
Chapter Ten

APPROXIMATING
FUNCTIONS

In Section??, for
���������

, we found the sum
of a geometricseriesasa function of the
commonratio

�
:

�	�
������������������������������ �
�������

Viewedfr om another perspective,this formula
givesusa serieswhosesumis the function "! �$#%���'& ! �(�
�$#

. We now work in the
oppositedir ection,starting with a function and
looking for a seriesof simpler functions whose
sumis that function. Wefirst usepolynomials,
which leadus to Taylor series,and then
trigonometric functions,which leadus to
Fourier series.

Taylor approximationsusepolynomials,which
may beconsidered the simplestfunctions. They
areeasyto usebecausethey canbeevaluated
by simplearithmetic, unlik e transcendental
functions, suchas )'* and +-, � .

Fourier approximationsusesinesand cosines,
the simplestperiodic functions, insteadof
polynomials.Taylor approximationsare
generallygoodapproximationsto the function
locally (that is, near a specificpoint), whereas
Fourier approximationsaregenerallygood
approximationsover an interval.



446 Chapter Ten APPROXIMATING FUNCTIONS

10.1 TAYLOR POLYNOMIALS

In thissection,weseehow to approximatea functionby polynomials.

Linear Appr oximations

We alreadyknow how to approximatea functionusinga degree1 polynomial,namelythetangent
line approximationgivenin Section4.8:

.0/2143657.0/2893�:;.=<>/>893?/@1�AB893?C
Thetangentline andthecurvesharethesameslopeat

1�DE8
. As Figure10.1suggests,thetangent

line approximationto thefunctionis generallymoreaccuratefor valuesof
1

closeto
8
.
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Figure 10.1: Tangentline approximationof
J4K GVL for G nearF

We first focuson
8(DYX

. The tangentline approximationat
1�DZX

is referredto asthe first
Taylor approximationat

1RD[X
, or asfollows:

Taylor Polynomial of Degree1 Approximating
 \! �$#

for
�

near 0

.0/@1=3�5^]`_a/21436D7.0/2XN3�:(.=<T/2XN3b1

We now look at approximationsby polynomialsof higherdegree.Let uscompareapproxima-
tions c /@1=36D[d?eMfV1 near

1�D[X
by linearandquadraticfunctions.

Example 1 Approximatec /21436D^d?eNf91 , with
1

in radians,by its tangentline at
1�D[X

.

Solution Thetangentline at
1RD^X

is just thehorizontalline g Dih , asshown in Figure10.2,so

c /21436D[d?eNf91�5jhMk for
1

near0.

If we take
1%D�XVC XMl

, then
c /2XmC XNln3`D�doeMfp/2XVC XMlM3`D�XVC qnqMrsCoCtCuk

which is quitecloseto theapproximation
doeMf91�5ih

. Similarly, if
1�DjAvXmCwh

, then

c /xAvXmCwhy30D[d?eNfo/zAvXVC�hp3`D^XmC qMqMl{CtCoC
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is closeto theapproximation
d?eNf91R5jh

. However, if
1RD^XVC |

, then

c /2XmC |}3�D�doeMfp/2XVC |N3`D[XVC qM~Vh�CoCtCuk
so the approximation

d?eMfV1�5�h
is lessaccurate.The graphsuggeststhat the farthera point

1
is

away from
X
, theworsetheapproximationis likely to be.

�Q �
Qs�

G

� �����
P ���p� G

Figure 10.2: Graphof ���p� G andits tangentline at G��	�

Quadratic Appr oximations

To getamoreaccurateapproximation,weuseaquadraticfunctioninsteadof a linearfunction.

Example 2 Find thequadraticapproximationto c /@143�D^doeMf91 for
1

near
X
.

Solution To ensurethatthequadratic,
]'�M/2143

, is a goodapproximationto c /@1=3�D�doeMf91 at
1�D�X

, we require
that

doeMf91
andthequadratichave thesamevalue,thesameslope,andthesamesecondderivativeat1RD^X

. Thatis,werequire
]'�n/>XM3�D c />XM3 , ] <� />XM3�D c < /2XN3 , and

] < <� /2XN3�D c < < />XM3 . Wetakethequadratic
polynomial ] � /@1=36D[����:;�s_�1$:;� � 1 � k
anddetermine

� �
,
� _

, and
���

. Since

] � /@1=36D7�6�{:(�s_?1$:(� � 1 �
and c /@1=36D�doeMf91] <� /@1=36D7�{_6:(~M� � 1 c < /@143�D�A�f-�w�s1] < <� /@1=36D7~n� � c < < /@143�D�A�d?eNf91�k

wehave ���UD[] � /2XN3�D c /2XN3�D�doeMfVX�Djh so
���UDjh

�s_vD[] <� /2XN3�D c < /2XM3�DjA�fz���vX�D^X �s_vD^X
~n� � D[] < <� />XM3�D c < < /2XN3�D�A�d?eNfVX�DjA�hMk � � DjA _� C

Consequently, thequadraticapproximationis

doeMf91R5^] � /@1=36Dih�:�X��?1"A h~ 1
� DihsA 1

�
~ k for

1
near0.

Figure10.3suggeststhat thequadraticapproximation
doeMf91�5�]��M/@1=3

is betterthanthe linear
approximation

doeMf91�5E] _ /@1=3
for
1

near0. Let’s comparetheaccuracy of thetwo approximations.
Recallthat

]`_a/@1=3�D�h
for all

1
. At

1BD�XVC |
, we have

doeMft/2XVC |N3�D�XmC qN~9h�CtCoC
and

] � /2XmC |}3vD�XVC qM~�X
,

so the quadraticapproximationis a significantimprovementover the linear approximation.The
magnitudeof theerroris about0.001insteadof 0.08.
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Figure 10.3: Graphof ���p� G andits linear, ¡�¥ K G9L , andquadratic,¡ � K GVL , approximationsfor G near0

Generalizingthe computationsin Example2, we definethe secondTaylor approximationat1RD^X
.

Taylor Polynomial of Degree2 Approximating
 \! �$#

for
�

near 0

.0/214365[] � /@1=36D7.0/2XM3�:;. < /2XM3x1$: . < < /2XN3~ 1 �

Higher -Degree Polynomials

In a small interval around
1�D¦X

, the quadraticapproximationto a function is usually a better
approximationthanthe linear (tangentline) approximation.However, Figure10.3shows that the
quadraticcanstill bendaway from theoriginal function for large

1
. We canattemptto fix this by

usinganapproximatingpolynomialof higherdegree.Supposethatweapproximateafunction
.0/2143

for
1

near0 by apolynomialof degree§ :

.0/2143�5[]�¨�/21436D7� � :(� _ 1$:;���o1 � :^�o�t�y:;��¨}© _ 1 ¨}© _ :(��¨91 ¨ C
We needto find thevaluesof theconstants:

���nk��{_�k6� � ktCoCtC?k�� ¨
. To do this,we requirethat

thefunction
.0/@1=3

andeachof its first § derivativesagreewith thoseof thepolynomial
] ¨ /@143

at the
point

1�D[X
. In general,themorederivativestherearethatagreeat

1RD[X
, thelargertheinterval on

which thefunctionandthepolynomialremaincloseto eachother.
To seehow to find theconstants,let’s take § D�ª asanexample

.0/214365^]�«N/@1=36D[����:;�s_�1$:;� � 1 � :;��«o1 « C
Substituting

1%D^X
gives .0/>XM3�D[] « /2XN3�D[� � C

Differentiating
]'«N/@143

yields ]�<« /@143�D^�s_�:;~n� � 1$:(ªM��«o1 � k
sosubstituting

1RD�X
shows that . < /2XN3�D�] <« />XM3�D7�{_aC

Differentiatingandsubstitutingagain,weget

] < <« /@1=36D7~U��hp� � :(ª��t~U�nhy��«?1�k
whichgives . < < /2XM3�D[] < <« />XM36D[~U�nhy���nk
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sothat � � D . < < /2XN3~U��h C
Thethird derivative,denotedby

] < < <«
, is
]�< < <« /@1=36D^ª��p~U�nhp��«nk

so . < < < /2XM3�D^] < < <« />XM3�D[ª��t~U�nhy��«nk
andthen � « D . < < < /2XN3

ª��t~U�nh C
You can imaginea similar calculationstartingwith

]�¬M/2143
, using the fourth derivative

.� ¬�®
,

whichwouldgive � ¬ D .� ¬�® />XM3
|��tª��t~U�Mh k

andsoon.Usingfactorialnotation,1 wewrite theseexpressionsas

��«�D . < < < /2XM3ªV¯ k°��¬�D .�
¬�® /2XN3
|±¯ C

Writing
.� ¨ ®

for the §=²2³ derivativeof
.

, wehave,for any positive integer §
��¨´D .�

¨ ® /2XN3
§ ¯

C

Sowedefinethe §=²>³ Taylor approximationat
1�D[X

:

Taylor Polynomial of Degree µ Approximating
 "! �$#

for
�

near 0
.0/@1=365^] ¨ /@1=3

D[.0/>XM3�:;. < />XM3x1$: . < < /2XN3~9¯ 1
� : . < < < />XM3ªm¯ 1 « : .�

¬�® /2XM3
|m¯ 1 ¬ :^�o�t�y: .�

¨ ® /2XN3
§ ¯

1 ¨

Wecall
] ¨ /2143

theTaylorpolynomialof degree§ centeredat
1�D^X

, or theTaylorpolynomial
about

1RD^X
.

Example 3 ConstructtheTaylorpolynomialof degree7 approximatingthefunction
.0/@1=36D^f-���s1

for
1

near0.
Comparethevalueof theTaylorapproximationwith thetruevalueof

.
at
1�D�¶�·�ª

.

Solution We have .0/@143�D f-�w�s1
giving

.0/2XM3�D X
. < /@143�D doeMf91 . < /2XM3�D h
. < < /@143�D¸A%f-����1 . < < /2XM3�D X
. < < < /@143�D¹A�d?eMf}1 . < < < /2XM3�D�A�h
.� ¬�® /@143�D f-�w�s1 .� ¬�® /2XM3�D X
.�wº ® /@143�D doeMf91 .�wº ® /2XM3�D h
.�w» ® /@143�D¸A%f-����1 .�w» ® /2XM3�D X
.�w¼ ® /@143�DjA�d?eNf}1�k .�w¼ ® /2XM3�DiA�hnC

1Recallthat ½M¾o¿%½MÀ�½�ÁÃÂ-ÄMÅxÅxÅÇÆ0ÅuÂ . In addition, Âu¾t¿�Â , and Èp¾t¿�Â .
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Usingthesevalues,weseethattheTaylorpolynomialapproximationof degree7 is

f-����1%5^] ¼ /21436D[XÉ:�hs�t1$:(X��
1 �
~9¯ A�hs�

1 «
ªm¯ :(X��

1 ¬
|m¯ :^hs�

14º
lV¯ :(X��

1±»
Ê ¯ A�hs�

14¼
Ë ¯

D^1\A 1
«
ªV¯ :

1 º
l9¯ A

1 ¼
Ë ¯ k for

1
near0

C

Noticethatsince
.�wÌ ® /2XM3�D^X

, theseventhandeighthTaylorapproximationsto
fz���s1

arethesame.
In Figure10.4we show thegraphsof thesinefunctionandtheapproximatingpolynomialof

degree7 for
1

near0.They areindistinguishablewhere
1

is closeto0.However, aswelookatvalues
of
1

fartherawayfrom 0 in eitherdirection,thetwo graphsmoveapart.To checktheaccuracy of this
approximationnumerically, weseehow well it approximates

fz����/@¶�·�ªM3�D7Í ª}·�~�D[XVC r ÊnÊ XM~Mla|vCtCoCzC

Q � � Î �
Qs�

�
G

¡�Ï K GVL �bÐÒÑ G

¡=Ï K GVL�bÐÒÑ G

Figure 10.4: Graphof �bÐÓÑ G andits seventhdegreeTaylorpolynomial,¡ Ï K GVL , for G near�

Whenwesubstitute
¶�·aª�DihnC X�| Ë htq Ë Ê CtCoC

into thepolynomialapproximation,weobtain
] ¼ /2¶�·aªN3�DXVC r ÊMÊ XN~9htªvCoCoC�k

which is extremelyaccurate—toaboutfour partsin amillion.

Example 4 GraphtheTaylorpolynomialof degree
r

approximatingc /21436D^d?eMfV1 for
1

near0.

Solution We find thecoefficientsof theTaylorpolynomialby themethodof theprecedingexample,giving

doeMf91R5[] Ì /@1=36DihsA
1 �
~V¯ :

1 ¬
|±¯ A

1±»
Ê ¯ :

1±Ì
rV¯ C

Figure10.5shows that
] Ì /2143 is closeto the cosinefunction for a larger interval of

1
-valuesthan

thequadraticapproximation
] � /@143�D�hsAB1 � ·�~

in Example2 onpage447.

