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Chapter 2

Noncommutative Grobner Bases, and
Projective Resolutions

Edward L. Green

2.1 Overview

These notes consist of five sections. The aim of these notes is to provide a
summary of the theory of noncommutative Grébner bases and how to apply
this theory in representation theory; most notably, in constructing projective
resolutions.

Section 2.2 introduces both linear Grébner bases and Grébner bases for
algebras. Section 2.3 surveys some of the basis algorithms of Grébner basis
theory. These include the Division Algorithm, and the Termination Theorem
(Bergman’s Diamond Lemma). Section 2.4 presents the noncommutative ver-
sion of Buchberger’s algorithm, universal Grobner bases and considers the spe-
cial case of finite dimensional algebras. Section 2.5 applies the theory of Grobner
bases to the study of modules. Projective presentations and resolutions are con-
sidered. A method of constructing projective resolutions for finite dimensional
modules is given. Section 2.6 considers further theoretical applications. The
study of Koszul algebras via Grébner bases is presented.

2.2 Grobner Bases

2.2.1 Linear Griobuner Bases In this section we consider only vector spaces. The
ideas introduced here underlie much of what follows.

Throughout these notes, K will denote a field. Let V' be a vector space. We
fix a K-basis B = {b; };cz where 7 is an index set. One of the essential features
of the theory of Grébner basis is the selection of a well-ordered basis. Recall that
> is a well-order on B if > is a total order on B and every nonempty subset of
B has a minimal element. The standard axioms of set theory imply that every
set can be well-ordered.

Let > be a well-order on B. We recall basic properties of >.

Proposition 2.1. [15] If B is a set then > is a well-order on B if and only if for
each descending chain of elements of B, by > by > b3 > - -, there exists some
N > 0, such that by = bN+1 = bN+2 =,

29



30 2. Noncommutative Grobner Bases, and Projective Resolutions

We will keep the following convention for the remainder of these lectures. If
7 is an index set and v; € V for i € T then ), _; v; implies that all but a finite
number of v; = 0. Thus, if I write . _; a;b; with a; € K and b; € B, then all
but a finite number of o; = 0.

One of the main uses of a well-order is to be able to have the notion of a
largest basis element in a vector. If v = ), .7 a;b; we say b; occurs in v if a; # 0.
This leads to the following important definition.

i€l

Definition 2.1. If B = {b;}icz is a basis of a vector space V and > is a well-order
on B, then if v = ), ; a;b; is a nonzero element of V', we say b; is the tip of v
if b; occurs in v and b; > b; for all b; occurring in v.

We denote the tip of v by Tip(v). If X is a subset of V' we let
Tip(X) = {b € B|b = Tip(z) for some nonzero z € X}.

We let
NonTip(X) = B\ Tip(X).

Thus, both Tip(X) and NonTip(X) are subsets of the fixed basis B. Both sets
are dependent of the choice of well order on B.

It is not easy to see what the tip set of a subspace is from a generating set.
Consider the following example where K is the field of rational numbers. Let V =
K" and B be standard basis ordered by e; > ey > -+ > e7. Let W be the sub-
space spanned by (1,2,-1,0,2,1,5),(-1,-2,0,0,1,-1,-3),(1,2,-1,0,5,1,6).
Then the tip set of W is {e1, e3, e5}. Hence NonTip(W) = {ez, €4, €5, €7}.

We give a fundamental result which will be used often in what follows.

Theorem 2.1. Let V be a vector space over the field K with basis B. Let > be a
well-order on B. Suppose that W is a subspace of V. Then

V =W & Span(NonTip(W)).

Proof. First we show that W N Span(NonTip(W)) = (0).

Let z € Span(NonTip(W))\{0}. If z € W then Tip(z) € Tip(W). But Tip(z) €

NonTip(W) since z € Span(NonTip(W)) and we would obtain a contradiction.
Now we show that W + Span(NonTip(W)) = V. This will use that > is a

well-order on B. Let v € V be such that Tip(v) is minimal with respect to the

property that v ¢ W + Span(NonTip(W)). We wish to show this leads to a

contradiction. Consider Tip(v) = b. Let a be the coefficient of b in v. Note that

Tip(v — a - b) < Tip(v).

If b € NonTip(W) then by the above remarks and the minimality condition
onv,v—a-b=w+z with w € W and z € Span(NonTip(W)). But since
b € NonTip(W), we see

v=w+ (z+ a-b) € W+ Span(NonTip(W)),

a contradiction.
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On the other hand, if b € Tip(W) let w € W such that Tip(w) = b. Let «
be the coefficient of b in v and (3 be the coefficient of b in w. Then v — (a/B)w
has smaller tip than v. Again, by the minimality condition on v,

v—(a/f) w=u'+z

where w' € W and z € Span(NonTip(W)). Thus, we get a contradiction, since
then
v=(w + (a/B)w) + 2z € W + Span(NonTip(W)).

O

We now give the definition of a linear Grébner basis. Let W be a subspace of
V. We say a set of vectors G C W is a linear Gréibner basis for W with respect
to > if
Span(Tip(G)) = Span(Tip(W)).
The reader should prove that if G is linear Grobner basis of W in V' then
Span(G) = W.
Considering the fundamental Theorem 2.1, we see that every nonzero vector

v € V can be written UNIQUELY as w, + N(v), where w, € W and N(v) €
Span(NonTip(W)).

Definition 2.2. We call N(v) the normal form of v.

Let the coefficient of the tip of a vector v be denoted CTip(v). There is a
“best” linear Grobner basis which can be defined as follows.

Definition 2.3. Let W be a subspace of V. We say a set G of vectors in W is a
reduced linear Grobner basis for V. (with respect to > ) if the following conditions
hold:

1. G is a linear Grobner basis of W.

2. If g € G then CTip(g) = 1.

3. If g and ¢’ are distinct elements of G then Tip(g) # Tip(g’).
4. If g € G then g — Tip(g) € Span(NonTip(W)).

The next result shows the existence and uniqueness of reduced linear Grébner
bases.

Proposition 2.2. Let V be a vector space and > a well-order on a basis B of V.
Let W be a subspace of V. Then there is a unique linear reduced Grébner basts
of V.

Proof. Let T = Tip(W). Then define G = {t — N(t) |t € T}. By Theorem 2.1,
t — N(t) € W. Now, Tip(t — N(t)) = ¢ since no basis element occuring in N(t)
can be the tip of an element in W. Thus G is a linear Grobner basis of W. The
rest of the properties of a reduced linear Grébner basis are easy to check. [
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Note that by Proposition 2.3 below, a reduced linear Grobner basis is in fact a
basis. The next result gives both an algorithm to find the reduced linear Grobner
basis in the finite dimensional case and also, in conjunction with Proposition
2.2, proves the uniqueness of the reduced row echelon form of a matrix. We omit
the details of row reduction techniques except to remind the reader that there
are three row operations:

1. Multiply a row by a nonzero constant.
2. Interchange two rows.
3. Change a row by adding a multiple of another row to it.

Given an m x n matrix M we view the m rows as vectors in K™. The row
space of M is the span of the row vectors. It is easy to see that performing row
operations to a matrix does not change the row space.

Since we are fixing a K-basis of our vector space V, if dimg V = n then
we will identify V with K™ by using the ordering of B. Let {e1,...,e,} be the
standard basis for K™ and we assume that > is the order e; > e3 > -+ > e,.
Now if W is a subspace of V spanned by vectors wi,...,w,, then we view W
as the row space of the matrix that has wy, ..., w,, as the rows.

An m x n matrix M is reduced row-echelon form if

1. For some 1 < r < m the first r rows are nonzero and the last m — r are
Z€ro.

2. There is an increasing sequence 1 < ¢; < ¢g < -++ < ¢ < n such the first
nonzero column in the i** row is ¢; with entry 1.

3. If i # j then entry in the j** column of the ** is 0.
The proof of the following proposition is left as an exercise.

Proposition 2.3. Let eq,...,e, be the standard basis of K™ with well-order e; >
eg > -+ > ey If M is an m x n matriz is reduced row echelon form with
r nonzero rows, then the reduced linear Grébner basis for the row space M is
given by the first r row vectors.

Note that as a consequence of the above discussion, using Theorem 2.1 and
the uniqueness of the reduced Grébner basis, we have an easy proof the unique-
ness of the reduced row echelon form of a matrix.

2.2.2 Rings and Admissible Orders We now turn our attention to K-algebras.
Let R be a K-algebra and let B be a K-basis. We assume that B is a semigroup
with 0. That is, assume that under the multiplication of the ring, we have

bt/ € Bimpliesb-b' € Bor b-b =0.

