In Section??, for || < 1, we found the sum
of ageometricseriesasa function of the
commonratio x:

1
1+z+z22+-c+2"+--. =

S 1—z

Viewedfrom another perspectve, this formula
givesus a serieswhosesumis the function
f(x) =1/(1 — x). Wenow work in the
oppositedir ection, starting with a function and
looking for a seriesof simpler functions whose
sumis that function. Wefirst usepolynomials,
which lead usto Taylor series,and then
trigonometric functions, which lead usto
Fourier series.

Taylor approximations usepolynomials, which
may be consideredthe simplestfunctions. They
are easyto usebecausethey can be evaluated
by simple arithmetic, unlik e transcendental
functions, suchase® and In .

Fourier approximationsusesinesand cosines,
the simplestperiodic functions, instead of
polynomials. Taylor approximationsare
generally goodapproximationsto the function
locally (that is, near a specificpoint), whereas
Fourier approximationsare generally good
approximationsover an interval.




446 Chapter Ten APPROXIMATING FUNCTIONS

10.1 TAYLOR POLYNOMIALS

In this sectionwe seehow to approximateafunctionby polynomials.

Linear Appr oximations

We alreadyknow how to approximatea functionusinga degreel polynomial,namelythetangent
line approximatiorgivenin Sectior4.8:

f(@) = f(a) + f'(a)(z —a).

Thetangentine andthe curve sharethe sameslopeatz = a. As Figure10.1suggeststhetangent
line approximatiorto thefunctionis generallymoreaccuratdor valuesof z closeto a.

True value f(x)
Approximate value of f(x)

Tangent line
/
f'(a)(z —a)
zT—a—
@ 1@

a x

Figure 10.1: Tangentine approximatiorof f(x) for z neara

We first focuson a = 0. The tangentline approximationat z = 0 is referredto asthe first
Taylor approximationatz = 0, or asfollows:

Taylor Polynomial of Degreel Approximating f () for  near 0

f(z) = Pi(z) = £(0) + f'(0)x

We now look at approximationdy polynomialsof higherdegree.Let uscompareapproxima-
tionsg(z) = cos z nearz = 0 by linearandquadratidunctions.

Example 1

Solution

Approximateg(z) = cos z, with z in radianshy its tangentine atz = 0.

Thetangentine atz = 0 is justthe horizontalline y = 1, asshavn in Figure10.2,s0
g(x) = cosx =~ 1, forz near0.

If wetakez = 0.05, then
9(0.05) = cos(0.05) = 0.998.. .,

whichis quite closeto theapproximatiorcos z & 1. Similarly, if x = —0.1, then

9(—0.1) = cos(—0.1) = 0.995. ..
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is closeto theapproximatiorcos x ~ 1. However, if = 0.4, then
9(0.4) = cos(0.4) =0.921.. .,

sothe approximationcosz =~ 1 is lessaccurateThe graphsuggestghat the farthera point z is
away from 0, theworsethe approximatioris likely to be.

Figure 10.2: Graphof cos z andits tangentine atz = 0

Quadratic Appr oximations

To getamoreaccurateapproximationye usea quadratidfunctioninsteadof a linearfunction.

Example 2

Solution

Find the quadraticapproximatiorto g(z) = cos z for z near0.

To ensurehatthe quadratic,P>(x), is agoodapproximatiorto g(z) = cosz atz = 0, we require
thatcos x andthe quadratichave the samevalue,the sameslope,andthe samesecondderivative at
z = 0. Thatis, werequireP,(0) = g(0), P5(0) = ¢'(0), andPy'(0) = ¢"(0). We takethequadratic
polynomial

Py(z) =Co + Ciz + 02372;

anddetermine’y, C, andC,. Since

Py(z) =Co+Ciz+Coz? and  g(z) =cosz

Pj(z) = Ci +2Csz g'(x) = —sinz
Py (z) = 2C; 9" (z) = —cosz,
we have
Co = P»(0) = g(0) =cos0 =1 so Ch=1
Cy =Py(0)=¢'(0) = —sin0=0 C;=0
2Cy = PJ(0) = ¢"(0) = —cos0 = —1, Cy =—1.

Consequentlythe quadraticapproximatioris

2
cosz~ Py(z)=1+0-2 — %xz’ =1- %, for z near0.
Figure10.3suggestshatthe quadraticapproximatiorcos z ~ P»(x) is betterthanthelinear
approximatiorcos z &~ P; (z) for z near0. Let's comparethe accurag of thetwo approximations.
Recallthat P, (z) = 1 for all z. At z = 0.4, we have cos(0.4) = 0.921... andP»(0.4) = 0.920,
so the quadraticapproximationis a significantimprovementover the linear approximation.The
magnitudeof the erroris about0.001insteadof 0.08.
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cos T _7}"- _\/i ﬁv ’
-1+

Pz(.’l,‘):l—%

Figure 10.3: Graphof cos z andits linear, P; (z), andquadratic,P»(x), approximationgor = near0

Generalizingthe computationsn Example2, we definethe secondTaylor approximationat
z =0.

Taylor Polynomial of Degree2 Approximating f(z) for  near 0

f(z) = Py(x) = f(0) + f'(0)z + @xz’

Higher -Degree Polynomials

In a small interval aroundz = 0, the quadraticapproximationto a function is usually a better
approximationthanthe linear (tangentline) approximation However, Figure 10.3 shows thatthe
quadraticcanstill bendaway from the original function for large . We canattemptto fix this by
usinganapproximatingpolynomialof higherdegree .Suppose¢hatwe approximate function f (z)

for 2 near0 by apolynomialof degreen:

f(z) = Py(z) = Co + Ciz + Cox® + -+ + Cp_12™ 1 + Cpriz™

We needto find the valuesof the constantsCy, Cy, Ca,..., C,. To dothis, we requirethat
thefunction f (z) andeachof its first n derivativesagreewith thoseof the polynomial P, (z) atthe
pointz = 0. In generalthe morederivativestherearethatagreeatz = 0, thelargertheinterval on
which thefunctionandthe polynomialremaincloseto eachothet

To seehow to find the constantslet's take n = 3 asanexample

f(:c) ~ P3(IL') =Co+ Ciz + Cz.’L'2 + 03.733.

Substitutinge = 0 gives
£(0) = P(0) = Co.

DifferentiatingP; (z) yields
Pi(z) = C1 + 20>z + 3C32°,

sosubstitutinge = 0 shavsthat
£1(0) = P5(0) = Cx.

Differentiatingandsubstitutingagain,we get
Pj(z)=2-1C5 +3-2- 1Csw,

whichgives
£"(0) = P(0) = 2-1C,
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sothat £10)
Cy = 7.1

Thethird derivative, denotedby Pj", is
P!"(z)=3-2-1Cs,

o)
F"(0)=P"(0)=3-2-1Cs,
andthen £7(0)
Gs=331

You canimaginea similar calculationstartingwith P4(z), usingthe fourth derivative f(*)
whichwould give
F®(0)

4.3-2-1’
andsoon. Usingfactorialnotation! we write theseexpressionss

O IO}

Cy=

Cs =

3 YT Ty
Writing f(™ for thent® derivative of f, we have, for ary positive integern
_ ™)
LY

Sowe definethent® Taylor approximationatz = 0:

Taylor Polynomial of Degreen Approximating f(x) for  near0

n " 4 n
= 1O+ F @+ L0 SO0 SO SR,

We call P, (z) theTaylor polynomialof degreen centereditz = 0, or the Taylor polynomial
aboutz = 0.

Example 3

Solution

Constructhe Taylor polynomialof degree7 approximatinghefunction f (z) = sin z for = near0Q.

Comparehevalueof the Taylor approximatiorwith thetruevalueof f atz = 7/3.

We have

f(x)= sinz giving f(0)= 0

f'(z) = cosz 0= 1

f"(x) = —sinzx fo)y= 20

f"(x) = —coszx f"0)y= -1

()= sinz fMo)y= o

O (z) = cosz e = 1

O (x) = —sinz @0 = o

7 (z) = = cos, M) = —1.

!Recallthatk! = k(k — 1) ---2 - 1. In addition,1! = 1, and0! = 1.
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Usingthesevalueswe seethatthe Taylor polynomialapproximatiorof degree? is

] $2 .Z'3 .CL'4 3,‘5 6 .Z'7
smmzﬂ(w)=0+1-x+0-ﬁ—1-§+0-z+1-E-l—O-a—l-ﬁ
.’E3 1'5 .'L'7
=$—§—|—§—W, for 2 near0.

Noticethatsincef(®)(0) = 0, the seventhandeighthTaylor approximationso sin - arethe same.
In Figure 10.4we shav the graphsof the sinefunction andthe approximatingpolynomial of
degree7 for  near0. They areindistinguishablevherez is closeto 0. However, aswe look atvalues
of z fartherawayfrom 0 in eitherdirection thetwo graphsmove apart.To checktheaccurag of this
approximatiomumerically we seehow well it approximatesin(r/3) = v/3/2 = 0.8660254 . ...

sin x Nl, «V\
I
3
Py (:c sin

Figure 10.4: Graphof sin 2 andits seventhdegreeTaylor polynomial,P; (z), for z near0

Whenwe substituter/3 = 1.0471976 . . . into thepolynomialapproximationywe obtainP; (7 /3) =
0.8660213 ..., whichis extremelyaccurate—t@boutfour partsin amillion.

Example 4 Graphthe Taylor polynomialof degree8 approximatingy(z) = cos z for x near0.

Solution We find the coeficientsof the Taylor polynomialby the methodof the precedingexample giving

x2 ozt S

x
COS$%P8($):1_5+Z_E+§'

8

Figure 10.5shaws that Ps(z) is closeto the cosinefunction for a largerinterval of z-valuesthan
thequadraticapproximationP,(z) = 1 — /2 in Example2 on page447.