Q � �Qs�

�
G

���t� G���t� G
¡=Ô K GVL ¡4Ô K GVL

¡ � K GVL ¡ � K G9L
Figure 10.5: ¡ Ô K GVL approximates���p� G betterthan ¡ � K GVL for G near�

Example 5 ConstructtheTaylorpolynomialof degree10about
1RD^X

for thefunction
.0/@143�D[ÕyÖ

.
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Solution Wehave
.0/2XM3�Djh

. Sincethederivativeof
ÕyÖ

is equalto
ÕyÖ

, all thehigher-orderderivativesareequal
to
ÕyÖ

. Consequently, for any × DØhnk�~VkoCtCoCukohpX , .��Ù
® /@1=3sD�ÕyÖ

and
.��Ù ® />XM3{D�Õ � D�h

. Therefore,the
Taylorpolynomialapproximationof degree10 is givenby

Õ Ö 5�]`_b�}/@1=36Dih�:	1$: 1
�
~9¯ :

1 «
ªm¯ :

1 ¬
|±¯ :^�o�o�y:

1 _b�
hpXV¯ k for

1
near0

C

Tochecktheaccuracy of thisapproximation,weuseit toapproximate
Õ�D[Õ _ D[~VC Ë htrN~�rVhprM~nrsCoCtC

.
Substituting

1;DZh
gives

]0_x�M/zhp3�D�~9C Ë htrN~�rmhtrnXmh
. Thus,

]`_b�
yields thefirst sevendecimalplaces

for
Õ
. For large valuesof

1
, however, the accuracy diminishesbecause

ÕyÖ
grows fasterthanany

polynomialas
1EÚÜÛ

. Figure10.6 shows graphsof
.0/2143\DÝÕpÖ

andthe Taylor polynomialsof
degree§ D�XVkthnk�~9k-ªmkz| . Noticethateachsuccessiveapproximationremainscloseto theexponential
curvefor a largerinterval of

1
-values.

Q�Þ Q�    Þ

Qs���

���

 o�

G

¡=ß

¡ �

¡=à
¡ ¥

¡ Î

á ¢�¡=ßâ¡ Î ¡ �

¡ ¥
¡=à

á ¢

Figure 10.6: For G near� , thevalueof á ¢ is morecloselyapproximatedby higher-degreeTaylor
polynomials

Example 6 ConstructtheTaylorpolynomialof degree§ approximating
.0/2143�D h

hsAâ1 for
1

near0.

Solution Differentiatinggives
.0/2XN3sDØh

,
. < /2XM3sDãh

,
. < < />XM3sDi~

,
. < < < />XM3vDiªV¯

,
.� ¬�® /2XN3sD�|m¯

, andsoon.This
means h

hsAB1 5[] ¨ /21436Dih�:	1´:	1
� :	1 « :�1 ¬ :^�o�t�p:	1 ¨ k

for
1

near0,

Let uscomparetheTaylor polynomialwith theformulaobtainedon page?? for thesumof a finite
geometricseries: hsAB1 ¨nä _

hsAB1 Djh�:�1$:�1 � :�1 « :	1 ¬ :��t�o�a:	1 ¨ C

If
1

is closeto 0 and
1 ¨�ä _

is smallenoughto neglect,theformulafor thesumof a finite geometric
seriesgivesustheTaylorapproximationof degree§ :

h
hsAB1 5�h�:�1$:�1

� :�1 « :	1 ¬ :^�o�o�y:	1 ¨ C
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Taylor Polynomials Around å�æèç
Supposewewantto approximate

.0/@1=3�D^éw�s1
by a Taylorpolynomial.This functionhasnoTaylor

polynomialabout
1	D�X

becausethe function is not definedfor
1;êiX

. However, it turnsout that
wecanconstructa polynomialcenteredaboutsomeotherpoint,

1%D�8
.

First, let’s look at theequationof thetangentline at
1�D^8

:

g D[.0/>8}3�:;.=<T/2893?/21"A�8}3?C
Thisgivesthefirst Taylorapproximation

.0/@1=365^.0/>8}3�:(.=<T/2893?/21\A�8}3
for
1

near
84C

The
. < />8}3o/@1%A�893

termis a correctiontermwhich approximatesthechangein
.

as
1

movesaway
from

8
.

Similarly, the Taylor polynomial
]�¨�/2143

centeredat
17DÝ8

is setup as
.0/>893

plus correction
termswhich arezerofor

1	D�8
. This is achievedby writing thepolynomialin powersof

/@1%A(893
insteadof powersof

1
:

.0/@1=365�] ¨ /21436D[�6�s:(�s_�/@1\A�893�:(� � /@1\A�893 � :^�o�t�p:;� ¨ /@1\A�893 ¨ C
If we require § derivativesof theapproximatingpolynomial

]'¨�/@1=3
andtheoriginal function

.0/2143
to agreeat

1�D[8
, wegetthefollowing resultfor the § ²2³ Taylorapproximationsat

1�D[8
:

Taylor Polynomial of Degree µ Approximating
 "! �´#

for
�

near ë
.0/214365^] ¨ /@143

D[.0/2893�:;.=<>/>893?/@1"AB893�: . < < />8}3~V¯ /@1�AB893 � :[�t�o�p: . 
¨ ® /2893
§ ¯

/@1\A�893 ¨

We call
]'¨�/@1=3

theTaylor polynomialof degree§ centeredat
1�Di8

, or theTaylor poly-
nomialabout

1�D[8
.

You canderive theformulafor thesecoefficientsin thesameway thatwe did for
8RD�X

. (See
Problem28,page454.)

Example 7 ConstructtheTaylorpolynomialof degree4 approximatingthefunction
.0/@143�D£é��s1

for
1

near1.

Solution We have .0/@1=3�D é��s1
so

.0/xhp3�D^é���/xhy3�D^X
. < /@1=36D hy·a1 . < /xhp3�D h
. < < /@1=36DìA�hy·a1 � . < < /xhp3�D A�h
. < < < /@1=36D ~N·y1 « . < < < /xhp3�D ~
.  ¬�® /@1=36DjA Ê ·y1 ¬ k .  ¬�® /xhp3�D A Ê C

TheTaylorpolynomialis therefore

é��s1R5�]�¬N/21436D[XÉ:[/@1\A�hp3'A /@1�A;hy3
�

~9¯ :;~ /@1"A;hy3
«

ªV¯ A Ê /@1"A;hy3
¬

|m¯
D�/@1"A;hy3'A /21"A�hp3

�
~ : /@1"A;hy3

«
ª A /@1\A�hp3

¬
| k

for
1

near1
C

Graphsof
é��s1

and several of its Taylor polynomialsareshown in Figure 10.7. Notice that]�¬N/2143
staysreasonablycloseto

é��s1
for
1

near1, but bendsaway as
1

getsfartherfrom 1. Also,
notethattheTaylorpolynomialsaredefinedfor

1�ê;X
, but

éw�s1
is not.



10.1 TAYLOR POLYNOMIALS 453

�   í
�

G

¡�¥ K GVL¡ Î K G9L
î Ñ G

¡ � K GVL

¡ ß K GVL¡�¥ K GVL
¡ � K GVL

î Ñ G

P ¡=ß K GVL
¡ Î K GVL

Figure 10.7: Taylorpolynomialsapproximate
î Ñ G closelyfor G near � , but notnecessarilyfartheraway

Theexamplesin thissectionsuggestthatthefollowing resultsaretruefor commonfunctions:ï Taylor polynomialscenteredat
1âDj8

give goodapproximationsto
.0/@1=3

for
1

near
8
. Farther

away, they mayor maynotbegood.ï The higherthe degreeof the Taylor polynomial,the larger the interval over which it fits the
functionclosely.

Exercises and Problems for Section 10.1
Exercises

For Problems1–10,find the Taylor polynomialsof degree ð
approximatingthegivenfunctionsfor G near0. (Assumeñ is
aconstant.)

1.
�

��ò�G , ð �	Þ , ó , ô 2.
�

��QRG , ð ��í , õ , ö
3. � ��ò�G , ð ��  , í , Þ 4. ���p� G , ð ��  , Þ , ó
5. ÷oø �-ù ÷ Ñ G , ð �	í , Þ 6. ù ÷ Ñ G , ð �	í , Þ
7. ú� �`QRG , ð ��  , í , Þ 8.

î Ñ K �}òûGVL , ð � õ , ö , ü
9.

�
� ��ò�G , ð ��  , í , Þ 10.

K ��ò�G9L2ý , ð ��  , í , Þ

For Problems11–14,find theTaylor polynomialof degree ð
for G nearthegivenpoint F .
11. �bÐÒÑ G , F � �4þ   ,ð ��Þ 12. ���p� G , F � �=þ Þ ,ð �	í
13. á ¢ , FU��� , ð ��Þ 14. � �'ò�G , F � � ,ð �	í

Problems

For Problems15–18,suppose¡ � K GVL��[FÉòBÿ-G�ò���G � is the
seconddegree Taylor polynomial for the function

J
aboutG��	� . Whatcanyousayaboutthesignsof F , ÿ , � if

J
hasthe

graphgivenbelow?

15.

G
J4K GVL 16.

G
J4K GVL17.

G
J4K GVL18.

GJ4K G9L

19. Supposethe function
J4K G9L is approximatednear G����
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by asixthdegreeTaylorpolynomial

¡�� K G9L��	íoG�Q"ÞtG Î ò õ G � �
Give thevalueof

(a)
J4K �yL (b)

JNSTK �pL (c)
JNS S SÇK �pL(d)

J����
	-K �yL(e)
J�� � 	-K �pL

20. Suppose� is a function which hascontinuousderiva-
tives, and that � K õ Lâ� í� � S K õ Lâ��Q�  , � S S K õ LB�
� ,� S S S K õ L��£Q6í .
(a) Whatis theTaylorpolynomialof degree  for � nearõ ? What is theTaylor polynomialof degree í for �

near5?
(b) Usethe two polynomialsthat you found in part (a)

to approximate� K Þ � ü L .
21. Find the second-degreeTaylor polynomial for

J4K GVLû�ÞpG � Q ö G�ò�  aboutG��	� . Whatdoyounotice?

22. Find the third-degree Taylor polynomial for
J4K GVL��G Î ò ö G � Q õ G`ò�� aboutG��	� . Whatdoyounotice?

23. (a) Basedon your observations in Problems21–22,
make a conjectureaboutTaylor approximationsin
thecasewhen

J
is itself apolynomial.

(b) Show thatyourconjectureis true.

24. Show how youcanusetheTaylorapproximation�bÐÒÑ G��
G�Q G

Î
í� , for G near0, to explainwhy

î Ð��¢�� à �bÐÒÑ GG ��� .
25. Use the fourth-degree Taylor approximation ���t� G��

�ØQ G �
 �� ò G ßÞ�� for G near � to explain why

î Ð��¢�� à �`Q ���p� GG � � �  .

26. Use a fourth degree Taylor approximationfor á�� , for�
near0, to evaluatethe following limits. Would your

answerbe different if you useda Taylor polynomialof
higherdegree?

(a)
î Ð��� � à á��vQ���Q �� �

(b)
î Ð��� � à á � Q��`Q � Q � ¤�� Î

27. If
J4K  tLs� � K  pL{� � K  pLs�E� , and

J S K  tLs� � S K  tLs�E� ,� S K  pL��� p  , and
J S S K  tL���í , � S S K  pL�� õ , �NS S K  tL�� ö ,

calculatethefollowing limits. Explainyour reasoning.

(a)
î Ð��¢�� � J4K GVL� K GVL (b)

î Ð��¢�� � J4K GVL� K GVL
28. Derive the formulasgiven in the box on page452 for

thecoefficientsof theTaylor polynomialapproximating
a function

J
for G nearF .

29. (a) FindtheTaylorpolynomialapproximationof degree
4 aboutG���� for thefunction

J4K GVL��	á ¢ ¤ .

(b) Comparethis result to the Taylor polynomial ap-
proximationof degree2 for thefunction

J4K GVL��(á ¢
aboutG���� . Whatdo younotice?

(c) Useyourobservationin part(b) to write outtheTay-
lor polynomialapproximationof degree20 for the
functionin part(a).

(d) Whatis theTaylorpolynomialapproximationof de-
gree5 for thefunction

J4K GVL��	á�� � ¢ ?
30. Considertheequations�bÐÒÑ G��	� �   and G�Q G

Î
í� ��� �  

(a) How many zerosdoeseachequationhave?
(b) Which of thezerosof thetwo equationsareapprox-

imatelyequal?Explain.