We call such a K-basis a multiplicative basis of R.
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Examples:

a): Let R = K|z,...,2y,], the commutative polynomial ring in n variables.
Let B = {monomials}.

b): Let R = K <z1,...,Z,> be the free associative algebra in n noncommut-
ing variables. Let B = {monomials}.

c): Path algebras: Let I' = (I'yp,I';) be a finite directed graph. Here I'g =
{v1,...,vn} will be the vertex set (which we give some arbitrary order)
and I'; = {a1,...,an} is the arrow set ( which we also give some arbitrary
order). Technically, we need two functions from I'j — T’y corresponding to
the origin vertex of the arrow and the terminus vertex of the arrow. We
will denote these by o(a) and t(a) respectively. Furthermore, for vertices
we set o(v;) = v; = t(v;).

Let B denote the set of finite directed paths in T', including the vertices,
which are viewed as paths of length 0. Each path p has a length, I(p),
which is the number of arrows in p. We will write paths as follows:

D= Qi Qip - - G4,
where a;; € I't, t(a;;) = ofa;,,,) for 1 < j <r—1. We let o(p) = o(a,)
and t(p) = t(a;,) and say that p is a (directed) path from o(a;,) to t(a;,).
Of course in this case I(p) = .

We give B structure of a semigroup with 0 via concatenation. That is, if
p=ai...ar € Band ¢ = b;...bs € B where a;,b; € I'y then

N ai... arbl . bs lf t(ar) = O(bl)
Pr1= 0 otherwise '

Note that under the above definition, v; -v; is 0if ¢ # j and is v;v; = v; if ¢ = j.

The fact that B is a semigroup with a relatively easy structure (for com-
putational purposes) is one of the essential features of Grobner bases. As we
will see, reducing computations to B is one of the underlying reasons that the
techniques are so powerful.

We are now in a position to introduce the path algebra which we will denote
by KT'. As a K-vector space, KT" has K-basis B. Thus the elements of KT' are
K-linear combinations of paths and look like

T
L= E Q;D;
i=1

where o; € K and p; are paths in B. We call the «; the coefficient of p; and say
that p; occurs in z if a; # 0. Having described the additive structure of KT we
need to give the multiplicative structure. For this, we define the multiplication on
B and then extend linearly to all of KT'. If p, ¢ € B we define via the semigroup
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multiplication in B. Thus, p - ¢ is 0 if the terminus of p is different than the
origin of g, otherwise p - ¢ is the concatenated path pg. We let K act centrally
in KT by a- ) a;p; = Y _(a;)pi. The action of K commutes with all elements
of KT. In particular, KT is the semigroup algebra for the the semigroup B.

Theorem 2.2. Basic Properties Let K be a field and I' o finite directed graph.
Then

1. KT is a K-algebra with 1.

2.1=3 cr, -

3. {v : v € To} is a full set of primitive orthogonal idempotents for KT .
(A primitive idempotent is an idempotent that cannot be written as a sum
of two orthogonal nonzero idempotents and we say two idempotents are
orthogonal if their product, in either order, is 0)

4. KT is a positively Z-graded ring with the elements of B homogeneous and
if p € B has length | then p € (KT);.

5. KT is a tensor algebra.

Now assume that R is a K-algebra with multiplicative basis B. We do not
want an arbitrary well-order on B. We want one that works well with the mul-
tiplicative structure of B. For this, we introduce the following definition.

We say a well-order > on B is admissible if it satisfies the following two
conditions where p,q,r,s € B:

1. if p < q then pr < gr if both pr # 0 and ¢r # 0.
2. if p < g then sp < sq if both sp # 0 and sq # 0.
3. ifp=grthenp>qgandp>r.

Note that in case R is the commutative or noncommutative polynomial ring,
the requirements that pr # 0, gr # 0, sp # 0, and sq # 0 all can be dropped. If
R is a path algebra, then we can obtain 0 when multiplying basis elements.

The above properties restrict the orderings under consideration to those that
“work well” with the multiplicative structure of B. In the commutative theory of
Grobner bases, admissible orders are usually called “term orders” or “monomial
orders”.

We now give some examples which show that there are “natural” admissible
orders on B in the case of path algebras. For the following examples, assume we
are given a finite directed graph I

Example 2.1. The (left) length-lexicographic order:
Order the vertices and arrows arbitrarily and set the vertices smaller than
the arrows. Thus
M << <ag < < e
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If p and ¢ are paths of length at least 1, set p < ¢ if {(p) < l(q) or if
p="b1...b, and ¢ = b ...b. with bi,b;- € B and for some 1 <i <r, b; = b/; for
Jj<iand b <b.

The right length-lexicographic order is defined similarly.

Example 2.2. The (left) weight-lexicographic order:

Let W : Ty — {1,2,3,...} be a set map. Define W : B — {1,2,3,...} to be
the natural extension. That is, W(v) = 0 if v is a vertex and if a; € I'y define
Wi(ay---ar) =3Y._, W(a;). Next, order the vertices and set the vertices smaller
than the arrows. Order the arrows in such a fashion that if W(a) < W(b) then
a <b.

Finally, define p < ¢ if W(p) < W(q) or if W(p) = W(q) then use the left
lexicographic order. Notice that the length-lexicographic order is a special case
of the weight-lexicographic order. Mainly, give every arrow weight 1.

This order is sometimes called the degree-lexicographic order also.

It should be pointed out that the (left) lex order is NOT admissible in
general. For example, if ' has one vertex and two loops, @ and b with b > a
then we get

b > ab > aab > aaab > - .

Hence it is not a well-order. This is different from the commutative case.
There are some other, less obvious admissible orders.

Example 2.3. The (left) weight-reverse-lex order:

Take W : T'1 — {1,2,3,...} and > define on the arrows and vertices as in
the weight-lex order. Note that arrows and paths of positive length have positive
weights.

Define p < ¢ if W(p) < W(q) or if W(p) = W(q) then p > ¢ in the right lex
order. This is a well-order since there are only a finite number of paths of any
weight.

One final example:

Example 2.4. The Total Lexicographic Order:

Label the arrows arbitrarily, say ai,...,a,. Arbitrarily order the vertices
and let them be smaller than any path of positive length. If p and g are paths,
then p < q if there is some 4, 1 <4 < m, such that the number of a;’s occuring
in p and ¢ are the same for j < i and the number of a;’s occurring in p is less
than the number of a;’s occurring in ¢. If p and ¢ have the same number of each
arrow then p < ¢ in lexicographic ordering (for some choice of ordering on the
arrows).

2.2.3 Grobner Bases Let R be a K-algebra with multiplicative basis B and
admissible order >. Let I be an ideal in R.

Definition 2.4. We say that a set G C I is a Grébner basis for I with respect to
> if
<Tip(G) >=<Tip(I)> .
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That is, the two-sided ideal generated by the tips of G equals the two-sided ideal
generated by the tips of I. Equivalently, G C I is a Grobner basis for I if for
every b € Tip(I) there is some g € G such that Tip(g) divides b; i.e., there are
basis elements p, ¢ € B such that pTip(g)g = b.

We end this section by recalling Theorem 2.1 in the setting of rings. Suppose
that R is K-algebra with multiplicative basis B and admissible order >. Then
if I is an ideal then

R =1 ® Span(NonTip(I))

as vector spaces. In particular, every nonzero element r of K can be written
uniquely as r = i, + N(r) where i, € R and N(r) € Span(NonTip(I)). N(r) is
still called the normal form of r. In the next section, 1 will address the existence
of a reduced Grébner basis and how to construct Grébner bases.

2.3 Algorithms

2.3.1 Monomial Ideals and Reduced Griobner Bases We begin with a proposi-
tion which shows that not all rings with a multiplicative basis admit an admis-
sible ordering on the basis. Recall, if B is a subset of R we say b; divides by (in
B) if by, b2 € B and there are elements ¢, d € B such that by = cb1d.

Proposition 2.4. If a multiplicative basis B of a ring R admits an admisstble
order then every infinite sequence of elements of B, by,ba,bs, ..., such that b;
divides b; 1 for i > 1 stabilizes; that is, for some N, by = byi1 =byioa=---.

