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Continuous Random Variables

For X a continuous random variable with density function fx, consider the discrete
random variable X obtained from X by rounding down. (A has a different meaning
here than in the previous section).

Say, for example, we give lengths by rounding down to the nearest millimeter. Thus,
X = 1.655 meters for any lengths X satisfying

1.655 meters < X < 1.656 meters.

The random variable X is discrete and has a mass function f;(. Thus, the expected

value
Eg(%) = > e (%)



Continuous Random Variables

Survival Function
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Continuous Random Variables

Let Ax be the spacing between values for
X. Then, X, an integer multiple of Ax, rep-
resents a possible value for X,

X =% ifandonly if %< X <%+ Ax.

With this, we can give the mass function

fx

Now, by the property of the density func-
tion,

P{% < X < %+ Ax} ~ fx(%)Ax.

(%) = P{X =%} = P{& < X < %+ Ax}.

- density fx

- Ax>

Figure: The value of the mass function fi(X) is
the area of the rectangular region above and to
the right of X .
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Continuous Random Variables

For this discrete random variable X, we can use the approximation of its mass function
to approximate the expected value.

Eg(X) Z g(RX)fx (%) = Z g(X)P{% < X < % + Ax}

Zg(f)fx(?)Ax.

Q

This last sum is a Riemann sum and so taking limits as Ax — 0, we have that X
converges to X and the Riemann sum converges to the definite integral. Thus,

Eg(X) = / " g () f(x) dx.
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Continuous Random Variables

Exercise. For the dart example, the density fx(x) = 2x on the interval [0, 1] and O
otherwise. Determine EX and EX?.

1 1
2 1 2
EX = | xfx(x) dx = 22d:73‘:7.
./o xfx(x) dx ‘/0 X dx 3X 0= 3
-1 1 1 1 1
EX2 = [ x*f d/23d3(.
,/OXX(X)X!OXXQXOQ
Indeed, for p > 0,
EX"zi2
p+1
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Continuous Random Variables

As in the case of discrete random variables, a similar formula to holds for a vector of
random variables X = (X1, Xz, ..., X,)), fx, the joint probability density function and g

a real-valued function of the vector x = (x1,x2, ..., x,).

The expectation in this case is an n-dimensional Riemann integral. For example, if X;
and X has joint density fx, x,(x1,x2), then

o0 [ee]
Eg(X1, X2) =/ / g(x1,x2)fx; x,(x1, x2) dxodxq

provided that the improper Riemann integral converges.
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We learned that the sample mean is equal to the area under the empirical survival
function for nonnegative observations. We check to see if an analogous identity holds

for continuous random variables.

Let X be a nonnegative random variable with distribution function Fx and density fx.

Then the survival function

Fx(x) = P{X > x} =1— Fx(x).

The question we are asking is if the following
identity holds:

EX/ P{X > x} dx.
J0

Survival Function
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Survival Function

We integrate by parts.
/0 (1— Fx(x))dx = x(l—FX(x))‘O —/O x(—fx(x)) dx

= / xfx(x) dx = EX.
0
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Survival Function
More generally, for g(x) increasing with g(0) = 0 and Eg(X) < oo

|0 - Fxtd = G- Fx0)| - [ eba(-(x) o
0 0

= 0+ /Ooog(x)fx(x) dx = Eg(X).

W) = 1-Fx() v = &)
V() = —fx(x) V() = &)
0 < g(b)(1 - Fx(b)) = / " g(b)fx(x) dx < / g fx(x) dx 0
b b

as b — oo because Eg(X) < oo.

Exercise. For the identity above, show that it is sufficient to have |g(x)| < h(x) for
some increasing h with Eh(X) finite.
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Survival Function

Example. For the dart example, the survival function

Fx(x)=P{X>x}=1-x2

Thus, . )
— 1 51 1 2
EX:/O Fx(x) dx:/o(1—x2)dx:x—3x3’0:1—3:3.
1 1 1,1 1 1
EX2:/ 2xF x(x) dx:/ (2X—2X3)dX:X2—*X4‘ =1--==
0 0 2 0 2 2
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Survival Function

Example. Let T be an exponential random variable, then for some A,
P{T >t} = exp—(At). Then

0o
0

ET:/OOOP{T>t}dt:/OOOexp(/\t)dt:}\eXP(/\t)‘ 20*(*§):*-

0 oo 2 oo
ET? = / 2tP{T > t} dt :/ 2t exp —(At) dt = /\/ t Aexp —(\t) dt
0 0 0

2 2
= —ET=—.
A A2

We can now show by mathematical induction that EX” = n!/\".
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Normal Random Variables

Normal Random Variables

The most important density function we
shall encounter is

1 22

o(2) = = en(-5)

for Z, the standard normal random variable.

z e R.

Because the function ¢ has no simple an-
tiderivative, we use a numerical approxima-
tion to compute the distribution function,
denoted ©.

dnorm(x)
03 04
L L

0.2

0.1

Figure: Normal density, plotted by entering
curve (dnorm(x),-3,3)
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Normal Random Variables

The expectation,
72

zexp ——)dz =0

= g | Lot

because the integrand is an odd function. Next to evaluate

EZ? / ep(— L) dz = L ( exp! 22)'00 +/ooe ( Z2)d> 1
7% ex 7= —— | —zexp(——= xp(——=)dz | =1.
\/271' p 2 V2T P 2 -0 o P 2
we integrate by parts.
u(z) = z v(z) = —exp(—2z2/2)
v(z) = 1 VI(z) = zexp(—z?/2)

Use I'Hopital's rule to see that the first term is 0. The fact that the integral of a
probability density function is 1 shows that the second term equals 1.
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Summary

Using the Riemann-Stielitjes integral we can write the expectation in a unified manner,

e (%) - [ " g(x) dFx(x).

— 00

For the Riemann-Stieltjes integral

b
/ 2(x) dFx(x),

we begin with a partition P = {a = xp < x1 < -+ < Xx,+1 = b}and a Riemann-Stieltjes
sum
n
R(P>g7 F) - Zg(X,')AFX(X,')
i=1
where AFx(x;) = Fx(xi+1) — Fx(x;) . The integral is the limit as mesh P — 0.
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Summary

For discrete random variables, AFx(x;) = 0 if the interval, (x;, x;11] does not contain
a possible value for the random variable X. If mesh P is sufficiently small, the jump
points x € (x;, xj+1] of size AFx(x;) = fx(x) are isolated in distinct intervals. Thus,
the Riemann-Stieltjes sums converges to

> () fx(x)

for X having mass function fx.

For continuous random variables, AFx(x;) ~ fx(x;)Ax. Thus, the Riemann-Stieltjes
sum is approximately a Riemann sum for the product g - fx and converges to

/ O; £(x)fx (x) dx

for X having density function fx.
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Summary
distribution function
Fx(x) = P{X < x}
discrete random variable continuous
mass function density function
fx(x) = P{X = x} fx(X)Ax ~ P{x < X < x + Ax}
fx(x) >0 properties fx(x) >0
Zall X fX(X) = 1 fjooo fX(X) dX = 1
P{X €A} =3 cafx(x) probability P{X € A} = fA fx(x) dx
Eg(X)=>"., . e(x)fx(x) expectation Eg(X) = ffooo g(x)fx(x) dx
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