31. The integral � ¥à K �bÐÒÑ � þ � L"! � is difficult to approximate
using,for example,left Riemannsumsor the trapezoid
rule becausethe integrand

K �bÐÒÑ � L þ � is not definedat� � � . However, this integral converges; its value is� � ü Þ ó � ô �#�#�$� Estimatethe integral usingTaylor polyno-
mialsfor �bÐÓÑ � about� �	� of

(a) Degree3 (b) Degree5

32. Oneof the two setsof functions,
J ¥ , J � , J Î , or � ¥ , � � ,� Î , is graphedin Figure10.8;theothersetis graphedin

Figure10.9.Points % and & eachhave G	�Ø� . Taylor
polynomialsof degree2 approximatingthesefunctions
nearG��	� areasfollows:

J ¥ K G9L'�( �ò%G�òâ ?G � � ¥ K GVL(����ò�GÉò� oG �J � K GVL(�� `ò�G�Q�G � � � K GVL(����ò�GÉò�G �J Î K GVL(�� `ò�GÉò�G � � Î K GVL(���`QRGÉò�G � �
(a) Which groupof functions,the

J
s or the � s, is repre-

sentedby eachfigure?
(b) Whatarethecoordinatesof thepoints % and & ?
(c) Matchthefunctionswith thegraphs(I)-(III) in each

figure.

%
I

IIIII

Figure 10.8

&

II

I

III

Figure 10.9
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10.2 TAYLOR SERIES

In theprevioussectionwe saw how to approximatea functionneara point by Taylor polynomials.
Now wedefineaTaylorseries,whichis apowerseriesthatcanbethoughtof asaTaylorpolynomial
thatgoeson forever.

Taylor Series for cos )+* sin )+*-, �
We havethefollowing Taylorpolynomialscenteredat

1%D�X
for
d?eNf91

:

doeMf91R5[]��M/@1=36Dih
doeMf91R5[] � /@1=36DihsA 1

�
~V¯

doeMf91R5[] ¬ /@1=36DihsA 1
�
~V¯ :

1 ¬
|±¯

doeMf91R5[] » /@1=36DihsA
1 �
~V¯ :

1 ¬
|±¯ A

1±»
Ê ¯

doeMf91R5[] Ì /@1=36DihsA
1 �
~V¯ :

1 ¬
|±¯ A

1±»
Ê ¯ :

1±Ì
rV¯ C

Herewehaveasequenceof polynomials,
]��M/@1=3

,
] � /2143

,
]�¬N/@1=3

,
] » /2143 , ] Ì /@143 , ...,eachof whichis a

betterapproximationto
doeMf91

thanthelast,for
1

near0. Whenwegoto ahigher-degreepolynomial
(sayfrom

] » to
] Ì ), we addmoreterms(

1±Ìp·�rV¯
, for example),but thetermsof lower degreedon’t

change.Thus,eachpolynomialincludesthe informationfrom all thepreviousones.We represent
thewholesequenceof Taylorpolynomialsby writing theTaylor seriesfor

doeMf91
:

h{A 1
�
~V¯ :

1 ¬
|m¯ A

1±»
Ê ¯ :

1±Ì
rV¯ A;�t�o�oC

Noticethatthepartialsumsof thisseriesaretheTaylorpolynomials,
]'¨�/@1=3

.
We definetheTaylor seriesfor

fz���{1
and

ÕyÖ
similarly. It turnsout that,for thesefunctions,the

Taylor seriesconvergesto thefunctionfor all
1
, sowecanwrite thefollowing:

f-�w�{1RD^1\A 1
«
ªV¯ :

1±º
l9¯ A

1±¼
Ë ¯ :

1/.
qm¯ A;�t�o�

d?eNf91RDihsA 1
�
~V¯ :

1 ¬
|m¯ A

1±»
Ê ¯ :

1±Ì
rV¯ A;�t�o�

Õ Ö Dih�:	1´: 1
�
~V¯ :

1 «
ªm¯ :

1 ¬
|m¯ :^�o�t�

TheseseriesarealsocalledTaylor expansionsof thefunctions
f-�w�s1

,
d?eMfV1

, and
ÕpÖ

about
1�D[X

. The
general termof aTaylor seriesis a formulawhichgivesany termin theseries.For example,

1 ¨ · § ¯
is thegeneraltermin theTaylor expansionfor

ÕyÖ
, and

/zA�hp3-Ùp1 � ÙM·9/T~ × 3?¯ is thegeneraltermin the
expansionfor

d?eNf91
. We call § or × the index.

Taylor Series in General
Any function

.
, all of whosederivativesexist at 0, hasa Taylor series.However, theTaylor series

for
.

doesnot necessarilyconvergeto
.0/@143

for all valuesof
1
. For thevaluesof

1
for which the

seriesdoesconvergeto
.0/2143

, wehave thefollowing formula:



456 Chapter Ten APPROXIMATING FUNCTIONS

Taylor Seriesfor
 "! �$#

about
�è�

0

.0/2143�D7.0/2XM3�:;. < /2XM3x1$: . < < /2XN3~9¯ 1
� : . < < < /2XM3ªV¯ 1 « :^�o�t�y: .�

¨ ® /2XN3
§ ¯

1 ¨ :��t�o�

In addition,just aswe have Taylor polynomialscenteredat pointsother than
X
, we canalso

have a Taylor seriescenteredat
1�D 8

(providedall the derivativesof
.

exist at
1�D�8

). For the
valuesof

1
for which theseriesconvergesto

.0/@1=3
, wehavethefollowing formula:

Taylor Seriesfor
 "! �$#

about
�è� ë

J4K GVL�� J4K FML±ò J S K FML K G�Q�FNLVò J S S K FNL �� K G�Q�FML � ò J S S S K FMLí� K G�Q"FML Î ò�0#010uò J �32�	 K FMLð � K G�Q�FML 2 ò40$0#0

TheTaylor seriesis a power serieswhosepartial sumsaretheTaylor polynomials.As we saw in
Section??, power seriesgenerallyconvergeon an interval centeredat

1[DZ8
. The Taylor series

for sucha functioncanbe interpretedwhen
1

is replacedby a complex number. This extendsthe
domainof thefunction.SeeProblem41.

For a givenfunction
.

andagiven
1
, evenif theTaylorseriesconverges,it mightnotconverge

to
.0/@143

, thoughit doesfor most commonlyencounteredfunctions.Functionsfor which this is
true for the Taylor seriesaboutevery point

1�DZ8
in their domainarecalledanalytic functions.

Fortunately, theTaylor seriesfor
ÕyÖ

,
d?eMfV1

, and
f-���s1

convergeto theoriginal functionfor all
1
, so

they areanalytic.SeeSection10.4.

Inter vals of Convergence of Taylor Series
Let us look againat theTaylor polynomialfor

é��s1
about

1	D h
thatwe derived in Example7 on

page??. A similarcalculationgivestheTaylorSeries

éw�s1�D�/@1\A�hp3'A /@1"A;hy3
�

~ : /@1\A�hp3
«

ª A /21"A�hp3
¬

| :��t�o�p:[/xA�hy3 ¨}© _ /@1"A;hy3
¨

§
:��t�o�tC

Example2 on page449 andExample5 on page451 show that this power serieshasinterval of
convergence

X65 1�êè~
. However, althoughwe know that the seriesconvergesin this interval,

we do not yet know that its sumis
éw�s1

. Thefact that in Figure10.10thepolynomialsfit thecurve
well for

X757185�~
suggeststhat theTaylor seriesdoesconvergeto

éw�s1
for
X9571(êj~

. For such1
-values,ahigher-degreepolynomialgives,in general,a betterapproximation.

However, when
19:�~9k

thepolynomialsmoveawayfrom thecurveandtheapproximationsget
worseasthe degreeof the polynomialincreases.Thus,the Taylor polynomialsareeffective only
asapproximationsto

éw�s1
for valuesof

1
between0 and2; outsidethat interval, they shouldnot

beused.Insidethe interval, but neartheends,
X

or
~
, thepolynomialsconvergevery slowly. This

meanswemighthave to takea polynomialof veryhighdegreeto getanaccuratevaluefor
é��s1

.
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�  

OP Interval of convergence

í Þ G

O¡ � K GVL
î Ñ G ¡4Ô K GVL ¡�� K GVLO¡/� K GVL O¡ Ï K GVL O¡ Ô K GVL

¡ Ï K GVL ¡ � K GVL î Ñ G

Figure 10.10: Taylorpolynomials¡ � K GVL;� ¡ � K GVL;� ¡=Ï K GVL;� ¡ Ô K G9L;� �#�#� convergeto
î Ñ G for �=<âG?>B  and

divergeoutsidethatinterval

To computethe interval of convergenceexactly, we first computethe radiusof convergence
usingthemethodonpage??. Convergenceat theendpoints,

1�D[X
and

1�D[~
, hasto bedetermined

separately. However, proving that the seriesconvergesto
é��s1

on its interval of convergence,as
Figure10.10suggests,requirestheerrortermintroducedin Section10.4.

Example 1 Find theTaylor seriesfor
éw��/zh�:�143

about
1RD^X

, andcalculateits interval of convergence.

Solution Takingderivativesof
é���/zh�:	1=3

andsubstituting
1�D[X

leadsto theTaylor series

é���/xh{:	1=3�D�1\A 1
�
~ :

1 «
ª A

1 ¬
| :^�o�o�tC

Noticethatthis is thesameseriesthatwegetby substituting
/xh�:�143

for
1

in theseriesfor
é��s1

:

é��s1RDj/21"A�hp3'A /@1\A�hp3
�

~ : /@1\A�hp3
«

ª A /21\A;hy3
¬

| :^�o�t�
for
X?5(1�ê�~

.

Sincetheseriesfor
éw�s1

about
1âD�h

convergesfor
X@5[1	ê7~

, theinterval of convergencefor the
Taylor seriesfor

éw��/zh�:	1=3
about

1RD�X
is
A�hA5;1�êEh

. Thuswewrite

é���/zh�:	1=36D£1"A 1
�
~ :

1 «
ª A

1 ¬
| :^�o�t� for

A�hA5(1�êEh
.

Noticethat theseriescouldnot possiblyconvergeto
é���/zhs:;1=3

for
1(ê�A�h

since
é���/xhv:;143

is not
definedthere.

Qs� �

OP Interval of
convergence

G
î Ñ K ��ò�GVL

¡ � K G9L¡�Ï K GVL¡�B K GVL

¡=Ô K GVL ¡ � K GVL
O¡ � K GVL

P î Ñ K �'ò�G9LP ¡ B K GVLO¡ Ô K GVL O¡�Ï K GVL O¡ � K GVL
Figure 10.11: Interval of convergencefor theTaylorseriesfor

î Ñ K �0ò%GVL is Qs�C<âG->��
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The Binomial Series Expansion
We now find theTaylorseriesabout

1RD�X
for thefunction

.0/2143�D�/xh�:�143ED
, with F aconstant,but

notnecessarilyapositive integer. Takingderivatives:

.0/@143�Di/zh�:	1=3 D
so

.0/>XM3�Dih
. < /2143�D F /xh�:�143ED © _ . < />XM3�D F. < < /2143�D F / F A�hp3?/zh�:	1=3ED ©4� . < < />XM3�D F / F A�hp3. < < < /2143�D F / F A�hp3?/ F A�~M3?/zh�:	1=3ED © « k . < < < />XM3�D F / F A�hp3o/ F A	~n3?C

Thus,thethird-degreeTaylorpolynomialfor
1

near0 is

/zh�:	1=3 D 5[]'«M/21436Djh�: F 1$: F / F A�hp3~9¯ 1 � : F / F A;hy3?/ F A�~M3ªm¯ 1 « C

Graphing
] « /@1=3uk-] ¬ /@143?koCtCoC

for variousspecificvaluesof F suggeststhat the Taylor polynomials
convergeto

.0/@1=3
for
A�h?5E1G5�h

. (SeeProblems24–23,page459.)This canbeconfirmedusing
theradiusof convergencetest.TheTaylorseriesfor

.0/@1=3�Di/zh�:	1=3ED
about

1RD[X
is asfollows:

The Binomial Series

/xh�:�143 D Djh�: F 1û: F / F A�hp3~9¯ 1 � : F / F A�hp3o/ F A	~n3ªV¯ 1 « :^�o�t�
for
A�h=5�1H57h

.

In factthebinomialseriesgivesthesameresultasmultiplying
/xh�:R143ID

outwhenF is apositive
integer. (Newtondiscoveredthatthebinomialseriescanbeusedfor nonintegerexponents.)

Example 2 Usethebinomialserieswith F D[ª to expand
/zh�:	1=3 «

.

Solution Theseriesis

/xh�:�143 « D�h�:(ª�1$: ªU�p~~9¯ 1
� : ª��t~U�nhªV¯ 1 « : ª��p~U��hs�pX|m¯ 1 ¬ :��t�o�oC

The
1 ¬

termandall termsbeyondit turn out to bezero,becauseeachcoefficient containsa factor
of 0. Simplifying gives /xh�:�143 « Djh�:(ª�1$:(ª�1 � :	1 « k
which is theusualexpansionobtainedby multiplying out

/xh�:�143 «
.

Example 3 Find theTaylor seriesabout
1�D[X

for
h

h�:	1 .

