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ABSTRACT

It is widely believed that the scaling limit of the self-avoiding walk (SAW) is given
by Schramm’s SLEg;3. In fact, it is known that if SAW has a scaling limit which
is conformally invariant, then the distribution of such a scaling limit must be given
by SLEg/3. The purpose of this paper is to study the relationship between SAW
and SLEg,3, mainly through the use of restriction measures; conformally invariant
measures that satisfy a certain restriction property.

Restriction measures are stochastic processes on randomly growing fractal subsets
of the complex plane called restriction hulls, though it turns out that SLFEg/3 measure
is also a restriction measure. Since SAW should converge to SLEg/3 in the scaling
limit, it is thought that many important properties of SAW might also hold for
restriction measures, or at the very least, for SLEg /3.

In [DGKLP2011], it was shown that if one conditions an infinite length self-
avoiding walk in half-plane to have a bridge height at y — 1, and then considers
the walk up to height y, then one obtains the distribution of self-avoiding walk in the
strip of height y. We show in this paper that a similar result holds for restriction
measures P, with o € [5/8,1). That is, if one conditions a restriction hull to have
a bridge point at some z € H, and considers the hull up until the time it reaches z,
then the resulting hull is distributed according to a restriction measure in the strip of
height Im(z). This relies on the fact that restriction hulls contain bridge points a.s.
for av € [5/8,1), which was shown in [AC2010].

We then proceed to show that a more general form of that result holds for restric-
tion hulls of the same range of parameters o. That is, if one conditions on the event
that a restriction hull in H passes through a smooth curve ~ at a single point, and
then considers the hull up to the time that it reaches the point, then the resulting

hull is distributed according to a restriction hull in the domain which lies underneath



10

the curve v. We then show that a similar result holds in simply connected domains
other than H.

Next, we conjecture the existence of an object called the infinite length quarter-
plane self-avoiding walk. This is a measure on infinite length self-avoiding walks,
restricted to lie in the quarter plane. In fact, what we show is that the existence of
such a measure depends only on the validity of a relation similar to Kesten’s relation
for irreducible bridges in the half-plane. The corresponding equation for irreducible
bridges in the quarter plane, Conjecture [.T.19 is believed to be true, and given this
result, we show that a measure on infinite length quarter-plane self-avoiding walks
analogous to the measure on infinite length half-plane self-avoiding walks (which was
proven to exist in [LSW2002]) exists. We first show that, given Conjecture .11
the measure can be constructed through a concatenation of a sequence of irreducible
quarter-plane bridges, and then we show that the distributional limit of the uniform
measure on finite length quarter-plane SAWSs exists, and agrees with the measure
which we have constructed. It then follows as a consequence of the existence of such
a measure, that quarter-plane bridges exist with probability 1.

As a follow up to the existence of the measure on infinite length quarter-plane
SAWSs, and the a.s. existence of quarter-plane bridge points, we then show that
quarter plane bridge points exist for restriction hulls of parameter « € [5/8,3/4), and
we calculate the Hausdorff measure of the set of all such bridge points.

Finally, we introduce a new type of (conjectured) scaling limit, which we are calling
the fixed irreducible bridge ensemble, for self-avoiding walks, and we conjecture a
relationship between the fixed irreducible bridge ensemble and chordal SLEg/s in the
unit strip {z € H: 0 < Im(2) < 1}.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

In recent years, much work has been done on discrete lattice models that arise in
the study of statistical mechanics. These include the Ising model, critical percola-
tion, loop-erased random walk, self-avoiding walks, etc. One of the most important
problems posed throughout the study of these lattice models is the determination of
a scaling limit. That is, a probability measure obtained as the lattice spacing goes to
zZero.

If the lattice model is two dimensional, we can identify the two-dimensional plane
with the complex plane, and we can ask whether or not the scaling limit of such a
lattice model is conformally invariant (invariant under conformal transformations), if
such a scaling limit exists. The existence of such scaling limits had been conjectured
by theoretical physicists for years, for many of the important lattice models that arise
in the study of statistical mechanics, although rigorous mathematical proof of their
existence remained elusive. However, in 2000, Oded Schramm introduced a stochastic
process which was very successful in describing many of these scaling limits. It was
originally referred to as stochastic Lowener evolution, but in years since has been
referred to as the Schramm-Lowener evolution, or SLE,. It is technically defined as

a family of conformal maps g; which satisfy the initial value problem

O e

—aqi(z) = 2) =z

8tgt gt(z) _ \/EBt’ gO
where B; is a standard one-dimensional Brownian motion. The random family of
conformal maps give rise to an increasing family of hulls K, such that g, maps H\ K;

onto H. For k < 4, these hulls are simple curves (and in fact it can be shown that the
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Lowener chains are generated by curves for all k < 8). This will be further discussed
in Section

Since its introduction, SLF, has been successfully used to describe the scaling
limits of many important lattice models which arise in statistical mechanics, and as a
result, it has been used to rigorously derive the values of many critical exponents. A
few of these critical exponents had been calculated rigorously before, but the advent
of SLE, allowed for a rigorous calculation of many more critical exponents.

One of the most important problems in the present-day study of statistical me-
chanics is the determination of the scaling limit of the self-avoiding walk, or SAW. It is
conjectured that SAW has a scaling limit of SLEg/3, and it has been shown [LSW2002]
that if the scaling limit of self-avoiding walk exists, and if it is conformally invariant,
then it must be given by SLEg/3. In Section 2.2, we will describe in detail what it
means for SAW to have a scaling limit, and what it means for this scaling limit to be
conformally invariant.

The purpose of this paper is to study the relationship between SAW and SLEg3
through the use of restriction measures. This is a stochastic process on randomly
growing families of restriction hulls (see Section 2.3)) which are conformally invariant,
and which satisfy the restriction property, which will also be discussed in Section 2.3]

In Chapter [2, we will provide all the requisite background information required
for the remainder of the paper. In 2.1, we describe half-plane self-avoiding walks and
even briefly discuss the construction of the infinite upper half-plane SAW. In Section
2.2 we will discuss many of the important results from complex analysis which will be
used throughout the paper. We will also describe scaling limits, conformal invariance,
and precisely state the conjecture that SAW converges to SLEg/3 in the scaling limit.
In 2.3 we will review many important facts about restriction measures, as well as
briefly discuss the construction of such measures.

In Chapter B, we will show that if we consider restriction hulls K on the triple

(H, 0, o), and condition on the event that K has a bridge point at z € H and consider
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the hull K up until the first time it touches z, then the resulting hull is distributed
according to a restriction measure with the same parameter, on the domain {w € H :
0 < Im(w) < Im(z)}, from 0 to z. We then proceed to prove a generalization of this
theorem, which requires a kind of generalized bridge point. We define a generalized
bridge point to be a point where a restriction hull K on the triple (H, 0, c0), intersects
a smooth curve v : [a,b] — H, where vy(a,b) C H, at a single point. We show then,
that it follows from conformal invariance that the same type of result holds in arbitrary
simply connected domains D other than all of C.

In Chapter ], we construct an object called the infinite length quarter-plane self-
avoiding walk. We define a type of SAW called a quarter-plane bridge, and we es-
sentially construct the measure by defining a measure on irreducible quarter plane
bridges and then concatenating an i.i.d. sequence of such bridges. One might wonder,
however, if there aren’t more natural measures on infinite quarter plane SAWs. By
it’s construction, the previously mentioned measure is supported on concatenated se-
quences of i.i.d. irreducible bridges, so what it really gives us is a measure on infinite
length quarter-plane bridges. For this reason, we prove the existence of the distribu-
tional limit on the uniform measure of n-step quarter-plane SAWs as n — oo, and we
show that it coincides with the measure we have constructed.

The construction of the infinite length quarter-plane SAW was then motivation
to consider restriction measures defined in the quarter-plane. In Chapter B, we prove
the existence of quarter-plane bridge points for restriction hulls K under the law of
restriction measures in the quarter-plane, starting at 0 and ending at co. In fact, we
show more. If one considers a restriction measure with parameter a > 0, then we
show that with probability 1, the Hausdorff measure of the set of quarter-plane bridge
points of a given hull K under the law of the restriction measure, is min(0, 2 — 8/3«).
This is interesting because it is known that for restriction measures in the half-plane,
bridge points exist with probability 1, and the Hausdorff dimension of the set of
bridge points is given by min(0,2 — 2«). Thus, in the half-plane, bridge points exist
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for all @ € [5/8,1). However, in the quarter-plane, quarter-plane bridge points cease
to exist for all @ > 3/4. The a = 3/4 case remains unknown.

