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Overview

Our goal is to find situations where the notion of a best estimator as measured by mean
square exists. Among unbiased estimators, we may have nothing to choose from.

Example. Let X ~ Exp() and let d be a candidate unbiased estimator for /3, then
5= Exd(X) = [ dbx)seax
Jo

Divide by J and differentiate the Riemann integral with respect to J. Then
1 = / d(x)e P dx.
Jo
. ’ 1
0 = / xd(x)e PXdx = — 5 EsXd(X).
JO f

Because X is a complete and sufficient statistic,
d(X)=0 as. Pjsforall

and so there are no unbiased estimators for /5.
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Overview

Definition. An estimator 7 is called best unbiased estimator for h() if
o EgT*(X) = h(0) for all & (unbiased)

o For any other unbiased estimator T,
Varg(T*(X)) < Varg(T(X))

for all 0.

Such an unbiased estimator T* is called a uniformly minimum variance unbiased
estimator (UMVUE)
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Lehman-Scheffé Theorem

Theorem. Let T(X) be a complete sufficient statistic. Then all unbiased estimators of
h(0) that are functions of 7(X) alone are equal a.s. Py for all 0 ¢ ©.

Proof. Let gi(T(X)) and g>( T (X)) be two unbiased estimators of h(6), then
Eglg1(T(X)) — g2(T (X)) =0 for all 0.
Because T is complete

g1(T(X)) = g(T(X)) as. Pyforall 6 c®.
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Rao-Blackwell Theorem

Theorem. If an unbiased estimator is a function of a complete sufficient statistic, then
it is UMVUE.

If W(X) is any unbiased estimator with finite variance then so is

W*(T (X)) = E[W(X)|T(X)].
Note that the sufficiency of 7(X) guarantees that /" is not a function of ¢/ and thus
is a statistic.

The conditional variance formula states that Vary(W*(T(X))) < Vary(W/(X)) and by
the Lehman-Scheffé Theorem, W*(T (X)) is UMVUE.

Example. For Xi,... X, ~ N(uz,02), T(X) = (X, S?) is a complete sufficient statistic
whose components are unbiased estimators of /1 and o7, respectively. Thus, they are
UMVUE.
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Rao-Blackwell Theorem

Example. For Xi,...X, ~ Bin(k,p), the sum T(X) =>"", X; is a complete sufficient
statistic. Moreover, T(X) ~ Bin(nk, p). We will use this to find a UMVUE for

g(p) = kp(1 - p)*7,
the probability of one success. Start with the the simple minded estimator,

d(X1) = Iy (X1).

Epd(X1) = P{X1 =1} = g(p).

So, it is unbiased.
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Unbiased Estimation
By the Rao-Blackwell Theorem, the unbiased estimator
d*(T(X)) = Ep[h(X1)| T(X)]
must be UMVUE. For 7(X) =,
Pp{X1 =1, T(X) =t}

d'(t) = Pp{X1=1T(X) =t} =

PoAT(X) = 1]
PN =LY X =t Po{Xi= 1P, X =t 1)
Pp{T(X) =t} a Pp{T(X) =t}
B (kp(l o p)kfl) ((k(t”_—ll))ptfl(l _ p)n(kfl)f(t71)> -, (k(tn:ll))
(F)pt( = pyfrt ()
(k(n—l))
d(T(X)) = k-Gt
(T(X)
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Rao-Blackwell Theorem
Example. For Xi,...X, ~ Unif(0,0), T(X) = maxj<j<, X; is a complete sufficient
statistic, and

is unbiased and thus is UMVUE.
For g(0), we must find d so that

0
g(0) = /O d(0)" ot

0

/d(t)nt”_l dt

0

n0"1g(0) +60"g'(0) = d(0)ne"*
g0)+-g'(6) = d(0)

D
3
0
—
>
~
Il
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Rao-Blackwell Theorem

d(r) = g(t) + &(t)
For g(t) = ct”,

t o p
_ P~ ptP—1 — F) P
d(t) = ct +ncpt c<1+n>t
_ P P
d(T(X) = c(1+2)7(x)
is unbiased and is thus UMVUE.
For Py{X < x} = x/0 = g(0), then ¢ = x, p = —1 and

1 X .
(1 — n> m IS UMVUE
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Rao-Blackwell Theorem
Example. For X1,...X, ~ Pois(\), T(X) = 13" | X; is a complete sufficient
statistic. Moreover,

ExT(X) = A
So, T(X) is UMVUE for ).
For A2,
A
Vary(T(X)) = -
A
ExT(X)? = ;+)\2
1
ExT(X)? = ZE\T(X)+\°
n