Solution Since
h

h�:�1 Di/zh�:	1=3
© _

, usethebinomialserieswith F D�A�h . Then

h
h�:�1 D�/xh�:�143

© _ Dih�:^/zA�hp3b1û: /xA�hy3?/zAÉ~n3~9¯ 1 � : /xA�hp3o/xAÉ~M3?/xAvªN3ªm¯ 1 « :��t�o�
DihsAâ1$:�1 � Aâ1 « :��t�o�

for
A�h=5�1H57h

.

This seriesis both a specialcaseof the binomial seriesandan exampleof a geometricseries.It
convergesfor

A�hA5;195Eh
.
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Exercises and Problems for Section 10.2
Exercises

For Problems1–4,find thefirst four termsof theTaylorseries
for thegivenfunctionabout� .

1.
�

�`Q�G 2. � ��ò�G 3.
�

� ��ò�G 4. ú� �`Q��

For Problems5–11,find thefirst four termsof theTaylor se-
riesfor thefunctionaboutthepoint F .

5. �bÐÒÑ G , Fû��4þ Þ 6. ���t�KJ , F���4þ Þ 7. �bÐÒÑLJ ,FU��Q �=þ Þ
8. ù ÷ Ñ G ,FU� �4þ Þ 9. � þ G , Fè�� 10. � þ G , F � 

11. � þ G , FY�Qs�
Find anexpressionfor thegeneraltermof theseriesin Prob-
lems12–19andgive the startingvalueof the index ( ð or M ,
for example).

12.
�

��QRG ����ò�GÉò�G
� ò�G Î ò�G ß ò40#0$0

13.
�

�'ò�G ���`Q�GÉò�G
� Q�G Î ò�G ß QN0#0$0

14.
î Ñ K ��Q�GVL���Q�G�Q G

�
  Q

G Î
í Q

G ß
Þ QO0#010

15.
î Ñ K �'ò�GVL���G�Q G

�
  ò

G Î
í Q

G ß
Þ ò

G �
õ QH010#0

16. �bÐÒÑ G���G�Q G
Î
í� ò G �õ � Q G Ïö � òP0#0#0

17. ÷oø �-ù ÷ Ñ G��	G�Q G
Î
í ò

G �
õ Q

G Ï
ö òP0#0#0

18. á ¢ ¤ ����ò�G � ò G
ß
 �� ò G �í� ò G ÔÞ�� òP0#0#0

19. G � ���p� G � ��G � Q G
ß
 �� ò G �Þ�� Q G Ôó � òP0#010

Problems

20. (a) Findthetermsupto degreeó of theTaylorseriesforJ4K GVL�� �bÐÒÑ K G � L aboutG��	� by takingderivatives.
(b) Compareyourresultin part(a)to theseriesfor �bÐÒÑ G .

How couldyouhaveobtainedyouranswertopart(a)
from theseriesfor �bÐÒÑ G ?

21. (a) Find theTaylor seriesfor
J4K G9L'� î Ñ K �'òB oG9L aboutG���� by takingderivatives.

(b) Compareyour result in part (a) to the seriesforî Ñ K ��ò�G9L . How could you have obtainedyour an-
swerto part(a) from theseriesfor

î Ñ K �0ò%GVL ?
(c) Whatdo you expectthe interval of convergencefor

theseriesfor
î Ñ K �'ò� oGVL to be?

22. By graphingthefunction
J4K GVL�� � �0ò%G andseveralof

its Taylor polynomials,estimatethe interval of conver-
genceof theseriesyou foundin Problem2.

23. By graphingthe function
J4K GVLU� �

� �'ò�G andseveral

of its Taylor polynomials,estimatethe interval of con-
vergenceof theseriesyou foundin Problem3.

24. By graphingthe function
J4K GVL�� �

�`Q�G andseveralof

its Taylor polynomials,estimatethe interval of conver-
genceof theseriesyoufoundin Problem1. Computethe
radiusof convergenceanalytically.

25. Find the radius of convergence of the Taylor series
aroundzerofor

î Ñ K �`Q�GVL .
26. (a) Write the generalterm of the binomial seriesforK ��ò�GVL2ý aboutG���� .

(b) Find theradiusof convergenceof thisseries.

By recognizingeachseriesin Problems27–35asaTaylorse-
riesevaluatedat a particularvalueof G , find thesumof each
of thefollowing convergentseries.

27. �'ò  ��� ò Þ "� ò ôí� òP0$010?ò   2ð � ò�010#028. ��Q �í"� ò �
õ � Q �ö � ò40#0$0oò K Qs�?L 2K   ð ò��?L;� ò�0#010

29. �'ò �Þ òRQ �Þ'S � òRQ �Þ'S Î òP0#0#0?òRQ �Þ�S 2 ò40#0$030. ��Q ���p� "� ò �u�p�t�p�Þ� ò40$010?ò K Qs�?L 2 0t�u� � 2K   ð L;� òP0
31.

�
  Q

K ¥�nL �
  ò K

¥�aL Î
í Q K

¥��L ß
Þ ò40$0#0oò K Qs�?L 2 0 K ¥�nL 2UT ¥K ð ò��?L òP0#0#0

32. ��Q%� � �0ò�� � � � Q�� � � Î ò40$0#0
33. �'ò�í�ò ü "� ò   öí� ò ô �Þ� òP0#0#0
34. ��Q � �� ò �Þ�� Q �ó � òP0$010
35. ��Q%� � �0ò � � ��� �� Q � � �t�n�í"� ò40#0$0
In Problems36–37solveexactly for thevariable.

36. �'ò�GÉò�G � ò�G Î ò40#0$0�� õ
37. G�Q �  G

� ò �í G
Î òP010$0a�	� �  
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38. Oneof the two setsof functions,
J ¥ , J � , J Î , or � ¥ , � � ,� Î is graphedin Figure10.12;theothersetis graphedin

Figure10.13.Taylorseriesfor thefunctionsaboutapoint
correspondingto either % or & areasfollows:J ¥ K GVL��	í�ò K G�Q��?L�Q K G�Q��?L � 0#010 � ¥ K GVL�� õ Q K G�Q�ÞaL=Q K G�Q�ÞaL � 0#0#0J � K GVL��	í�Q K G�Q��?L±ò K G�Q��?L � 0#010 � � K GVL�� õ Q K G�Q�ÞaLmò K G�Q�ÞaL � 0#0#0J Î K GVL��	ísQ%  K G�Q��?L±ò K G�Q��?L � 0#010 � Î K GVL�� õ ò K G�Q�ÞaLmò K G�Q�ÞaL � 0#0#0 �
(a) Whichgroupof functionsis representedin eachfig-

ure?
(b) Whatarethecoordinatesof thepoints % and & ?
(c) Matchthefunctionswith thegraphs(I)-(III) in each

figure.

%
I

II

III

Figure 10.12

&
III

II

I

Figure 10.13

39. Supposethatyouaretold thattheTaylorseriesof
J4K G9L��

G � á ¢ ¤ aboutG��	� is

G � ò�G ß ò G � �� ò G Ôí� ò G ¥ àÞ�� òP0#0#0 �
Find

!!aG QtG � á ¢ ¤ SWVVVV ¢�X à and
! �!aG � QoG � á ¢ ¤ SYVVVV ¢�X à �

40. Supposeyou know thatall thederivativesof somefunc-
tion

J
exist at � , andthatTaylorseriesfor

J
aboutG����

is

GÉò G
�
  ò

G Î
í ò

G ß
Þ òP0#0#0uò G 2ð ò40$0#0 �

Find
J S K �pL , J S S K �yL , J S S S K �yL , and

J � ¥ à 	 K �yL �
41. Let Z � � Qs� . We define á�[�\ by substitutingZ J in the

Taylor seriesfor á ¢ . Usethis definition2 to explain Eu-
ler’s formula

á [�\ � ���p�KJ ò Z �bÐÒÑ]J �

10.3 FINDING AND USING TAYLOR SERIES

Findinga Taylor seriesfor a functionmeansfinding thecoefficients.Assumingthefunctionhasall
its derivativesdefined,finding thecoefficientscanalwaysbedone,in theoryat least,by differen-
tiation. That is how we derived the four mostimportantTaylor series,thosefor the functions

ÕyÖ
,f-�w�s1

,
doeMf91

, and
/zh�:£1=3ED

. For many functions,however, computingTaylor seriescoefficientsby
differentiationcanbe a very laboriousbusiness.We now introduceeasierwaysof finding Taylor
series,if theserieswewantis closelyrelatedto a seriesthatwealreadyknow.

New Series by Substitution

Supposewe want to find the Taylor seriesfor
Õ © Ö ¤ about

17DèX
. We could find the coefficients

by differentiation.Differentiating
Õ © Ö ¤ by thechainrule gives

AÉ~�1±Õ © Ö ¤ , anddifferentiatingagain
gives

AÉ~nÕ © Ö ¤ :£|M1 � Õ © Ö ¤ . Eachtime we differentiatewe usetheproductrule, andthenumberof
termsgrows. Finding the tenthor twentiethderivative of

Õ © Ö ¤ , andthustheseriesfor
Õ © Ö ¤ up to

the
1 _x�

or
1 � �

terms,by this methodis tiresome(at leastwithout a computeror calculatorthatcan
differentiate).

Fortunately, there’sa quickerway. Recallthat

Õ�^�D�h�: g : g �~V¯ : g «ªV¯ : g ¬|±¯ :^�o�t� for all g C

Substitutingg DjAs1
�

tellsusthat

Õ © Ö ¤ D�h�:[/xAs1 � 3�: /xAs1
� 3 �
~9¯ : /zAs1

� 3 «
ªV¯ : /xAs1

� 3 ¬
|m¯ :��t�o�

for all
1�C

2Complex numbersarediscussedin AppendixB.
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Simplifying showsthattheTaylor seriesfor
Õ © Ö ¤ is

Õ © Ö ¤ D�hsAB1 � : 1
¬
~V¯ A

1 »
ªm¯ :

1 Ì
|m¯ :^�o�t� for all

1
.

Usingthismethod,it is easyto find theseriesup to the
1 _b�

or
1 � �

terms.

Example 1 Find theTaylor seriesabout
1�D[X

for
.0/@1=36D h

h�:�1 � .
Solution Thebinomialseriestellsusthath

h�: g
Di/zh�: g 3

© _ DjhsA g : g
� A g

« : g
¬ :��t�o�

for
A�hA5 g 5Eh�C

Substitutingg D�1
�

gives
h

h�:�1 � DihsAB1
� :�1 ¬ AB1 » :	1 Ì :��t�o�

for
A�h�5(1H57h

,

which is theTaylor seriesfor
h

h�:�1 � .

Theseexamplesdemonstratethat we canget new seriesfrom old onesby substitution.More
advancedtextsshow thatseriesobtainedby thismethodareindeedcorrect.

In Example1, we madethe substitutiong Dã1
�
. We canalsosubstitutean entireseriesinto

anotherone,asin thenext example.

Example 2 Find theTaylor seriesabout_ D[X for c / _ 3�D^ÕU`ba c'd .
Solution For all g and _ , weknow that

Õ ^ Dih�: g : g �~9¯ : g «ªm¯ : g ¬|m¯ :^�o�o�
and f-��� _ D _ A _ «ªV¯ : _ ºl9¯ A;�t�o�tC
Let’ssubstitutetheseriesfor

f-�w� _ for g :
Õ `ba c�d D�hn:4e _ A _ «ªm¯ : _ ºlV¯ A£�o�t� f�: h~V¯ e _ A _ «ªm¯ : _ ºlV¯ A��o�t� f � : hªV¯ e _ A _ «ªm¯ : _ ºlV¯ A��o�t� f « :Ã�o�t�oC
To simplify, wemultiply outandcollectterms.Theonly constanttermis the

h
, andthere’sonly one_ term.Theonly _ � termis thefirst termwegetby multiplying out thesquare,namely_ � ·�~9¯ . There

aretwo contributorsto the _ « term:the
A _ « ·�ªV¯ from within thefirst parentheses,andthefirst term

wegetfrom multiplying out thecube,which is _ « ·�ªV¯ . Thustheseriesstarts

Õ `ba c/d Djh�: _ : _ �~9¯ : e A _ «ªV¯ : _ «ªV¯ f :^�o�o�
Djh�: _ : _ �~9¯ :�X�� _ « :^�o�o� for all _ C
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New Series by Diff erentiation and Integration
Justas we canget new seriesby substitution,we canalsoget new seriesby differentiationand
integration.Hereagain,proof that this methodgivesthecorrectseriesandthat thenew serieshas
thesameinterval of convergenceastheoriginalseries,canbefoundin moreadvancedtexts.