Finally, in Chapter [0l we introduce a new ensemble for self-avoiding walks as
follows: take a self-avoiding walk of infinite length in the half-plane distributed ac-
cording to the measure constructed in [LSW2002], [DGKLP2011], consider it up to
the n-th bridge height and scale by the reciprocal of the n-th bridge height to obtain
a curve in the unit strip {z € H: 0 < Im(z) < 1}. These curves inherit a distribution
from the measure on the original SAW, and if one takes the limit as n — oo, one
obtains an ensemble of curves spanning the unit strip, ending anywhere along the
upper boundary of the unit strip. A natural question to ask would be whether or not
these curves are distributed according to SLEg/s, starting at 0 and ending at x + 4,
integrated along the conjectured exit density of the scaling limit of SAW in the unit
strip starting at 0 and ending anywhere along the upper boundary. We argue that
this is not the case, but that one can obtain the SLEg,3 distribution integrated along
such an exit density if one first weights each of the scaled walks in the unit strip by the
n-th bridge height raised to an appropriate power (before taking the limit n — o).
In addition to a heuristic argument in support of this, we provide numerical evidence
in support of the conjecture, and this allows us to give an estimate on the boundary
scaling exponent for self-avoiding walk, which agrees with the conjectured value for

the boundary scaling exponent within an error of 0.000303.

1.2 Remark on notations

Throughout this paper we use the standard convention of letting C denote the complex
plane and R the set of real numbers. The set of natural numbers will be denoted by

N, while the set of integers will be Z. For z € C, we let Re z and Im z denote the

real and imaginary parts of z, respectively. |z| = \/(Re 2)2 + (Im 2)? is referred to

as the modulus, or absolute value, of z. Given a set A, we let A denote the closure of
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A, A° denote the interior of A and JA the boundary of A.

We will denote the open unit disk in C by D := {z € C: |z] < 1}, the upper half
plane by H := {z € C : Im z > 0}. Given d € N, we let Z? be the set of points in
R? whose coordinates are integers. Furthermore, in the case d = 2, we consider Z? as
Z? = 7 + iZ, the set of points in the complex plane with real and imaginary parts in
Z.

Suppose that f(z) and g(z) are functions defined on some subset of R. We will
use the following notations when referring to asymptotic results concerning f and g

in the limit as x — a for a € [—o0, +0].
o f(@) ~ glx) if limyso f(2)/g(x) = 1
o f(z) = g(z) if log f(z) ~ log g(x).
e f(x) = g(z) if there exist positive constants ¢; and ¢y such that
cf(r) < g(x) < cof (z)

for all x sufficiently close to a.
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CHAPTER 2

BACKGROUND

In an effort to keep this paper relatively self contained, this chapter is dedicated to
providing the requisite background information necessary for the results found in sub-
sequent chapters. This chapter contains no new results, and the information contained
in it can be found in [MS1993],[DGKLP2011], [LSW2002],[LSW2003], [Lawler2008]. In
section 2.1l we will review the self-avoiding walk, including the construction of the in-
finite half-plane self-avoiding walk and the bridge decomposition thereof. In section
2.2l we introduce the notion of conformal invariance and the Schramm-Loewner evo-
lution, as well as reviewing some essential facts from complex analysis. In section [2.3]

we introduce restriction measures and briefly review their construction.

2.1 The half-plane self-avoiding walk in Z?

Throughout this paper we will primarily consider self-avoiding walks on the lattice
0Z2 = 07 + i0Z for 6 > 0. In this section we fix § = 1 and discuss results for self-
avoiding walks on Z2. Most of the results we mention hold for self-avoiding walks on
the lattice Z¢ for any dimension d > 2, and much of it can be found in [MS1993],
[DGKLP2011], [LSW2002].

2.1.1 Full-plane SAW

Definition 2.1.1. An N-step self-avoiding walk (SAW) on the lattice Z? beginning

at x € Z? is a sequence of lattice sites w = [wy, . .., wy]| which satisfy the following:
o |wj—wjq|=1forallj=1,...,N

o w; #wyfor j#k
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® Wy =1.

We can realize Z? as the set of all complex points z whose real and imaginary
parts are integers, along with the line segments connecting neighboring points, which
we call nearest neighbor bonds. In doing so, we may realize a given N-step SAW as
a simple curve in C by connecting consecutive points in the sequence through the
corresponding nearest neighbor bond.

Let Sy denote the set of all N-step SAWs in Z? beginning at the origin. Let
cy = |Sy| denote the cardinality of Sy. By convention, we take ¢g = 1 (i.e. the
trivial walk w = 0). We realize Sy as a probability space by equipping it with the
uniform measure, Py. That is, given w € Sy, we define Py (w) = 1/cn.

Although it is difficult to determine cy for large values of IV, one might hope that
it is possible to determine some asymptotic results concerning cy as N — oo. It is

conjectured that there exist lattice-independent critical exponents v and v such that
ey ~ ABN N (2.1.2)

for some positive constant A, and
Ex[lwn|*] ~ CN%, (2.1.3)

where Ex denotes expectation with respect to Py and C' is a positive constant. The
constant 3 in (2.1.2)) is referred to as the connective constant, and is lattice-dependent.
Both equations (2.1.2)) and (ZI.3) remain conjecture, though it is not very difficult

to show a weaker form of (2.1.2), namely
ey =~ BY. (2.1.4)
This is most easily seen through the process of concatenation.

Definition 2.1.5. Suppose w! € Sy and w? € Sy;. The concatenation of w! with w?,
denoted w! @ w?, is the N + M step SAW beginning at 0 defined by

oW - w;, j=0,...,N
/ wi + w? j=N+1 N+ M
N ]—N’ PRI



18

Notice that every SAW in Syyas can be written as the concatenation of a SAW
in Sy with a SAW in S);, though not every concatenation of a SAW in Sy with a
SAW in &), is self-avoiding. Since cycys is the number of concatenations of walks in

Sy with walks in Sy, we thus have

CN+M S CNCp- (216)

Therefore, we see that the sequence (log cy) is subadditive, and by Proposition [A.1.1]

the limit
log ey

log f:= lim (2.1.7)

N—o0

exists. We refer to the constant § in equation (ZI1.7) as the connective constant, and

(2.1.4) follows.

2.1.2 Half-plane SAW

In this section we will review the construction of the infinite half-plane SAW, a mea-
sure on SAWs of infinite length which stay in the upper half-plane H. We begin by
first defining SAWSs in the half-plane of finite length. A half-plane self-avoiding walk
starting at 0 is defined to be a SAW which stays in the upper half plane H. Formally,

Definition 2.1.8. An N-step half-plane self-avoiding walk beginning at 0 is defined

to be an w € Sy which satisfies
Im(w;) >0 (2.1.9)
for all j = 1,...,N. Let Hy denote the set of all w € Sy satisfying (ZI.9) and

hy := |Hny|. By convention, we take hg = 1.

Perhaps the most important step in the construction of the infinite half-plane

SAW is the introduction of a bridge.
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FIGURE 2.1. A 37-step half-plane SAW.

Definition 2.1.10. An n-step bridge is an n-step self-avoiding walk, w, the imaginary
parts of which satisfy
Im(wp) < Im(w;) < Im(wy,). (2.1.11)

We will let B, denote the set of n-step bridges beginning at 0 and b, := |B,|. By

convention, we take by = 1.

It is clear that every w € B, is also in H,,. Furthermore, if w' € B, and w? € B,,,

then we have w! @ w? € B, 1m, and it follows that
bb < bt (2.1.12)

It follows that the sequence (—logb,) is subadditive, and thus, once again by Propo-
sition [ALTT] the limit
5bridge = lim bi/n (2113)
n—oo

exists and is equal to sup,>; bi/ ", Since b, < ¢, for all n > 1, we have Boridge < B.
It is known, however, that indeed, Syri4qe = 8. For a proof of this fact, the reader is
referred to [MS1993]

We have seen that the concatenation of two bridges always gives rise to another
bridge. However, it is not true that every bridge can be written as the concatenation

of two (non-trivial) bridges. In the latter case, we call the bridge an irreducible bridge.
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Hu

FIGURE 2.2. A 37-step bridge.

We will see that irreducible bridges turn out to be the building blocks of the infinite
half-plane SAW.

