
Chapter 4.1: Relations and functions

A relation on sets X ,Y is a subset of X × Y .

Example: if P is a set of people, could define
R = {(x , y) : x , y ∈ P and x and y are friends}.
Example: Inequality operators like ≤ are relations on R2, since
x ≤ y if (x , y) ∈ {(a, b) : a, b ∈ R and a ≤ b}.
A function f : X → Y is a relation on X × Y so that for
every x ∈ X , there is a unique y ∈ Y so that y = f (x).

Not all relations are functions; functions have a distinct notion
of inputs and outputs.

Terminology: X is the domain, Y the codomain and
{y : y = f (x)} is the range.

Two functions are the same if they have the same domain and
codomain, and have the same function values.
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Chapter 4.1: Functions, examples and problems

f : R → R, e.g. f (x) = sin(x). In this case, the range is
[−1, 1].

Consider f (s) = length of string s. Domain = set of all
strings, Codomain = Z, Range = N.
Let E be set of employees, and want function S(e) to be the
supervisor of employee e.
Let E ′ = E − {CEO}. Then S : E ′ → E , and range is set of
all supervisors.

The identity function is f : X → X so that f (x) = x .

Problems:
(1) Let A be the set of upper- and lowercase characters. Define
f : A5 → A5 by capitalizing the first letter (if necessary). What is
the domain and range?
(2) Consider two functions f , g : N → N, defined by f (x) = x3 and
g(x) = |x |3. Is f = g? What if the domain and range of f , g was
Z instead?
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Chapter 4.3 Properties of functions

A function f : X → Y is

one-to-one (“injective”) if x1 ̸= x2 implies f (x1) ̸= f (x2).

onto (“surjective”) if for each y ∈ Y , there exists x ∈ X so
that f (x) = y . Note this says that the co-domain and range
are the same.

bijective if both one-to-one and onto.

Problem: Are f (x) = |x |, ex , x3 1-1, onto, both , or neither?
Answer: neither, 1-1, and both.
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Chapter 4.3 Properties of functions, examples

Functions on strings:

Consider f : {0, 1}n → {0, 1}m with m ≤ n.

(1) Let f (b1b2b3b4) = b3b1b4b2. Is this 1-1 and onto?
Answer: Two different inputs have at least one different character,
and therefore the outputs are different. If f (s) = a1a2a3a4, can
choose s = a2a4a1a3. Thus both.

(2) Let f (b1b2b3b4) = b1b2. Is this 1-1 and onto?
Observe f (1101) = 11 = f (1110), so not one-to-one. If
f (b1b2b3b4) = a1a2, can have b1 = a1, b2 = a2, and b3, b4
arbitrary, so onto.
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Chapter 4.3 Properties of functions, examples

Functions on sets:

Let A = {x , y}. Consider f : P(A) → P(A) as f (B) = B ∪ {x}.

This is not 1-1, since f (A) = A and f ({y}) = A.
This is not onto, since there is no subset B so that F (B) = ϕ.

Let S be a set of students in a class of 30, and
f : P(S) → {0, 1, 2, . . . , 30}, so that F (B)=number of students in
subset B who got an A on the exam.

Regardless of how scores were distributed, f cannot be 1-1. Cases:
(1) If not everyone got an A, let B be the set of those who did
not. Then f (B) = f (ϕ).
(2) If everyone got an A, then for any pair of subsets B1,B2 of the
same cardinality, f (B1) = f (B2).

If f is onto, then there must be a subset of any size of students
who got As. This can only happen if everyone got an A.
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Chapter 4.3 Properties of functions, problems

(1) Let X = set of countries, and Y = set of capital cities.
(a) Can f : X → Y be defined? What about f : Y → X ? (Note:
Some places like the Netherlands have an official capital
(Amsterdam) and an administrative capital (Hague) ).
(b) If so, is f : X → Y 1-1 onto?

(2) Let A = {1, 2, 3}. Consider the function f (X ) : P(A) → P(A)
given by f (X ) = A− {1}. Show this is not 1-1 or onto.

(3) Let A = {1, 2, 3}. Consider the function f (X ) : P(A) → P(A)
given by f (X ) = X ⊕ {1}. Show this IS 1-1 and onto.