Proof. The proof follows from the properties of an admissible order. Namely,
suppose > is an admissible order for B. Then, if b; divides b;_1, we get b; >
by > b3 > ---. Since > is a well-ordering of B, we get the desired result. O

Let R be a ring with multiplicative basis B. We will call the elements of B
monomials. We say an ideal [ in R is a monomial ideal if it can be generated by
elements of B. The next proposition is important in the definition of a reduced
Grobner basis.

Proposition 2.5. Let R be K-algebra with multiplicative basis B which admits
an admissible order. If I is a monomial ideal then I has a unique minimal
monomial generating set. That is, there is a unique set of generators of I, none
can be omitted and still generate I.

Proof. Consider the set A of all monomials in I. Let M = {p € A| ifq €
A divides p then ¢ = p}. Note that by Proposition 2.4, M is not empty. We
claim that M is the unique minimal generating set of I. To show that M gen-
erates I, let B be a set of monomials that generates I. If b € B, then for some
m € M, m divides b. Hence, B C<M >. Thus I C<M >.

If M’ is another set of monomial set of generators of I, then every m € M is
divisible by some m’ € M’. But then, by definition of M, m = m’ and we have
shown that M C M'. O
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Note that the minimal set of generators given in the above proposition is
independent of any particular admissible order. The existence of an admissible
order is necessary to show that M is nonempty. Furthermore, it is possible that
the unique minimal monomial generating set is not finite. This differs from the
commutative case in that Dickson’s Lemma [15] proves that every monomial
ideal in commutative polynomial ring is can be generated by a finite number of
monomials. Good references for the commutative theory are [15, 9, 1].

Let I be an ideal in R and > an admissible order on a multiplicative basis
B. Then if G is a Grébner basis of I, then Tip(G) must contain the minimal
monomial generating set of <Tip(I)>.

If I is an ideal in R, we let Inson be the ideal generated by Tip(I) (given
some admissible order >). Then there is a unique minimal monomial generating
set T of Inson-

Definition 2.5. The reduced Grébner basis for I with respect to > is
G={t-N@t)|teT}.
The proof of the next result is left as an exercise.

Proposition 2.6. Let > be an admissible order on a multiplicative basis B of a
K-algebra R. Let I be an ideal in R. Let G be the reduced Grébner basis for I.
Then the following holds.

1. G is a Grébner basis for I.
2. If g € G then CTip(g) = 1.
3. If g € G then g — Tip(g) € Span(NonTip(I)).
4. Tip(G) is the minimal monomial generating set for Inton .
2.3.2 The Division Algorithm In this section, we present a “division algorithm”

in the rings we are studying. Throughout this section, we fix a K-algebra R with
multiplicative basis B and admissible order >.

Given an ORDERED set of elements X = {z1,23,...,2,} of R and another
element y € R we show how to “divide” y by the set. We emphasize that
the order of the elements affects the outcome of the division algorithm. What
should division mean in this context? We mean that we find nonnegative integers
my,...,m, and elements u; ;,v;;,7 € Rfor 1 <i<mnand1l <j <m; such
that

Loy =30 000 wijavi ) +r.
2. Tip(y) > Tip(u;,jzv; ;) for all ¢ and j.

3. For b € B occurring in r, Tip(z;) does not divide b for 1 < i < n.
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Note that it follows that Tip(r) < Tip(y). We will call r a remainder by
division by x1, ..., Zn.

We now present the algorithm in pseudocode. Our presentation here takes
the commutative division algorithm in [15] and changes it to make it noncom-
mutative.

The Division Algorithm

INPUT: z,...,z, (ordered), y
OUTPUT: Mmy,...,Mp, U5,V 5,7
INITIALIZE: m; :=0,...,m, :=0,7:=0,2z:=y, DIVOCCUR := False
WHILE (z# 0 and DIVOCCUR == False) DO
FOR (i=1) TO n DO
IF  Tip(z) = uTip(z;)v for u,v € B THEN
m;:=m; +1
iym, = [CTip(2)/CTip(z:)]u
Vijm; ‘=0
z 1= z — [CTip(z)/CTip(z;)|uz;v
DIVOCCUR := True
ELSE i:=i+1
IF  DIVOCCUR == False THEN
r:=r + CTip(z)Tip(z)
z := z — CTip(z) Tip(z)
DONE
DONE
DONE

We leave it to the reader to analyze the algorithm and show that it does
what it is supposed to do. We give one small example.

Example 2.5. Let R be the noncommutative polynomial ring in three noncom-
muting variables x, ¥, z over a field K. Let B be the set of monomials and > the
length-lexicographic order with z > y > z. Let’s divide zy—z = f1,z2—12 = f3
into zzzyz. Note that the tip of f; is zy and tip of fo is zz.

Beginning the algorithm, we see that zzzyz = (22)Tip(f1)z.

Thus uy,1 = 2zz,v1,1 = x and we replace zzzyz by zzzyr — zz(f1)z = 2zzT.
Now Tip(f1) does not divide zzzz. Continuing, Tip(f2) does. There are two
ways to divide zzzz by zz and for the algorithm to be precise we must choose
one. Say we choose the “left most” division. Then zzzz = 2(Tip(f2))z and we
let up;1 = z, v2; = « and replace zzzx by zxzx. Neither Tip(f1) nor Tip(f2)
divide zzxzx so we let r = zzzz and zzzx is replaced by 0 and the algorithm
stops. We have

zezyx = (2z) frx + zfox + 2z2T.

The remainder is zzzzx.
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Note that if we interchange the order of fi and f (so we start with fo first)
we see the outcome of the division algorithm is

zezyx = z(f2)yx + zz2yz,

which gives a different remainder, namely, zzzyzx.

Definition 2.6. If X = {z1,...,2,} (as an ordered set) and y is divided by X,
we will denote the remainder r by y =x 7.

If one had an infinite set X = {z1,22,...} with Tip(z;) < Tip(z2) <
Tip(zs) < --- and only a finite number of z;’s with a given tip, we could perform
division by X. That is, only a finite number of elements of X are needed for
division and these can be determined prior to division. For, given y, there can
only be a finite number of ;s such that Tip(z;) < Tip(y), say z1,...,Z,. By the
desired properties of division, £, 41, Zn+2,... would never occur since we want
Tip(y) > Tip(u;,;z;:vi ;). Thus, we may divide by an infinite set of elements of
R provided that that the set has the desired properties described earlier in the
paragraph.

Now we show that when we have a Grobner basis, the order of the x;’s does
not affect the remainder!

Proposition 2.7. If G be a Grébner basis for an ideal I in R. Let y € R and
assume that X = {g1,...,9n} ={9 € G| Tip(9) < Tip(y)}. If y=>x 7 thenr is
independent of the order of g1,...,9n in X. In fact, r = N(y).

Proof. Consider y =x 7. Then, since Tip(r) < Tip(y), we see that for each
g9 € G, Tip(g) does not divide any basis element occurring in 7. Hence r €
Span(NonTip(I)). Now y = 7,3 . u;;9:vi,; + r. But Theorem 2.1 implies
that y = 4, + N(y) with i, € T and N(y) € Span(NonTip(I)) unique. But
2i 2. Ui,j9:vi,j € I and r € Span(NonTip(I)). Hence r = N(y). O

Corollary 2.1. IfG is a Grobner basis of an ideal I in R such that for each b € B
there are only o finite number of elements g in G with Tip(g) < b then there is
an algorithm to find the normal form of elements of R.

In practice, Grobner bases are found with only a finite number of terms
with a given tip and hence the division algorithm gives an algorithm to find
normal forms. Moreover, this is usually a “fast algorithm”. The difficulty is in
constructing Grébner bases!

Note that we also now have a method to find the reduced Grébner basis once
we have found a Grobner basis with only a finite number of terms with a given
tip. This is an algorithm if Ip;on has a finite set of monomial generators. The
method proceeds as follows:

1. Given a Grobner basis G such that only a finite number terms of G have
a given tip.

2. Output will be the reduced Grébner basis.
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3. Find the minimal monomial generating set 7 of IysonN.

4. For each t € T, using the division algorithm, calculate t =g N(t).

5. The reduced Grobner basis is {t — N(t)|t € T}.
2.3.3 Overlap Relations and the Termination Theorem In this section, we give
the noncommutative version of the S-polynomial found in commutative theory

[15, 9]. We call these overlap relations. Throughout this section, R will be a
K-algebra with multiplicative basis B and admissible order > for B.

Definition 2.7. Let f,g € R and suppose that there are elements b,¢ € B such
that

1. Tip(f)c = bTip(g).
2. Tip(f) does not divide b and Tip(g) does not divide c.
Then the overlap relation of f and g by b,c is
o(f,9,b,¢) = (1/CTip(f))fc — (1/CTip(g))bg.