Ps(x) Pg(x)

cos \ H\ / s
I

Py(x) Py(z)

Figure 10.5: Pg(x) approximatesos z betterthanP»(z) for z near0

Example 5 Constructhe Taylor polynomialof degreel0 aboutz = 0 for thefunction f(z) = €®.
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We have f(0) = 1. Sincethedervative of e® is equalto e®, all thehigherorderderiativesareequal
to e?. Consequentlyfor ary k = 1,2,...,10, f*)(z) = e* and f*)(0) = €° = 1. Thereforethe
Taylor polynomialapproximatiorof degreelQis givenby

2 3 4 10
T T T T
€ mPo(@) =142+ + 0+ =+ —

o 3l 1 Tk for  nearO.

To checktheaccuray of thisapproximationwe useit to approximate = e! = 2.718281828.. ..
Substitutingz = 1 givesPip(1) = 2.718281801. Thus, Py yieldsthefirst seven decimalplaces
for e. For large valuesof z, however, the accurag diminishesbecause® grows fasterthanary
polynomialasz — oo. Figure10.6 shavs graphsof f(z) = e* andthe Taylor polynomialsof
degreen =0, 1, 2, 3, 4. Noticethateachsuccessie approximatiorremainscloseto theexponential
curvefor alargerinterval of z-values.

P, e’|Py Ps P

P,

Figure 10.6: For z near0, thevalueof e is morecloselyapproximatedy higherdegreeTaylor
polynomials

Example 6

Solution

. N 1
Constructhe Taylor polynomialof degreen approximatingf (z) = 1 for 2 nearO.

Differentiatinggives £ (0) = 1, f'(0) = 1, f”(0) = 2, £"(0) = 3!, f)(0) = 4!, andsoon. This

means .
T~ Pala) = 1+z+a2?+2°+2*+---+2", forz nearO,
— X
Let uscomparethe Taylor polynomialwith theformulaobtainedon page?? for the sumof afinite

geometricseries:

1—gnt! 2 3 4 n
- =l+z+z"+a’ +2" +---+ 2"
If z is closeto 0 andz™t! is smallenoughto neglect,the formulafor the sumof afinite geometric
seriesgivesusthe Taylor approximatiorof degreen:

1
1—z1+w+:c2+:c3+m4+---+m”.
-z
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Taylor Polynomials Around = = a

Supposeve wantto approximatef (z) = ln z by a Taylor polynomial.This functionhasno Taylor
polynomialaboutz = 0 becausehe functionis not definedfor x < 0. However, it turnsout that
we canconstrucia polynomialcenterechboutsomeotherpoint, z = a.

First,let's look attheequationof thetangentine atz = a:

y = f(a) + f'(a)(z — a).
This givesthefirst Taylor approximation
f(x) = f(a) + f'(a)(z —a) forz neara.

The f'(a)(x — a) termis a correctiontermwhich approximateshe changen f asz movesaway
froma.

Similarly, the Taylor polynomial P, (z) centeredatxz = a is setup as f(a) plus correction
termswhich arezerofor = a. Thisis achiezed by writing the polynomialin powersof (z — a)
insteadof powersof z:

f(@) = Py(z) = Co+Ci(z —a) + Co(z —a)® + -+ + Cp(z — a)™

If we requiren derivativesof the approximatingoolynomial P,,(z) andthe original function f ()
to agreeatz = a, we getthefollowing resultfor thent® Taylor approximationsitz = a:

Taylor Polynomial of Degreen Approximating f(x) for = near a
f(z) = Py(z)

() (g
= (@) + F(@)(@ —a) + f"(a)

n!

f"(a)

2' (m_a)2+...+

(z —a)"

We call P, (x) the Taylor polynomialof degreen centeredatz = a, or the Taylor poly-
nomialaboutz = a.

You canderive the formulafor thesecoeficientsin the sameway thatwe did for a = 0. (See
Problem28, page454.)

Example 7 Constructhe Taylor polynomialof degree4 approximatinghefunction f(z) = In z for z nearl.

Solution We have
f(z)= Inz SO f1)=In(1)=0
fll@)= 1/z ffy= 1
1"(@) = ~1/a" /= -1
f”l(iU) 2/.’133 f”'(l) 2
fO@) =-6/at, [ = 6.
The Taylor polynomialis therefore
e~ Pia) =04 (@ —1) - & ;!1)2 pC ;!1)3 6l ;!1)4
=(z—1)— (m—21)2 + (m—31)3 - (m_41)4, for z nearl.

Graphsof In z and several of its Taylor polynomialsare shovn in Figure 10.7. Notice that
Py (x) staysreasonablycloseto In z for z nearl, but bendsaway asx getsfartherfrom 1. Also,
notethatthe Taylor polynomialsaredefinedfor 2 < 0, butln z is not.
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Inz
1 =+
1 2 \3
Pi(z) Pi(z) Py(a)
P2 (.’II)
Ps(z) Inz

Figure 10.7: Taylor polynomialsapproximatédn x closelyfor x nearl, but not necessarilyartheraway

Theexampledn this sectionsuggesthatthefollowing resultsaretruefor commonfunctions:
e Taylor polynomialscenterecht z = a give goodapproximationgo f(z) for x neara. Farther
away, they mayor maynotbegood.
e The higherthe degreeof the Taylor polynomial,the larger the interval over which it fits the
functionclosely

Exercises and Problems for Section 10.1

Exercises

For Problemsl1-10,find the Taylor polynomialsof degreen
approximatinghe givenfunctionsfor z near0. (Assumep is
aconstant.)

1 1 For Problemsl1-14 find the Taylor polynomialof degreen

1. . n=4,68 2. . n=23,57 for z nearthegivenpointa.
1+z 1—=x
3.V1I+z, n=23,4 4. cosz, n=2,4,6 11. sinxz, a = w/2, 12.cosz, a = 7/4,
5. arctanz, n=3,4 6. tanz, n=3,4 n=4 n=3
7. Y1 -z, n=2,3,4 8. In(1+z), n=5"79 13 ¢° ag=1 n=4 14. /i¥z, a = 1,
1 n=3
9. , n=2,3,4 10. 1+ 2)?, n=2,3,4
1+z
Problems
For Problemsl5-18,supposePs (z) = a + bz + cz” isthe  15. fo) b 16 | £y 1§($)
seconddegree Taylor polynomial for the function f about w k\ ‘ A ‘

x = 0. Whatcanyou sayaboutthesignsof a, b, c if f hasthe N
graphgivenbelon? ' ‘ ‘ )

19. Supposehe function f(z) is approximatechearz = 0



454

20.

21.

22.

23.

24.

25.

26.

27.

28.

29
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by a sixth degreeTaylor polynomial
Ps(z) = 3¢ — 4a® + 52°.

Give thevalueof

@ f(0) b) £O)(© O @) F0)

Supposey is a function which has continuousderiva-
tives,andthat g(5) = 3,4'(5) = -2, ¢"(5) = 1,
g"(5) =-3.

(a) WhatistheTaylorpolynomialof degree2 for g near
5? Whatis the Taylor polynomialof degree3 for g
near5?

(b) Usethetwo polynomialsthatyou foundin part(a)
to approximatey(4.9).

Find the second-dgree Taylor polynomialfor f(x) =
4z* — 7z + 2 aboutz = 0. Whatdo you notice?

Find the third-deggree Taylor polynomial for f(z) =
z® +7z® — 5z +1 aboutz = 0. Whatdoyounotice?

(a) Basedon your obserations in Problems21-22,
male a conjectureabout Taylor approximationsn
thecasewhenf is itself a polynomial.

(b) Shaw thatyourconjectureds true.

Shav how you canusethe Taylorapproximatiorsin =
3 .
s

T — x—, for z near0, to explainwhy lim =1.
3' z—0

x

Use the fourth-deyree Taylor approximationcosz =

2zt

1 — ? + I for
lim 1 —cosx _ 1
z—0 12 2

Use a fourth degree Taylor approximationfor e”, for
h near0, to evaluatethe following limits. Would your
answerbe differentif you useda Taylor polynomial of

higherdegree?

x near 0 to explain why

h
e —1—h
lim ———
@
h h
eh—1-h-1
lim —— — 2

(b) lire, E

If £(2) = 9(2) = h(2) = 0,andf'(2) = #(2) = 0,
g'(2) = 22,and f"(2) = 3,4"(2) = 5,h"(2) = 7,
calculatethefollowing limits. Explainyour reasoning.

. f(=@) . f(z)
@ Imie © g
Derive the formulasgiven in the box on page452 for
the coeficientsof the Taylor polynomialapproximating
afunction f for z neara.

. (a8) FindtheTaylorpolynomialapproximatiorof degree
4 aboutz = 0 for thefunction f(z) = e

(b) Comparethis resultto the Taylor polynomial ap-
proximationof degree2 for thefunction f(z) = e®
aboutz = 0. Whatdo you notice?

(c) Useyourobserationin part(b) to write outthe Tay-
lor polynomialapproximationof degree 20 for the
functionin part(a).

(d) Whatis the Taylor polynomialapproximatiorof de-
grees for thefunction f () = e=2%?

3

. Considertheequationsin z = 0.2 andx — T —02

3!
(a) How mary zerosdoeseachequatiorhave?
(b) Which of thezerosof thetwo equationsareapprox-
imatelyequal?Explain.

. The integral fol (sint/t)dt is difficult to approximate

using, for example,left Riemannsumsor the trapezoid
rule becausethe integrand (sint)/t is not definedat
t = 0. However, this integral converges; its value is
0.94608 . . .. Estimatethe integral using Taylor polyno-
mialsfor sin ¢t aboutt = 0 of

(@) Degree3 (b) Degreeb5

. One of the two setsof functions, f1, f2, fs, Or g1, g2,

g3, is graphedn Figure10.8;the othersetis graphedn
Figure 10.9.Points A and B eachhave x = 0. Taylor
polynomialsof degree2 approximatingthesefunctions
nearr = 0 areasfollows:

gi(z) =14z + 22°
gy =142z +2°
gs(zx) =1 —z+ 2.

fi(z) =2+ +22°
f2(x) ~2+z—2°
fa(x) =2+ z+a°
(a) Which groupof functions,the fsor thegs, is repre-
senteddy eachfigure?
(b) Whatarethe coordinate®f thepoints A andB?