Ey {T(X)2—,17T(X)] = 2

and T(X)? — T(X)/nis UMVUE for \?.
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Rao-Blackwell Theorem
Example. Suppose that the random variables Y7, ..., Y, satisfy
Yi=08x;+¢€, i=1,...,n

where x1, ..., x, are fixed constants, and ¢1.....c, are i.i.d. N(0,o?) with o known.
Then, the likelihood

1
L(Blx,y) = Wexp< 2 22 — Bxi) )

1 1
= oy P <z 507 wx,-y,-wzxz))
i=1

1 n — —
e (2 o7 22,2
= o) exp ( 52 (y? — 26Xy + B°x ))
then, by the Fisher-Neyman factorization theorem T(x,y) = (xy, x?) is a sufficient

statistic. It is also complete.
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Rao-Blackwell Theorem
The likelihood L(/3|x,y) is maximized when

SS(B) = n(y? — 2Bxy + °x?)
is minimized. So, take a derivative,
SS'(B) = n(—2xy + 26x2).

Thus, 55'(/7) = 0 when

o>
Il
S

Its mean
n

i ZX,'(/))X,') =4

2
nx< —

EzB(X, Y — xiEgYi =
B( ) = nxz B

The estimator is unbiased and thus is UMVUE.
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Unbiased Estimation

Define the space of all unbiased estimators of zero.
U={U: ElU(X)] =0,for all 0 € ©}.

If 7(X) is an unbiased estimator of g(¢), then every unbiased estimator of g(¢) has
the form

T(X) + U(X)
for some U € /.

Theorem. An unbiased estimator 7(X) is UMVUE for g(0) = E, T(X) if and only if,

for every U < U,
Cove(T(X), U(X)) = 0.

14 /19



Overview Lehman-Scheffé Theorem Rao-Blackwell Theorem

Unbiased Estimation

Proof. (sufficiency) Let T(X) be an unbiased estimator of g(¢) that is uncorrelated
with all U € /4. For any other unbiased estimator 7*(X), there exists U « I/ so that

T*(X) = T(X) + U(X).
Because Covy(T(X), U(X)) =0
Varg(T*(X)) = Varg(T (X)) + Varg(U(X)) > Varg(T(X))

and 7(X)is UMVUE.
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Unbiased Estimation

Proof. (necessity) Assume that 7(X) is UMVUE for g(¢). For o € R and U € U/,
define the unbiased estimator

To(X) = T(X) + aU(X).
Then
Varg(T(X)) < Varg(Tu(X))

)
= Varg(T(X)) 4 2aCovy(T(X), U(X)) + a*Vars(U(X))
0 < 2aCovy(T(X),U(X)) + a*Varg(U(X))

The right side is an equation in « for an upward facing parabola that contains the
origin. Thus, the inequality holds for all < if and only if Covy(7(X), U(X)) = 0.
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Unbiased Estimation
Let X ~ Unif(0 —1/2,0+1/2). Then EgX = 0 and Vary(X) = 1/12. Thus,
T(X)=X
is an unbiased estimator of #. We will show that it is not UMVUE by finding a
correlated estimator U € U.
To charaterize U € U/, note that
6-+1/2
/ U(x) dx =0 forall e O.
Jo—1/2

and
d 04+1/2

~do 6—1/2

Thus, U/ consists of all integrable functions that have period 1 and have average 0 on
every interval of length 1.

0 U(x) dx = U8 +1/2) — U6 — 1/2).
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Unbiased Estimation
So, take U(x) = sin(27x), then because £y U(X) = 0.

6+1/2 0+1/2
Covg(T(X), U(X)) = / TEOU(X) dx = / xsin(2mx) dx.
0—1/2 —1/2
Now integrate by parts
0+1/2 ) 1 641/2 0+1/2
/01/2 xsin(2mx) dx = —Zx cos(27rx))6_1/2 + /01/2 o cos(2mx) dx
= —%(9 +1/2) cos(27 (0 + 1/2)) + %(0 —1/2) cos(27(6 — 1/2))
1
= 5 cos(2m(6 +1/2)) #0
u(x) =x v(x) = —5= cos(2mx)
u(x) =1 v/(x) = sin(27x)
and T(X) is not UMVUE.

18/19



Overview Lehman-Scheffé Theorem Rao-Blackwell Theorem

Constructing UMVUE

1. Compute the lowest variance bound (Cramér-Rao Bound), and find the estimator
which achieves the bound.

2. Use the Rao-Blackwell Theorem to construct an unbiased estimator d*( 7 (X)) of
2(0), where T(X) is a complete and sufficient statistic.

3. Construct d*(T(X)) using d"(T(X)) = Ey[d(X)| T(X)], where d(X) is unbiased
for g(#), and T(X) is a complete and sufficient statistic.
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