PROBLEM 2.5.1(D)

To solve the equation Az = b, we form the augmented matrix

1 -1 0 1 | b
~1 0 1 -1 | by
1 -2 1 1 | by
1 2 =3 1 | by

By doing elementary row operations, we bring the matrix to the row echelon form:

1 -1 0 1 | b1 1 -1 0 1 | b1

0 -1 1 0 | by + by 0 -1 1 0 ‘ ba + by
0 -1 1 0 | bs—b1 |’ 0 0 0 0 ‘ b3 — b — 2bq
0 3 =3 0 | biebh 0 0 0 0 | by+3by+t2b

The range is the set of vectors b such that bs = 2b; 4+ by and by = —2b; — 3by. The
range of A is spanned by the vectors (1,0,2,—2)T and (0,1,1,-3)7. The kernel
of A is the set of vectors x such that 2o = 23 and 1 = 23 — x4 = 23 — 24. It is
spanned by the vectors (1,1,1,0)7 and (—1,0,0,1)T.

PROBLEM 2.5.5(A)

For a particular solution of the equation
r—y+3z=1,
one can take x* = (1,0,0)”. The kernel of the matrix
(1 -1 3)

is two-dimensional, and it is spanned by the vectors (1,1,0)% and (—3,0,1)T. Then
the general solution of the equation can be written as

1 1 -3
X = O +Cl 1 +CQ 0
0 0 1

PROBLEM 2.5.17

Let

X = 1X] + C2X5
be a linear combination of x} and x3. Then
Ax = 1 AX] + 2 Ax5 = c1b 4 cob = (¢1 + ¢2)b.
If b # 0 then x solves the equation Ax = b when ¢; + ¢ = 1. If b = 0 then x

solves the equation for all values of ¢; and cs.
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PROBLEM 2.5.26

The set of vectors from the problem is the range of the matrix

1 -3 0 0
1 0 2 4
A= 0 1 3 -1
0 0 1 -1

As the range of a 4 x 4-matrix, it is a linear subspace in R*. Its dimension equals
the rank of the matrix A. To find the rank, we bring it to the row echelon form:

1 -3 0 0 1 -3 0 0 1 =3 0 0
0 3 2 4 0 3 2 4 0 3 2 4
o1 3 -1]> (o o 73 -3 o o 7/3 —7/3
0 0 1 -1 00 1 -1 00 0 0

The rank of the matrix equals 3; therefore, the dimension of the space in question
equals 3.

PROBLEM 3.1.21(B)

The formula
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does not define an inner product on C°[—1, 1] because
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is not necessarily positive.