(c) Matchthefunctionswith thegraphg(l)-(Ill) in each
figure.

A B

Figure 10.8

Figure 10.9



10.2 TAYLOR SERIES 455

10.2 TAYLOR SERIES

In the previous sectionwe sav how to approximatea function neara point by Taylor polynomials.
Now we definea Taylor serieswhichis a power serieghatcanbethoughtof asa Taylor polynomial
thatgoeson forever.

Taylor Series for cos &, sin &, €*

We have thefollowing Taylor polynomialscenteredatz = 0 for cos :

cosz ~ Py(x) =1

cosmsz(x)zl—%
cossz4(m)_1—a;—T+i—‘:
coswaG(m)zl—a;—j—l-Z—‘:—Z—(:
cosmng(a:):l—m—z—i—ﬁ—x—ﬁ—km—g.

21 4 6! 8

Herewe haveasequencef polynomials Py (z), P>(z), Ps(z), Ps(x), Ps(z), ...,eachof whichis a
betterapproximatiorto cos = thanthelast,for 2 near0. Whenwe goto a higherdegreepolynomial
(sayfrom Ps to Pg), we addmoreterms(z®/8!, for example),but the termsof lower degreedon't
changeThus,eachpolynomialincludesthe informationfrom all the previous ones.We represent
thewholesequencef Taylor polynomialsby writing the Taylor seriesfor cos x:

Noticethatthe partial sumsof this seriesarethe Taylor polynomials,P, ().
We definethe Taylor seriesfor sin x ande® similarly. It turnsoutthat, for thesefunctions,the
Taylor seriescorvergesto the functionfor all z, sowe canwrite thefollowing:

.Z'3 1’5 .’L'7 Z‘g
e - T
m2 .’L’4 .CL'6 .’13'8
cosT=l-or+ e tE
v _ 1 2?2z xt
e =ltat ottt

TheseseriesarealsocalledTaylor expansion®f thefunctionssin z, cos z, ande® aboutz = 0. The
generl termof a Taylor seriess aformulawhich givesary termin the seriesFor example,z™ /n!
is the generattermin the Taylor expansionfor e, and (—1)*z2¥ /(2k)! is the generattermin the
expansiorfor cos z. We call n or k theindex.

Taylor Series in General

Any function f, all of whosederivativesexist at 0, hasa Taylor series However, the Taylor series
for f doesnot necessarilycorvergeto f(x) for all valuesof . For the valuesof z for which the
seriesdoesconvergeto f(z), we have thefollowing formula:
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Taylor Seriesfor f(x) aboutxz =0

n nt
w0 L Q) s PO

7@) = £O) + ')z + L 5 -

In addition,just aswe have Taylor polynomialscenteredat points otherthan0, we canalso
have a Taylor seriescenterecat z = a (providedall the derivativesof f existatz = a). For the
valuesof z for whichthe seriescorvergesto f(z), we have thefollowing formula:

Taylor Seriesfor f(x) aboutz = a

f@) = f@)+ £ @@ —a)+ LD~ + Lo gy s Do gy

The Taylor seriesis a power serieswhosepartial sumsarethe Taylor polynomials.As we sav in
Section??, power seriesgenerallycorverge on aninterval centeredat z = a. The Taylor series
for sucha function canbe interpretedvhenz is replacedby a comple« number This extendsthe
domainof thefunction.SeeProblem41.

Foragivenfunction f andagivenz, evenif the Taylor seriescorverges,it might not corverge
to f(z), thoughit doesfor most commonly encounteredunctions. Functionsfor which this is
true for the Taylor seriesaboutevery pointz = a in their domainare called analytic functions
Fortunatelythe Taylor seriesfor e*, cos 2, andsin z corvergeto the original functionfor all z, so
they areanalytic.SeeSection10.4.

Intervals of Convergence of Taylor Series

Let uslook againat the Taylor polynomialfor In 2 aboutz = 1 thatwe derivedin Example7 on
page??. A similar calculationgivesthe Taylor Series

(x—-1)2 (z—1)3 ($—1)4+“‘+(_1)n—lﬂ+_,,_

hnz=(z-1)- 5 T TR -

Example2 on page449 and Example5 on page451 show that this power serieshasinterval of
corvergencel < z < 2. However, althoughwe know that the seriescorvergesin this interval,
we do notyet know thatits sumis In z. The factthatin Figure10.10the polynomialsfit the curve
well for 0 < z < 2 suggestshatthe Taylor seriesdoescorvergeto In z for 0 < 2 < 2. For such
z-values a higherdegreepolynomialgives,in generala betterapproximation.

However, whenz > 2, thepolynomialsmove awvay from the curve andthe approximationget
worseasthe degreeof the polynomialincreasesThus,the Taylor polynomialsare effective only
asapproximationgo In 2 for valuesof x between0 and 2; outsidethat interval, they shouldnot
be used.Insidethe interval, but nearthe ends,0 or 2, the polynomialscorverge very slowly. This
meansve might have to take a polynomialof very high degreeto getanaccuratevaluefor In z.
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|
t«—————Interval of convergence——
| Pr(x) Ps(z)
} Inz

| —
K 2 4
|
|
|
|
|
|
|
|
|
|
|
\

PS -'L' Pe(w

Inz

Figure 10.10: Taylor polynomialsPs(x), Ps(z), P7(x), Ps(z), ... convergetolnz for 0 < x < 2 and
dlvergeoutS|dethat|ntervaI

To computethe interval of convergenceexactly, we first computethe radiusof corvergence
usingthemethodon page??. Corvergenceattheendpointsg = 0 andx = 2, hasto bedetermined
separatelyHowever, proving that the seriescornvergesto In z on its interval of corvergence,as
Figure10.10suggestsiequiregheerrortermintroducedn Sectionl10.4.

Example 1

Solution

Findthe Taylor seriesfor In(1 + z) aboutz = 0, andcalculatdts interval of corvergence.

Takingderivativesof In(1 + ) andsubstitutingr = 0 leadsto the Taylor series

S

In(l+z)=z—F+5 -7+

Noticethatthisis the sameseriesghatwe getby substituting(1 + z) for z in theseriesfor In z:
(@—-1? (@-1° (-1
2 2 + 3 4

Sincethe seriesfor In z aboutz = 1 corvergesfor 0 < 2 < 2, theinterval of corvergencefor the
Taylorseriesfor In(1 + z) aboutz = 0is —1 < z < 1. Thuswe write

Inz =(z— +--- for0 <z <2.

z? 2 gt

—p 2 2 T . _ < 1.
In(l+z)== 2—i-3 it for-1<z<1
Notice thatthe seriescould not possiblycorvergeto In(1 + z) for z < —1 sinceln(1 + z) is not

definedthere.

Interval of Py(z) Pr(z) Ps(z)
T convergence ™1
! |
| |
! |
} } In(1+ )
| | ]
1} 31
|
P5(:I:) — }
Pe(;l;) — i
le;g; 1 519((11;1 x) | Ps(x) Ps(z)

Figure 10.11: Interval of convergencefor the Taylorseriedfor In(1 + z)is—1 <z <1
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The Binomial Series Expansion

We now find the Taylor seriesaboutz = 0 for thefunction f(z) = (1 + z)?, with p aconstantput
not necessarilya positive integer. Takingderivatives:

fl@) =00+ SO f0)=1
f'(@) =p(l+ )P~ f0)=p
f'@) =plp—1(1+az)? f'(0)=pp-1
(@) =ple—1p-2)1+z)"? f"0) =plp-1)(p-2).

Thus,thethird-degreeTaylor polynomialfor z nearQ is
plp=1) , plp-1(P-2) ,

2 x© + 30 x°.
GraphingPs(z), Py(x), . .. for variousspecificvaluesof p suggestghat the Taylor polynomials

convergeto f(x) for —1 < = < 1. (SeeProblems24-23,page459.) This canbe confirmedusing
theradiusof corvergencetest.The Taylor seriesfor f(z) = (1 + z)? aboutz = 0 is asfollows:

(1+2)P =~Ps(x)=1+px+

The Binomial Series

-1 —1(p—2
(1+x)p:1+px+p(p2' )$2+p(p ?,)'(p )x3+--- for—1<z<1.

In factthebinomialseriegyivesthesameresultasmultiplying (1 + z)? outwhenp is a positve
integer. (Newton discoveredthatthebinomialseriescanbe usedfor nonintegerexponents.)

Usethebinomialserieswith p = 3 to expand(1 + z)3.

3.2, 3.2.1, 3.2.1.0
(1+2)° =1+3z+ o’ + =5’ + = —a' +

Thez* termandall termsbeyondit turn out to be zero,becauseachcoeficient containsa factor

(142)® =14 32+ 32% + 2%,
whichis the usualexpansiorobtainedoy multiplying out (1 + z)3.

Example 2
Solution Theseriedss
of 0. Simplifying gives
. . 1
Example 3 Findthe Taylor seriesaboutz = 0 for 1
Solution

. 1 . : o
Slnceﬁ = (14 z)~!, usethebinomialserieswith p = —1. Then
x

=(1+2) ' =1+ (-Dz+ (_1)2(!_2)332 + (_1)(;!2)(_3):173 4

=l—-z+22-2>+... for-1<z<1.

