
Chapter 5.1: Boolean algebra

Boolean algebra is the set of binary digits {0, 1} together with
operations on this set.

(Digital) computer hardware is essentially just performing
many, many Boolean operations.

Relations are addition +, multiplication ·, and complement
(overline).

These are perfectly analogous to logical operations:

Order of precedence: (), complement, multiplication, addition;
for example

1 + 1 · (1 + 0) = 1 + 1 · 1 = 1 + 1 · 0 = 1 + 0 = 1 = 0.
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Chapter 5.1: Law of Boolean algebra

Laws of Boolean algebra are essentially the same as logic, sets:



Chapter 5.1: Using laws of Boolean algebra

Example: Simplify x · y + x · y .

= x · (y + y) (distributive)
= x · 1 (complement)
= x (identity)
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Chapter 5.1: Using laws of Boolean algebra

Problem: Show (ab + c) · (a+ b) · (b + ac) = abc .



Chapter 5.2: Boolean functions

Recall B = {0, 1} and Bk = B × B × B . . . (k times).

A boolean function has the form f : Bk → B.

Example: f (x , y , z) = x · (y + z). Observe this is analogous to
the logical proposition ¬x ∧ (y ∨ z). (truth table)

A literal is a variable x or its complement x .

A minterm is a product of literals for all variables. For
example, if x , y , z are inputs to f , xyz and xyz are minterms,
but xy is not.

Important observation: each row in a truth table for
f (x , y , z , . . .) corresponds to a minterm m(x , y , z , . . .) so that
m = 1 only for that row of the table.
For example (x , y , z) = (0, 1, 1) has xyz as the corresponding
minterm.

Can therefore write any boolean function as the sum of
minterms corresponding to f = 1 in the truth table (example).
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Chapter 5.2: Boolean functions, examples and problems

Example: In a “three way switch” for a light, there are two
switches x and y , so x = 0 is off and x = 1 is on, etc. The
output is the state of the light. (table)

Example: (Decision making) “If it is raining, and I don’t have
homework, then I will go the movies, or if it is not raining but
it is Friday, I will go the movies” (diagram/table)

Problem: for f (x , y , z) = (x + z) · (y + z), find truth table,
and write f as the sum of minterms.
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Chapter 5.3: Normal forms

An expression which is the sum of products of literals is called
disjunctive normal form.(DNF) Example: xy + xyz + z .
Note the terms don’t have to be minterms.

An expression which is the product of sums of literals is called
conjunctive normal form. (CNF) Example:
(x + z)(y + z + x)xz , but not (x + yz)(xyz + z).

Can convert to DNF, generally by using DeMorgan and/or the
distributive rule, and simplifying using
compliment/domination/identity laws.

Can convert to CNF by factoring/distributive, and simplifying
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Chapter 5.3: Normal forms, examples

Examples of converting to DNF:

(1) xy + x + y

= x + y + x y , using DeMorgan

(2) (xy + z)(x + z)
= (xy z)(x + z) (DeMorgan)
= (x + y)z(x + z) (DeMorgan)
= x zx + x zz + y zx + y zz (Distributive, twice)
= y zx (Complement, domination,identity)

Examples of converting to CNF:

(1) xy + zy + x w + zw
= x(y + w) + z(y + w) (Dist.)
= (x + z)(y + w) (Dist.)

(2) y + (x + y)z
= (y + x + y)(y + z) (other form of distributive)
= (1 + x)(y + z) (Complement)
= y + z (domination, identity)
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(2) (xy + z)(x + z)
= (xy z)(x + z) (DeMorgan)
= (x + y)z(x + z) (DeMorgan)
= x zx + x zz + y zx + y zz (Distributive, twice)
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Chapter 5.3: Normal forms from tables

Given a truth table, can form a boolean function immediately
by summing over minterms for non-zero rows.

Any sum over minterms is in DNF already, for example:
suppose that a truth table for f (x , y , z) has nonzero values for
(x , y , z) = (1, 0, 1) and (0, 1, 0). Then f = xyz + xyz .