Note that Tip(o(f, g,b,¢)) < Tip(f)ec = bTip(g). We give some examples to
help clarify overlap relations.

Example 2.6. Let R = KT where I is the graph:

a
V1@ — v,

dal Lo

0@ & ey

g1 le
f

6 ® — ®uy

Use the length-lexicographic order with v; < --- <yvg <a<b<c<--- < g.
Consider p = abedabed — abe fgd and q = cdabeda — ef gda. There are a number
of overlap relations between p and q. We list them below.

1. o(p,q,a,ab) =p-a—ab-q= (—abefgd)a + abefgda = 0.

2. o(p,q,abcda, abedab) = p - abeda — abedab - q
= —abe fgdabcda + abedabe f gda # 0.

3. o(q,p,bed, cd) = —efgdabed + cdabe f gd # 0.
4. o(q,p, bedabed, cdabed) = —e fgdabedabed + cdabedabe fgd # 0.

As the above example shows, we need to look at all overlaps, including self
overlaps; that is, overlaps of the form o(f, f,p, ). In this example, we have self
overlaps o(p, p, abed, abed) and o(q, g, cdab, bead). In the commutative case, one
only uses the least common multiple of the leading monomials. In the noncom-
mutative case, we must look at all overlaps.
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Next we consider “tip reduction”. Suppose that X = {z1,...,2,} is a set of
elements in R. Let I be the ideal generated by X. If Tip(z;) = uTip(z;)v for
some u,v € B, then letting

X' ={z1,...,zi_1,2; — [CTip(z;)/CTip(z;)juz;v, Tit1,- .., Tn}

we that X’ is a generating set of I also. Continuing in this fashion, we obtain
a finite set of generators of I such that no tip of a generator divides the tip of
another generator. This process is finite by the well-ordering assumption on >.
Thus it is not unreasonable to assume that we have no tip divisions on a set of
generators of an ideal.

Definition 2.8. We say a set of elements X is tip reduced if for distinct elements
z,y € X, Tip(z) does not divide Tip(y).

Before giving the termination Theorem, we need one more concept: unifor-
mity.

Definition 2.9. We say an element > ., a;b;, with a; € K* and b; € B, is (left)
uniform if for each ¢ € B, either ¢b; = 0 for all ¢, 1 < i < n or cb; # 0 for all 4,
1< <n.

Note that in the case of a noncommutative polynomial ring with B =
{monomials}, all elements are uniform. In the case of a path algebra, with
B = {finite directed paths}, then an element ) ;- ; a;p; is uniform if and only
if there are vertices v, w such that for 1 < ¢ < n, the origin vertex of p; is v and
the terminus vertex is w. Note that every element x € KT is a sum of uniform
elements. Since 1 = vy + -+ + vy, we have z = szzl v;zv; and we see that
v;xv; is uniform since all the paths that occur must have origin vertex v; and
terminus vertex v;. It follows that every ideal in a path algebra can be generated
by uniform elements.

We also note that if f € R is a uniform element and b € B then both bf
and fb are either 0 or uniform elements. We also remark that elements of B are
uniform.

We now give the termination Theorem which is a version of G. Bergman'’s
Diamond Lemma [11, 16].

Theorem 2.3. Let R be a K-algebra with multiplicative basis B and admissible
order <. Suppose the G is a set of uniform, tip reduced elements of R. Suppose
for every overlap relation

0(glvg2ap7 q) ig O)
with 91,92 € G. Then G is a Grobner basis for <G >.

Proof. Assume that G has the property that all overlap relations have remainder
0 under division by G. Let « € I and we assume that tip(z) is not divisible by
the tip of any element of G. We show this leads to a contradiction. Without loss
of generality, we amy assume that z is uniform. In this way, all multiplications
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are in effect nonzero. Since we are assuming that G is a generating set, we may
write
= Zai,jpi,jgi‘h',j (%)
0.

where g; varies over G and p; ;,¢; ; € B. Consider all such ways of writing z. Let
p* be the largest path occuring on the rhs of (). Since we are assuming that
tip(z) is not divisible by the tip of any element of G, by uniformity it follows
that p* is larger than tip(x) in the < order. Thus, the p*’s terms cancel each
other out.

Considering all ways of writing z as in (%), choose one such that p* is as
small as possible and has the fewest occurrences in the rhs of ().

Since p* does not occur on the lhs, it must appear in two summand of the
rhs. So there exist 4, 7,7, 7/ so that

p* = pi;tip(gi)ai; = pir,jtip(gi)as -
To simplify notation, write p = p;j,9 = gi,q¢ = ¢ ;0" = pij»,¢ = g} and
¢’ = qir,j». We proceed by a case by case study of the possible scenarios.
Case 1: length p < length p'.
In this case either, length ¢ > length ¢’ or not.

Case 1.1: Length ¢ < length ¢'.
Then tip(g’') contains tip(g) and hence tip(g) divides tip(¢g’) contradicting
the hypothesis.

Case 1.2: length ¢ > length ¢’. We consider two possibilities.

Case 1.2.1: length p’ > length ptip(g).
Then there is no overlap of #ip(g) and tip(¢’) in p*. By the choice of

1w v

lengths, it follows that there is a path ¢” such that p* = ptip(g)q”’¢'q .
Now if g =) a;p; + atip(g), and ¢’ = ) Bip + Btip(p’), then

p9q = p9q"(1/8)g'qd — pgq’ (1/8)(¢’ — tip(g'))d

= (a/B)ptip(9)q"g'q’ + 3 (c:i/B)ppid"g'd’ — >_(B:/B)p9q” (p}).

Thus, in writing pgq this way, can combine its tip with the tip of p’g’q’ and
lower the number of occurrances of p* which contradicts the minimality
assumption.

Case 1.2.2: length p’ < length ptip(g).

Then there is an overlap of ¢ip(g) and tip(g’) is p*. Say tip(g)r = s-tip(¢’).
Thus p* = ptip(g)rq’ = pstip(g')q’. Then

/ 1!

pgq = cy(tip(g))po(g, g, 7, 8)q + (cq(tip(g))/c, (tip(g')))p'q'q -
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By assumption o(g, g’, 7, s) totally reduces over G so is a K-linear com-
bination of terms of the form pgq for paths p,¢ € B and § € G, all of
whose tips are smaller that tip(g)r = s - tip(¢’). So we may combine the
occurrance of p* in pgq with its occurrance in p’gq’. This again contradicts

the minimality assumption.

Case 2: length p = length p/.

Then tip(g) divides tip(g’) or vice versa - which contradicts the assumption

ong.

Case 3: length p > length p'.

Same as Case 1.
O

Note also that if division by G of some overlap relation is NOT 0, then G is
not a Grobner basis. This is easy to see since the remainder will have tip which
is not divisible by the tip of any element of G. Thus, when the hypothesis of
Theorem 2.3 are met, we have an algorithm to determine if G is a Grébner basis
(assuming G is finite).

Example 2.7. Let R = KT where I' is the graph:

b
v2 — v3
[ ]
—

c

Let >; be the length-lexicographic order with v; < va <v3 <d <c < b < a.
Consider G = {cdab — cb,bc — da}. Both elements are uniform and tip reduced.
Then

o(bc — da, cdab — cb,dab,b) = —dadab + beb =g —dadab + dab # 0.
Hence G is not a Groébner basis with respect to >1.

But if we change >; to >9 which is the length-lexicographic order with v; <
ve < w3 < a < b < ¢ < dthen Tip(edab—cb) = edab and Tip(be—da) = da. Thus
the set is not tip reduced. If we tip reduce G we get G’ = {cbcb — cb, —da + bc}.
Then Tip(cbeb — ¢b) = cbeb and Tip(—da + be) = da. The only overlap relation
is

o(cbeb — ¢b, cbeb — ¢b, b, cb) = 0.

Hence all overlap relations have remainder 0 and we conclude that under >,
G’ is a Grobner basis.
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2.4 Computational Aspects

2.4.1 Construction of Griobner bases In this section we present the noncom-
mutative analog of Buchberger’s algorithm [13] for constructing Grobner bases.
Given uniform elements fi,..., f, in R, let I =< fi,..., fn, >. Hence, by con-
struction, I is generated by a set of uniform elements. The algorithm produces
a (possibly infinite) sequence of uniform elements g1, g2, ... where g; = f; for
1<1i<nand, for i >n, g; € I such that

Tip(g:) < Tip(g1), Tip(g2), - - -, Tip(gi—1)> -

It can be shown that {g1, 92, .., 9m,gm+1,. .. } is in fact a Grobner basis for I.
We present the algorithm in pseudocode.