Example 3 Find theTaylorSeriesabout
1�D[X

for
h

/xhsAB143 � from theseriesfor
h

hsAB1 C

Solution We know that gg 1 e h
h{AB1 f[D h

/zhsAâ1=3 � , sowestartwith thegeometricseries

h
hsAB1 Djh�:�1$:�1

� :�1 « :	1 ¬ :��t�o�
for

A�h=5�195EhnC
Differentiationtermby termgivesthebinomialseries

h
/zhsAâ1=3 � D gg 1 e h

hsAB1 f7D�h�:;~a1´:�ªn1 � :�|n1 « :��t�o� for
A�hA5�1957hMC

Example 4 Find theTaylor seriesabout
1�D[X

for h"i d1j h �{1 from theseriesfor
h

h�:	1 � C

Solution We know that g / h"i d1j h �{143g 1 D h
h6:�1 � , soweusetheseriesfrom Example1 onpage461:

g / hi d�j h ��1=3g 1 D h
h�:�1 � D�hsAB1

� :�1 ¬ Aâ1 » :	1 Ì A��o�o�
for
A�hA5;1H57h

.

Antidif ferentiatingtermby termgives

hi d�j h ��1RDlk h
h�:�1 � g 1RD[��:	1\A 1

«
ª :

14º
l A

14¼
Ë :

1�.
q A��o�t� for

A;hA5�1957hMk
where

�
is theconstantof integration.Sincehi d�j h �{X�D[X , wehave

�ED[X
, so

h"i d1j h �{1�D^1\A 1 «ª : 1±ºl A 1±¼Ë : 1�.q A;�t�o� for
A�h�5;195EhnC

Theseriesfor hi d�j h ��1 wasdiscoveredby JamesGregory(1638–1675).

Applications of Taylor Series

Example 5 Usetheseriesfor h"i d1j h ��1 to estimatethenumericalvalueof
¶

.
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Solution Since hi d�j h ��h;D ¶�·y|
, we usethe seriesfor h"i d1j h �{1 from Example4. We assume—asis the

case—thatthe seriesdoesconvergeto
¶�·a|

at
1£DÝh

, the endpointof its interval of convergence.
Substituting

1%Djh
into theseriesfor hi d�j h ��1 gives

¶�D£| hi d�j h ��hÉD^|We=hsA hª : hl A hË : hq A��o�t� f	C
Table 10.1 Approximating

¶
usingtheseriesfor hi d�j h ��1

ð 4 5 25 100 500 1000 10,000m 2 2.895 3.340 3.182 3.132 3.140 3.141 3.141

Table10.1showsthevalueof the § ²2³ partialsum,n ¨ , obtainedby summingthenonzerotermsfrom
1 through§ . Thevaluesof n ¨ doseemto convergeto

¶�D^ªmCwht|mh�CtCoC�C
However, thisseriesconverges

very slowly, meaningthatwe have to take a largenumberof termsto getanaccurateestimatefor¶
. So this way of calculating

¶
is not particularlypractical.(A betteroneis given in Problem1,

page475.)However, theexpressionfor
¶

givenby thisseriesis surprisingandelegant.

A basicquestionwecanaskabouttwo functionsis whichonegiveslargervalues.Taylorseries
canoftenbeusedto answerthisquestionoverasmallinterval. If theconstanttermsof theseriesfor
two functionsarethesame,comparethelinearterms;if thelineartermsarethesame,comparethe
quadraticterms,andsoon.

Example 6 By looking at their Taylor series,decidewhich of the following functionsis largest,andwhich is

smallest,for _ near0. (a)
h�:�f-�w� _ (b)

Õ d
(c)

h
Í hsA�~ _

Solution TheTaylorexpansionabout_ D[X for
fz��� _ is

f-��� _ D _ A _ «ªV¯ : _ ºl9¯ A _ ¼Ë ¯ :��t�o�tC
So h�:�f-��� _ Dih�: _ A _ «ªm¯ : _ ºlV¯ A _ ¼Ë ¯ :^�o�t�oC
TheTaylorexpansionabout_ D[X for

Õ d
is

Õ d Dih�: _ : _ �~V¯ : _ «ªm¯ : _ ¬|m¯ :^�o�o�tC
TheTaylorexpansionabout_ D[X for

hy· Í h�: _ is

h
Í h�: _ D�/xh�: _ 3 © _po � DihsA h~ _ : /zA

_� 3o/xA «� 3
~V¯ _ � : /zA _� 3o/xA «� 3?/xA º� 3ªm¯ _ « :^�o�o�

DihsA h~ _ : ªr _ � A l
h Ê _ « :��t�o�oC

So,substituting
AÉ~ _ for _ :h

Í hsA�~ _ DihsA h~ /xAÉ~ _ 3�: ªr /xAÉ~ _ 3 � A l
h Ê /xAÉ~ _ 3 « :^�o�o�

Dih�: _ : ª ~ _ � : l~ _ « :^�o�t�?C
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For _ near0, wecanneglecttermsbeyondtheseconddegree.We areleft with theapproximations:
h�:(f-�w� _ 5ih�: _

Õ d 5ih�: _ : _ �~h
Í hsA	~ _ 5ih�: _ : ª ~ _ � C

Since h�: _ 5Eh�: _ : h~ _ � 5[h�: _ : ª ~ _ � k
andsincetheapproximationsarevalid for _ near0, weconcludethat,for _ near0,

h�:(fz��� _ 5�Õ d 5 h
Í hsA�~ _ C

Example 7 Two electricalchargesof equalmagnitudeandoppositesignslocatednearoneanotherarecalled
anelectricaldipole.Thechargesq and

A q area distancer apart.(SeeFigure10.14.)Theelectric
field, s , at thepoint

]
is givenby

s D qt � A q/ t : r 3 � C
Useseriesto investigatethebehavior of theelectricfield farawayfrom thedipole.Show thatwhent

is largein comparisonto r , theelectricfield is approximatelyproportionalto
hy· t «

.

OP u OP v¡ w Q w
Figure 10.14: Approximatingtheelectricfield at ¡ dueto a
dipoleconsistingof charges w and Q w adistance

v
apart

Solution In orderto useaseriesapproximation,weneedavariablewhosevalueis small.Althoughweknow
that r is muchsmallerthan

t
, we do not know that r itself is small.Thequantity r · t is, however,

verysmall.Henceweexpand
ha·9/ t : r 3 � in powersof r · t sothatwe cansafelyuseonly thefirst

few termsof theTaylorseries.Firstwerewrite usingalgebra:h
/ t : r 3 � D ht � /xh�: r · t 3 � D ht � Q h�: rt S ©=� C

Now weusethebinomialexpansionfor
/zh�:	1=3ED

with
1�D r · t andF DjAÉ~ :ht � Q h�: rt S ©4� D ht � e�h�:^/zAÉ~n3 Q rt S : /xAÉ~M3?/zAvªM3~9¯ Q rt S � : /zAÉ~n3o/xAvªM3o/xAs|}3ªm¯ Q rt S « :^�o�t� f

D ht � e hsA�~ rt :(ª r �t � Aâ| r «t « :��t�o� f C
So,substitutingtheseriesinto theexpressionfor s , wehave

s D qt � A q/ t : r 3 � D qyx ht � A ht � e hsA	~ rt :�ª r �t � AB| r «t « :^�o�t� f{z
D qt � e ~ rt A�ª r �t � :	| r «t « A��o�t� f C
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Sincer · t is smallerthan1, thebinomialexpansionfor
/zh9: r · t 3 ©4� converges.Weareinterestedin

theelectricfield far away from thedipole.Thequantity r · t is small there,and
/ r · t 3 � andhigher

powersaresmallerstill. Thus,weapproximateby disregardingall termsexceptthefirst, giving

s 5 qt � e ~ rt f	k so s 5 ~ q�rt « C
Sinceq and r areconstants,thismeansthat s is approximatelyproportionalto

hy· t « C
In thepreviousexample,wesaythat s is expandedin termsof r · t , meaningthatthevariable

in theexpansionis r · t .

Exercises and Problems for Section 10.3
Exercises

Find thefirst four nonzerotermsof theTaylor seriesabout0
for thefunctionsin Problems1–12.

1. � �`Q% oG 2. ���p� K J � L 3. á�� ¢ 4.
�
��ò �

5.
î Ñ K �yQ� ?�NL 6. ÷?ø ���bÐÒÑ G 7.

�
� �`Q}| � 8. ~ Î ���p� K ~ � L

9.
|
á�� ¤ 10. � K ��ò � L �bÐÒÑ �11. á�� ���p��� 12. � ��ò �bÐÒÑLJ

Find the Taylor seriesaround0 for the functions in Prob-

lems13–15.Give thegeneralterm.

13.
K �'ò�G9L Î

14. �n�bÐÒÑ K � � L4Q � Î
15.

�� ��Q�� �
For Problems16–17,expandthequantityabout0 in termsof
thevariablegiven.Give four nonzeroterms.

16.
�

 �ò�G in termsof
G
  17.

F
� F � ò%G � in terms of

G
F � whereF��â�

Problems

18. For F , ÿ positive constants,the upperhalf of an ellipse
hasequation

�U� J4K G9L���ÿU� ��Q G �F � �
(a) Find the seconddegreeTaylor polynomialof

J4K GVL
about� .

(b) Explain how you could have predictedthe coeffi-
cientof G in theTaylor polynomialfrom a graphofJ

.
(c) For G near � , the ellipse is approximatedby a

parabola.What is the equationof the parabola?
Whatareits G -intercepts?

(d) Taking FU�	í and ÿ���  , estimatethemaximumdif-
ferencebetween

J4K GVL andthesecond-degreeTaylor
polynomialfor Q6� � �{>�G?>B� � � .

19. By looking at theTaylor series,decidewhich of thefol-
lowing functions is largest,and which is smallest,for

smallpositive J .
(a) �'ò �bÐÒÑ�J (b) ���t��J (c)

�
�`Q J �

20. For valuesof � near0, put thefollowing functionsin in-
creasingorder, usingtheirTaylorexpansions.
(a)

î Ñ K �tòv� � L (b) �bÐÒÑ K � � L (c) �aQ ���p� �

21. Figure10.15shows thegraphsof the four functionsbe-
low for valuesof G near0. UseTaylor seriesto match
graphsandformulas.

(a)
�

��Q"G � (b)
K �uò�GVL ¥�� ß (c) � �'ò G  

(d)
�

� ��QRG
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(I) (III)

(IV)

(II)

Figure 10.15

22. Considerthefunctions�U��á � ¢ ¤ and �U��� þ K �0ò�G � L �
(a) Write the Taylor expansionsfor the two functions

about G��[� . What is similar aboutthe two series?
Whatis different?

(b) Lookingat theseries,which functiondoyoupredict
will begreaterovertheinterval

K Qs�U���uL ?Graphboth
andsee.

(c) Are thesefunctionsevenor odd?How mightyousee
thisby lookingat theseriesexpansions?

(d) By lookingat thecoefficients,explain why it is rea-

sonablethat the seriesfor ����á � ¢ ¤ convergesfor
all valuesof G , but the seriesfor ����� þ K �{ò�G � L
convergesonly on

K Qs�����?L .
23. Thehyperbolicsineandcosinearedifferentiableandsat-

isfy theconditions���p�
� �v��� and �bÐÒÑ�� �v�	� , and!!aG K ���p�
� GVL�� �bÐÒÑ�� G !!aG K �bÐÒÑ�� GVL�� ���p�
� G �
(a) Usingonly this information,find theTaylorapprox-

imationof degree ð � ô about G���� for
J4K G9Ls����p�
� G .

(b) Estimatethevalueof ���p�
� � .
(c) Usetheresultfrom part(a) to find a Taylor polyno-

mial approximationof degree ð � ö about Gâ���
for � K G9L=� �bÐÒÑ�� G .

24. Pad́eapproximantsarerationalfunctionsusedto approx-
imatemorecomplicatedfunctions.In this problem,you
will derivethePad́eapproximantto theexponentialfunc-
tion.

(a) Let
J4K G9L6� K �`òâF�GVL þ K �0òâÿ�G9L , where F and ÿ are

constants.Write down the first three termsof the
Taylorseriesfor

J4K G9L aboutG��	� .
(b) By equatingthe first threetermsof the Taylor se-

riesabout G���� for
J4K GVL andfor á ¢ , find F and ÿ

sothat
J4K G9L approximatesá ¢ ascloselyaspossible

nearG��	� .
25. An electricdipoleon the G -axisconsistsof acharge w atG���� anda charge Q w at G���Qs� . Theelectricfield,�

, at thepoint G��
u

on the G -axisis given(for

u ��� )
by � � M wK u Qâ�uL � Q M wK u ò��?L �

where M is a positive constantwhosevaluedependson
the units.Expand

�
asa seriesin � þ

u
, giving the first

two nonzeroterms.

26. AssumeF is a positive constant.Suppose| is given by
theexpression

|v� � F � ò�G � Q � F � Q�G � �
Expand | asa seriesin G asfar as the secondnonzero
term.

27. Theelectricpotential, � , at a distance

u
alongthe axis

perpendicularto thecenterof a chargeddiscwith radiusF andconstantchargedensity� , is givenby

� �;  � � K � u � ò�F � Q u L �
Show that,for large

u
,

� � � F � �u �
28. Oneof Einstein’smostamazingpredictionswasthatlight

travelingfrom distantstarswouldbendaroundthesunon
theway to earth.His calculationsinvolvedsolvingfor

~
in theequation

�bÐÒÑ ~ ò�ÿ K ��ò ���p� � ~ ò ���p� ~ L��	�
whereÿ is averysmallpositiveconstant.