14z

This seriesis both a specialcaseof the binomial seriesandan exampleof a geometricseries.It
corvergesfor —1 < z < 1.
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Exercises and Problems for Section 10.2

Exercises
For Problemsl—4,find thefirst four termsof the Taylor series 12, 1 14+e4+a>+z 42+
for thegivenfunctionabout0. l-z
1
1 1 13. — =1—-z+2° -2 +a2* — ...
1. 2.VI+z 3. 4. YT—y T+z
11—z 14z ) s A
14. 1n(1—x)=_x_%_‘”__%_...
For Problems5-11,find the first four termsof the Taylor se- 3
riesfor thefunctionaboutthe pointa. e
15 n(l+z)=2— 4+ 5 ——+——---
5. sinz, a= 6. cosé, a= 7. sin#, 2 3 4 5
w/4 w/4 a=—m/4 e
16.sine=2——+———+---
8. tanz, 9. 1/x, a = 10. 1/z, a = 3! 5! 7!
a=m/4 1 2 o B 3 g5 g7
11. 1/z, a = .arctanx—x—?+?—7+---
-1 4 6 8
. , - 18. ¢ =1+’ + T+ S+ T4
Find anexpressiorfor the generakermof the seriesin Prob- 3t 4l
lems 12—19andgive the startingvalue of the index (n or &, 4 6 3
for example) 19. 2?cosa? =22 -2 4L T L ...
' ' - 21 4l ¢l
Problems

20. (a) Findthetermsupto degree6 of the Taylorseriesfor By recognizingeachseriesin Problem£27—35asa Taylor se-
f(z) = sin(z”) aboutz = 0 by takingderivatives. ries evaluatedat a particularvalueof =, find the sumof each
(b) Compareyourresultin part(a)totheseriedorsinz. of thefollowing cornvergentseries.
How couldyouhave obtainedyouransweto part(a)

from theseriesfor sin z? 27
21. (a) FindtheTaylorseriesfor f(z) = In(1 + 2z) about 142 -5 4 4o 8 .4 2" S 4 1 1 ot (=~ .
& = 0 by takingderwatives. 1 3! n! 3t o5t (2n+1)!
(b) Compareyour resultin part (a) to the seriesfor
In(1 + ). How could you have obtainedyour an- 29. 1 132 ¢ 10000 (—1)" - 102"
swerto part(a) from theseriesfor In(1 + z)? 1+ 1 + (Z) + (—) il—{% G

(c) Whatdo you expecttheinterval of convergencefor
theseriedfor In(1 + 2z) to be?

22. By graphingthefunction f(z) = +/1 + z andseveral of 4 1)n . (1)t
its Taylor polynomials,estimatethe intenal of conver 31, 1 ) 1" (3)
genceof the seriesyoufoundin Problem2. 22 3 4 (n+1)

andswera' 32.1— 0.1 —+ 012 — 013 + e

23. By graphingthe function f(z) =

of its Taylor polynomials,estimatethe interval of con- 33 4 +34 9 -+ 2T 81
vergenceof theseriesyou foundin Problem3. 3 4

24. By graphingthe function f(z) = andseveralof 34.1-— = + E - a +-
its Taylor polynomials,estimatethe intenal of conver
genceof theseriesyoufoundin Probleml. Computethe 35 1 (.1 + 0.01 _ 0.001

radiusof convergenceanalytically 2! 3!

25. Find the radius of convergence of the Taylor series |n Problems36—37solve exactly for thevariable.
aroundzerofor In(1 — z).

26. (a) Write the generalterm of the binomial seriesfor 36. 1+z+z*+z®>+--- =5
(1 + z)? aboutz = 0.
(b) Findtheradiusof convergenceof this series. 7.z — —iv + 396 +--=02
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38. Oneof thetwo setsof functions, f1, f2, fs, or g1, g2,
gs is graphedn Figure10.12;the othersetis graphedn
Figure10.13.Taylorseriedfor thefunctionsaboutapoint
correspondingo either A or B areasfollows:

file) =3+ (@—1)~(z~1)"---
fe)=3—(—1)+(z~1)"-
fa(@z) =3 -2 —1)+ (x—1)°---
(@) Whichgroupof functionsis representeth eachflg

ure?
(b) Whatarethe coordinate®f thepoints A andB?

(c) Matchthefunctionswith the graphg(l)-(lll) in each

gi(@) =5—(z—4) - ¢
g2(z )=5—(w— 1)+ (z —4)*-

ga(z) =5+ (r?fmdﬂ*(&””z‘)

39. Supposehatyouaretold thattheTaylorserieof f(x) =

2 .
z%e® aboutz = 0is

8 10
T T
+é)‘2+ ST TR

6
nddde (x2em2) ‘

z=0

40. Supposeg/ou know thatall the derivativesof somefunc-
tion f existat0, andthatTaylor seriesfor f aboutz = 0

. is
figure. .
| $+$_2+$_3+:L'_4+_“+£+_“
2 3 4 n )
I Find £/ (0), £"(0), £ (0), and f 9 (0).
41. Leti = /—1. We definee® by substitutingid in the
A Taylor seriesfor e*. Usethis definitior? to explain Eu-
ler'sformula
Il Il
e = cosf + isiné.
1l I
Figure 10.12 Figure 10.13

10.3 FINDING AND USING TAYLOR SERIES

Findinga Taylor seriedfor a functionmeandinding the coeficients.Assumingthe functionhasall
its derivativesdefined finding the coeficientscanalwaysbe done,in theoryat least,by differen-
tiation. Thatis how we derived the four mostimportantTaylor series thosefor the functionse?®,
sinz, cosz, and (1 + x)?. For mary functions,however, computingTaylor seriescoeficientsby
differentiationcan be a very laboriousbusinessWe now introduceeasierways of finding Taylor
seriesjf the serieswe wantis closelyrelatedto a serieghatwe alreadyknow.

New Series by Substitution

Supposewe wantto find the Taylor seriesfor e " aboutz = 0. We could find the coeficients
by differentiation.Differentiatinge*ZZ by the chainrule gives—2xe”2, anddifferentiatingagain
gives—2e_“c2 + 4z%e~*". Eachtime we differentiatewe usethe productrule, andthe numberof
termsgrows. Finding the tenth or twentiethderivative of e~®”, andthusthe seriesfor e~ upto
the 2% or 22° terms,by this methodis tiresome(at leastwithout a computeror calculatorthatcan
differentiate).

Fortunatelytheres a quickerway. Recallthat

y2 y3 4
Yy — <z Z_ Z_
ey =14+y+ +3'+4'+ for all y.
Substitutingy = —2? tellsusthat
2\2 2\3 2\4
—2? _ 2y, (=27)°  (=2)? (=27
e " =14+ (-2 + or T3 tar T for all z.

2Comple numbersarediscussedn AppendixB.
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Simplifying shavs thatthe Taylor seriesfor e~ is

4 .CL'6 $8

—(E —_ _ - -
e =1-22+ o1 3l + 1 + - for all z.

Usingthis methodit is easyto find the seriesup to the z1° or z2° terms.

. . 1
Example 1 Findthe Taylor seriesaboutz = 0 for f(z) = L
x
Solution Thebinomialseriestells usthat
—— =14y t=l—y+y Pyt + for-1<y<l.
T+ (I+y) y+ty -y +y y
Substitutingy = z?2 gives
1 2 4 6 8
=l—-z*+z2* -2 +2°+--- for-1l<z <1,
1+ 22
L . 1
whichis the Taylor seriesfor 1 5
x
Theseexamplesdemonstratéhat we canget new seriesfrom old onesby substitution.More
advancedexts shav thatseriesobtainedby this methodareindeedcorrect.
In Examplel, we madethe substitutiony = z2?. We canalsosubstitutean entire seriesinto
anothermne,asin thenext example.
Example 2 Find the Taylor seriesaboutd = 0 for g(6) = e5"°.
Solution For all y andd, we know that

2 3 4
v — vy .Yy
e/=1+y+ +3,+4‘+
and o g
sin():0—§+§—

Let’s substitutehe seriesfor sin 6 for y:
93 6 1 6 6 21 63 6 °
smG
1_|_(0 3 _}_5_...)4_5(0 3 _|_§_...> _|_§<0__.+_._...> 4+

To simplify, we multiply outandcollectterms.Theonly constantermis the 1, andtheresonly one
6 term.Theonly §2 termis thefirst termwe getby multiplying outthe squarenamelyé? /2!. There
aretwo contritutorsto the§® term:the —6° /3! from within thefirst parenthesesndthefirst term
we getfrom multiplying outthe cube,whichis 63 /3!. Thusthe seriesstarts

6? 0 ¢
smG
1+6+—+< I +§>+---

=1+9+%+0-93+--- for all 6.
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New Series by Differentiation and Integration

Justaswe cangetnew seriesby substitution,we canalso get new seriesby differentiationand
integration.Here again,proof that this methodgivesthe correctseriesandthatthe new serieshas
thesameinterval of corvergenceasthe original seriescanbefoundin moreadvancedexts.

. . 1 .
Example 3 Findthe Taylor Seriesaboutz = 0 for ———— from the seriesfor

1-—1z) -z
, d 1 1 . L
Solution We know that — = 3, Sowe startwith thegeometricseries
de \1—=x (1-1)
1
- =l+z+2’+28+a2'+.--for —1<z <1
— X

Differentiationtermby termgivesthe binomialseries

1 d 1
_m -

. . . 1
Example 4 Findthe Taylor seriesaboutz = 0 for arctan x from the seriesfor 1522

, d(arct 1 ,
Solution We know that (arz an z) =11 sowe usethe seriesfrom Examplel on page461.:
X X
d(arct 1
(arcanx)z =1-?+zt—28+28—.. for—1<z<]1.
dx 1+ 22

Antidifferentiatingtermby termgives

1 22 25 7 2
tanz = [ ——de=C+2r— —+———+——... for —1 1
arctanx /1+:1:2 € +x 3—}—5 7+9 <z<l,

whereC is theconstanbf integration.Sincearctan 0 = 0, wehave C = 0, so

x3 2P

T
arctanr =2 — — 4+ — — —
3 5 7

7 9

+%—--- for —1<z<1.

Theseriedor arctan z wasdiscoveredby JamesGregory (1638-1675).