INPUT: f1,...,fn
OUPUT: 91,392,393,

FOR i=1TOnDO
gi = fi
g:= {gla' )gn}
Count :=n
DO
H:=¢G
FOR each pair of elements h, k € H AND each overlap relation of
h,k
DO
IF  o(h,k,p,q) =>x 7 ANDT#0 DO
Count := Count + 1

9Count =7
G =G U{9count}
DONE
DONE

WHILE (M #G)

Modifying the proof of the termination Theorem of the previous section, it
can be shown that if b € B is a minimal monomial generator of Iy;on then for
some m, Tip(gy,) = b. From this we get the next result.

Proposition 2.8. If In;on has a finite set of monomial generators then the above
algorithm terminates in a finite number of steps and yields a finite Grobner
basis.

Proof. If Infon has a finite set of mononial generators, then the unique min-
imal monomial generating set must be finite. Suppose 7 = {t1,...,t,} is the
finite generating set of minimal monomials for Ip;on. Then, by the remarks
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preceeding the proposition, 7 C {Tip(g1),..., Tip(gn)} for sufficiently large
N. But then Tip({g1,...,9n}) generates Iyyon and hence is a Grobner basis of
I. But then division by {g1,...,gn} can only have remainder 0 since all overlap
relations are elements of I. Thus the algorithm terminates in a finite number of
steps outputting a Grébner basis. O

For a discussion of improvements of the Buchberger algorithm in the com-
mutative case we refer to [9]. Most of the discussion there can be translated to
the noncommutative case.

2.4.2 Basic Computational Use of Grobner Bases We are interested in studying
quotient rings R/I. Elements of R/I consist of equivalence classes of the form
f+ I where f ~ g if and only if f — g € I. The K-algebra has addition and
multiplication given by

(F+D+g+D) ={(f+g9+1)

F+D-g+D)  =(f9)+1)

To study R/I we need a way studying the equivalence classes f+I. Assuming
we have R represented on a computer via the given multiplicative basis B, we
would like to be able to find “good” representatives of equivalence classes. But
given an admissible order > on B we have such representatives.

Proposition 2.9. Let R be a K -algebra with multiplicative basis B and admissible
order > on B. Let I be an ideal in K.

1. f+I=g+1if and only N(f) = N(g).
2 f+I=N()+L

3. The map o : R/I — R with o(f +I) = N(f), is a vector space splitting
to the canonical surjection m: R — R/I.

4. 0 is a K-linear isomorphism between R/I and Span{NonTip(I)).

5. Identifying R/I with Span(NonTip(I)), then NonTip(I) is a K-basis of
R/I contained in B.

Proof. The first two parts are immediate consequences of Theorem 2.1 which
states that R = I@&Span(NonTip([)). The remaining parts are left as an exercise.
O

Thus, normal forms solves the problem of finding representatives of the
equivalence classes. Furthermore, addition of two equivalence classes (f + I) +
(g + I) is given simply by N(f) + N(g) = N(f + g) since Span(NonTip(I))
is a linear subspace of R. By Proposition 2.9, since N(f) € f + I we see that
multiplication of classes is given by

N(N(f)-N(g)),
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that is, to find the representative of (f +I) - (g + I) simply multiply N(f)N(g)
in R and then take the normal form of the result.

As pointed out in the last section, once a Grobner basis has been found, the
division algorithm provides an algorithm to find normal forms. In this way, one
can use the computer to study quotient rings R/I.

2.4.3 Finite Dimensional Algebras Suppose that R/I is finite dimensional.
What further can be said in this case?

Proposition 2.10. Let R be a finitely generated K -algebra with multiplicative ba-
sis B and admissible order >. Suppose that I is an ideal such that dimg (R/I) =
N. Then Iyon has a finite set of monomial generators.

Proof. Since R/I is isomorphic to Span(NonTip([)) as vector spaces, it follows

that NonTip([) is a finite set since it is a basis of Span(NonTip([)). Next, since

R is finitely generated as an algebra, B is finitely generated as a semigroup.
Let X = {by,...,bx} generate B. We show

{bc|b € X and ¢ € NonTip(I)} N Tip(I)

generates Ipson. Suppose that ¢ is a element of the minimal monomial generat-
ing set of Ipson. Then t = b; by, - - - b;, with b;; € X. By minimality, b;, - - - b;, ¢
Tip(I). Thus, b;, - - - b;, € NonTip(I). Hence t = b;, ¢ with ¢ € NonTip(I). This
completes the proof. O

The above result has the following immediate consequence.

Corollary 2.2. Let R be a finitely generated K -algebra with multiplicative basis
and admissible order >. Suppose that I is an ideal generated by uniform elements
and R/I is finite dimensional. Then I has a finite uniform Grébner basis with
respect to > and can be computed in a finite number of steps by the above
algorithm.

Open Question: Given R and a multiplicative basis B. Find necessary and suf-
ficient conditions on an ideal I in R such that there is some admissible order >
for which I has a finite Grobner basis.

2.4.4 Universal Grobner Bases If R is a K-algebra with multiplicative basis B.
Assume that R is finitely generated and hence so is B. Fix a set of generators
of the semigroup B, by,...,b,.

Definition 2.10. If b € B we define the length of b to be k if b is a product of k&
generators and cannot be written as a product of fewer than k generators. We
denote the length of b by length(B).

Thus length(b;)) =1 for i =1,...,n and if b € B, length(b) > 1.

Let I be an ideal in R.

Definition 2.11. We say a set of elements G in I is a universal Grébner basis for
I if for every admissible order >, G is a Grobner basis with respect to >.
In some cases, finite universal Grobner bases exist.
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Example 2.8. Let R be the noncommutative polynomial ring in three noncom-
muting variables x, y, z over the rational numbers. Let B be the set of monomials.
Let I be the ideal generated by zy — 2yz, 2z, zy. This set is a universal Grobner
basis since all overlap relations reduce to 0 whether the tip of xy — 2yz is zy or
is yz. Hence the order doesn’t affect that the set is a Grobner basis. Note that
R/I is not even noetherian.

In general, it is not known which ideals have finite universal Grébner bases.
One of the difficulties with this problem in the noncommutative case is that
admissible orders are not classified.

We will show that finite universal Grobner bases exist if R/I is finite dimen-
sional. For this we introduce some terminology. If V is a vector space with basis
B, then the support of a vector v, suppg(v), is defined to be

suppg(v) = {b € B|b occurs in v}.

If X is a subset of V, the support of X is

suppg(X) = {suppg(z) |z € X}.

Proposition 2.11. Let R be o finitely generated K-algebra with multiplicative
basis B which admits an admissible order. Let I be an ideal such that R/I is
finite dimensional. Then there exists a finite universal Grébner basis for I.

Proof. Let d = dimg (R/I) and let 7w : KT' — KT'/I be the canonical surjection.
Assume that B is generated by X = {b1,...,b,}. We claim that every b € B
with of length longer than D = (d + 2)n has a factor which is the tip of an
element in I of smaller length. That is, if the length of b is greater than D, then
there is some monomial ¢ of smaller length such that b = s¢t and such that ¢
is the tip of some element in I. Suppose b is a monomial of length longer than
D. Write b = b;, b;, ...b;, with b;; € X and £ > D. Then some generator of B,
say b*, must occur at least d + 2 times. Hence we have a factorization of b into
monomials, b = picy - - - ca4+1p2, where each ¢; is of the form b*b;; ... b" and is of
length at least 1 but of length less than the length of b. Since dimg (R/I) = d,
the set {m(c1),...,m(ca+1)} is linearly dependent over K. Therefore there is a
nontrivial linear combination x = Z?ﬂ a;c; € I. Thus, some ¢; is a tip in the
given ordering and we have proven the claim.

Now let V be the vector subspace of R with basis {2 consisting of monomials
of length bounded by D. Let Y be the subspace I NV of V. Since V is finite
dimensional, the support of Y is a finite set, say suppo(Y) = {s1,...,8m}. For
each s; € suppq(X), choose an element f; € I such that supp(f;) = s;. We now
show that G = {f1,..., fm} is a universal Grobner basis for I.

