergent series may be rearranged
in any order without affecting the convergence of the series. In particular, its
sum is unchanged. Rearranging the terms of a conditionally convergent series
may change its sum.

There are a variety of tests to decide whether a series converges or diverges,
but, for ordinary differential equations, the most important is the RATIO TEST.
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