Let Z,, denote the set of all n-step irreducible bridges beginning at the origin, and
set A, :=|Z,|. By convention, we take Ay = 0. It will be useful to consider sets of
walks of variable length. Let H = |J3_, Hn be the set of all half-plane SAWs of any
length, and similarly let S = Uxy_oSn, B=U,—( B and Z = | J -, Z,. We will make

use of the following generating functions:

Definition 2.1.14. The generating functions for the sequences (cy), (hy), (b,) and
(A\,) are defined by the formulae

S(z) = Z 2l = Z enzy

weS

H(z) = Z 2l = i h 2
weH N=0

B(z) = Z 2l = Z b, 2"
weB n=0

I(z) = Z 2l = Z An2",
wel n=1

where |w| denotes the length of w, or the number of steps of w.
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The first thing to observe is that by definition, z. := 87! is the radius of conver-
gence for the series S(z). Also, according to (A.1.2), we have

BN < ¢y for all N > 1. (2.1.15)
This allows us to prove the following form of “continuity” of S(z) at z.:

Proposition 2.1.16.
S(z.) := lim S(z2) = +o0. (2.1.17)

which tends to 400 as z tends to z. from below. O

The construction of the infinite half-plane SAW relies on the following Proposition,
originally due to Kesten [Kesten1963]. The proof requires the notion of the span of a

self-avoiding walk, which we will define now.
Definition 2.1.18. The span of a self-avoiding walk w € Sy is defined by

span(w) = X Im(w;) — nin, Im(w;). (2.1.19)

The number of N-step SAWs beginning at the origin with span A will be denoted by

cn,a. We similarly define hy 4, by 4, etc.
Proposition 2.1.20. B(z.) = oo and hence I(z.) = 1.

Before proceeding to the proof of Proposition 2.1.20] we first prove a useful lemma.
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Lemma 2.1.21. If w € Hy, then w can be written as w = w' & (-wW?) & -+ &
(=) 1wE | where w* € B for allk = 1,..., K. Furthermore, if A, = span(w®), then

we have Ay > Ay > -+ > A > 0.

Proof. Let w € Hy. Define A; = A;(w) to be the maximum value that the imaginary
part of w takes on. That is, A; = max;<j<y Im(w;).Then define ny = ny(w) to be the

last j, j =1,..., N such that Im(w;) = A;. Then, recursively define Ay by

Ak o nkElngN( 1) (Im(w]) Im(wnk,J) 5

and ny is the last time that the imaginary part of w reaches A,. Then the de-
composition is obtained by taking w! = [wo,ws, ..., wy,,], and in general by taking

Wk =lwn, y.oywy ] fork=1,... K. O

Proof of Proposition 2.1.20. The proof here follows what can be found in [MS1993]
and [DGKLP2011]. To begin, notice that every w € B can be written uniquely as
w' @ w?, where w! € Z and w? € B. This leads us to

bn = o + D Ambn—m: (2.1.22)

m=1

for all n. From ([21.22]) we have
B(z) =1+ 1(2)B(2),

from which we immediately conclude that

1
B(z) = =10

Thus, if we can show that B(z.) = oo, the proof of the Proposition will be complete.

(2.1.23)

Given w € B, let h(w) denote the height of the bridge. That is, h(w) = max;{Im(wg)}.
Also, note that given w € S, if j is the largest integer less than or equal to |w| such
that w; = ming{Im(wy)}, then w' = [w;,wj_1, ..., wo] and w? = [w;,wj41,...,wy] are

both half-plane SAWs. Here |w| = N is the length of w. This implies that

e <Y il (2.1.24)
m=0
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Now, by Lemma 2.1.21] every w € Hx can be decomposed into a sequence of K
bridges, each with my, number of steps, such that ), m; = N. Furthermore, if the
bridge with length my in the decomposition has span Ay, then we have A; > Ay >

-+« > Ag > 0. Since this transformation is one-to-one, we have

hy <) (ﬁ bmk,Ak> : (2.1.25)

where the sum is over all positive integers K, all sequences of positive numbers
Aq,...,Ag such that A; > Ay > --- > Ag > 0 and all integers m;, > 1 such

that Zszl my, = N. Therefore, we can see that

f: hNZN S 1 (1 + f: bm,Azm> )
N=0

A=1

which can be seen by comparing z" terms on both sides of the inequality and using

(21.258). Since 1 + x < ¢” for all z, this leads to

H(z) <exp (Z Z bvazm> (2.1.26)

A=1m=1

= (BE-D, (2.1.27)

By (21.24), we can see that S(z.) = 400 implies that H(z.) = +0o, and so conse-
quently, by (ZI1.27), B(z.) = +00. The result that I(z.) = 1 follows simply now from

@123 O

From here on, given an integer j > 0, we will identify (w!,... w’) € Z7 with the
concatenation w! @- - -@w’. This is a one-to-one correspondence, so the identification
is well-defined. Then 7> =7 x Z x --- is the set of all concatenations of infinitely
many irreducible bridges beginning at 0. We will let H,, denote the set of all infinite
length upper half-plane SAWs beginning at 0. Given w! @ --- ® w’ € 77, we will let
Hoo(wl, ..., w?) denote the “cylinder” set of all w € H, such that w = w'®- - -Bw’ Dw,

where @ € H,,. We will define the infinite upper half-plane SAW as follows:
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e Let 7 be the measure on Z such that pr(w) = 7! for w € 7.

o Let p17; be the measure on Z7 defined by product measure, so piz; (w'@®- - -®w’) =
pr(w') - pr(w?). We will also write puz; for the extension of pz; to H with
pzi (H\Z?) = 0. Here we are setting puz;(w) = 0 if w cannot be written as

w=wd - - Puw withw!,...,w €T,

e We define uz~ on Z* by extension. That is, we extend the measure uz to Hoo
by defining pz(Hoo(w)) = pz(w), and similarly with uz;. If w € Ho cannot
be written as @ @ w for © € T and w € Ho,, we define pr(w) = 0. We then
define piz by the Kolmogorov extension Theorem. If we write Py o in place
of pizee, then Py o (Hoo \ Z°) = 0, and according to this definition, we have

Phoo(Hoo(wh, ... ,w)) = forw!, ... wf €T, W'+ + W] = m.

By Kesten’s relation,

d =1 (2.1.28)

wel
This was proven in Proposition 2.1.20, and shows that Py ., defines a probability

measure on infinite length SAWs in H beginning at 0. We take this to be the definition
of the infinite upper half-plane SAW. In [MS1993], this measure was referred to as
the infinite bridge measure, and this is perhaps a more intuitive name for Py .
However, it has been shown that this measure is equivalent to other measures which
are, perhaps, more aptly referred to as the infinite upper half-plane self-avoiding walk.

For example, Lawler, Schramm and Werner showed in [LSW2002] that the weak
limit as N — oo on the uniform measures, Py y, on N-step upper half-plane SAWs
exists and gives a measure on H,. In particular, if we let H(w?, ..., w’) denote the set
ofw e Hsuchthat w =w' @+ P GO, wh, ..., 0w €T, 0 e H, |w+- +]|wi| =m,
then [LSW2002] shows that

lim Py y(H(w', ... ,w’) =8

N—oo
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Thus, imy e Pry(H(w!, ..., w?)) = Py oo(Hoo(w, ..., w?)), and this is the sense in
which we say that the uniform measure on N-step upper half-plane SAWs converges
weakly as N — oo to the infinite upper half-plane SAW.

There is also another equivalent way to define the infinite upper half-plane SAW
through a limiting process. If we weight each w € H by 571*!, then the total weight
of all such walks is infinite (see Proposition 2.1.20]). However, if we weight each such
walk by 2=, 2 > B, then the total weight becomes finite. The limit as  — S+ of
probability measures on H defined in such a way has been shown to exist and give

the same measure as Py o (see [DGKLP2011]).

2.2 Conformal invariance and SLE

Most of the results in this paper are motivated by the conjecture that the infinite
upper half-plane SAW has a scaling limit which is conformally invariant. In Section
2.2.1], we briefly state some important results from complex analysis which we will be
using. In section 2.2.2] we will state precisely the conjectures that the SAW converges
to a scaling limit as the lattice spacing approaches zero and that this scaling limit be
conformally invariant. We will then briefly describe Schramm’s (chordal) SLE, along

with a couple of very important properties it possesses.