Let > be an admissible order and let A € I. Suppose the remainder h* of
division of h by G is not 0. No monomial occuring in A* is divisible by any
Tip(fi), ¢ = 1,...,m. Let h* have that property that the longest monomial in
h* is minimal in the set of all A € I such that no monomial in h is divisible
by any Tip(f;). Let C be the length of the longest monomial in h*. If C < D
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then supp(h*) € suppg(Y) and hence there is some f; € G such that supp(f;) =
supp(h*). But then Tip(f;) = Tip(h*), a contradiction. If C > D, then by an
earlier argument, if p € B has length greater than D and occurs in h*, then there
is some f € G such that Tip(f) is a subpath of p. Thus, p can be reduced by an
element in G. But this contradicts our assumption on A* and we are done. [

2.5 Modules, Presentations and Resolutions

In this section I will address the problem of studying R/I-modules. If R/I is
not finite dimensional and the module is not finite dimensional, then the only
possibility of computationally handling this situation is using generators and
relations; a setup ideally suited for the use of the theory of Grdbner bases.
Throughout this section we fix a K-algebra R, a multiplicative basis B, and an
admissible order >. Also fix an ideal I in R and assume we have a Grébner basis
G of I with respect to >.

2.5.1 Modules Suppose that M is a finitely presented right R/I-module. This
means that M is the cokernel of a map between finitely generated projective
R/I-modules. This is equivalent to assuming that M is the cokernel of a map
between two finitely generated free R/I-modules.

Let f1 : F1 — Fy be an R/I-homomorphism between finitely generated free
right R/I-modules. We choose bases for Fy and Fi, say {ey,...,e,} for Fy and
{di,...,dn} for Fi. Then f1 is given by an m x n matrix Ay, = (a; ;) where
a;; € R/I Then

fildi) = Zejai,j-
J

Let M = Coker(f1) = Fo/Im(f1) and let fo : Fo — M be the canonical map.
Note that computationally, we can represent the matrix Ay, by an m x n
matrix with entries in Span(NonTip(I)).
Before specializing, I present a way of viewing M as an ideal in a ring where
we can use Grobner basis theory to study M. In the representation theory of

finite dimensional algebras, this is called “one point extension”.

Let § = (Ig é\;‘[ I)' Note that multiplication is just matrix multiplication;

km\ (kK m'\_ (kK km'+mr’
0 r o ) L0 rr! ’

which makes sense in that we view M as a K-R/I-bimodule (with elements of
K commuting will elements of M).

We now show how to view S as quotient of a K-algebra for which we can
find a multiplicative basis and an admissible order related to that of R.

Let Go = [[1.; R with basis €], ..., €.

namely,
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Define S to be the K-algebra by § = (K GO) Set 7: 5 — S by

((kzl )) (’gfo(Z N(i)N”)))

Note that we have identified R/I with Span(NonTip([)). Let I* = Ker(r). We
now give a multiplicative basis for S. Let B* be the set

(80)u(08) 1eeBru(d4P) n<i<nben).

We can define an order <* on B* by (§§) <* (J§) foreach b. (39) <* (5 2)

ifb<¥. (89) <" ($<¥) for all b,/ and all . Finally, (8°) < (39Y) it
i<jorifi=j,b<¥.

We leave it to the reader to check that <* is an admissible order on B*. Next
we give a set of generators for I*. Assume [ is generated by {h;};cz in R. Then
I* is generated by

() {(B8) lieTyu{(p=Rgim ) [1<i<m),

Note that we view the elements a; ; € Span(NonTip(I)) in this setting as el-
ements of R. Again the reader may check that (*) is a generating set for I*.
Under reasonable circumstances, we can find a Grobner basis for I* with respect
to >*. For example, if R is a path algebra, then S is also a path algebra and
hence we can algorithmically find Grébner bases.

Applymg Theorem 2.1, we get S = I* @ Span(NonTip(/ *)) Remember that
S/ = (§ & / M) In partlcular M can be identified with (¥ ). It follows that
the elements of NonTip(I*) of the form (§ §) form a K-basis of M. Noting that if

x € I then (§9) € I* and hence (8 e%””) € I* we conclude that the ¢’s occurring

in the K-basis of M are all of the form )", efc; with ¢; € Span(NonTip([)).

Finally, assuming that a Grdbner basis of uniform elements of I* can be
computed, we note that the normal form of an element of M, (§¢), when
multiplied by an element of R/I, ({}), yields an element of the form (9¢')
with ¢ =3 1 | efc} with ¢! € Span(NonTip(I)).

We identify R/I with Span(NonTip(I)) (as usual) and M with the set
of elements ¢ = Y " efc; € Gy where ¢; € Span(NonTip(I)) with (§¢) €
Span(NonTip(I*)). Note that such ¢ can in fact be viewed as in Fy and with
this identification, we get a vector space splitting o : M — Fy of fo: Fy — M
by o(m) = N((§9)) where fo(g) =m.

Stepping back from the above details, what we have is the following, assum-
ing we can compute a Grobner basis of uniform elements of I* algorithmically:

1. One can compute a K-basis of M inside Fy algorithmically; namely, the
Grobner basis of I'* with respect to >*.

2. One can algorithmically compute the action of R/I on this basis; namely,
the computation of the normal form of the product.
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In practice, we can use a Grobner basis of I with respect to > in that the
elements (8 2) are part of a Grobner basis of I*. Once the Grébner basis for I*
is computed, operations by elements of R/I on M can be performed using the

division algorithm.

2.5.2 Projective Resolutions In this section, we use the results of the previous
section and Grobner bases to construct projective resolutions of modules. We
need to require more properties of R.

Our goal is to show how to algorithmically construct a projective R/I-
resolution of a right R/I-module M. This construction will use both the con-
struction of Grébner bases, overlap relations and the division algorithm.

In this section we assume

1. R has a multiplicative basis B and an admissible order >.
2. Ris afinitely generated K-algebra and B is generated by X = {by,...,b,}.

3. Every element of B is a unique product of elements of X; that is, if
¢ ¢ =dp---dg with Ci,dj € B then r = s and ¢; = d;.

4. I is an ideal with Grobner basis G.

As in the previous section, given a finitely presented right R/I-module M
with presentation fi : F; — Fp, we form the ring S = (’5 1{\;1 I). Viewing S as a
quotient of

§=(57%)

by I* , we find a Grébner basis G* of I* with respect to >*. Recall that G* =
{(3%)1g e g} u {(g hg)}iel where G is a Grobner basis for I with respect
to > and h} are of the form ), efc; with ¢; € Span(NonTip(I)). We assume
each Y . ; e¥c; and each g € G are are uniform elements of R. Furthermore,
assume Fy has basis e1,...,¢e,

Note that if hf = 3, efc; j, we define F] to be the free R/I-module with
basis {d; |i € Z}. Define

fi:Fl—F

by fi(d;) = >, ejci,;- We see that f] : F{ — Fp is also a free presentation of M.

Let f| be represented by the matrix (a; ;) as in the last section. We also
let fo : Fo — M be the canonical surjection. Note that the modules (0 R/I)
and (K M) are projective S-modules. This follows from (0 R/I1) ~ (39) S and

(M)~ (58)5. ) .
Let U be the right S-module (K 0) (with the action of S given by right
matrix multiplication). We have a projective presentation of U given as follows.

(OFO)(O—fO>)(KM)—>U—>O.
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Note that the image of (0 fo) is (0 M ). We may continue the resolution using
f1 as follows:
O 1
0r) ) (05) O (k)T 0. (¥%)

We show how to algorithmically find F;, a free R/I-module and a map
fa 1 F» — FY so that

BEAFRLR B M0

is an exact sequence. Once this is done, we can continue the projective resolution

by replacing Fj EL Ey with Fy Eit F| and repeat the construction. This will be
done by continuing the sequence (%) over S and finding the next map in the
resolution

(0F2)(0—f2>)(0F{).

For this we first describe F5. Let O be the set of all overlap relation of form

o(a, B,p*,¢*) where « is of the form <8 ’3) and f is of the form (§J).

Let o(e, 8,p*,¢*) be an overlap relation in O. Let a = (%) and 8= (39).
It follows that from the structure of B* that p* = (8 f)’) for some p € B and
that ¢* = (8 2) for some ¢ € B. Furthermore, we have

o(e, B,p*,q%) = (1/Tip(e))a - ¢* — (1/Tip(8))p*B =

(0 (1/Tip(h))hq — (1/Tip(g))pg> _
0 0

Since G* is a Grobner basis, the remainder of o(a, 8, p*, ¢*) by division by
G* is 0. Hence

O(Q?/B’p*’q*) =

ST (05) (0a) + Zees T (057) (59) (002,

where Qi js Ui j,Vij € B.

