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Bayesian Sufficiency
Definition. T is Bayesian sufficient for every prior density 7, there exist posterior
densities 7y x and fy 7 (x) so that
fux (01%x) = fu 7 (x)(0] T (x)).
The posterior density is a function of the sufficient statistic.

Theorem. If T is sufficient in the classical sense, then T is sufficient in the Bayesian

sense.
Proof. Bayes formula states the posterior density

fx (x|0)(6)
i (01x) = Jo i ))((|l/)) (V)v(dy)
By the Neyman-Fisher factorization theorem, fx(x|0) = h(x)g(0, T(x))
O h(x)g (0, T(x))(0)
(0= T RG0s(, TR (0]
(

U 0T
= ot T)e(y@n) - reo@ITe) .
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Bayesian Sufficiency

We have shown that classical sufficiency implies Bayesian sufficiency. Now we show
the converse. Thus, assuming Bayesian sufficiency, we apply Bayes formula twice

fx(x|0)m(0
X(fx(l)() fuix (01x) = fu T (x) (0] T(x))
froo(T(x))10)7(0)

froa(T(x))

Thus,
froq(T(x))[0)

froo(T(x)
which can be written in the form h(x)g(¢, T(x)) and T is classically sufficient

fx (x[0) = fx(x)

4/18



Introduction

Introduction

While entire set of observations X; ..., X, is sufficient, this choice does not result in
any reduction in the data used for formal statistical inference.

Recall that any statistic U induces a partition A, on the sample space X
Exercise. The partition A7 induced by 7 = c(U) is coarser than A.

Let A, = {X; U(X) = U(x)} € A, then A, C A, = {%; c(U(X)) = c(u(x))}
Moreover A. = A if and only if ¢ is one-to-one.

Thus, if T is sufficient, then so is U and we can proceed using T to perform inference
with a further reduction in the data.

Is there a sufficient statistic that provides maximal reduction of the data?



Minimal Sufficiency

Minimal Sufficiency
Definition. A sufficient statistic T is called a minimal sufficient statistic provided that
any sufficient statistic U, T is a function c(U) of U.

e T is a function of U if and only if U(x;) = U(x») implies that 7(x;) = T(x>)
e In terms of partitions, if T is a function of U, then

{x; U(X) = U(x)} C {x; T(X) = T(x)}

In other words, the minimal sufficient statistic has the coarsest partition and thus
achieves the greatest possible data reduction among sufficient statistics.

e If both U and T are minimal sufficient statistics then
X UEX) =UX)={xT(x)=T(x)}

and c is one-to-one,

/18



Minimal Sufficiency

Minimal Sufficiency

The following thereom will be used to find minimal sufficient statistics.

Theorem. Let fx(x|0); 0 ¢ © be a parametric family of densities and suppose that 7 is
a sufficient statistic for 0. Assume that for every pair x1, x> chosen so that at least one
of the points has non-zero density. If the ratio

fx (x10)

fx (x20)

does not depend on ¢ implies that 7(x;) = 7(x2), then T is a minimal sufficient
statistic.

/18
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Minimal Sufficiency

Proof. Choose a sufficient statistic UJ. The plan is to show that U(x;) = U(x>) implies
that 7(x;) = T(x2). If this holds, then T is a function of U and consequently T is a
minimal sufficient statistic.

We return to the ratio and use the Neyman-Fisher factorization theorem on the
sufficient statistic U to write the density as a product h(x)g(0, U(x))

fx(x1/0) _ h(x1)g(0, U(x1))

fx(x2[0)  h(x2)g(f, U(x2))
If U(x;) = U(x2), then the ratio
fx(x1]0) _ h(x1)

fx(x2]0)  h(x2)

does not depend on ¢ and T is a minimal sufficient statistic.
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Examples

Example. Let X = (X1, ..., X,) be Bernoulli trials. Then T(x) = x; + -+ + x, is

sufficient.

x(xilp)  pTCa)(1 — p)n—Ta)

fx(x2lp) — pTlR)(1— p)n=TCa)

B p T(x1)=T(x2)
= T ;

This ratio does not depend on p if and only if 7(x;) = T(x2). Thus T is a minimal

sufficient statistic.
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Examples

Example. Let X = (X;,.... X,) be independent N(/, &%) random variables. Then
T(x) = (%.s?) is sufficient. To check if its minimal, note that

fx(xa]8) _ (2m0) " exp — (n(%1 — p)* + (n —1)sf) /(20°)

x(x20) (2mo) "2 exp — (n(X2 — p1)? + (n — 1)s3) /(202)
exp — (n(%f — %3) — 2np(%a — %) + (n = 1)(sf — 53)) /(207)