Chapter 4.4: Function inverses

Suppose f : X → Y is given by a relation R. The inverse
relation is R−1 = {(y , x) : (x , y) ∈ R }.

R−1 may not define a function, however. This only works if
for each y ∈ Y , there is one and only one corresponding x
value. This only happens if f is one-to-one and onto.

If f : X → Y is a bijection, the inverse function f −1 : Y → X
is defined by the inverse relation R−1.

If f is invertible, then f −1(f (x)) = x . Proof: Let y = f (x).
Then f −1 maps y to x , so f −1(f (x)) = f −1(y) = x .

Example: f : R → R. For f (x) = x3, inverse is f −1(y) = 3
√
y .

What about f (x) = x2?

Example: f : R2 → R2 be given by f (x , y) = (2y , 3x). To
find inverse, suppose f (x , y) = (z ,w) so that z = 2y and
w = 3x . Then (x , y) = (w/3, z/2) = f −1(w , z).
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value. This only happens if f is one-to-one and onto.

If f : X → Y is a bijection, the inverse function f −1 : Y → X
is defined by the inverse relation R−1.

If f is invertible, then f −1(f (x)) = x . Proof: Let y = f (x).
Then f −1 maps y to x , so f −1(f (x)) = f −1(y) = x .

Example: f : R → R. For f (x) = x3, inverse is f −1(y) = 3
√
y .

What about f (x) = x2?

Example: f : R2 → R2 be given by f (x , y) = (2y , 3x).

To
find inverse, suppose f (x , y) = (z ,w) so that z = 2y and
w = 3x . Then (x , y) = (w/3, z/2) = f −1(w , z).
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Chapter 4.4: Function inverses, problems

(1) Let L : Bn → Bn (where B = {0, 1}) be given by shifting all
the digits to the left, and taking the first digit and placing it at the
end of the string, e.g f (001) = 010. What is f −1?

(2) Let A,B be sets. Which are invertible, and what is the inverse?

f : A× B → A, f (a, b) = a.

f : A× B → B × A, f (a, b) = (b, a)
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Chapter 4.5 Composition of functions

If f : X → Y and g : Y → Z , the composition of g and f is
(g ◦ f )(x) = g(f (x)), and produces a function from X to Z .
(picture)

Common in math formulas, e.g. cos(x2 + 1) is the
composition of g(y) = cos(y) and f (x) = x2 + 1.

Order matters: g ◦ f is not the same as f ◦ g . The latter does
not even make sense if Z and X are different sets.

A function composed with its inverse is the identity:
(f −1 ◦ f )(x) = x and (f ◦ f −1)(x) = x .

Inverses work backward: (g ◦ f )−1 = f −1 ◦ g−1. (picture)
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Chapter 4.5 Composition of functions, examples

(1) Suppose the total cost of a good is computed by finding base
cost of x pounds at $10 per pound, applying a discount of 10 %,
and adding 5 % tax.

Base cost c = C (x) = 10x
Discounted cost d = D(c) = 0.9c
Cost after tax = T (d) = 1.05d .
The final cost is therefore (T ◦ D ◦ C )(x) = 1.05(.9(10x))).

(2) suppose you want to check the spelling of a word w given by a
string of upper and lowercase letters. You have two functions:
L : S → S , which changes letters to lowercase, and
D : S → {T ,F}, which returns T when S is in a (lower case) word
list.
Then D ◦ L : S → {T ,F} is given by D(L(w)).
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Chapter 4.5 Composition of functions, problems

(1) Given f , g : R → R with f (x) = 2x and g(y) = y + 5
(a) write g ◦ f , and f ◦ g .
(b) write (g ◦ f )−1 in terms of f −1, g−1, and determine these.

(2) A binary string of length 4 is encoded by first reversing the
order of the digits, and then changing ones to zeros and zeros to
ones.

(a) Using the notation 1 = 0 and 0 = 1, write expressions for
the two separate encoding operations.

(b) Write the entire encoding as a composition of functions,
and simplify this into a single function.

(c) Find the inverse of the composition.
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