(a) Explainwhy theequationcouldhave a solutionfor~
which is near0.

(b) Expandthe left-handsideof theequationin Taylor
seriesabout

~ �E� , disregardingtermsof order
~m�

andhigher. Solve for
~

. (Your answerwill involveÿ .)
29. TheMichelson-Morley experiment,whichcontributedto

theformulationof theTheoryof Relativity, involvedthe
differencebetweenthetwo times � ¥ and � � thatlight took
to travel betweentwo points.If � is thevelocityof light;� ¥ , � � , and � areconstants;and � <6� , thenthe times � ¥
and � � aregivenby

� ¥ �   � �� K ��Q � � þ � � L Q   � ¥� � �6Q � � þ � � � � �   � �� � �`Q � � þ � � Q   � ¥� K ��Q � � þ � � L
(a) Find an expressionfor � � � � ¥ Q � � , andgive its

Taylorexpansionin termsof � � þ � � up to thesecond
nonzeroterm.

(b) For small � , to whatpower of � is � � proportional?
Whatis theconstantof proportionality?
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30. A hydrogenatomconsistsof anelectron,of mass� , or-
biting a proton,of mass � , where � is muchsmaller
than � . The reducedmass, � , of the hydrogenatomis
definedby � � ���� ò � �
(a) Show that � � � .
(b) To getamoreaccurateapproximationfor � , express� as � timesaseriesin � þ � .
(c) Theapproximation� � � is obtainedby disregard-

ing all but theconstanttermin theseries.Thefirst-
ordercorrectionis obtainedby including the linear
termbut nohigherterms.If � � � þ � ô í ó , by what
percentagedoesincluding the first-ordercorrection
changetheestimate� � � ?

31. A thin disk of radius F andmass� lies horizontally;a
particleof mass� is ataheight

�
directlyabove thecen-

ter of thedisk.Thegravitationalforce, � , exertedby the
diskon themass� is givenby

� �  U� �4� �F � e �� Q �K F � ò � � L ¥�� � f �
AssumeFH< �

andthink of � asa functionof F , with
theotherquantitiesconstant.

(a) Expand � as a seriesin F þ � . Give the first two
nonzeroterms.

(b) Show that theapproximationfor � obtainedby us-
ing only thefirst nonzerotermin theseriesis inde-
pendentof theradius,F .

(c) If F$��� � �y  � , by whatpercentagedoestheapprox-
imation in part (a) differ from theapproximationin
part(b)?

32. Whena bodyis nearthesurfaceof theearth,we usually
assumethat the force due to gravity on it is a constant��� , where� is themassof thebodyand � is theaccel-
erationdueto gravity atsealevel.Forabodyatadistance�

above thesurfaceof theearth,amoreaccurateexpres-
sionfor theforce � is

� � ��� u �K u ò � L �
where

u
is the radiusof theearth.We will considerthe

situationin which thebodyis closeto thesurfaceof the
earthsothat

�
is muchsmallerthan

u
.

(a) Show that � � ��� .
(b) Express� as ��� multipliedby aseriesin

� þ u .
(c) Thefirst-ordercorrectionto theapproximation� ���� is obtainedby taking the linear term in the se-

riesbut no higherterms.How far above thesurface
of theearthcanyougo beforethefirst-ordercorrec-
tion changesthe estimate� � ��� by more than�u��� ? (Assume

u � ó Þp�p� km.)

33. (a) Estimatethe value of � ¥à á�� ¢ ¤ !aG using Riemann
sumsfor both left-handand right-handsumswithð � õ subdivisions.

(b) Approximatethefunction
J4K GVL��	á�� ¢u¤ with aTay-

lor polynomialof degree6.
(c) Estimatethe integral in part (a) by integrating the

Taylorpolynomialfrom part(b).
(d) Indicatebriefly how you could improve the results

in eachcase.

34. UseTaylor seriesto explain how the following patterns
arise:

(a)
�
� � üpô ��� � �y o�tÞy� ô � ó íy  ó Þ �#�1� (b) Q �

� � ütü S � �� � �p t�pít�tÞp� õ � ó � ö �#�$�
10.4 THE ERROR IN TAYLOR POLYNOMIAL APPROXIMATIONS

In orderto useanapproximationintelligently, we needto beableto estimatethesizeof theerror,
which is the differencebetweenthe exact answer(which we do not know) and the approximate
value.

Whenwe use
]�¨�/2143

, the §=²2³ degreeTaylor polynomial,to approximate
.0/@143

, theerror is the
difference s ¨�/@143�D^.0/@1=30A�]�¨�/2143?C
If s ¨ is positive,theapproximationis smallerthanthetruevalue.If s ¨ is negative,theapproxima-
tion is too large.Oftenweareonly interestedin themagnitudeof theerror, � s ¨ � .

Recallthatwe constructed
] ¨ /@143

sothat its first § derivativesequalthecorrespondingderiva-
tivesof

.0/@1=3
. Therefore,s ¨ /2XN3�D X , s <¨ /2XN3�D X , s < <¨ /2XN3�DãX , �o�t� , s  ¨ ®¨ />XM3�DãX

. Since
] ¨ /@1=3

is
an §=²2³ degreepolynomial,its

/ § :�hy3 ` ² derivative is 0, so s  ¨�ä _z®¨ /@143ÃDZ.� ¨�ä _z® /2143
. In addition,

supposethat VV .�
¨�ä _z® /@1=3 VV is boundedby a positive constant� , for all positive valuesof

1
near

X
,

sayfor
X´ê(1�ê g , sothat A � ê£.  ¨nä _x® /2143{ê � for

X´ê�1�ê g C
Thismeansthat A � ê s  ¨�ä _z®¨ /@1=3{ê � for

X$ê;1�ê g C
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Writing � for thevariable,we integratethis inequalityfrom
X

to
1
, giving

AOk Ö� � g � ê�k Ö� s  ¨�ä _x®¨ / � 3 g � ê�k Ö� � g � for
X´ê�1�ê g k

so A � 1�ê s  ¨ ®¨ /@143sê � 1 for
X´ê(1�ê g C

We integratethis inequalityagainfrom
X

to
1
, giving

AHk Ö� �l� g � ê�k Ö� s  ¨ ®¨ / � 3 g � ê�k Ö� �l� g � for
X´ê(1�ê g k

so A h~ � 1 � ê s  ¨}© _z®¨ /@1=3sê h~ � 1 � for
X´ê(1�ê g C

By repeatedintegration,weobtainthefollowing estimate:

A h
/ § :^hp3?¯ � 1 ¨�ä _ ê s ¨�/@1=3{ê h

/ § :�hy3u¯ � 1 ¨�ä _ for
X´ê�1�ê g k

whichmeansthat� s ¨ /@143 � D � .0/21430A�] ¨ /@1=3 � ê h
/ § :^hp3u¯ � 1 ¨nä _ for

Xûê�1�ê g C
When

1
is to the left of 0, so

A g êj1£êiX , andwhentheTaylor seriesis centeredat
8 �DØX

,
similar calculationsleadto thefollowing result:

Theorem 10.1:Bounding the Err or in ¡ � ! �$#
If
]�¨�/@143

is the §=²2³ Taylorapproximationto
.0/2143

about
8
, then

� s ¨�/@1=3 � D � .0/@1=30AB]'¨�/@1=3 � ê �/ § :^hp3?¯ � 1\A�8 � ¨�ä _ k
where � D

max
.� ¨nä _x®

on theinterval between
8

and
1
.

Using the Error Bound for Taylor Polynomials

Example 1 Giveaboundon theerror, s ¬ , when
ÕyÖ

is approximatedby its fourth-degreeTaylorpolynomialforAvXVC lûê;1�ê£XVC l
.

Solution Let
.0/2143�D[ÕyÖ

. Thenthefifth derivativeis
.�wº ® /@1=36D�ÕyÖ

. Since
ÕyÖ

is increasing,� . �º ® /2143 � ê�Õ ��¢ º D Í Õ�5�~ for
AvXVC lûê(1�ê£XVC l}C

Thus � s ¬ � D � .0/@1=30AB]�¬}/@143 � ê ~
l9¯ � 1 � º C

Thismeans,for example,thaton
AvXVC lûê;1�ê£XVC l

, theapproximation

Õ Ö 5�h�:�1$: 1
�
~V¯ :

1 «
ªV¯ :

1 ¬
|m¯

hasanerrorof atmost
�_ � � /2XmC lM3xºA5�XVC XnXnX Ê C
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Theerrorformulafor Taylorpolynomialscanbeusedto boundtheerrorin aparticularnumer-
ical approximation,or to seehow theaccuracy of theapproximationdependson thevalueof

1
or

thevalueof § . Observethattheerrorfor a Taylorpolynomialof degree§ dependson the
/ § :^hp3 ` ²

power of
1
. That means,for example,with a Taylor polynomialof degree § centeredat 0, if we

decrease
1

by a factorof 2, theerrorbounddecreasesby a factorof
~ ¨�ä _

.

Example 2 Comparetheerrorsin theapproximations

Õ ��¢ _ 5jh�:�XmCwh�: h
~9¯ /2XVC�hp3

�
and

Õ ��¢ � º 5jh�:[/2XmC XNln3�: h
~V¯ />XVC XMlM3

� C

Solution We areapproximating
ÕyÖ

by its second-degreeTaylor polynomial,first at
1jD¦XmCwh

, and thenat1RD^XVC XMl
. Sincewehavedecreased

1
by afactorof 2, theerrorbounddecreasesby afactorof about~ « D[r

. To seewhatactuallyhappensto theerrors,wecomputethem:

Õ ��¢ _ A£e�h�:�XmCwh6: h
~9¯ /2XmCwhy3

� f[DihnC�htXNl9h Ë h6A�hnC�htXNl�XnXMXUD^XVC XnXnXmh Ë h
Õ ��¢ � º A e h�:(XVC XMls: h

~9¯ />XVC XMlM3
� f DihnC XMlVhp~ Ë h6A�hnC XMlVhp~nlnXUD^XVC XnXnXMXM~Vh

Since
/2XmC XMXnXmh Ë hy3-·V/2XVC XnXMXnXN~9hp3�D[rVC�h

, theerrorhasalsodecreasedby a factorof about8.

Convergence of Taylor Series for cos )
We havealreadyseenthattheTaylorpolynomialscenteredat

1%D[X
for
doeMf91

aregoodapproxima-
tions for

1
near0. (SeeFigure10.16.)In fact, for any valueof

1
, if we take a Taylor polynomial

centeredat
1�D[X

of highenoughdegree,its graphis nearlyindistinguishablefrom thegraphof the
cosinenearthatpoint.

Q � �Qs�

�
G

���p� G���p� G
¡ Ô K GVL ¡ Ô K GVL

¡ � K GVL ¡ � K GVL
Figure 10.16: Graphof ���p� G andtwo Taylorpolynomialsfor G near�

Let’s seewhathappensnumerically. Let
1�D7¶�·�~

. Thesuccessive Taylorpolynomialapproxi-
mationsto

d?eNfo/@¶�·n~n3�D[X
about

1�D[X
are

]��N/@¶�·n~n3�D hsA�/2¶�·�~M3 � ·n~9¯ DjAvXmC ~nªnª Ë XsCoCtC
]�¬}/@¶�·n~n3�DihsA�/2¶�·�~n3 � ·n~9¯t:[/@¶�·�~M3 ¬ ·y|±¯MD XVC XVhpqnq Ë CoCtC
] » /@¶�·n~n3�D �o�o� DjAvXmC XMXnXnrMqsCoCtC
] Ì /@¶�·n~n3�D �o�o� D XVC XnXMXnXN~{CoCtC�C
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It appearsthattheapproximationsconvergeto thetruevalue,
d?eNfo/@¶�·n~n3�D[X

, veryrapidly. Now take
a valueof

1
somewhatfartheraway from

X
, say

1RD^¶
, then

d?eNf9¶�DjA�h
and

] � /2¶�36DihsA�/2¶�3 � ·�~9¯}D AvªmC qMª�|NrnXsCtCoC
]�¬M/2¶�36D �o�t� D XmCwhy~�ªMqVh�CtCoC
] » /2¶�36D �o�t� D A�hMC ~VhnhpªMl{CtCoC
] Ì /2¶�36D �o�t� D AvXmC q Ë Ê XM~{CtCoC
]0_x�M/2¶�36D �o�t� D A�hMC XMXVhprnªsCtCoC
] _ �n/2¶�36D �o�t� D AvXmC qMqnqMqnXsCtCoC
] _x¬ /2¶�36D �o�t� DjA�hMC XMXnXnXMX�|vCtCoC

Weseethattherateof convergenceis somewhatslower;it takesa
ho| ²2³ degreepolynomialto approx-

imate
doeMf9¶

asaccuratelyasan
r ²>³ degreepolynomialapproximates

d?eNfo/@¶�·n~n3
. If
1

weretakenstill
fartherawayfrom

X
, thenwewouldneedstill moretermsto obtainasaccurateanapproximationofd?eNf91

.
Using the ratio test,we canshow theTaylor seriesfor

d?eMfV1
convergesfor all valuesof

1
. In

addition,we will prove that it convergesto
doeMf91

usingTheorem10.1.Thus,we are justified in
writing theequality:

doeMf91�DihsA 1
�
~V¯ :

1 ¬
|m¯ A

1±»
Ê ¯ :

1±Ì
rV¯ A;�t�o� for all

1
.