2.2.1 Complex analysis

Since most of the probability measure we consider in this paper will be measures on
random curves or subsets of the complex plane, it will be useful to describe some
of the machinery from complex analysis which we will be using, including some re-
sults concerning complex Brownian motion. Important theorems here will be stated
without proof, though the proofs of these theorems can be found in many complex

analysis books, including [Lawler2008].
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If D is a domain in C, we will generally refer to a function f: D — C as analytic
or holomorphic if the complex derivative

o) — i L) =)

w—sz w—z

exists at every z € D. A curve in C will refer to a continuous function v : [a, b] — C,
where [a, b] is a closed interval which can either be of finite length or infinite length.
The curve will be C* or smooth if  is C* or infinitely differentiable.
If D, D’ are domains and f : D — D’ is holomorphic on D, one-to-one and onto
D', then f is called a conformal transformation, or conformal mapping from D to D’.
A standard (one-dimensional) Brownian motion B, with respect to the filtration

{F:} on the probability space (2, F,P) is a stochastic process satisfying:

(i) For each 0 < s < t, the random variable B; — B, is F;-measurable, independent

of F,, and has a normal distribution with mean 0 and variance t — s.
(ii) W.p.1 (with probability one), the mapping ¢ — B, is a continuous function.

Brownian motion satisfies the following type of scaling, sometimes referred to as
Brownian scaling: If B; is a standard one-dimensional Brownain motion, r > 0, then
Y, = r~Y/2B,, is also a standard one-dimensional Brownian motion.

A complex Brownian motion with respect to F; is a process B; = B} +iB?, where
B}, B? are independent (one-dimensional) standard Brownian motions adapted to JF;.
Throughout this paper we will generally use P* to denote the probability measure
associated to B, with By = z. We will, however, generally write P for P°. Suppose

D is a domain and f : D — C is a non-constant holomorphic function.
mp =inf{t > 0: B; ¢ D}.

Then a simple application of It6’s formula yields what is referred to as the conformal

wmwvariance of Brownian motion:
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Theorem 2.2.1. Suppose B; is a complex Brownian motion starting at z € D, and
define
t
St :/ I[f'(B)]?dr, 0<t<Tp.
0

Let og = S, i.e.

Then
Ys = f(Bs.), 0<s< 8§

has the same distribution as that of a Brownian motion starting at f(z) stopped at

S

TD *

This shows that the law of Brownian motion is invariant (up to reparametrization)
under conformal transformations. A more apt way of thinking about this for our
purposes is as follows: Let D be a simply connected domain in C such that 9D is
smooth, and f : D — D’ be a conformal transformation. For z € D, let u# (D, z,0D)
be the probability measure on curves 7 : [0,t,] = D with y(0) = z, y(t,) € 0D, where
we consider two curves to be the same (equivalent) if one can be obtained from the
other through a reparametrization, which is induced by complex Brownian motion
started at D and stopped the first time it reaches 0D (for example, if A C D is a
sufficiently nice set with z ¢ A, then p#(D, 2,0D){v[0,t,]N A =0} = P*{B[0,7p] N
A =0}). If fou#(D,z,0D) denotes the image of the measure pu# (D, z, 0D) under
f, then Theorem 2.2.1] tells us that

fout(D,20D) = y#(D', f(2),0D') (2.2.2)

An especially useful notion will be that of harmonic measure, which requires the

notion of regular point

Definition 2.2.3. Suppose D is a domain with boundary dD. A point z € 9D is
called a regular point (for D) if

P {7p =0} =1,
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where 7p = inf{t > 0: B; ¢ D}.

Definition 2.2.4. If D is a domain such that 0D has at least one regular point
and z € D, then harmonic measure in D from z is the probability measure on 9D,
hm(z, D;-), given by

hm(z, D; V) =P*{B,, € V}.

We will say that 0D is locally analytic if there exists a one-to-one analytic function

f:D — C with f(0) = 2z such that
fMD)ND = f({zeD:Im(z) > 0}).

We will say that 0D is piecewise analytic if 0D is locally analytic, except perhaps at

a finite number of points.

Definition 2.2.5. If 9D is piecewise analytic, then it has been shown that hm(z, D;-)
is absolutely continuous with respect to Lebesgue measure (length). We call the

density of hm(z, D;-) with respect to length the Poisson kernel, and denote it by
Hp(z,w).

Thus, if u(z) is a harmonic function in the domain D with piecewise analytic

boundary, and boundary values u(z) = F(z) on 0D, then a well known result is that

u(z) = /6[) F(w)Hp(z,w) |dw|, (2.2.6)

where |dw| represents length measure.

A domain D C C is called simply connected if C \ D is a connected subset of
the Riemann sphere C. Equivalently, D is simply connected if and only if the region
bounded by every simple closed curve «[a,b] — D is contained in D.

An important driving force behind the entire theory of conformally invariant pro-

cesses is the Riemann mapping Theorem:
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Theorem 2.2.7 (Riemann mapping Theorem). Let D be a simply connected domain
other than C and w € D. Then there exists a unique conformal transformation

f:D — D with f(w) =0, f'(w) > 0.

A closed curve v : [a,b] — C is called a Jordan curve if it is one-to-one on [a, b).
A bounded domain D is called a Jordan domain if OD is a Jordan curve. Jordan

domains are simply connected.

Proposition 2.2.8. If D,D' are Jordan domains and zy, z2, z3 and 2y, 24, 25 are points
on 0D,0D', respectively, oriented counterclockwise, then there is a unique conformal

transformation f : D — D', that can be extended to a homeomorphism from D to D

such that f(z1) = z1, f(22) = 25, f(z3) = 24.

A compact hull K is a compact, connected subset of C larger than a single point
such that C\ K is connected. For any compact hull K, there is a unique conformal
map Fr : C\D — C\ K such that lim, ,,, Fx(2)/2 > 0. For example, if 0 € K,
we define Fi(z) = 1/fx(1/z), where fi is the conformal transformation from D
onto the image of C\ K under the map 1/z, with fx(0) = 0, f/(0) > 0. We define
the (logarithmic) capacity, cap(K), by cap(K) = —log f(0) = log[lim,_,o F(2)/z].

Thus, the capacity of a compact hull K is defined in such a way that Fy(z) ~ e®P(K)

z
as z — 0o. We will call a bounded subset A C H a compact H-hull if A=HN A and
H \ A is simply connected. From here on, we will denote the set of compact H-hulls

by A.

Proposition 2.2.9. For each A € A, there is a unique conformal transformation
ga:H\ A— H such that
lim [ga(2) — 2] = 0.

Z—00

Note that for each A € A, g4 has the expansion

ga(z) =z+ bz 4 - (2.2.10)
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near infinity.

Definition 2.2.11. If A € A, the half-plane capacity (from infinity) hcap(A), is
defined by
hecap(A) = lim z[ga(z) — z].
Z—>00

In other words, the half-plane capacity is taken to be the b; coefficient from the

expansion (2Z.2.10), i.e.

gA(z):HhCL(AHO(i), P

z

2.2.2 Scaling limit of SAW and SLE,

As is stated previously, all of the results described throughout this paper are motivated
by the conjecture that SAW converges to a scaling limit which is conformally invariant
in the limit as the lattice spacing goes to zero. Although the idea of a conformally
invariant scaling limit might be something simple to grasp by looking at a picture, here
we will describe the process in full mathematical detail, stating conjectures precisely.
In the case of self-avoiding walk, this convergence to a scaling limit can be described
as follows: Let D be a bounded, simply connected domain in C, and let z,w € 0D.
We will consider self-avoiding walks on the lattice 672 = 0Z + i0Z for § > 0. Let
2], [w] be the lattice sites which are the closest to z,w for a given 6 > 0. Some
convention needs to be taken if there are more than one lattice sites at equal distance
from z,w. Any convention can be used.

Let S(D, z,w, ) denote the set of all SAWs of any length beginning at [z] and
ending at [w], but otherwise staying inside of D. Let pgaw (D, z,w,d) denote the

measure on S(D, z, w, §) obtained by setting

/J/SAW(D7 Z, W, 5)[&]] = ﬁ_|w|,
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for all w € S(D, z,w, §). Note that the total weight of ugaw (D, z,w, ) is given by
|ILLSAW(D’Z7w’5)| = Z 6_‘“)‘7
weS(D,z,w,d)
which is finite for bounded, simply connected D. Thus we can talk about the proba-

bility measure

D, z,w,0)
# D, Z,’LU,(S _ NSAW( ) <y Wy ‘
ILLSAW( ) |MSAW(Da Z,’LU,(S)|

We think of each w € S(D, z,5,60) as a continuous curve in D, connecting [z] to
[w], and of M?AW(D, z,w,d) as a probability measure on all such continuous curves,
which assigns measure 0 to curves not in S(D, z,w,d). The following conjecture is

widely believed to be true, though a full proof remains elusive.