For obtaining CNF, its better to find the DNF for f , and then
take the complement. DeMorgan reverses roles of addition
and multiplication, giving CNF.

Example: Let f (x , y , z) be a Boolean function with f = 1 for
(0, 0, 1),(0, 1, 0),(1, 0, 0) and (1, 1, 0). It follows that f (x , y , z)
equals one for inputs (0, 0, 0),(0, 1, 1),(1, 0, 1) and (1, 1, 1).
The sum of minterms leads to

f (x , y , z) = x yz ++xyz + xyz + xyz

Taking the complement and applying DeMorgan,

f (x , y , z) = (x + y + z)(x + y + z)(x + y + z)(x + y + z)
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Chapter 5.3: Normal forms, problems

(1) Find the DNF and CNF for the expression (x + y)y .

(2) Suppose that a boolean function f (x , y , z ,w) is equal to one,
except when (x , y , z ,w) = (1, 0, 1, 0) or (x , y , z ,w) = (0, 1, 0, 1).
Determine a CNF expression for f .



Chapter 5.5: Boolean satisfiability

Consider a (compound) expression in propositional logic,
depending on variables x , y , z , . . .. Recall that if it is always
false, this expression is a contradiction. This means the
corresponding Boolean function would always be 0.

The problem of Boolean satisfiability asks whether an
expression is not a contradiction - in other words, whether
there are some values of x , y , z , . . . that make it true.

Stated in the notation of Boolean algebra, f (x , y , z , . . .) is
satisfiable if there are some inputs which make it f = 1.

Writing a Boolean function in DNF makes it immediately clear
which inputs give f = 1. For example, if f (x , y) = xy + xy ,
then f is satisfied for (x , y) = (1, 1) and (0, 1).
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Chapter 5.5: Boolean satisfiability, a simple problem

Suppose there are three switches (up=1,down=0), and a light
turns on provided:
(1) if switch 1 is down, then switch 2 must be up;
(2) both switches 2 and 3 must be in the same position.
The question is: in what circumstances is the light on?

Let x , y , z represent the state of switches 1,2,3, resp. In terms of
logic, let X,Y,Z be the propositions that x , y , z are in the up
position. Then we want

(¬X→Y ) ∧ ((Y ∧ Z ) ∨ (¬Y ∧ ¬Z )) = T .

We can turn this into a Boolean function by using the conditional
rule, and then converting disjunctions to addition, conjunctions to
multiplication, and negations to complements:

f (x , y , z) = (x + y)(yz + y z) = 1.

Problem: convert this to DNF. Answer f = xyz + xy z + yz . There
are four cases where f = 1: (x , y , z) = (1, 1, 1), (1, 0, 0) and
(x , 1, 1) where x is arbitrary.
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Chapter 5.5: Boolean satisfiability, assignment problem

Suppose there are four workers in a factory, who must be assigned
to machines A or B. The constraints are:
(1) Each machine must have one worker.
(2) Workers 1 and 3 cant be on the same machine.
(3) Workers 2 and 4 must be on the same machine.
(4) Either worker 2 or 4 must be on machine B.

Let x1, x2, x3, x4 be Boolean variables, where xk = 1 when worker k
is assigned to machine B. Machines A and B must each have a
worker, so x1 + x2 + x3 + x4 and x1 + x2 + x3 + x4 must be one.
The other constraints imply x1x3 + x3x1, x2x4 + x2 x4 and x1 + x2
must be equal to one.

Putting this together, the question becomes one of satisfiability of

f = (x1+x2+x3+x4)(x1+x2+x3+x4)(x1x3+x3x1)(x2x4+x2 x4)(x1+x2)
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Chapter 5.5: Boolean satisfiability, assignment problem

CNF using my computer (!):

Therefore the allowed assignments are:
A- worker 3, B - workers 1,2,4
A - worker 1, B - workers 2,3,4
A - workers 2,3,4, B - worker 1


