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What does it take to oscillate a pendulum upside down?
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A THE EQUATION OF MOTION

ARIZONA

Position and Velocity

® The x and y coordinates:

» x =1sinf + A, sin(wgt)

>y =lcosf + Aycos(wgyt)

® The velocity

> v, =x=10cos8 + A,wzcos(wgyt)

> v, =y = —16sinf — Aywgsin(wgt)
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Kinetic and Potential Enerqy
® Kinetic Energy

THE EQUATION OF MOTION

1 . 1 :
T = =102 + =m(120? cos? 0 + A2wj cos?(wyt) + 2A,w4 cos(wyt) cos )

\2 Y J \2 Y J
Rotational Kinetic Translational
Energy Kinetic Energy for x

+ %m(lzéz sin? 0 + Asw} sin®(wyt) + 24,0, sin(wyt) sin 6)
\ J
|
~ Translational
Kinetic Energy fory

® Potential Energy
V=mgy =mg(lcosf + A, cos(wgt))
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A THE EQUATION OF MOTION
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Euler-Lagrange Equations
® The Lagrangianis L =T -V

® The equation of motion is obtained from the Euler-Lagrange Equation:
d (0L L 0
dt\ag) 06

.. Aw?
0+Lsing + 224

2 2 (cos(04)cos(w, t)sin(0) — sin(B,)sin(wyt)cos(0)) =0
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The Dimensionless Form

® [ntroduce non-dimensional time T and dimensionless parameters y

and a where:
2
_ _ Wo _ 4
T = wgt y = 2 a=-

D(6,7) = cosB,sinf cost —sinf, cosf sint

® The dimensionless equation of motion:

d20+ inf + aD(0,7) =0
= Y sin a JT) =
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A NUMERICAL ANALYSIS

ARIZONA GENERIC PENDULUM

Angle vs Time
05

Angle

05 | | | |
0 05 1 15 2

Initial angle: 0.5 Radians

Stability about: 0 Radians (Straight down)
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A NUMERICAL ANALYSIS

ARIZONA VERTICALLY DRIVEN JIGSAW

Angle vs Time, Vertical Driving

é 1ID 1I5 EID EIE 3ID 3I5 40
Time
Initial angle: (7/8) (Slightly left of vertical)
Drive angle: 0 (Vertical drive)
Stability about: 1 (Straight up)
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NUMERICAL ANALYSIS
HORIZONTALLY DRIVEN JIGSAW

Angle vs Time, Haorizontal Driving

1.6

1.55 -
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Angle

1.35
0

5

10 15 20 25 30 35
Time

Initial angle: (1/2)t (Horizontally left)
Drive angle: -(1/2)1 (Driven from the right)
Stability about: Approx. 1.49 Radians (An angle below the left horizontal)
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A NUMERICAL ANALYSIS

ARIZONA DIAGONALLY DRIVEN JIGSAW

Angle vs Time, pi/4 Driving (Diagonally)
8 | | | T

45 | | | | | | |
0 10 20 30 40 50 60 70 80

Time

Initial angle: -(1/2) (Horizontally right)
Drive angle: -(1/4)t (Driven from the bottom right)
Stability about: 21 (straight down, with odd behavior)
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A AVERAGING & EFFECTIVE POTENTIAL Ug,,
ARIZONA CONCEPT

« Separate the slow and fast components

SLOW FAST

force of gravity F (0) driving force f(0,t)
pendulum’s rotation O (1) rapid driving oscillations ¢ (t)

* Assume the fast components have:
* MUCH higher frequency and

* relatively low amplitude

« The effective potential U is the average potential energy associated with @ (t)

/
Fascinating. Let’s apply it to our pendulum ... {% }



ﬁAVERAGING & EFFECTIVE POTENTIAL Ugge
ARIZONA FINDING Uger

1. Relate the fast and slow components:

1,6 =1,(¢ +&) = (F(O) +f(6,0))

2. First-order approximation discarding insignificant terms:

1o($ +8) = F@) + 7@+ F(60) + 2 (4008 ——> 1§ = f(9,)
3. Substitute back into and time-average the equation from 1.:
lo$ = F(¢) + % ($,6)%)
4. Use the definition of the effective potential:
. _1dUey
Iy d¢

5. To solve for the effective potential: df
Uesr = Uo — f <<

- (@, t)€>> dp
2l
227277772272227777777 ........ {%



AAVERAGING & EFFECTIVE POTENTIAL Ugge
ARIZONA FINDING Uger (conr)

6. Write the effective potential in the terms from our governing equation:
F(0) = —I,ysinf f(,t) =—-I,aD(O,t)

U, = —jF(Q)dG = I,y cosf

(f%)
Ueff - UO + 2_10

7. Finally, simplify to get:

2
a
Ues =1, <—y cos 6 +—- (cos? 0,4 sin? 0 + sin? 4 cos? 0))

s

Huh ... What in the world does this mean ... {‘-
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AAVERAGING & EFFECTIVE POTENTIAL U

ARIZONA STABILITY ANALYSIS
Effective Potential as a function _of Driving and Pendulum Angles NO Driving:
) F F |, = 0.443
x 10 : - : : V - 1
2T a=0
'ga? 1.5+
g 1
ks
3 05-
c
s 0
g 0.5
-1 - . .
i ~ ~ : With Driving:
200 : : 200 |0 =0.443
100 - 100 Y - 1 6X10_5
Pendulum Angle (deg) 0 ° Driving Angle (deg) a= 001
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Cool. Let’s apply derivative tests for stability ... {% )



AAVERAGING & EFFECTIVE POTENTIAL U
ARIZONA BIFURCATION DIAGRAM

Bifurcation Diagram

360 No Driving

315

270

225

180 o - o gtable

e unstable
135

Equilibrium Angle (rad)

90

45

0

0 45 90 135 180 225 270 315 360
Drive Angle (rad)

Dl

Boring. Let’s start some driving ... {{- :.}
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BIFURCATION DIAGRAM

Bifurcation Diagram
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Neat-O!
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FUTURE WORK

 Dynamic Manifold

 Experimentation