This ratio does not depend on ¢ = (1, o°) if and only if ¥, = % and 512 — s e,
T(x1) = T(x2). Thus T is a minimal sufficient statistic.
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Examples

Example. Let X = (Xq,.. .. X,) be independent Unif (0.0 + 1) random variables.

ix(xl0) = lgo+10xa) - fg,o41](xn)
(1 ifallx e[0,0+1]
a 0 otherwise
N0

For the density to be equal to 1, we must have 0 < x(1) < x(,) = 0+ 1,
Ax = [X(n) - 1X(1)] Thus,

0 if6eA;NA,
;X(x”z) ={ 1 ifOeA,NA,
x(x2lf) 0o if 0 € Ay NAS,

For this to be independent of ¢, both x; and x, must have the same minimum and

maximum values.
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Example. Let X = (X;,....X,) be independent random variables from an exponential

family, the probability density functions can be expressed in the form

n

fx(x|n) = h(x) - exp Z<7}.t(xj)> e ™M xes.

We have seen that
sufficient.

fx(x1]6)

j=1

T(x) = > /., tx) is sufficient. To check that it is minimal

h(x) - e><p(zj'.7:1 (n, t(XlJ»)ean(n)

fx(XQ‘O)

h(x) - exp(3-7; (1, t(x2,7)))e"AM)

n

= ep(n, y_(tlxa) —t(x))) = exp(n, T(x1) — T(x2))

j=1

For this to be independent of parameter 1), 7(x;) — T(x2) must be the zero vector and
T is a minimal sufficient statistic.
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Ancillary Statistics

Ancillary Statistics

At the opposite extreme, we call a statistic V/ is called ancillary if its distribution does
not depend on the parameter value

Even though an ancellary statistic /' by itself fails to provide any information about
the parameter, in conjunction with another statistic statistic 7 , e.g., the maximum
likelihood estimator, it can provide valuable information, if the estimator itself is not
sufficient.
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Examples

Let X be a continuous (discrete) random variable with density (mass) function fx(x).

Let
Y=0X+4+up oc>0puel.

Then Y has density (mass) function,

fy (ylp, o) = %fx((y —u)/o), fy (ylu,0) = fx((y — i)/ o).

Such a two parameter family of density (mass) functions is called a location/scale
family.
e /i is the location parameter. If X has mean 0, then ;i is the mean of Y. The case
o = 1 is called a location family.
e o is the scale parameter. If X has standard deviation 1, then o is the standard
deviation of Y. The case ;1 = 0 is called a scale family.
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Location Families
Examples of (location families)

Unif(p— ag, j1 + a0), ao fixed,  N(j1,03), of fixed Logistic(y, s0), s fixed,

Let Y = (Yi...., Y, ) be independent random variables from an location family. Then,

P{Y € B} = Po{Y — i€ B} = Po{Y € B + pu}.

Example.
e The difference of order statistics has a distribution

PA Yy — Yy € A} = Po{(Yyy — 1) — (Yiiy — 1) € A} = Po{Y(j) — Yy € A}

that does not depend on the location parameter ;. and thus is ancillary.
e In particular the range,
R=Ym— Yo

is ancillary 15/18
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Location Families

e The variance

52: nilz(yli \_/)2: nilz((yiilu)i(\_/ilu))2
i=1 i=1

is invariant under a shift by a constant ;.. Thus, S° is an ancillary statistic.

e More generally, if T is a location invariant statistic, i.e., for any b in the state
space for the Y/,

then T is ancillary.
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Scale Families
Examples of (scale families)

Unif(0,60) Exp(B) T(ao, ), fixed, N(0,0?)
o Let X = (X;i,..., X,) be independent random variables from a scale family. Then,

Po{(Xo/X1,.... Xp/X1) € AY = Pi{((cX2)/(0X1),...,(cXn)/(cX1)) € A}
= P]_{(X2/X]_ ..... Xn/Xl) S A}

and T(X) = (XG/ X, ..., X,/ X1) is ancillary.

e For X =(Xq,...,X5) ~ N(u,00),

nm:<M§X,HM§X>

is ancillary.
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Value of Ancillarity

Let X = (Xq,..., X,,) be independent Unif(0 — 1.0 + 1) random variables.
Estimate ¢ by the mid-range M = (X(1) + X(,))/2
The range R = X(,) — X(q) is ancillary.

Note that O < R < 2. However, If R is close 2, then X(;) must be close to {/ — 1 and
X(,) must be close to ¢/ — 1, so the // must be an accurate estimate of 0.

Thus a larger value of R increases our faith in the observed estimate.

In addition, (M, R) is a minimal sufficient statistic with < ancillary.
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