Conjecture 2.2.12 (Scaling limit of SAW). If D is a bounded, simply connected
domain, z,w,€ 0D, then there is a constant b > 0, referred to as the bound-
ary scaling exponent for self-avoiding walks, a function C(D,z,w), and a measure,
mgaw (D, z,w), on continuous curves 7 : [0,t,] = D such that v(0) = z, y(t,) = w,
7(0,t,) C D, for which

lim 52b/J’SAW(D7 <, W, 6) = mSAW(D7 2, ’UJ),
6—0+

where the convergence taking place is that of convergence in distribution. In other
words, if E is an event of simple curves in D from z to w, then the above equation
states that

51_13(1]14_ 62b,u/SAW(D7 Z, W, 6) [E] = mSAW(D7 Zs ’UJ)[E]

Furthermore, we have

lim 6%|psaw (D, z,w,8)| = C(D, z,w).
6—0+

By construction, C(D, z,w) is the total mass of mgaw (D, z, w).
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It is conjectured that the value of the boundary scaling exponent b is b = 5/8.
Note then, that Conjecture 2.2.12] can be stated in terms of the probability measure
M?AW(D, z,w,0). We have

: # _ o F
51_1>I(§1+ 1aw (D, z,w0,0) = mgay (D, 2, w), (2:2.13)

where

mgaw (D, z,w)
mﬁAW(D>zﬁw) = C(D e 'lU)

F1GURE 2.3. The self-avoiding walk in the domain D from z to w in the scaling limit
as 0 — 0+.

We now precisely state what we mean when we say that measure M?AW is con-
formally invariant. We state the conjecture in terms of general domains D, but it
has been shown in [KL2011] that the conjecture belows fails for many domains due
to lattice effects that persist in the scaling limit. However, it is believed that the

below conjecture is true, as stated, if we assume that the boundary of D consists of

horizontal and vertical lines.

Conjecture 2.2.14 (Conformal invariance of p% ., (D, z,w)). The measure jugaw (D, z,w)
satisfies the following form of conformal covariance: If f : D — D’ is a con-

formal transformation with f(z) = 2, f(w) = W', then the image of the measure
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mgsaw (D, z,w) under f, denoted f o mgaw (D, z,w), satisfies
fomgaw (D, z,w) = | (2)]°|f (w)|Pmgaw (D', 2, w'). (2.2.15)
It follows then that the probability measure m?AW must be conformally invariant:
fomuy(D,z,w) =mf (D', 2 w').

Notice that we cannot use the above construction to find a scaling limit for SAW
in H connecting 0 to oo, or in any other unbounded domain. However, we can find
the law in H from 0 to oo by first taking the limit on the uniform measures on N-step
upper half-plane SAWs as N — oo, on §Z2, as in section 2.1.2] in order to obtain the
measure ,LL?AW(H, 0,00,6), and then by taking

; 20 # —
51—1>%1+5 plaw (H, 0, 00,6) = mZ,, (H, 0, 00).

The most natural question to ask then, is if SAW converges to a scaling limit
which satisfies conformal invariance, is it possible to characterize this scaling limit? In
[ILSW2002] it was shown that if SAW converges to a scaling limit which is conformally
invariant, then that scaling limit must be given by the Schramm-Loewner evolution,
SLE,, with k = 8/3. What we have described in this section is chordal SAW, i.e. self-
avoiding walks which start at a boundary point in D and end at another boundary
point in D. Thus, the scaling limit of chordal SAW is conjectured to be chordal
SLEg;3. Chordal SLE, in H, from 0 to oo is defined by solving for Loewner chains
with the chordal Lowener differential equation, with Brownian motion as the driving
function. That is, one solves for the family of conformal maps g; by solving the initial

value problem

0 2
Egt(z) = ma QO(Z) =z,

where B; is a standard one-dimensional Brownian motion. For 0 < xk < 4, the

paths generated by chordal SLE, are simple curves 7 : [0, 00) — H with 7(0) = 0 and
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7(0,00) C H. The conformal maps ¢;(z) then take H\ (0, ¢] onto H with g,(y(¢)) =0
and
b(t) 1

g:(2) :z+7+O(W), 2 — 00,

where b(t) = hcap((0,¢]). Thus, for 0 < k < 4, one can think of SLE, as the random
chain of conformal maps g; (conformal analysts) or one can equivalently think of it
as the random measure on paths v connecting 0 to co in H (probabilists). For k > 4,
SLE, is still generated by paths v, though the curves are not simple and SLE, is
then thought of as a randomly growing set of compact H-hulls. To be more precise,
for each z € H, there is a time 7 = 7(z) € [0, 00] such that the solution g;(z) exists
for t € [0, 7] and lim;_,,_ ¢;(2) = \/kB, if 7 < co. The evolving hull of the Loewner
evolution is then defined to be K; := {z € H : 7(z) < t}, t > 0. Then K; € A and
one can show that g; is the unique conformal map H \ K; — H with g,(2) ~ z as
z — 00. In the case of k < 4, K; turns out to be a simple curve [0, ¢]. To say that K,
is generated by a curve for 4 < x < 8 means that there is a curve 7 : [0, 00) — H with
7(0) € R such that if H; is the unbounded component of H\ v(0, t], then K; = H\ H,.

We define SLE,. to be conformally invariant. That is, if D is a simply connected
domain (other than all of C), and z,w are distinct points on 9D, let F' : D — H
be a conformal transformation with F'(z) = 0, F(w) = co. This map is not unique,
but any other such map can be written as rF for r > 0. We define chordal SLE,
in D, from z to w to be the collection of maps h;(z) = F~g;(F(2))], where g,(z)
is chordal SLE, in H from 0 to co. If F = rF, for r > 0, then we would have
hi(z) = F g (F(2))] = F'r 'g(rF(2)] = F~' (g (F(2))], which is simply a
time change of SLE,.. Therefore, we consider SLE,, to be a measure on curves modulo
time changes.

The statement of the previous paragraph relies on the following fact about SLE,,

which we will use at certain points throughout the paper.

Proposition 2.2.16 (SLE scaling). Suppose g; is a chordal SLE,, and r > 0. Then
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Gi(2) = r7Lg.2(r2) has the distribution of an SLE,. Equivalently, if v is an SLE,
path, and 4(t) := r=y(r*t), then 4 has the distribution of an SLE, path.

In Section 2.3 we will briefly discuss restriction measures, and explain why the
restriction property ensures that if SAW has a conformally invariant scaling limit,

then this limit must be given by SLEgs.

2.3 Restriction Measures

If D is a simply connected domain, and z,w € 0D are distinct points, consider the
measure p7 (D, z,w,8). If D' C D is a subdomain of D and z,w € dD’, then
1w (D, z,w, 8) conditioned on the event that w C D’ is simply uZ (D', 2,w, 6).
We refer to this as the restriction property. Therefore, if M?AW(D, z,w,d) has a con-
formally invariant scaling limit, we would expect it to satisfy the restriction property.

Let us consider the restriction property for SLE, for 0 < x < 4. Then the SLE,
curve ~y(t) is simple with v(0,00) C H. Suppose A € A is bounded away from 0. Let
®4(z) = ga(z) — ga(0) be the unique conformal transformation of H '\ A onto H with
$,4(0) =0, and P4(z) ~ z as z — oco. It can be shown [Lawler2008],[LSW2003] that
0 < P{y[0,00)NA =0} <1Let Vy:={7y[0,00)NA=0}. On the event V4, we can
consider the path ® 4 0~(t). We say that SLE, satisfies the restriction property if the
distribution of ® 4 07(t) conditioned on the event V, is the same as (a time change of)
SLE,.. Note that since SLE, is a conformally invariant process, this definition of the
restriction property follows from the previous definition of the restriction property
in the half-plane case. Another application of conformal invariance then shows that
the restriction property for SAW is then the same as the restriction property for
SLE, given that SLE, satisfies the restriction property in the half plane. Thus, a
likely candidate for the scaling limit of SAW will be any SLE, which satisfies the
restriction property. In fact, it can be shown that the only SLE, which satisfies the
restriction property is SLEg/s3 [Lawler2008|,[LSW2003.
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If we are considering simple curves from 0 to oo modulo time changes, we can
specify where the curve visits by specifying those A € A bounded away from 0 with
7[0,00)NA = (). Thus, the distribution of SLE, for k < 4 is given by specifying P(V4)
for each A € A bounded away from 0. It has been shown [LSW2003],[Lawler2008§],
that it suffices to consider those A € A for which ANR C (0,00). It can also be
shown that it then suffices to specify these probabilities for smooth Jordan hulls. We
will present the next Lemma, complete with proof, since the proof is very short and
easy. It is the first step in showing that SLEg3 is the only SLE, which satisfies the
restriction property. The proof follows that which is found in [Lawler2008]

Lemma 2.3.1. Suppose k < 4 and there is an a > 0 such that P(Vy) = ®,(0)* for

all A € A bounded away from 0. Then SLE, satisfies the restriction property.