Showing the Taylor Series for cos å Converges to cos å
Theerrorboundin Theorem10.1allows us to seeif theTaylor seriesfor a functionconvergesto
thatfunction.In theseriesfor

d?eMfV1
, theoddpowersaremissing,soweassume§ is evenandwrite

s ¨ /@143�D^doeMf91\A�] ¨ /@143�D^doeMf91\A e hsA 1 �~9¯ :^�o�t�p:[/xA�hp3 ¨ o � 1 ¨/ § 3u¯ f k
giving d?eMfV1�Djh�:�1$: 1

�
~9¯ :^�o�t�p:^/zA�hp3

¨ o � 1 ¨
/ § 3?¯

: s ¨�/@1=3uC
Thus,for theTaylorseriesto convergeto

doeMf91
, wemusthave s ¨ /21436Ú X

as § Ú Û
.

Showing ¤�¥C¦xåL§=¨ 0 as ©ª¨¬«
Proof Since

.0/@143vDid?eNf91
, the

/ § :[hy3 ` ² derivative
.� ¨�ä _z® /@143

is  doeMf}1 or  f-����1 , no matterwhat § is.
Sofor all § , wehave � .� ¨nä _x® /2143 � êEh on theinterval between

X
and

1
.

By theerrorboundformulain Theorem10.1,wehave

� s ¨ /2143 � D � d?eMfV1\AB] ¨ /2143 � ê � 1 � ¨�ä _/ § :^hp3?¯ for every § C

To show thattheerrorsgo to zero,wemustshow thatfor a fixed
1
,� 1 � ¨�ä _/ § :�hy3u¯

Ú X
as § Ú Û�C

To seewhy this is true,think aboutwhathappenswhen § is muchlargerthan
1
. Suppose,for

example,that
1RD�h Ë C ª

. Let’s look at thevalueof thesequencefor § morethantwiceasbig as17.3,
say § D�ª Ê , or § D�ª Ë , or § D^ªMr :

For § D�ª Ê :
h
ª Ë ¯ /xh Ë C ªM3

« ¼

For § D�ª Ë :
h
ªnrm¯ /xh Ë C ªM3

« Ì D h Ë C ª
ªMr � hª Ë ¯ /xh Ë C ªN3

« ¼ k

For § D�ªnr :
h
ªnqm¯ /xh Ë C ªM3

« . D h Ë C ª
ªMq � h Ë C ªªnr � hª Ë ¯ /xh Ë C ªM3

« ¼ k CtCoC
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Since
h Ë C ªN·aª Ê

is lessthan
_� , eachtimewe increase§ by 1, thetermis multipliedby a numberless

than
_� . No matterwhatthevalueof

_« ¼1® /zh Ë C ªN3 « ¼ is, if wekeepondividing it by two, theresultgets
closerto zero.Thus

_
 ¨nä _x® ® /zh Ë C ªM3 ¨�ä _ goesto 0 as § goesto infinity.

We can generalizethis by replacing
h Ë C ª

by an arbitrary � 1 � . For § : ~ � 1 � , the following
sequenceconvergesto 0 becauseeachterm is obtainedfrom its predecessorby multiplying by a
numberlessthan

_� : 1 ¨nä _
/ § :�hy3u¯

k 1 ¨nä��
/ § :(~M3u¯

k 1 ¨�ä «
/ § :�ªN3u¯

koCtCoCoC

Therefore,theTaylor series
hsAB1 � ·�~V¯p:	1 ¬ ·a|m¯�A��o�t�

doesconvergeto
d?eNf91

.

Problems16 and15 askyou to show that the Taylor seriesfor
fz���s1

and
ÕpÖ

converge to the
original functionfor all

1
. In eachcase,youagainneedthefollowing limit:

é��°¯¨�±³² 1 ¨§ ¯ D^XmC

Exercises and Problems for Section 10.4
Exercises

Usethemethodsof thissectionto show how youcanestimate
themagnitudeof theerror in approximatingthequantitiesin
Problems1–4 usinga third-degreeTaylor polynomialaboutG��	� . 1. � � õ ¥�� Î 2.

î Ñ K � � õ L 3. � þ � í 4. ù ÷ Ñ �

Problems

5. Supposeyouapproximate
J4K � L��	á � by aTaylorpolyno-

mial of degree � about� �	� on theinterval ´ ��z� � õ1µ .
(a) Is theapproximationanoverestimateor anunderes-

timate?
(b) Estimatethemagnitudeof thelargestpossibleerror.

Checkyouranswergraphicallyonacomputerorcal-
culator.

6. RepeatProblem5 using the second-degree Taylor ap-
proximation,¡ � K � L , to á � .

7. Considertheerror in usingtheapproximation�bÐÒÑLJ � J
on theinterval ´ Qs���u� µ .
(a) Where is the approximationan overestimate,and

whereis it anunderestimate?
(b) Estimatethemagnitudeof thelargestpossibleerror.

Checkyouranswergraphicallyonacomputerorcal-
culator.

8. RepeatProblem7 for the approximation�bÐÒÑLJ � J QJ Î þ í� .
9. Usethe graphsof �â� ���t� G and its Taylor polynomi-

als, ¡ ¥ à K GVL and ¡ � à K GVL , in Figure10.17to estimatethe
following quantities.

(a) Theerror in approximating���p� õ by ¡ ¥ à K õ L andby¡ � à K õ L .
(b) The maximum error in approximating ���t� G by¡ � à K GVL for ¶ G ¶ >(��� .
(c) If wewantto approximate���p� G by ¡�¥ à K G9L to anac-

curacy of within 0.2, what is the largestinterval ofG -valueson which we canwork?Give your answer
to thenearestinteger.

Qs�u  Q ó Q6í í ó �? 
Q6í

í

¡ ¥ à K G9L ¡ ¥ à K GVL

¡ � à K GVL ¡ � à K GVL

G

Figure 10.17
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10. Giveaboundfor themaximumpossibleerrorfor the ð¸·º¹
degreeTaylor polynomialabout G��Y� approximating���t� G on theinterval ´ ��u� µ . Whatis theboundfor �bÐÓÑ G ?

11. What degreeTaylor polynomial about G���� do you
needto calculate ���t� � to four decimalplaces?To six
decimalplaces?Justifyyour answerusingthe resultsof
Problem10.

12. (a) Usingacalculator, makeatableof thevaluesto four
decimalplacesof �bÐÒÑ G for

G���Q6� � õ , Q6� � Þ , �$�#� , Q6� � � , � , � � � , �#�#� , � � Þ , � � õ .
(b) Add to your table the valuesof the error

� ¥ ��bÐÓÑ G�Q�G for theseG -values.
(c) Usinga calculatoror computer, draw a graphof the

quantity
� ¥ � �bÐÒÑ G�Q�G showing that¶ � ¥ ¶ <â� � �pí for Q%� � õ >�G->B� � õ �

13. In this problem,you will investigatetheerror in the ð ·º¹
degreeTaylor approximationto á ¢ for variousvaluesofð .

(a) Let
� ¥ ��á ¢ Q ¡ ¥ K GVL��	á ¢ Q K ��ò"GVL . Usingacal-

culatoror computer, graph
� ¥ for Q6� � �»>âG�>â� � � .

What shapeis the graphof
� ¥ ? Use the graphto

confirmthat¶ � ¥ ¶ >�G � for QR� � �{>�G?>â� � � �
(b) Let

� � �	á ¢ Q ¡ � K GVL���á ¢ Q K �tòvG±òsG � þ  pL . Choose
a suitablerangeandgraph

���
for Q6� � �¼>BGY>�� � � .

What shapeis the graphof
� �

? Use the graphto
confirmthat¶ ��� ¶ >�G Î for QR� � �{>�G?>â� � � �

(c) Explain why the graphsof
� ¥ and

� �
have the

shapesthey do.

14. For ¶ G ¶ >â� � � , graphtheerror� à � ���p� G�Q ¡=à K G9L�� ���p� G�Q�� �
Explain theshapeof thegraph,usingtheTaylor expan-
sionof ���t� G . Findaboundfor ¶ � à ¶ for ¶ G ¶ >â� � � .

15. Show thattheTaylorseriesabout0 for á ¢ convergesto á ¢
for every G . Do thisbyshowing thattheerror

� 2 K GVL'½Y�
as ð ½y¾ .

16. Show that the Taylor seriesabout0 for �bÐÒÑ G converges
to �bÐÓÑ G for every G .

REVIEW PROBLEMS FOR CHAPTER TEN

Exercises

For Problems1–4,find thesecond-degreeTaylor polynomial
aboutthegivenpoint.

1. á ¢ � G �� 2.
î Ñ G/� G;�  3. �bÐÒÑ G/� G��Q �4þ Þ

4. ù ÷ ÑLJ , J ��4þ Þ
5. Find the third-degree Taylor polynomial for

J4K GVL��G Î ò ö G � Q õ G�ò	� at G���� .
In Problems6–9,findthefirst fournonzerotermsof theTaylor
seriesabouttheorigin of thegivenfunctions.

6. J � ���p�KJ � 7. �bÐÒÑ¿� � 8.
�

� ÞsQRG 9.
�

��Q�Þ�| �
For Problems10–11,expandthe quantity in a Taylor series
aroundtheorigin in termsof thevariablegiven.Give thefirst
four nonzeroterms.

10.
F
Fsò�ÿ in termsof

ÿ
F 11. �

u Q v in termsof

vu

Problems

12. Findanexactvaluefor eachof thefollowing sums.

(a) ö K � � �p pL Î ò ö K � � �p pL � ò ö K � � �p pL6ò ö ò öK � � �y tL òöK � � �y tL � ò�010#0?ò öK � � �p pL ¥ àbà .

(b) ö ò ö K � � �?L � ò ö K � � �?L ß �� ò ö K � � �?L �í"� ò40$0#0 �
Find theexactvalueof thesumsof theseriesin Problems13–

18.

13. �mQ �í ò
�
ü Q

�
  ö ò

�
ô � Q010#0 14. ô ò�Þ=ò´ mò"�}ò �  ò

�
Þ ò0#010?ò �

  ¥ à

15. �yQ� yò Þ "� Q ôí� ò � óÞ�� òA0$0#0 16.  mQ ôí� ò íp õ � Q �?  ôö � ò-0;010
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17. í�ò"í�ò í "� ò íí� ò íÞ�� òí
õ � òP0$010

18.
K � � �?L � Q K � � �?L ßí"� ò
K � � �uL �
õ � Q K � � �uL Ôö � ò�0$0#0

19. A function
J

has
J4K ípLû�Y� , JNS>K íyL�� õ and

JNS STK ípL��Qs�u� . Find thebestestimateyoucanfor
J4K í � �uL .

20. SupposeG is positivebut verysmall.Arrangethefollow-
ing expressionsin increasingorder:

G/� �bÐÓÑ G/� î Ñ K �?ò�GVL;� �pQ ���t� G/�¦á ¢ Qs�U� ÷?ø ��ù ÷ Ñ G/��G � �`Q�G �
21. By plotting several of its Taylor polynomialsand the

function
J4K GVLR� � þ K ��ò£GVL , estimategraphically the

interval of convergenceof theseriesexpansionsfor this
function about G�� � . Computethe radiusof conver-
genceanalytically.

22. UseTaylorseriesto evaluate
î Ð��¢�� à î Ñ K ��ò�G�ò�G � L=Q�G�bÐÓÑ � G �

23. (a) Find
î Ð��\ � à �bÐÒÑ K   J LJ . Explainyour reasoning.

(b) Use seriesto explain why
J4K J L$� �bÐÓÑ K   J LJ looks

like a parabolanear J �^� . What is theequationof
theparabola?

24. (a) Find theTaylorseriesfor
J4K � L�� � á � about� �	� .

(b) Using your answerto part (a), find a Taylor series
expansionaboutG���� fork ¢à � á���! � �

(c) Usingyouranswerto part(b), show that

�
  ò

�
í ò

�
Þ K  "� L ò �

õ K í"� L ò �
ó K Þ�� L ò40$010a��� �

25. (a) Find thefirst two nonzerotermsof theTaylor series
for
J4K G9L�� � Þ{Q�G � aboutG��	�

(b) Use your answerto part (a) and the Fundamental
Theoremof Calculusto calculatean approximate

valuefor
k ¥à � Þ{Q�G � !aG .

(c) UsethesubstitutionG\�^  �bÐÒÑ � to calculatetheex-
actvalueof theintegral in part(b).