Applications of Taylor Series

Example 5 Usetheseriesfor arctan z to estimatehe numericalvalueof .
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Solution Sincearctan1l = 7/4, we usethe seriesfor arctana from Example4. We assume—ass the
case—thathe seriesdoescorvemgeto 7 /4 atz = 1, the endpointof its interval of corvergence.
Substitutinge = 1 into theseriesfor arctan z gives

1.1 1 1
7r:4arctan1=4<1—§+3__+__...)_

Table 10.1 Approximatingr usingthe seriesfor arctan x

n 4 5 25 100 500 1000 10,000
Sn 2.895 | 3.340 | 3.182 | 3.132 | 3.140 | 3.141 3.141

Table10.1shavsthevalueof then'™ partialsum,S,,, obtainedoy summingthenonzeraermsfrom
1throughn. Thevaluesof S,, doseento cornvergetor = 3.141 ... .. However, thisseriexornverges
very slowly, meaningthatwe have to take a large numberof termsto getan accurateestimatefor
m. Sothis way of calculatingr is not particularly practical.(A betteroneis givenin Problem1,
page475.)However, theexpressiorfor = givenby this seriess surprisingandelegant.

A basicquestiorwe canaskabouttwo functionsis which onegiveslargervalues.Taylor series
canoftenbeusedto answetthis questioroverasmallinterval. If theconstantermsof theseriesfor
two functionsarethe same comparehelinearterms;if thelineartermsarethe same comparehe
quadratiderms,andsoon.

Example 6 By looking at their Taylor series,decidewhich of the following functionsis largest,andwhich is
1

smallestfor@ near0. (a) 1+sinf (b) €’ (c) \/17——20
Solution The Taylor expansioraboutd = 0 for sin 4 is

. 6 0 6

S0 6 6 o0
1+Sin6:1+0_§+§_ﬁ+“"
The Taylor expansiorabout? = 0 for e? is
02 03 04
0 _
e —1+0+E+§+I+"‘

The Taylor expansioraboutd = 0 for 1/4/1 +  is

L Cip g Ly (5D (CDEDED)

_1+0_(1+¢9) _1—§0+ 21 0° + 3l 6° +
1 3 5

—1-= Yp2 _ Y p3
29+ 80 160 +
So,substituting—26 for 6:
1 1 3 )
—=1—- (-2 (=20 — = (—=20)3 +--.
T 5(=20) + 2 (=20)" — 1=(=20)" +

35,5
=140+ +26° -,
+0+ 567+ 56° +
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For 6 near0, we canneglecttermsbeyondthe secondiegree We areleft with theapproximations:

l1+sinf~1+80
92
&z1+0+5

1 3
z1+0+§¥.

Vv1—260

Since . 5
1+0<1+0+592<1+6+502,

andsincetheapproximationsrevalid for 8 near0, we concludethat,for 6 nearO,

1+sinf<ef <

1
V1=26

Example 7

Solution

Two electricalchagesof equalmagnitudeand oppositesignslocatednearone anotherare called
anelectricaldipole. Thechages(@ and—() areadistancer apart.(SeeFigure10.14.)Theelectric
field, E, atthepoint P is givenby

Q Q

TR (R+7)%"

Useseriedo investigatehebehaior of the electricfield far awvay from the dipole.Shav thatwhen
R islargein comparisorto r, theelectricfield is approximatelyproportionato 1/ R3.

E

P Q -Q
[ ] [ ]

R T

Figure 10.14: Approximatingtheelectricfield at P dueto a
dipoleconsistingof chages@ and—Q adistancer apart

In orderto usea seriesapproximationye needa variablewhosevalueis small. Althoughwe know
thatr is muchsmallerthan R, we do notknow thatr itself is small. Thequantityr /R is, however,
very small.Hencewe expandl /(R + r)? in powersof r/ R sothatwe cansafelyuseonly thefirst
few termsof the Taylor series First we rewrite usingalgebra:

1 _ 1 _i(l_‘_i)*?
(R+r)? R)(14+r/R? R? R '

Now we usethe binomialexpansiorfor (1 + z)? with z = r/R andp = —2:

A TIRTAIE SIRCE S
=%(1—2%+3%—4%+---).

So,substitutinghe seriesnto theexpressiorfor E, we have

_Q Q _ 1 1 r r? re

_Q r r2 r3
= ZR 3R2+4R3 .
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Sincer /R is smallerthan1, thebinomialexpansiorfor (1+7/R)~2 corverges We areinterestedn
the electricfield far away from the dipole. The quantityr/ R is smallthere,and(r/R)? andhigher
powersaresmallerstill. Thus,we approximateby disregardingall termsexceptthefirst, giving

Q (2r
Ex = —
R2\R)’

Since@ andr areconstantsthis meanshat E is approximatelyproportionato 1/ R3.

2Qr

In thepreviousexample we saythat E is expandedn termsof /R, meaningthatthevariable

in theexpansionis r/R.

Exercises and Problems for Section 10.3

Exercises

Find the first four nonzerotermsof the Taylor seriesaboutO
for thefunctionsin Problemsl—12.

1. V1—2x 2. cos(§®>) 3.e7°" 4., ——
1+t
1
5. In(1-2y) 6. arcsinz 7. = 8.
1—=2 ¢3 COS(¢2)
? ¢
9. — 10. 11. e"cost 12.
e v/ (L+1t)sint V1+sinf

Find the Taylor seriesaroundO for the functionsin Prob-

Problems

18. For a, b positive constantsthe upperhalf of an ellipse
hasequation

.’L‘2

y=f(z)="0 l_a—27

(a) Find the seconddegree Taylor polynomialof f(x)
about0.

(b) Explain how you could have predictedthe coefi-
cientof z in the Taylor polynomialfrom a graphof
f.

(c) For = near 0, the ellipse is approximatedby a
parabola.What is the equationof the parabola?
Whatareits z-intercepts?

(d) Takinga = 3 andb = 2, estimatehemaximumdif-
ferencebetweenf (z) andthesecond-dgreeTaylor
polynomialfor —0.1 < z < 0.1.

19. By looking at the Taylor series decidewhich of the fol-
lowing functionsis largest,and which is smallest,for

lems13-15.Give thegeneraterm.

13. (1 + )3
14. tsin(t?) — 3
1

15, ———
1—9y?

For Problemsl6-17,expandthe quantityaboutO in termsof
thevariablegiven.Give four nonzeraerms.

1 T a
16. in termsof — 17. ——— in termsof

24z 2 Va? + z?
Zz
—, wherea > 0
[¢2

smallpositive 6.

@ 1+sing () csb @ —p

20. For valuesof y near0, putthefollowing functionsin in-
creasingorder usingtheir Taylor expansions.

(@ In(l+y*) (b) sin(y*) (€) 1—cosy

21. Figure10.15shaws the graphsof the four functionsbe-
low for valuesof z near0. Use Taylor seriesto match
graphsandformulas.

© +/1+Z%

() (1+2) 5
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) (1

v

(1

Figure 10.15

22. Considetthefunctionsy = e’ andy = 1/(1 + z?).

(a) Write the Taylor expansionsfor the two functions
aboutz = 0. Whatis similar aboutthe two series?
Whatis different?

(b) Lookingattheserieswhichfunctiondoyou predict
will begreateovertheintenal (—1, 1)? Graphboth
andsee.

(c) Arethesefunctionsevenor odd?How mightyousee
this by looking atthe seriesexpansions?

(d) By looking atthe coeficients,explain why it is rea-
sonablethatthe seriesfor y = e_“”2 corvergesfor
all valuesof z, but the seriesfor y = 1/(1 + z?)
cornvergesonly on (—1,1).

23. Thehyperbolicsineandcosinearedifferentiableandsat-

isfy theconditionscosh 0 = 1 andsinh 0 = 0, and

%(cosh z) =sinhz %(Sinh x) = coshz.
Usingonly thisinformation,find the Taylor approx-
imation of degreen = 8 aboutz = 0 for f(z) =
cosh .

Estimatethevalueof cosh 1.

Usetheresultfrom part(a) to find a Taylor polyno-
mial approximationof degreen = 7 aboutz = 0
for g(z) = sinh z.

@

(b)
(©)

24. Pack approximantsrerationalfunctionsusedto approx-
imate morecomplicatedfunctions.In this problem,you
will derivethePack approximanto theexponentialfunc-

tion.

(a) Let f(z) = (1 + az)/(1 + bx), wherea andb are
constantsWrite down the first three termsof the
Taylor seriesfor f(z) aboutz = 0.

(b) By equatingthe first threetermsof the Taylor se-
riesaboutz = 0 for f(x) andfor e®, find a andb
sothat f(z) approximateg” ascloselyaspossible
nearr = 0.

25. An electricdipoleonthezx-axisconsist®f achage @ at
z = 1 andachage —Q atz = —1. Theelectricfield,

E, atthepointz = R onthez-axisis given(for R > 1)

by
kQ kQ

E= (R—1)2 (R+1)2

26.

27.

28.

20.

wherek is a positive constantwhosevalue dependson
the units. ExpandE asa seriesin 1/R, giving the first
two nonzeraerms.

Assumeq is a positive constantSuppose: is given by
theexpression

z=1/a? + 2% — /a2 — 2.

Expandz asa seriesin xz asfar asthe secondnonzero
term.

Theelectricpotential,V', at a distanceR alongthe axis
perpendiculato the centerof a chageddiscwith radius
a andconstanthagedensityo, is givenby

V =2ro(\/R? +a? — R).

Shaw that,for large R,

Oneof Einsteinsmostamazingpredictionsvasthatlight
traveling from distantstarswouldbendaroundthesunon
theway to earth.His calculationsnvolvedsolvingfor ¢
in theequation

sin ¢ + b(1 + cos® ¢ + cos ¢) = 0

whereb is avery small positive constant.

(a) Explainwhy the equationcould have a solutionfor
¢ whichis nearO.

(b) Expandthe left-handside of the equationin Taylor
seriesabouté = 0, disregardingtermsof order ¢?
and higher Solve for ¢. (Your answerwill involve
b.)