We can now describe F» and f; : Fy — F{. F» is the free R/I-module with
basis €;, where i is indexed by the overlap set O. To describe fo : F» — F]
we need only define fa(é;) for i € O. If i = o(a, 3,p*,¢*), then, keeping the
notation of the previous paragraph,

ha) =) djgi.

JjET

The above description of the construction of projective resolutions is a vari-
ation on the results found in [17] which use results from [5]. The proof of the
next result can be obtained by vary the proof found in {17} of Theorem 4.1 to
our setup.
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Theorem 2.4. Keeping the above notations,

BEFRLRE M0

is an exact sequence.

2.5.3 Finite Dimensional Algebras and Modules In this section, we show how
to find projective presentations from “standard” representations of modules and
vice versa. R will denote a finitely generated K-algebra with multiplicative basis
B, and generators by, ...,b, and admissible order >. Let I be an ideal such that
R/I is finite dimensional. Let M be a finite dimensional right R/I-module. As
usual, we identify R/I with Span(NonTip(I)) and let Span(NonTip(I)) = B.
Without loss of generality, we may assume that the generators b1,...,b, of B
are in B. (If some b; ¢ B then b; acts as 0 on M and the following can be
modified accordingly.)

Let {m;}jcs be a K-basis for M. Well-order the m;’s arbitrarily. Let D =
|7|. Viewing M as a D-dimensional vector space, each generator b can be rep-

resented by a D x D-matrix (ci-” ;) with entries in K, where

D
_ b
mi-b= ) mjc] ;.
j=1

The D x D matrices (cf‘j), l=1,...,n might be called the “standard” way of
representing M. 7

First we show how to obtain the (c?fj) from an R/I-free presentation of
M, fi : Fi — Fy. Suppose Fy has R/I-basis {ei,...,e,} and F; has R/I-
basis {d1,...,ds}. Then, viewing f; as a K-linear map M is the cokernel of
f1. Note that the K-bases of Fy and F; are just {e;b|1 < i < r and b € B}
and {d;b|1 < i < s and b € B} respectively. Hence knowledge of f; as an R/I-
homomorphism easily yields viewing f; as a K-linear map. Furthermore, for
each generator b; we have a commutative diagram:

J L o
Lo 1o,
r 4 R

where the vertical morphisms are right multiplication by b;. It follows that we
ge;c a map gp, : M — M representing multiplication by b;. g, yields the matrix
(cily)-

’]To go the other way, assume that we have a K-basis {m;};cs of M and the
D x D K-matrices (ci-’,’j) representing multiplication by the n generators b;, 1 <
I < n. We show how to construct an R/I-projective presentation f : F; — Fj
of M. First let Fy be the free R/I-module with basis {e;|j € J} and F; be
the free R/I-module with basis {d, ;|z € B,j € J}. Define fo : Fp — M by
folej) = m;. Next, define f; : F; — Fy as follows. Given j € J and z € X,
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since z is a product of b;’s, using the matrices (cijv), we may calculate m; -z =

Yoicg miaf; where of ; € K. We now define fi(d, ;) = e;z — ), s €iaf ;.

Proposition 2.12. Keeping the notations above,
Fo R Lm0
s exact.

Proof. We have seen that fo(Fp) = M. Hence the sequence is exact at M. It
is immediate that fof1(ds,;) = 0 for each ¢ € B and j € J. Thus Im(f;) C
Ker(fo). It remains to show that Ker(fo) C Im(f1).

Consider {z = .. ;ew; € Ker(fo)|z & Im(f1)}. We wish to show this
set is empty. Let z = Zje] e;w; be in this set. Suppose w; = ) 5022
Consider 2’ = z + f1(3_, , dj20;,2). Since z & Im(f1), 2’ ¢ Im(f1). But, from
the definition of f1, we see f1(_; . djwBjz) =2 ;c s €57 — 2 for some v; € K.
Thus 2’ =}, 7 €57;- But f(2') = 0 and hence ije] mjy; = 0. It follows that
v; = 0 for all j € J. This is a contradiction and we have shown no such z can
exist. g

2.6 Applications of Grobner Bases

Throughout this section, we will tacitly assume that R = KT, B is the set of
paths, and > is an admissible order. Hence Grébner bases exist for ideals in R.

2.6.1 Topics not covered in Detail

1. Computation of Homp,;(M, N) for two right R/I-modules can easily be
performed. More precisely, Grobner bases yield K-bases of right modules
which behave “nicely” with respect to the ring structure of R/I. That is,
viewing R/I as Span(NonTip(l)) with “rewrite formulas” given by the
Grobner basis, the module bases constructed in the last lecture come with
how the basis of R/I acts on basis elements of the module because that is
precisely the information contained in the Grobner basis of I* in (Ig Gf:?)

of the last lecture. Using these bases, the computation of Hompg,;(M, N)

as a vector space is straightforward.

2. The study of submodules and quotient modules can be easily handled
using the bases of last lecture.

3. Computation of M ®g,/; N for a left R/I-module M and a right R/I-
module N can be performed. For this one must be able to find bases of
both left and right modules (which Grébner bases can do). One method
of attacking the computation M ®pg,; N is to find M ®x N using the
K-bases provided by the Grébner bases of the last lecture and then put
in the relations over R/I and find quotient.
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4. Using the above two parts, it should be apparent that one can computa-

tionally study module theory of noncommutative rings that are quotients
of rings that have a theory of Grobner bases. This class includes algebras
that are quotients of path algebras and therefore includes quotients of free
algebras.

. One can study the growth of algebras. By Theorem 2.1, R/I can be iden-

tified with Span(NonTip(I)) and NonTip(/) is a K-basis of R/I. If R is
the free algebra and B is the set of monomials or if R is a path algebra
and B is the set of paths then the growth of the number of nontips of a
given degree or length measures the growth of the algebra. More precisely,
if H, = dimg(Span({z € NonTip(I)| length(z) = n}), then the Hilbert
series of R/1 is
o<
H(R/I)=_ Hnz"

Here z is a variable. Questions like the rationality of H(R/I) are being
studied [2, 3, 4, 30].

One of the important tools to study H(R/I) and the numbers H, is the
Ufnarovski graph. Space doesn’t permit me to say much about it, but it is
a powerful tool to study the nontips of I. We refer to [32].

. Noncommutative Grobner bases in free algebras have been applied to

study H* control problems in the work of Helton, Stankus and Varvik.

. As described in the last section, Grobner bases allows the construction of

projective resolutions of a right module M. Then, applying Hompg,;(—, N)
to the resolution and taking cohomology of the resulting complex, one can
obtain the ext-groups Exty, (M, N). For a left R/I-module N, applying
~ ®p/1 N to the resolution and taking cohomology of the resulting com-
plex, one can obtain the tor-groups Torf/ I (M, N). Hence, one can study
homological questions computationally.

One important invariant of an algebra is the Poincaré series of a module.
If M is a right R/I-module and S is a simple right R/I-module (usually
K), let P, = dimg Exty (M, S). The Poincaré series is

o0
Ps(M) = Pp2"
n=0

Again, questions like rationality and connections with the Hilbert series
are of interest. [4, 30]

. Michael Bardzell [8] has used the theory of Grébner basis to study the

Hochschild cohomology of a monomial K-algebra.
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2.6.2 Algebras and their associated Monomial Algebras One of the interesting
connections one obtains from the theory of Grébner bases is the associated
monomial algebra to an algebra. As we have done, let Ip;on = Span(Tip(I)).
Then Ipon is a monomial ideal. We say R/Ipon is the associated monomial
algebra to R/I. Note that R/Ipon is dependent on the choice of basis B of R
and on the choice of admissible order >.

If R/I is a finite dimensional K-algebra, there is an important invariant of
R/I called the Cartan matriz. Let Sy, ..., S, be a full set of nonisomorphic sim-
ple R/I-modules and let P, ..., P, be indecomposable projective R/I-modules
such that there are surjections P, — S;. Then we define the Cartan matrix of
R/I to be the n x n matrix (C; ;) where C; ; is the number of times S; occurs
as a composition factor of P;.

Since R is a path algebra, it is sometimes natural to assume that I is con-
tained in the ideal <I'; >2 where I'; is the set of arrows in T. In this case there
are certain simple modules of R/I we distinguish, called the vertez simple mod-
ules. A vertex simple module is a module of the form S; = v; R/ <T'; > where
v; is a vertex. It is easy to see that if there are n vertices in I', S1,...,S, are
right simple R/I-modules which are 1-dimensional over K.