26. (a) Find theTaylorseriesexpansionof ÷oø ���bÐÓÑ G .
(b) Use Taylor series to find the limit÷oø ��ù ÷ Ñ G

÷oø ���bÐÓÑ G as G�½ � �
27. A particlemoving alongthe G -axishaspotentialenergy

at thepoint G givenby � K GVL . Thepotentialenergy hasa
minimumat G���� .
(a) Write theTaylorpolynomialof degree2 for � aboutG\�£� . Whatcanyou sayaboutthesignsof theco-

efficientsof eachof thetermsof theTaylor polyno-
mial?

(b) The forceon the particleat the point G is given byQ � S2K GVL . For small G , show thattheforceonthepar-
ticle is proportionalto its distancefrom the origin.
Whatis thesignof theproportionalityconstant?De-
scribethedirectionin which theforcepoints.

28. The theory of relativity predicts that when an object
moves at speedscloseto the speedof light, the object
appearsheavier. The apparent,or relativistic, mass,� ,
of theobjectwhenit is moving atspeed� is givenby the
formula � � � à� �`Q � � þ � �
where � is the speedof light and � à is the massof the
objectwhenit is at rest.

(a) Usetheformulafor � to decidewhatvaluesof � are
possible.

(b) Sketcha roughgraphof � against� , labelinginter-
ceptsandasymptotes.

(c) Write thefirst threenonzerotermsof theTaylor se-
riesfor � in termsof � .

(d) For whatvaluesof � doyouexpecttheseriesto con-
verge?

29. Thepotentialenergy, � , of two gasmoleculesseparated
by adistance

v
is givenby

� ��Q � à e  ¼Q v àv S � Q�Q v àv S ¥ � f �
where � à and

v à arepositive constants.

(a) Show that if
v � v à , then � takeson its minimum

value, Q � à .
(b) Write � as a seriesin

K v Q v à L up through the
quadraticterm.

(c) For
v

near
v à , show that the differencebetween� and its minimum value is approximatelypro-

portional to
K v Q v à L � . In other words, show that� Q K Q � à L�� � ò � à is approximatelyproportional

to
K v Q v à L � .

(d) The force, � , betweenthe moleculesis given by� �¦Q¿! � þ ! v . What is � when
v � v à ? For

v
near

v à , show that � is approximatelyproportional
to
K v Q v à L .

30. Thegravitationalfield at a point in spaceis thegravita-
tional forcethatwould beexertedon a unit massplaced
there.Wewill assumethatthegravitationalfield strength
at adistance! away from amass� is� �! �
where� is constant.In thisproblemyouwill investigate
the gravitational field strength,� , exertedby a system
consistingof a largemass� andasmallmass� , with a
distance

v
betweenthem.(SeeFigure10.18.)
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OP u OP v¡ � �
Figure 10.18

(a) Write an expression for the gravitational field
strength,� , at thepoint ¡ .

(b) Assuming
v

is small in comparisonto

u
, expand �

in aseriesin
v þ u .

(c) By discardingtermsin
K v þ u L � andhigherpowers,

explainwhy youcanview thefield asresultingfrom
a singleparticleof mass� ò � , plusa correction
term. What is the position of the particle of mass� ò � ?Explainthesignof thecorrectionterm.

31. Expand
J4K Gvò � L and � K Gsò � L in Taylorseriesandtake

a limit to confirmtheproductrule:!!aG K2J4K GVL � K GVLbL4� J S K GVL � K GVL9ò J4K GVL � S K GVL �
32. UseTaylorexpansionsfor

J4K ��ò M L and� K G�ò � L to con-
firm thechainrule:!!aG K2J4K � K GVLbLbL�� J S K � K GVLbL/0 � S K GVL �

33. Supposeall thederivativesof � exist at Gû��� andthat �
hasacritical pointat G��	� .
(a) Write the ð ·º¹ Taylorpolynomialfor � at G��	� .
(b) WhatdoestheSecondDerivative testfor localmax-

imaandminimasay?
(c) UsetheTaylor polynomialto explain why theSec-

ondDerivative testworks.

34. (Continuationof Problem33) You may rememberthat
theSecondDerivative testtells usnothingwhenthesec-
ondderivative is zeroat thecritical point.In thisproblem
youwill investigatethatspecialcase.

Assume� hasthesamepropertiesasin Problem33,
andthat, in addition, � S S K �yLÉ�j� . What doesthe Taylor
polynomial tell you aboutwhether � hasa local maxi-
mumor minimumat G��	� ?

35. UsetheFourierpolynomialsfor thesquarewave

J4K GVL��ÁÀ Qs� Q � <�G?>â�� �=<�G?> �
to explain why thefollowing summustapproach�=þ Þ asð ½y¾ :

�`Q �í ò
�
õ Q

�
ö ò�0#010?ò K Qs�?L � 2UT ¥ �

  ð ò�� �
36. Find a Fourier polynomialof degreethreefor

J4K GVL$�á � � ¢ , for �¼>�G?<(� .
37. Supposethat

J4K G9L is a differentiableperiodic function
of period   � . AssumetheFourierseriesof

J
is differen-

tiabletermby term.

(a) If theFouriercoefficientsof
J

are F�Â and ÿ1Â , show
that the Fourier coefficientsof its derivative

J S
areM ÿ#Â and Q M F�Â .

(b) How arethe amplitudesof the harmonicsof
J

andJNS
related?

(c) How aretheenergy spectraof
J

and
J S

related?

38. If the Fourier coefficients of
J

are F�Â and ÿ1Â , and the
Fourier coefficientsof � are �1Â and !Â , andif % and &
arereal,show that theFouriercoefficientsof % J ò &»�
are % F�Â`ò & �#Â and % ÿ1Â`ò & !Â .

39. Supposethat
J

is a periodicfunction of period   � and
that � is a horizontalshift of

J
, say � K GVLv� J4K GûòP�uL .

Show that
J

and � have thesameenergy.

PROJECTS

Exercises

1. Machin’sFormula and the Valueof
¶

(a) Usethetangentadditionformula

j h ��/ÄÃ�:GÅ$3�D j h �»Ã�:Pj h �»ÅhsANj h �CÃ9j h �»Å
with

Ã D h"i d1j h ��/xhy~�X}·}hnhpqM3 and
Å D

A hi d�j h ��/zhy·n~�ªnqN3 to show that

h"i d1j h �9e hp~nXhnhpq f�A hi d�j h �9e h
~nªnq f[D h"i d1j h ��hnC

(b) Use
ÃED�Å�D h"i d1j h ��/xha·�ln3 to show that

~ hi d�j h � e hl f D h"i d1j h � e lhp~ f C
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Useasimilarmethodto show that

| h"i d1j h �7e hl f[D h"i d1j h �}e hp~�Xhnhtq f	C
(c) Obtain Machin’s formula:

¶�·y| D
| h"i d1j h ��/xhy·nln3'A h"i d1j h ��/xha·�~�ªMqM3 .

(d) Use the Taylor polynomial approximationof
degree 5 to the arctangentfunction to ap-
proximate the value of

¶
. (Note: In 1873

William Shanksusedthisapproachto calculate¶
to707decimalplaces.Unfortunately, in 1946

it wasfoundthathemadeanerrorin the
lM~�r ²>³

place.)
(e) Why do thetwo seriesfor arctangentconverge

sorapidly herewhile theseriesusedin Exam-
ple5 onpage462convergessoslowly?

2. Approximating the Derivative3 In applications,
thevaluesof a function

.0/@1=3
arefrequentlyknown

only at discretevalues
1 �

,
1 � ÇÆ ,

1 �  ~ Æ ,
CoCtC?C

Supposewe are interestedin approximatingthe
derivative

. < /@1 � 3
. Thedefinition

.=<>/21m�a36D�éw�È¯É ± � .0/@1±��: Æ 30A	.0/@1±�p3Æ
suggeststhatfor small Æ wecanapproximate

. < /@1=3
asfollows:

. < /21m�a3�5 .0/21m��: Æ 3'A�.0/21m�a3Æ C

Suchfinite-differenceapproximationsareusedfre-
quentlyin programmingacomputerto solvediffer-
entialequations.

Taylor seriescanbe usedto analyzethe error
in thisapproximation.Substituting

.0/@1m�{: Æ 36D^.0/21m�a3�:;. < /@1±�y3 Æ : . < < /21m�a3~ Æ � :��t�o�
into theapproximationfor

. < /21 � 3
, wefind

.0/21m��: Æ 3`A�.0/21m�p3Æ D7. < /@1m�a3�: . < < /21m�a3~ Æ :^�o�t�
This suggests(andit canbeproved) that theerror
in theapproximationis boundedasfollows:

VVVV
.0/@1 � : Æ 30A	.0/@1 � 3Æ A	.=<>/21 � 3 VVVV

ê �ÊÆ~ k

where� . < < /2143 � ê � Ë e i � 1\AB1m� � ê � ÆÌ� C

Notice that as Æ Ú X
, the error alsogoesto zero,

provided � is bounded.
As anexample,we take

.0/@143�D�Õ Ö
and

1 � D
X
, so

. < /21 � 3´D¦h
. The error for variousvaluesofÆ aregivenin Table10.2.We seethatdecreasingÆ

by a factorof 10 decreasestheerrorby a factorof
about10,aspredictedby theerrorbound�ÊÆ ·�~ .

Table 10.2� K2J4K G à ò � L=Q J4K G à LbL þ � Error�u�"� ¥ � � � õ � ö � õ � � ö �ÎÍ"�u�� ��u� � � � � �t� õ �y  õ � �y =Í���� � Î�u� � Î � � �t�p� õ � õ � �AÍ���� � ß�u� � ß � � �t�p�t� õ õ � �AÍ���� � �
(a) UsingTaylorseries,suggestanerrorboundfor

eachof thefollowing finite-differenceapproxi-
mations.

(i)
. < /21 � 3�5 .0/21m�p3`A�.0/21m�vA Æ 3Æ

(ii)
.=<>/21m�a3�5 .0/21 � : Æ 3'A	.0/@1 � A Æ 3~ Æ

(iii)
. < /21m�a3�5 AÉ.0/21m��:;~ Æ 3�:�rN.0/@1m�{: Æ 3'ABrN.0/@1±�vA Æ 3�:�.0/@1±�hp~ Æ

(iv) Use eachof the formulas in part (a) to
approximatethe first derivative of

ÕyÖ
at1èD¹X

for Æ DihtX © _ kohpX ©=� kohpX © « kohtX © ¬ .
As Æ is decreasedby a factorof 10, how
doesthe error decrease?Doesthis agree
with the error boundsfound in part (a)?
Which is themostaccurateformula?

(v) Repeatpart (b) using
.0/@1=3^D ha·y1

and1m�BD htX © º
. Why are theseformulasnot

goodapproximationsanymore?Continue
to decreaseÆ by factorsof 10.How small
does Æ have to be beforeformula (iii) is
the bestapproximation?At thesesmaller
valuesof Æ , whatchangedto makethefor-
mulasaccurateagain?

3. (a) Usea computeralgebrasystemto find
]`_x�N/2143

and q _b�M/@143 , theTaylor polynomialsof degree
10about

1RD[X
for
fz��� � 1

and
doeMf � 1

.
(b) What similaritiesdo you observe betweenthe

two poynomials?Explain your observation in
termsof propertiesof sineandcosine.

3FromMark Kunka
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4. (a) Use your computer algebra system to find] ¼ /2143 and q ¼ /@1=3 , the Taylor polynomialsof
degree7 about

1�D¦X
for
.0/@1=3%D fz���s1

and
c /@1=3�D^f-���s1Éd?eNf91 .

(b) Find the ratio betweenthecoefficient of
1 «

in
thetwo polynomials.Do thesamefor thecoef-
ficientsof

14º
and

1±¼
.

(c) Describethepatternin theratiosthatyoucom-
putedin part (b). Explain it usingthe identityf-����/>~�143�D7~`fz���{1Éd?eNf91

.

5. Let
.0/2143�D ÖÏpÐ © _ : Ö � . Althoughtheformulafor

.
is not definedat

1�D7X
, wecanmake

.
continuous

by setting
.0/2XN3�D h

. If we do this,
.

hasTaylor
seriesaround

1�D[X
.

(a) Usea computeralgebrasystemto find
] _b� /@1=3

,

theTaylor polynomialof degree10 about
1âD

X
for
.

.
(b) What do you notice aboutthe degreesof the

termsin the polynomial?What propertyof
.

doesthissuggest?
(c) Provethat

.
hasthepropertysuggestedby part

(b).

6. Let n /@143�D � Ö� f-�w��/ � � 3 g � .
(a) Usea computeralgebrasystemto find

]`_-_n/@1=3
,

theTaylor polynomialof degree11 about
1âD

X
, for n /@1=3 .

(b) Whatis thepercentageerrorin theapproxima-
tion of n /xhy3 by

]0_�_a/zhp3
? What about the ap-

proximationof n />~M3 by
] _-_ />~M3

?