TheMichelson-Morlg experimentwhich contritutedto
theformulationof the Theoryof Relatvity, involvedthe
differencebetweerthetwo timest; andt. thatlight took
to travel betweertwo points.If v is thevelocity of light;
l1, ls, andc areconstantsandv < ¢, thenthetimest,
andt, aregivenby

212 21 21

t1

21y

1 2
c(l=v?/c?) ¢\ /1— v?/c? e cy/1—v?/c?
(a) Find anexpressionfor At = t; — t2, andgive its
Taylor expansiorin termsof v /c? upto thesecond
nonzeraterm.
(b) For smallv, to whatpower of v is At proportional?
Whatis the constanbf proportionality?

(1 —v2/c?)



30.

31.

A hydrogenatomconsistf anelectron,of massm, or-
biting a proton, of massM, wherem is much smaller
than M. Thereducedmass u, of the hydrogenatomis
definedby

mM
m+ M’

M=

(a) Shaw thaty =~ m.

(b) Togetamoreaccurateapproximatiorfor u, express
u asm timesaseriesn m/M.

(c) Theapproximatioru ~ m is obtainedby disregard-
ing all but the constantermin the series Thefirst-
ordercorrectionis obtainedby including the linear
termbut nohigherterms.If m = M /1836, by what
percentageloesincluding the first-ordercorrection
changeheestimatey =~ m?

A thin disk of radiusa andmassM lies horizontally;a
particleof massm is ataheighth directlyabove thecen-
ter of thedisk. The gravitationalforce, F', exertedby the
diskonthemassm is givenby

1 1
B (a2 + h2)1/2 | -

Assumea < h andthink of F' asa functionof a, with
theotherquantitiesconstant.

_ 2GMmh

F >

(a) Expand F' as a seriesin a/h. Give the first two
nonzeraerms.

(b) Shaw thatthe approximatiorfor F' obtainedby us-
ing only thefirst nonzerotermin the seriesis inde-
pendenof theradius,a.

(c) If a = 0.02h, by whatpercentageloesthe approx-
imationin part(a) differ from the approximationin
part(b)?

10.4 THE ERROR IN TAYLOR POLYNOMIAL APPROXIMATIONS

32.

33.

34.

467

Whenabodyis nearthe surfaceof the earth,we usually
assumethatthe force dueto gravity onit is a constant
mg, wherem is themassof thebodyandg is theaccel-
erationdueto gravity atsedevel. Forabodyatadistance
h above the surfaceof the earth,a moreaccuratesxpres-
sionfor theforce F' is

mgR?

F=®+ny

whereR is the radiusof the earth.We will considerthe
situationin which thebody s closeto the surfaceof the
earthsothath is muchsmallerthanR.

(&) Show thatF' = mg.

(b) ExpressF asmg multiplied by aseriesn h/R.

(c) Thefirst-ordercorrectionto the approximationf’ ~
mg is obtainedby taking the lineartermin the se-
ries but no higherterms.How far above the surface
of theearthcanyou go beforethefirst-ordercorrec-
tion changeghe estimateF’ ~ mg by morethan
10%7? (AssumeR = 6400 km.)

(a) Estimatethe value of fol e~ dx using Riemann
sumsfor both left-handand right-handsumswith
n = 5 subdvisions. ,

(b) Approximatethefunction f(xz) = e™® with aTay-
lor polynomialof degree6.

(c) Estimatethe integral in part (a) by integrating the
Taylor polynomialfrom part(b).

(d) Indicatebriefly how you could improve the results
in eachcase.

Use Taylor seriesto explain how the following patterns

arise:

1 1

—— =1.020408163264 . .. b (—) =
(@ 3 02040816326 (b) 0.99

1.020304050607 . . .

10.4 THE ERROR IN TAYLOR POLYNOMIAL APPROXIMATIONS

In orderto useanapproximationintelligently, we needto be ableto estimatethe sizeof the error,
which is the differencebetweenthe exact answer(which we do not know) andthe approximate
value.

Whenwe useP, (), then' degreeTaylor polynomial,to approximatef (z), the erroris the
difference
If E, ispositive,theapproximationis smallerthanthetruevalue.If E,, is negative,theapproxima-
tion is too large. Oftenwe areonly interestedn themagnitudeof theerror, | E,,|.

Recallthatwe constructed?, (z) sothatits first n derivativesequalthe correspondingleriva-
tivesof f(z). Therefore,E,(0) = 0, E'.(0) = 0, E"(0) = 0, ---, E{(0) = 0. Since P, (z) is
annt® degreepolynomial,its (n + 1) dervative is 0, so ES"(z) = f("*+1)(z). In addition,
supposéhat | f("*+1)(z)| is boundecby a positive constant}/, for all positive valuesof z near0,
sayfor 0 < z < d, sothat

~M< @ <M for0<z<d.
This meanghat
~M<EMYV(@)<M for0<z<d.
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Writing ¢ for thevariable we integratethis inequalityfrom 0 to z, giving
—/ M dt g/ E (1) dt 5/ Mdt for0<z<d,
0 0 0

SO
—Mz < ET(LH)(:L‘) <Mz for0<z<d.

We integratethis inequalityagainfrom 0 to x, giving
—/ Mtdt < / EM(t)dt < / Mtdt for0<z<d,
0 0 0

SO
1 1
—iM:c2 < Ef{‘_l)(a:) < §M$2 foro <z <d.

By repeatedntegration,we obtainthefollowing estimate:
1 1

n+1 n+1
_(n+1)!Mm SEn(m)Sme for0 <z <d,
which meanghat
Bu@)] = 1£(@) = Polo)] < G Ma™! for0<w <

Whenz is to theleft of 0, so —d < z < 0, andwhenthe Taylor seriesis centeredata # 0,
similar calculationdeadto thefollowing result:

Theorem 10.1: Bounding the Error in P,(x)
If P,(z) isthen'™ Taylorapproximatiorto f(z) abouta, then

-~ Py) < 2

_ n+1
_(n+1)!|x o™,

|En(2)] = |f ()

whereM = maxf("+1) ontheinterval betweer: andz.

Using the Error Bound for Taylor Polynomials

Example 1

Solution

Giveaboundontheerror, E,, whene® is approximatedy its fourth-degreeTaylor polynomialfor
—-0.5<2<0.5.

Let f(z) = e®. Thenthefifth derivativeis f(®) (x) = e?. Sincee? isincreasing,

1fO @) <e’® =ye<2 for —0.5<z<0.5.

Thus 5
|Ba] = 1f(@) - Pa(@)] < lef"

This meansfor example thaton —0.5 < z < 0.5, theapproximation

2 1,3 1,4

T
EN —_— —_— —_—
e ~1+$+2!+3!+4!

hasanerrorof atmost%(Oﬁ)5 < 0.0006.
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Theerrorformulafor Taylor polynomialscanbe usedto boundtheerrorin a particularnumer
ical approximationpr to seehow the accurag of the approximatiordepend®n the valueof z or
thevalueof n. Obsenre thattheerrorfor a Taylor polynomialof degreen depend®nthe (n + 1)st
power of z. That meansfor example,with a Taylor polynomial of degreen centerecat 0, if we
decrease by afactorof 2, theerrorbounddecreaseby afactorof 271,

Example 2

Solution

Compareheerrorsin theapproximations
0.1 1 2 0.05 1 2
e ~1+01+ 5(0.1) and "% ~1+(0.05)+ 5(0.05) .
We are approximatinge® by its second-dgreeTaylor polynomial,first at z = 0.1, andthenat

z = 0.05. Sincewe have decreased by afactorof 2, theerrorbounddecreaseby afactorof about
2% = 8. To seewhatactuallyhappenso the errors,we computethem:

1
e (1 +0.1+ 5(0.1)2> = 1.105171 — 1.105000 = 0.000171

1
005 (1 +0.05 + 5(0-05)2) = 1.051271 — 1.051250 = 0.000021

Since(0.000171)/(0.000021) = 8.1, theerrorhasalsodecreasety afactorof about8.

Convergence of Taylor Series for cos &

We have alreadyseerthatthe Taylor polynomialscenteredatz = 0 for cos z aregoodapproxima-
tionsfor z near0. (SeeFigure10.16.)In fact, for ary valueof z, if we take a Taylor polynomial
centeredatz = 0 of high enoughdegree,its graphis nearlyindistinguishablérom the graphof the
cosinenearthatpoint.

CoS T 1 CoS T

NS

P2 (iI))

Figure 10.16: Graphof cos z andtwo Taylor polynomialsfor  near0

Let's seewhathappensiumerically Let z = «/2. The successie Taylor polynomialapproxi-
mationsto cos(w/2) = 0 aboutz = 0 are

Py(m/2) = 1— (n/2)%/2! = —0.23370...
Py(r/2) =1 —(n/2)2/2! + (x/2)* /4! = 0.01997...
P(m/2) = = —0.00089....
Py(m/2) = = 0.00002....
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It appearshattheapproximationgonvergeto thetruevalue,cos(7/2) = 0, veryrapidly. Now take

avalueof x somavhatfartheraway from 0, sayx = =, thencosm = —1 and
Py(m) =1—(m)?/2! = —3.93480...
Py(m) = = 0.12391...
Ps(m) = = —1.21135...
Py(m) = = —-0.97602...
Pyy(m) = = —1.00183...
Piy(m) = = —0.99990...
Piy(m) = = —1.000004. ..

We seethattherateof corvergencds somevhatslower;it takesa14t" degreepolynomialto approx-
imatecos m asaccuratelyasanst® degreepolynomialapproximatesos(r/2). If = weretakenstill
fartheraway from 0, thenwe would needstill moretermsto obtainasaccuratenapproximatiorof
COoST.

Usingtheratio test,we canshow the Taylor seriesfor cos z corvergesfor all valuesof z. In
addition,we will prove thatit cornvergesto cos z using Theorem10.1. Thus,we arejustified in
writing the equality:

x2 ozt 2

cosw:1—§+ﬂ—a+§—--- for all .