Proof. Suppose P(V4) = ¢/,(0)* for all A € A bounded away from 0, and let
A1, A € A be bounded away from 0. Then

P{®,407[0,00) N Ay = 03[0, 00) 1 A = 0} = LL2A° V[O’P Oa[f; i.lo )?V)sz[obzo) nA=0}

P(VAqu,l(Al))
@', (0)°

But @ ¢-1(4,) = Pa, © P4, so the numerator is 'y (0)@’4(0)°. O
The next Theorem is of special importance regarding SAW.

Theorem 2.3.2. SLEg3 satisfies the restriction property. In fact, if v is a chordal
SLEg/3 curve in H and A € A is bounded away from 0, then

P{y[0,00) N A =} = &',(0)>/. (2.3.3)

This Theorem can be proved without relying on the converse of Lemma 23]
although the converse to that statement is important in the study to restriction

measures.
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Generally speaking, chordal restriction measures are measures defined on curves
in a domain D which go from boundary point to boundary point, which satisfy a more
general version of the restriction formula. That is to say, if D is a domain, z,w € 90D
are distinct, and if m(D, z,w) is a measure on curves v : [0,¢,] — D with 7(0) = 2,
Y(ty) = w and v(0,t,) C D, then if D’ is a subdomain of D with z,w € 0D’, then
m(D, z,w) satisfies the restriction property if m(D, z, w), restricted to those curves
that lie in D', is m(D’, z,w). Of course, if we want to study probability measures
which satisfy the restriction property, some normalization is involved.

Restriction measures have been studied extensively (see [LSW2003],[AC2010]),
and it turns out that the only restriction measure on simple curves is given by the
law of SLEg/3. To understand the behavior of general restriction measures, let us
restrict our attention to probability measures on unbounded hulls in H.

D C H is a right-domain if it is simply connected and 0D NR = [0, c0). Similarly,
a simply connected D C H is a left-domain if 0D NR = (—o0,0]. Let J denote the
set of closed sets K such that K = K NH and such that H\ K is the disjoint union of
a right-domain and a left-domain. An element K € J is referred to as an unbounded
hull in H. We will sometimes refer to these as restriction hulls.

For example, suppose 7!, ...,7" : (0,00) — H are curves with lim,_,o, v*(¢) = 0,
lim; o0 ¥¥(t) = 00. Let D = H\ [y}(0,00) U---U~y"(0,00)]. Let DT be the connected
component of D, the boundary of which contains the positive real axis, and let D~ be
the connected component of D, the boundary of which contains the negative real axis.
Then D7 is a right domain and D~ is a left domain. We call K = H\ (DtUD™) € J
the hull generated by +*,...,y™

If Ae Aisbounded away from 0, let V) = {K € J : KN A= (}. We then let
V = {V4: A€ Ais bounded away from 0}. It is easy to see that V is a m-system,
so that if two probability measures P and P’ agree on V, then P = P’ on o(V).
Therefore, when we refer to a measure on J, we will really be referring to a measure

on o(V).
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As before, if A € A is bounded away from 0, let ®4 denote the unique conformal
tranformation from H \ A onto H such that ®4(0) = 0 and ®4(z) ~ z as z — oco. If

v is a measure supported on Vy, let 4 o v denote the measure
Ppov(Vy)=v{K: Po(KNH)NA =0}

A measure v on J will be called scale-invariant if v(V,4) = v(Vy) for all A € A
bounded away from 0. A probability measure P on J is a restriction measure if it

is scale-invariant and for every A € A bounded away from 0,
d AOUVpg = ]P),
where v4 is the conditional probability distribution given Vjy.

Proposition 2.3.4. IfP is a restriction measure on [J, then there exists 0 < a < 00

such that for each A € A bounded away from 0,
P(Va) = @, (0)*.

If such a restriction measure exists, we denote it by P,.

Note that the above proposition shows that the measure on SLEg/3; curves is a
restriction measure. In fact, it is P5;3. The proof of other restriction measures is
complicated. One must construct the restriction measures carefully. It is done by
considering an SLE, curve for 0 < x < 8/3 and an independent realization of the

Brownian bubble soup (see, e.g [Lawler2008]) with intensity parameter A, where

6
= A= (8—3kK)a.
"t (8= 3r)a
The Brownian bubble soup is a Poisson point process of closed loops which lie in
H. The restriction measure P, is realized by considering the hull generated by the

union of the SLE, curve with those (filled in) loops which intersect it. It should be

clear that these hulls are unbounded H-hulls, or restriction hulls, and that P, is a
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measure on such hulls. In general, if we let (D, z, w) denote the triple consisting of a
Jordan domain D, and z,w € 0D, then we can define (chordal) restriction measures
on (D, z,w) through conformal transformation, much like we did with SLE,. We will

)

denote restriction (probability) measures on (D, z, w) by PY*™). Such restriction

measures are then essentially characterized by the following two properties:

e Restriction property. If D C D’ and 0D,0D’ agree in neighborhoods of z, w,
then P is PP conditioned on the event that the hulls K lie in D.

e Conformal invariance. If f: D — D’ is a conformal transformation, then

f o PDA) — pDIELIw),

It is perhaps worth noting that one can uniquely define restriction measures which
are not probability measures and carry a unique total mass through conformal covari-
ance. Then the restriction property becomes one of actual restriction to a subdomain,
as opposed to one of a conditional probability. The conformal invariance property
then becomes a conformal covariance property. However, we will deal solely with the

probability measures in this paper.
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CHAPTER 3

CONDITIONING RESTRICTION MEASURES ON BRIDGE
HEIGHTS

In Section we developed an object called the infinite upper-half plane SAW, a
measure on infinite length self-avoiding walks staying in the upper half-plane for all
time > 0. We will say that w € H has a bridge point, or cut point, at height y € N if
w can be written w = @ ® @, where © € B, © € H, and h(w) = y, where for a given
w € B, h(w) denotes the height of w, which in the case of a bridge coincides with
the span of w. Geometrically speaking, this means that w € H has a bridge point at
height y if the horizontal line at height y — 1/2 intersects w only once, where here
we are thinking of w as a sequence of sites along with the nearest neighbor bonds
connecting those sites.

Let S, :={z € H: 0 < Im(2) < y} denote the strip of height y, for y € IN. Let
98, :={z € H:Im(z) = y} denote the upper boundary of the strip. For z € 0Z, let
14w (S, 0, 2 4 iy, ) be defined as in section 222, and define
2 weoz Msaw (Sy, 0,2 + iy, 6)
> wesz |Hsaw (Sy, 0,z + iy, 0)|

i.e. the probability measure on self-avoiding walks in the strip S,, beginning at 0

M?AW(Syv 0, 85;, 5) =

and ending anywhere on the upper boundary. The following Theorem was proven in

[DGKLP2011]:

Theorem 3.0.1. Let y be a positive integer. If we condition Py o on the event that
the walk has a bridge point at height y — 1 and only consider the walk up to height vy,

then the resulting probability measure is uﬁAW(Sy, 0,05f,1).

The main purpose of this chapter is to show that this result still holds in the

(conjectured) scaling limit. We will show in section [B.I] that the same result holds for
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restriction measures of all restriction parameters a € [5/8,1). In section B.2 we will
show that a more general version of the Theorem holds for restriction measures with

a€[5/8,1).

3.1 Conditioning on the event that a restriction measure has
a bridge point at a given point

In this section we will show that if one takes a restriction measure with restriction
parameter o (5/8 < o < 1), conditions on the event that there is a bridge point at z =
r+1y, x,y € R, and only considers the hull up to height y, then one obtains the law for
the restriction hull on the triple (S,,0,z + iy), where S, = {z € H: 0 < Im (2) < y}.

The results of this section depend heavily on the results obtained in [AC2010],
where it is shown that for restriction measures P,, with a € [5/8,1), bridge points
exist P,-a.s. Here we define a bridge point for a restriction hull K on the triple
(H, 0,00) to be a point z € H such that the horizontal line y = Im(z) intersects
K in the singleton {z}. Throughout this section, we will let C' = C(K) denote the
(random) set of bridge heights for a restriction hull K.