If M is a right R-module and

Pnﬁl)Pn_l—>—>P1£>P0I—9>M—>O

is a projective resolution of M, then the projective dimension of M, pdg / (M),
is the smallest n such that Im(f,) is a projective module. If no such n exists,
we say that M has infinite projective dimension and write pdg,;(M) = co. The
global dimension of R/I, gl.dim(M), is N if

N = Sup{pdg,;(M)| M is an R/I-module}

if such an N exists. Otherwise, gl. dim{(M) = co.
We can state a result relating R/I and R/Iyon.

Theorem 2.5. [23] Let R = KT be a path algebra with K-basis B the finite
directed path in I' and with admissible order >. Let I be an ideal in R and
Iyvon be the associated monomial ideal. Then

1. H(R/I) = H(R/IyoN).
2. If R/I is finite dimensional, then

dimK(R/I) - dimK(R/IMON) = |N0nTip(I)|.

3. Assume that I c<T'y >2.

(a) The construction of a projective resolution given in [17] for each ver-
tex simple module S; is minimal for R/Ipon -

(b) For eachi=1,...,m, pdp,1(Si) < PdR/1,,0n (Si)-
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(c) If R/I is finite dimensional, then gl. dim(R/I) < gl. dim(R/Ipon)-

(d) If R/I is finite dimensional, then the Cartan matrices of R/I and
R/Iyvon are equal.

(e) If S is a vertex simple module viewed as a module over both R/I and
R/Iyon, andif = P, — Pp—> S —>0and — P - Py — S — 0 are
minimal projective resolutions over R/I and R/Ipon respectively,
then dimg (P,) < dimg(P)) for alln > 0.

2.6.3 Koszul Algebras Let R = KT and I be an ideal in R. We say that I is a
quadratic ideal if there is a set of generators {f1,..., fn} of I such that each f;
is a K-linear combination of paths in I' of exactly length 2. In this case, we say
that {f1,...,fn} is a set of quadratic generators and that R/I is a quadratic
algebra.

The path algebra R has a natural positive Z-grading given by letting vertices
be homogeneous of degree 0, and paths be homogeneous of degree equal to the
length. We will view R as a graded ring in this way. Note that an element
T = ZT__I a;p; with o; € K and p; € B is homogeneous if each p; occurring in
z has the same length. We call this the length grading of R. Let I be a graded
ideal in R; that is, an ideal generated by homogeneous elements. Then R/I is a
Z-graded algebra by the induced grading.

For the remainder of this section, we assume that I is graded ideal in R and
let R/I = Sp®S1®520- - as a graded ring. We let Gr(.S) denote the category of
Z-graded S-modules and degree 0 S-module maps. That is, the objects of Gr(S)
are

M= OM_ 6M 1 OMOSM i SMD---

where each 4,7, M; is a right Sp-module and if s; € S; and m; € M; then
m;s; € M;,; such that, forgetting the graded structure, M is a right S-module.
A degree 0 map f : M — N between graded S-modules is an S-module map
such that if m; € M; then f(m;) € N;.

We say a graded S-module is generated in degree n if M; =0 for j < n and
for all ¢ > 0, the multiplication maps M, ®s, S; — My, are surjective. We say
that an S-module X is gradable if there is a graded S-module M, such that
X is isomorphic to M when one forgets the grading on M and views M as an
S-module. We have the following result whose proof is standard.

Proposition 2.13. Let I be o graded ideal in a path algebra KU where KT' has
the length grading. Assume that I C<I'y>. Let KT'/I =So® 51051 @+ be
the graded quotient ring. Then

1. Sy is isomorphic to KT'/<T'1> and hence is semisimple.
2. Fach S; is finite dimensional over K.
3. The vertex simple modules are gradeable modules.

4. S1®Sy®--- is the graded Jacobson radical of S.
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5. The category of finitely generated graded S-modules has projective covers.
6. Graded S-modules have graded projective resolutions.

7. A graded S-projective resolution of a graded S-module M forgets to a S-
projective resolution of X where X is the S-module M when we forget the
graded structure.

We say R/I is Koszul algebra if Sy, viewed as a graded S-module generated
in degree 0 has a graded projective resolution

PP,y Po>FP—-M-—o90

such that for each n, P, is generated in degree n. Koszul algebras are an im-
portant class of algebras that naturally occur in algebraic geometry, topology,
and the theory of quantum groups [10, 12, 14, 29, 31, 33]. Proofs of many of the
basic results about Koszul algebras can be found in [21, 22, 10]. My goal here
is to demonstrate that Grobner bases can be used in studying such a class of
Koszul algebras.

It is well-known that if R/I is a Koszul algebra then I must be a quadratic
ideal [21, 10]. At this time, there is no classification known of which quadratic
ideals I have the property that KT'/I is a Koszul algebra at this time, in terms
of the generators of the quadratic ideals. We do have the following result though.

Theorem 2.6. [20] Let I be a quadratic ideal in a path algebra KT'. Let > be an
admissible order on the paths such that I has a quadratic Grobner basis. Then
KT/I is a Koszul algebra.

The proof of the result, although too technical for these lectures, involves an
investigation of the projective resolution of the vertex simple modules given by
the construction discussed in the last lecture. Analysis of the construction shows
that if the algebra is graded and the module is graded, then the constructed
resolution is, in fact, a graded resolution of the module. 1t is also shown that if
the generators of I are quadratic, then the construction of a graded projective
resolution of a vertex simple module has the desired degree properties.

The next result follows from the above theorem and also from [23].

Corollary 2.3. Let I be a monomial ideal generated by some paths of length 2.
Then KT'/I is a Koszul algebra.

Proof. If J is a monomial ideal in a path algebra, since overlap relations are in
fact 0, we see by the Termination Theorem that any generating set of monomials
for J is a Grobner basis under any admissible order. Since I can be generated
by paths of length 2, it follows that I has a quadratic Grobner basis. O

We end with another application which is more fully described in [19]. Let
R = K<z,...,z, > be the free associative algebra in n noncommuting vari-
ables. Let > be the degree-lexicographic order with z; < 23 < --- < z,. For
1<i<j<n,let
Qi j = TjT; — C4 jT;T5 + Ti 5
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where 7; ; is a quadratic polynomial, each of whose terms is less than z;z;. Thus
Tip(¢i,;) = z;z; and Tip(g; ; — Tip(g¢i,;) = ziz;. Let I be the ideal generated by
{gis}-

Note that I is a quadratic ideal. Consider R/I. We denote the image of z;
in R/I by Z;. We say R/I has a Poincaré-Birkhoff-Witt basis or PBW basis if
{z{*z3? ... 2%} where a; are nonnegative integers, is a K-basis of R/I.

The set {gi j}1<ij<n can be viewed as rewriting rules in the sense that if a
monomial m = Z;, T;, . .. T;, has the property that for some j, i; > ¢;41 then in
R/I, Ti;Tijyy = CijiznTijraTi; — Tigyizpns

M =Ty Tiy .- jij—ljij+1:iijjij+2 e Tig = Ty Biy o Tiy (TijTi,, - T

5"

Thus, by replacing Z;z; as above if j > ¢ and by the fact that > is a well-
order, we see that {Z{'Z3*...z%} generate R/I as a K vector space. It is

natural to ask if R/I has a PBW basis. The next result answers the question.

Proposition 2.14. Keeping the above notations, R/I has a PBW basis if and
only if {qi ;} is a Grobner basis of I. Thus, if R/I has a PBW basis, R/I is a
Koszul algebra.

Proof. Suppose that R/I has a PBW basis. Then {z7'%3%... %%} is a K-basis
for R/I. To show that {g;;} is a Grébner basis for I it suffices to show that
overlap relations have remainder 0 when divided by {g; ;}.

Consider division by {g¢; ;}. Any monomial m occuring in a remainder cannot
have z;z; with j > ¢ in it since if so, Tip(g; ;) would divide m. Thus, the remain-
der of division by {g; ;} of any overlap relation is in the span of {z{*...z3"}.
By the PBW basis assumption, no element of this span is in I other than 0.

If {g; ;} is a Grobner basis for I, then

NonTip({g;;}) = {m € B|Tip(g;,;) does not divide m}.

But it immediate that NonTip({g; ;) is {z{'...z2% |a; > 0}. But NonTip(I) is
a K-basis of R/I under the usual identification. Thus, R/I has a PBW basis.
The last result of the proposition is a consequence of Theorem 2.6. |
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