Showing the Taylor Series for cos x Converges to cos x

The errorboundin Theorem10.1 allows usto seeif the Taylor seriesfor a function corvergesto
thatfunction.In the seriedfor cos z, the odd powersaremissing,sowe assume is evenandwrite

En(z) = — P,(z) = _ 1_ﬁ+...+(_1)n/2ﬁ
n(2) = coszx () = cosx o1 i)
giving

2

cosw:1+x+$—+---+(—1)"/2ﬂ+E (z)
2! (n)! e

Thus,for the Taylor seriesto convergeto cos z, we musthave E,,(z) — 0 asn — oo.

Showing E,,(z) — 0asn — oo
Proof Sincef(z) = cosz, the (n + 1)t derivative f (1) (z) is + cos x or + sinz, no matterwhatn is.
Sofor all n, we have | f("+1)(z)| < 1 ontheinterval betweer0 andz.
By theerrorboundformulain Theoreml0.1,we have

_ 2|+
To show thatthe errorsgo to zero,we mustshaw thatfor afixedz,
|x|n+1
—— = —0 as n — oo.
(n+1)!

To seewhy this is true, think aboutwhathappensvhenn is muchlargerthanz. Supposefor
examplethatz = 17.3. Let'slook atthevalueof thesequencéor n morethantwice asbig as17.3,
sayn = 36, orn = 37, orn = 38:

1
=36: ——(17.3)*
Forn = 36 37!(73)
1 173 1
=37 —=(17.3)% = — . —(17.3)*"
Forn = 37 38!(73) 38 37!(73) ,
1 173 173 1
Form =38 —(17.3)%° = —=2. 202 = (17.3)37
orn =38 35;(17.3) 30 38 3T



Sincel7.3/36 is Iessthan%, eachtime weincreasen by 1, thetermis multiplied by a numberess
than%. No matterwhatthe valueof ﬁ(17.3)37 is, if we keepondividing it by two, theresultgets
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closerto zero. Thus ——(17.3)"*! goesto 0 asn goesto infinity.

(n+1)!

We can generalizethis by replacing17.3 by an arbitrary |z|. For n > 2|z, the following
sequenceornvergesto 0 becauseachtermis obtainedfrom its predecessadoy multiplying by a

numberlessthan:
:L.nJrl :L.nJrZ Z.n+3
m+1)" (n+2)" (m+3) 7
Thereforethe Taylor seriesl — 22 /2! + z* /4! — - - - doescorvergeto cos z.

Problems16 and 15 askyou to show that the Taylor seriesfor sin 2 ande® corvergeto the
originalfunctionfor all z. In eachcaseyou againneedthefollowing limit:

Exercises and Problems for Section 10.4

Exercises

Usethemethodof this sectionto shav how you canestimate
the magnitudeof the errorin approximatinghe quantitiesin
Problemsl-4 using a third-degree Taylor polynomial about
z=0.

Problems

5.

Supposg/ou approximatef (t) = e by a Taylor polyno-
mial of degree0 aboutt = 0 ontheintenal [0, 0.5].

(a) Istheapproximatioranoverestimater anunderes-
timate?

(b) Estimatethe magnitudeof thelargestpossibleerror
Checkyouranswemgraphicallyonacomputeor cal-
culator

. RepeatProblem5 using the second-dgree Taylor ap-

proximation,Ps(t), to e’.

. Considetthe errorin usingthe approximatiorsin § ~ 4

ontheintenval [-1, 1].

(@) Whereis the approximationan overestimate and
whereis it anunderestimate?

(b) Estimatethe magnitudeof thelargestpossibleerror
Checkyouranswemgraphicallyonacomputeor cal-
culator

. RepeatProblem7 for the approximationsinf ~ 6 —

6°/3!.

. Usethe graphsof y = cos z andits Taylor polynomi-

als, Pio(z) and Pxo(z), in Figure10.17to estimatethe
following quantities.

1. 0.5%/3 2. In(1.5)  3.1/V/3 4. tan1

(a) Theerrorin approximatingcos 5 by Pio(5) andby
Py (5).

(b) The maximum error in approximatingcos z by
P20(J)) for |iI)| < 10.

(c) If wewantto approximateos z by Pio(z) to anac-
curagy of within 0.2, whatis the largestintenal of

z-valueson which we canwork? Give your answer

to thenearestnteger
Hoo(T) Foo(a
3
12 71 | g _3 { N
=3
Pip(a) Pio(x)

Figure 10.17
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10.

11.

12.

13.

Chapter Ten APPROXIMATING FUNCTIONS

Give aboundfor themaximumpossibleerrorfor thent"
degree Taylor polynomialaboutz = 0 approximating
cos z ontheintenval [0, 1]. Whatis theboundfor sin z?

What degree Taylor polynomial aboutz = 0 do you
needto calculatecos 1 to four decimalplaces?To six
decimalplaces?ustify your answerusingthe resultsof
Problem10.

(a) Usingacalculatoymale atableof thevaluesto four
decimalplacesof sin x for

z=-0.5,-04,...,-0.1,0,0.1,...,04,0.5.

(b) Add to your table the valuesof the error E; =
sin z — z for thesex-values.

(c) Usinga calculatoror computerdrav a graphof the
quantityE; = sin z — = shaving that

|E1] <0.03 for —0.5<z<0.5.

In this problem,you will investigatethe errorin the n*"
degreeTaylor approximatiorto e® for variousvaluesof
n.

(a) LetEy =e® — Pi(z) = e® — (1 +z). Usingacal-
culatoror computergraphE; for —0.1 < z <0.1.

REVIEW PROBLEMS FOR CHAPTER TEN

Exercises

For Problemsl—4, find the second-dgree Taylor polynomial
aboutthegivenpoint.

1.

e”, r = 2. lnz, z = 3.
1 2 sinz, T =
—m/4
. tanf, 0 =
/4
. Find the third-degree Taylor polynomial for f(z) =

22+ 722 -5z +latx = 1.

In Problems-9 find thefirst four nonzeraermsof the Taylor
seriesaboutthe origin of thegivenfunctions.

Problems

12. Findanexactvaluefor eachof thefollowing sums.

(@) 7(1.02)° + 7(1.02)° + 7(1.02) + 7 + —— +

(1.02)
(1.02)2 (1.02)100
4 6
(b) 7+7(0.1)” + %* w L

Find the exactvalueof the sumsof theseriesn Problemsl3—

14.

15.

16.

6.

What shapeis the graphof E;? Usethe graphto
confirmthat

|Ei| <2® for —01<z<0.1.

(b) LetEs = e®—Po(zx) = e —(1+z+22/2). Choose
asuitablerangeandgraphE; for —0.1 < z < 0.1.
What shapeis the graphof E5? Usethe graphto
confirmthat

|Bo| < 2® for —0.1<z<0.1.

(c) Explain why the graphsof E; and E, have the
shapeshey do.

For |z| < 0.1, graphtheerror
Ey =cosz — Py(xz) = cosx — 1.
Explain the shapeof the graph,usingthe Taylor expan-

sionof cos z. Find aboundfor | Ey| for |z| < 0.1.

Shaw thattheTaylorseriesabout0 for e® corvergesto e®
for everyz. Do thisby shawing thattheerrorE, (z) — 0
asn — oo.

Shaw thatthe Taylor seriesabout0 for sin z converges
to sin z for every x.

62 cosf* 7. sint? 8.

"1 — 422

Vi—z

For Problems10-11,expandthe quantityin a Taylor series
aroundthe origin in termsof thevariablegiven. Give thefirst

four nonzeraerms.
. b . r
10. intermsof — 11. VR — rintermsof —
a+b a R
18.

1 1 1 1 1 1
= S — 4 — 8444241 +4+-+4=
13 -3+9 7t a1 14. 8+ +1+ +2+4+

4 8 16 8 32 128
5 1—2+§—§+E+"' 16. 2—g+a—?+



17.

19.

20.

21.

22.

23.

24.

25.

26.

27.

3 3 3 2 (0.1)*
3 0.0° 1
5t R TR

A function f hasf(3) = 1, f'(3) = 5 and f’(3) =
—10. Findthe bestestimateyou canfor f(3.1).

Suppose is positive but very small. Arrangethefollow-
ing expressionsn increasingorder:
z, sinz, In(l+z), e’—1,

1—cos z, arctan z,

By plotting several of its Taylor polynomialsand the
function f(z) = 1/(1 + z), estimategraphicallythe
interval of convergenceof the seriesexpansiongor this
function aboutz = 0. Computethe radiusof corver-
genceanalytically

In(l+z+2) -z

UseTaylor seriedo evaluatelim —
sm- r

z—0

(@ Findelin}) % Explainyourreasoning.
sin(20)

(b) Useseriesto explain why f(8) = looks
like aparabolanearf = 0. Whatis the equationof
theparabola?

(@) FindtheTaylorseriesor f(t) = te’ aboutt = 0.
(b) Usingyour answerto part (a), find a Taylor series
expansionaboutz = 0 for

X
/ te dt.
0

(c) Usingyouranswerto part(b), shav that

1 1 1 1 1

2 T3 ey Ty e

s
2 3 +

(a) Findthefirsttwo nonzeratermsof the Taylor series
for f(z) = V4 — z? aboutz =0
(b) Useyour answerto part (a) and the Fundamental

Theoremof Calculusto calculatean approximate
1

valuefor 4 — z2dzx.

0
(c) Usethesubstitutionz = 2sin ¢ to calculatethe ex-
actvalueof theintegralin part(b).

(a) FindtheTaylorseriesexpansionof arcsin z.

(b) Use Taylor series to find the limit
arctan
arcsin r

A particlemoving alongthe z-axis haspotentialenegy
atthepointz givenby V (z). The potentialenegy hasa
minimumatz = 0.

(a) Write theTaylor polynomialof degree2 for V about
x = 0. Whatcanyou sayaboutthe signsof the co-
efficientsof eachof thetermsof the Taylor polyno-
mial?
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(b) Theforce on the particleat the point z is given by
—V'(z). Forsmallz, shav thattheforceonthepar
ticle is proportionalto its distancefrom the origin.
Whatis thesignof theproportionalityconstantDe-
scribethedirectionin which theforce points.