Given a simply connected domain D C C (not the entire complex plane), and

z,w € 9D, as before, we let P”*™) denote the law for the restriction hull with

(szvw)
[e%

parameter o € [5/8,1), on the triple (D, z,w). Recall that the measures P are

characterized by the following two properties:

e Conformal Invariance: If f: D — D’ is a conformal transformation from

D onto a simply connected domain D', then if f o P denotes the image of

PP under f then
£ o PDaw) _ PSS w).

e Restriction: The conditional law of K on the triple (D, z, w), restricted to

those hulls K that lie in a subdomain D' C D with z,w € 9D’, is distributed

according to the law P>,
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Given a triple (D, z, w), if A is such that A = AN D, D\ A is simply connected and

w)

z,w ¢ A, then the probability measure P is characterized by the values

PPN A= ().

On the canonical triple (H, 0, 00), we can calculate the above probabilities using the

restriction formula:

Po{KNA=0} =2, (0)",

where, as in section 23], ® 4 is the unique conformal transformation from H\ A onto H
such that ®4 (0) = 0 and ®4 (2) ~ z as z — 0o. Therefore, we see that on a general

triple (D, z,w), the restriction formula becomes

PP#HK N A =0} =, (0)7, (3.1.1)
where f is a conformal transformation from D onto H satisfying f(z) = 0 and

f(w) = co. We would like to define the conditional probability on the event that a
restriction hull has a bridge point at a given z € H. Since this is an event of measure

zero, we define the conditioning as follows:
PAKNA=0zeC}= 1_i>I0n+IP)a{K NA=0|KNI(ze) =0}, (3.1.2)

where I(z,¢) = {w € H: Im(w) = 1: |[w— z| > €}, i.e. the line y = Im(z) with a
gap of width 2¢ centered at z removed. Let us now state the main theorem of this

section:

Theorem 3.1.3. Let K be a restriction hull under the law P, := IP’&H’O’OO). Then
conditioning on the event that K has a bridge point at z = x + 1y and considering K

up to height y gives the law of a restriction hull K on the triple (Sy, 0,z 4+ 1y).

Proof. It suffices to prove the result in the case that z = x + ¢, and then the
general result will follow from scaling. Let S := S; = {z€H:0<Im(2) <1}.
Let [ (x+i,e) ={z€H:Im(2) =1,|z — (x 4+ i)| > €} be the horizontal line y = 1
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with a gap of width 2¢ centered at = + i removed. Let A be such that A = SN A,
S\ A is simply connected and A is bounded away from 0, x 4. We want to show that

P {KNA={z+icC}=P5S0KNA=0p}.

Since the event that x + ¢ is in C' is an event of measure 0, we must define the

conditional probability in terms of a limit:
PAKNA=0z+icC}= llr0n+IP>a{KmA: DKNI(x+ie) =0}

Let E. = AU I (z +1i,¢). Then the conditional probability can be written as

61_1)1r(1)[1+IEDa{KﬁA—(D|Kr‘|l(:)s+z,e)—(7)}—61_1)1((1)r5r]P)OC{KQI(QHLZ_’E):@}.

In [AC2010], it is shown that

7T2o¢
PA{KNI(z+ie =0}~ 2a,
{ (o ticp =0 16 cosh®* (wz/2) ‘

as € — 0+ . Thus, by the restriction formula (3.1.1]), the problem reduces to showing

that
2a

s
P {KNE. =0}~ 2’ o (0) 3.1.4
{ ) 162 cosh? (7r:z:/2)E s (0) ( )

as € — 0+, where f is the conformal transformation from S onto H such that

f(0) =0, f(x+1i) = oco. Given 2/ € (z —¢€,x+€), we write f,, for the confor-
mal transformation from S onto H with f,/ (0) = 0 and f,s (2’ + i) = co. It is clear

that
P, (4) (0) ~ D4 (0)

as € — 0+. We will use the Brownian excursion method described in section to
calculate P,{K N E. = (}. That is, if Bt is a complex Brownian motion conditioned

to stay in H for all ¢ > 0, then we have [Virag2003]

P{B[0,00) N A =0} = &,(0). (3.1.5)
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To that end, let B, = X, +iY;, t > 0, be a Brownian excursion in H, starting at 0
and going to co. Then X; is a standard one dimensional Brownian motion and Y; is a
Bessel-3 process. In [Virdg2003], it is shown that the probability that the Brownian

excursion misses I is given by ®% (0). Thus, we must show that

2
i 25/

~ )
16 cosh? (7x/2) IS

s, (0) (0).

Given r > 0, let ¢, = inf{t > 0 : Y, = r} be the first time that the Brownian
excursion B, reaches height 7.

In order for the Brownian excursion started at 0 to make it to co without hitting
A or I (z+1i,€), it must first make it to the line Im (z) = 1 while avoiding A, it
must hit the horizontal line y = 1 somewhere in the gap of width 2¢ centered ¢, and
then it must make it to oo while avoiding I (z + i,€) and A. Starting at x + \e + 1,
for some A € [—1,1], in order to make it to oo, it first must make it up to the line
Im (z) = 2 while avoiding A and I (x + i, €), and then must pass to infinity while still
avoiding the two sets. Upon integration over the starting points, these three events
are independent by the Strong Markov property, and therefore the probability that
B, misses E. is given by the product of the three events, integrated over the starting
points. The first event is the event that B (0,6,) N A = 0 and X;, € (z — €,z + €).
This is simply the probability that a Brownian excursion in the unit strip, starting
at 0 and ending somewhere along the upper boundary of the strip avoids A and exits
somewhere along the gap. The exit density for B.E. on the line Im (z) = 1 is given

by 7/4 - cosh™? (wz/2) . Thus, the probability of the first event is

€ 7r 7r
P’ 0Vde! ~ ———d,,,. (0).
/—6 4cosh? (m (z — ') /2) s (0) d 2 cosh? (ms/?)E s (O)

Now, the second event is the event that B (61, 62) avoids A and I (z + i) simultane-
ously, and hits the line Im (z) = 2 anywhere along the line. Since B(,l lies somewhere

along the gap, we are looking at the event that the Brownian excursion, started at

x + Xe + i, A € [—1,1], hits the line of height 2 while avoiding I (x + 7,€) and A.
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We argue that this is asymptotically the same as the event that B (61,09) avoids
I (x+1i,€). Indeed, in order for this path to hit A while avoiding I (z + i, €), it must
go back underneath the gap and hit A, which is an event of order ¢, and then it must
pass back through the gap and proceed to the line of height 2, which is an event of
order at most e. Thus, the probability of such an event is at most O (¢?), and there-
fore doesn’t contribute asymptotically (The statement that passing back through the
gap and going to the line of height 2 is at most order € is due to the argument that
follows).

Now, the probability that the path, started at x + e + 4, hits the line Im (z) = 2
while avoiding I (x + i,¢€), can be calculated asymptotically. The exit density along
the line y = 2 of a Brownian motion starting at  + Ae 4+ ¢ in the region S, :=
(R x [0,2¢)) \I (z +1,€) is asymptotically the same as the (translated) exit density
along the line y = 2i¢ of a Brownian motion started at Ae + ¢ in the region S, :=
(R x [0,2i])\I (i,€) up to translation which, upon integration over the line y = 2,
is immaterial. Asymptotically, this is the same as the exit density of a Brownian
motion along the line y = 2, started at Ae + ¢, conditioned to avoid the real axis,
in the same region. In other words, Hg, (2/, x + iy) is the Radon-Nikodym derivative
of the probability measure ,u?e(z’ ,0S,), which is the probability measure on curves
starting at 2z’ and ending anywhere on 9S,, derived from Brownian motion started
at 2/ and stopped at 7g.. Then, asymptotically, the event that a Brownian motion
started at 2/ = \e 4+ goes back down through the gap of width 2e a distance of order
1 is O(e), and the probability that it then comes back up through the gap to exit S,
in a region of x + iy is at least O(e), for a combined probability of at least O(e?),
which doesn’t contribute asymptotically. The above exit density, Hg (2, + iy), is

given by [AC2010]
™1 — \?