28. The theory of relatvity predictsthat when an object

moves at speed<scloseto the speedof light, the object
appearsheaier. The apparentpr relatiistic, mass,m,
of theobjectwhenit is moving atspeedv is givenby the
formula

VvV1—z. mo

m= ——————-
wherec is the speedof light andmy is the massof the
objectwhenit is atrest.

(a) Usetheformulafor m to decidewhatvaluesof v are
possible.

(b) Sketcharoughgraphof m against, labelinginter-
ceptsandasymptotes.

(c) Write thefirst threenonzerotermsof the Taylor se-
riesfor m in termsof .

(d) Forwhatvaluesof v doyou expecttheserieso con-
verge?

29. Thepotentialenegy, V, of two gasmoleculesseparated

by adistancer is givenby

ven e () ()"
r r ’
whereVp andry arepositive constants.

(a) Shaw thatif r = rq, thenV takeson its minimum
value,—Vb.

(b) Write V' as a seriesin (r — ro) up throughthe
quadraticerm.

(c) For r nearro, shaw that the differencebetween
V' and its minimum value is approximatelypro-
portionalto (r — r)2. In otherwords, shav that
V —(=Vo) = V +V, is approximatelyproportional
to (r — 7o)

(d) The force, F', betweenthe moleculesis given by
F = —dV/dr. Whatis F whenr = rqo? For r
nearro, shaw that F' is approximatelyproportional
to (r — ro).

30. Thegravitationalfield at a pointin spaceis the gravita-

tional force thatwould be exertedon a unit massplaced
there Wewill assumehatthe gravitationalfield strength
atadistancel away from amassM is

GM
d2

whereG is constantln this problemyouwill investigate
the gravitational field strength,F', exertedby a system
consistingof alargemassM andasmallmassm, with a
distancer betweerthem.(SeeFigure10.18.)
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P M
o [

4 34. (Continuationof Problem33) You may remembeitthat

Figure 10.18

(@) Write an expression for the gravitational field

strength ,F’, atthepoint P.

(b) Assumingr is smallin comparisorto R, expandF

in aseriesnr/R.

(c) By discardingtermsin (/R)? andhigher powers,

explainwhy you canview thefield asresultingfrom

asingleparticleof massM + m, plusa correction
term. What is the position of the particle of mass
M + m?Explainthesignof thecorrectionterm.

31. Expandf(z + h) andg(z + h) in Taylor seriesandtake

alimit to confirmthe productrule:

%(f(w)g(w)) = f'()g(z) + f(2)g' (x)-

32. UseTaylorexpansiondor f(y+ k) andg(z + h) to con-

firm thechainrule:

L(Fle@) = £ (@) - 9/ @).

33. Supposall thederiativesof g existatz = 0 andthatg 38

hasacritical pointatz = 0.

(a) Write then®™ Taylor polynomialfor g atz = 0.

(b) Whatdoesthe SecondDerivative testfor local max-

imaandminimasay?

(c) Usethe Taylor polynomialto explain why the Sec-

ondDerivative testworks.

the SecondDerivative testtells usnothingwhenthe sec-
ondderivative is zeroatthecritical point. In this problem
youwill investigatehatspecialcase.

Assumeg hasthesamepropertiesasin Problem33,
andthat, in addition, g (0) = 0. Whatdoesthe Taylor
polynomialtell you aboutwhetherg hasa local maxi-
mumor minimumatz = 0?

. UsetheFourierpolynomialsfor the squarevave

-1 —rm<z<0
f(x)—{ 1 O<z<m

to explain why thefollowing summustapproachr /4 as
n — oo:

1

ot ()T

. Find a Fourier polynomial of degreethreefor f(z) =

e’ for0 <z < 1.

. Supposethat f(z) is a differentiableperiodic function

of period2w. Assumethe Fourierseriesof f is differen-
tiabletermby term.

(a) If the Fouriercoeficientsof f area andbg, shav
that the Fourier coeficients of its derivative f' are
kbx, and—kay,.

(b) How arethe amplitudesof the harmonicsof f and
f' related?

(c) How aretheenegy spectreof f and f’ related?

If the Fourier coeficientsof f area andby, andthe
Fourier coeficientsof g arec, anddy, andif A andB
arereal, shav thatthe Fourier coeficientsof Af + Bg
areAay + Bcr, andAby, + Bdy.

39. Supposehat f is a periodicfunction of period 27 and

that g is a horizontalshift of f, sayg(z) = f(z + ¢).
Shaw that f andg have the sameenenpy.

PROJECTS

Exercises

1. Machin’s Formula and the Value of
(a) Usethetangeniadditionformula

tan A + tan B
tan(4 + B) = 1—tan Atan B
with A = arctan(120/119) and B

— arctan(1/239) to shaw that

t 120 t LI tan 1
arctan 119 arctan 239 = arctan1.

(b) UseA = B = arctan(1/5) to shaw that

2 arctan 1 = arctan 3
5) 12)°



Useasimilar methodto show that

4 arctan 1 = arctan 120
5) 119 ) °

(c) Obtain  Machin’s formula:
4 arctan(1/5) — arctan(1/239).

(d) Use the Taylor polynomial approximationof
degree 5 to the arctangentfunction to ap-
proximate the value of «. (Note: In 1873
William Shanksusedthisapproacho calculate
7 to 707decimalplacesUnfortunatelyin 1946
it wasfoundthathe madeanerrorin the 528"
place.)

(e) Why dothetwo seriesfor arctangentorverge
sorapidly herewhile the seriesusedin Exam-
ple 5 on page462corvergessoslonly?

/4 =

. Approximating the Derivative® In applications,
thevaluesof afunction f(x) arefrequentlyknown

only at discretevalueszg, xo + h, g + 2h,. ...

Supposewe are interestedin approximatingthe
derivative f'(zq). Thedefinition

f’(l‘o) — All;% f(mo + h})L - f(IL'())

suggestshatfor smallh we canapproximatef’ ()
asfollows:

fl(wo) ~ f('rU + hi)l - f(.']?o) .

Suchfinite-differenceapproximationsareusedfre-
guentlyin programmingacomputetto solve differ-
entialequations.

Taylor seriescanbe usedto analyzethe error
in this approximation Substituting

fll(mo)

R+ ...
9 +

f(zo + h) = f(zo) + f'(xo)h +

into theapproximatiorfor f'(xzq), we find
f(zo + h) — f(xo) f"(x0)
h 2

This suggestgandit canbe proved)thatthe error
in theapproximatioris boundedasfollows:

f(ib’0+h})L—f(5U0) — f(z0)| < ?’

= f(z0) + Bt

where

|lf'(z)] <M  for

3FromMark Kunka

|z — 20| < |l
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Noticethatash — 0, the erroralsogoesto zero,
provided M is bounded.

As anexample,we take f(z) = e” andzy =
0, so f'(xg) = 1. The errorfor variousvaluesof
h aregivenin Table10.2.We seethatdecreasing
by afactorof 10 decreasethe error by a factorof
aboutl0, aspredictedby theerrorboundM h /2.

Table 10.2
h (f(zo + h) — f(xo))/h Error
107! 1.05171 5.171 x 1072
1072 1.00502 5.02 x 1073
1073 1.00050 5.0 x 1074
1074 1.00005 5.0 x 10°°

(a) UsingTaylorseriessuggestanerrorboundfor
eachof thefollowing finite-differenceapproxi-
mations.

. — —h

(I) f’(wo) ~ f(.’ll'()) £($0 )

f(@o +h) — f(zo — h)

2h

(i) f'(wo) ~

—f(#0 +2h) + 8f(x0 + h) — 8F(z0 — h) + f(20

(i) f(z0) .

(iv) Use eachof the formulasin part (a) to
approximatethe first derivative of ¢* at
z = 0for h=10"1,10"2,103,10 %
As h is decreasedby a factorof 10, how
doesthe error decrease®oesthis agree
with the error boundsfound in part (a)?
Whichis themostaccuratdormula?

(v) Repeatpart (b) using f(z) = 1/z and
xzo = 107%. Why are theseformulasnot
good approximationsaanymore?Continue
to decreasé by factorsof 10. How small
doesh have to be beforeformula (iii) is
the bestapproximation?At thesesmaller
valuesof h, whatchangedo make thefor-
mulasaccurateagain?

3. (a) Useacomputeralgebrasystemto find Py ()

and@Q1o(z), the Taylor polynomialsof degree
10 aboutz = 0 for sin? z andcos? .

(b) What similaritiesdo you obsene betweenthe
two poynomials?Explain your obsenation in
termsof propertiesof sineandcosine.
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4. (a) Use your computer algebra systemto find the Taylor polynomialof degreel0 aboutx =
P;(z) and Q~(z), the Taylor polynomialsof 0 for f.
degree7 aboutz = 0 for f(xz) = sinz and (b) What do you notice aboutthe degreesof the
g(z) = sinz cosz. termsin the polynomial?What propertyof f
(b) Find the ratio betweenthe coeficient of 2% in doesthis suggest?
thetwo polynomials Do the samefor the coef- (c) Provethat f hasthepropertysuggestedy part
ficientsof z° andz”. (b).

(c) Describethepatternin theratiosthatyou com- T 2
putedin part(b). Explainit usingthe identity 6. LetS(x) = fy sin(t*) dt.

sin(2z) = 2sin z cos z. (a) Useacomputeralgebrasystemto find Py (),
5. Let f(z) = %45 + 5. Althoughtheformulafor f 'Bh?c')l'ragl(or)polynommlof degreel1aboutr =
is notdefinedatz = 0, we canmale f continuous A : .
by setting £(0) = 1. If we do this, f hasTaylor (b) Whatis the percentagerrorin theapproxima-
y e g o ’ y tion of S(1) by Pi1(1)? What aboutthe ap-
seriesaroundz = 0.

i proximationof S(2) by P11(2)?
(a) Usea computeralgebrasystemto find Pyo(x),