Hg (Ne+i,y+2i)~ —" 2 ¢
s. Aty +20) 8cosh2(7ry/2)6

Therefore, the probability that B (61,09) avoids I (z +1i,€), is asymptotically given
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by
Lo a1 - )2 !
——————edyd\ = <-—-—¢
—1J -0 8cosh” (1y/2) 821
_ T
= ¢

Putting together what we have so far, we see that the event that the Brownian
excursion reaches the line y = 2¢ while avoiding FE, is asymptotically given by

7.(.2

2 41
Seost? (ma2)” 1 ()

Now we must calculate the probability that B (62, 00) passes to infinity while avoiding
A and I (x4 i,€). But the argument given above also shows that asymptotically, this
is the same as the probability that B (62, 00) avoids I (x + 4, €). But it is clear that this
is asymptotically the same as the event that B (02, 00) passes to oo before returning
to the line y = 7. However, this is simply the probability that a Bessel-3 process
started at 2 passes to oo before hitting 1. Recall that for a Bessel-d process, given

0 < x1 < x < x9, the probability that the process hits x5 before z; is given by

1-2a 1—-2a
0\ L, L1X9) = —w———7—5-
o (; ) x% 2a_xi 2a

Here a and d are related by a = (d — 1) /2. Plugging in the appropriate values, and
taking the limit x9 — 0o, we see that the probability that the excursion goes to oo
before hitting the line y = i is exactly 1/2. Multiplying with the above probability,

we obtain the desired result. O

3.2 Conditioning on generalized bridge points

In this section, we will expand the result from section B.1] to show that we can con-
dition on the event that a restriction hull has a more generalized type of “bridge
point”, to obtain restriction measures in domains other than the strip. We begin

by considering smooth curves v : [a,b] — H, where we allow the possibility that
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a,b = 400, which disconnect H into two simply connected domains, H; and Hs,
where 0 € H,. For example, given r > 0, one can take y(t) = re'™, 0 <t < 1. Then
H, =rDy :=HNrD and Hy, = H\ rD.

We then consider the event that for a given z € H, K Nvy[a, b] = {z} for restriction
hulls K under the law P,. This should be an event of P,-measure 0, but we argue
that by the appropriate limiting process, the P, conditional law on this event is well
defined. In what follows, we will let C., denote the (random) set of generalized bridge
points; that is, C, = {z € H: K Nrvyla,b] = {2}, > 0}. Note that in this case,
a point z € H is a generalized bridge point for the restriction hull K if K intersects
some dilation of v[a, b] only at {z}.

Let X denote the set of all smooth curves v : [a,b] — H which disconnect the
half-plane into disjoint, simply connected domains H,, Hy, with 0 € H;. It will be
useful to parametrize such curves by arc length. To that end. let X'* denote the set
of all v € X which are parametrized by arc length. Given v € X*, z € v[a,b], let
s, € [a,b] be such that y(s,) = z. For € > 0, we define the sets

L(z,€) :=7[a,s. — €] Ur[s, + €],

the curve 7[a, b] with a gap of arc length 2¢ centered at z removed. We would like to
define the conditional probability, P,{-|z € C,}. Since for a given z € H, the event

z € C, has P,-probability zero, we define this conditioning as follows:
P.{-|z € C,} = el_l)I&IP’a{-\K N1,(z,¢€) =0}
Let us now state the main Theorem we would like to prove in this section.

Theorem 3.2.1. Let K be a restriction hull under the law P, and let v € X* be such
that Tm(~y(2)) is bounded away from infinity, uniformly in z. Let 7 = inf{t > 0: K, €
ryla,bl}. Conditioning on the event {z € C,} and considering K up to time T gives

the law of a restriction hull H on the triple (H1,0,2).



48

Note that Theorem [3.2.1]is a generalization of Theorem B.1.3] since taking ~(s) =
s + 1y for fixed y > 0, and applying Theorem [3.2.1] gives Theorem B.1.3
Given a simply connected domain D, z,w € 9D, let Hyp(z,w) denote the bound-

ary Poisson kernel, defined by

Hop(z,w) = lim e *Hp(z + en,, w), (3.2.2)

e—0+

where n, denotes the inward unit normal at z. If z € 9D, v € D, we let Hp(z,v)
denote the Poisson kernel. The distinction is given by the subscript and by whether
z,w,v are boundary points or interior points. Given v € X* such that

MaX.eyq,p {Im(7(2))} < M for some M > 0, let
Syze={weH:0<Im(w) < M}\ I,(2€).
Before proving Theorem [B.2.1] we prove the following Proposition.

Proposition 3.2.3. Let K be a restriction hull under the law P,. Suppose that
v € X* is such that there exists M > 0 such that

max y(w) < M.
wey[a,b]
Then there exists a constant ¢ > 0 such that
P {K NI (z,€ =0}~ cHym, (0, z)ag(z)o‘eza, (3.2.4)

as € = 0+, where g(z) = limy 0 [0 Hg. . (2,2 +iM)dz.

Proof. Let B, be an H-excursion. That is, B; is a complex Brownian motion condi-

tioned to stay in the half-plane. Recall that
) (2.0(0) = P{B[0,00) N I,(z,¢) = 0}.

Let v € X* and let 7, = inf{t > 0 : B, € 7[a,b]}. In order for B to reach oo while

avoiding I,(z, €), we must have B; € (s, — €, s, + €); B must first hit the curve v



49

somewhere along the gap of length 2¢, and then, starting somewhere in the gap of
width 2e, the H-excursion must proceed to infinity while still avoiding I, (z, €). By the
strong Markov property, the probability that B [0,00) avoids I,(z,¢€) is the product
of the probability of these two events.

Suppose D is a simply connected domain in C other than all of C, and let z € D
and I' C 9D be a smooth boundary arc. If B; is a complex Brownian motion and
Tp = inf{t > 0: B, € 0D}, let up(z, D) be the measure on simple curves which start
at z, end anywhere along the boundary of D, derived from B; starting at z and stopped
at 7p. Let pup(z,I') be up(z,0D) restricted to curves that end somewhere along I'.
If w € 9D is in a smooth neighborhood of 0D, we can define up(z,w) through a
limiting process by considering smooth boundary arcs I'. of length €, normalizing the
measures by e !. Also, if 2 € D is in a smooth neighborhood of 0D, we can define
pop(z,T) by pop(z,T) = im0y € 'up(z + en,,T'), where n, is the inward pointing
unit normal to 9D at z. By applying the limiting process twice, we can define a
measure on simple curves from z to w, but otherwise staying in D, which is derived
from Brownian motion. We then define pf,, (2, w) = pap(z,w)/|pap(z,w)|. In fact,
the measure ugD(z, w) is known as Brownian excursion measure in D from z to w.

Let us first consider the probability of the first event, P{B,, € v(s, —¢,s, +¢)}.

We argue that this probability is asymptotically given by
P{BT7 €v(s, — €5, +€)} ~c1Hom, (0, 2)e, (3.2.5)

as € — 0+. Consider the measure pgy, (0, H;") as given above, where H; is the upper
boundary of H;. That is, H;" = v[a,b]. Then we have
pom, (0,7(s, —€,8, +¢€)) = / u?Hl(O, 2 VHpm, (0, 2')|d7'],
Y(sz—€,5:+e€)
where we use the superscript # notation to denote that we have normalized the
measure into a probability measure. It follows that the probability that a Brownian

excursion in H; from 0 to a point on the curve v|a, b] lands somewhere in the gap
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v(s, — €, s, + €) is given by
# S,+€
1o, (0,0H ) {A(t5) € v(s. —e,5. +€)} = Hom, (0,7(s))7(s)ds

Sy—€

~ c1Hyp, (0, 2)e,

where ¢; = 2([ ., Hop(0,2") |d2'||™", and we are using ¥ to represent a curve from
the support of p%, (0, 0H;).

Now we must show that this probability is the same as P{Bﬁ €v(s,—e€,s.+€)}.
This follows from the conditioning used to obtain the measure ung (0,0H;). We
start a complex Brownian motion at 0 and condition that it stays above the real axis
for all ¢ > 0 through a limiting process, stopping it at the time it hits H," = 7|a, b].
But this is the same as the measure given by P{BTW € E}, where E is an event of
continuous curves in Hj, starting at 0 and ending somewhere along the curve 7[a, b].

We now consider the probability P{B[Tw, 00) N I,(z,€) = 0}, the probability that
the H-excursion, started after the first time it hits the gap of length 2e¢, passes to
infinity while avoiding I, (z, €). We argue that this probability is asymptotically given
by

P{B[r,,00) N L,(2,¢) = B} ~ c29(2)e (3.2.6)

as € = 0+, where g is as in the statement of Proposition and ¢, is a positive constant.
Let 7y = inf{t > 0 : Im(B,) = M}. For an H-excursion starting at 2’ € (s, —e¢, s, +
€), in order for the H-excursion to pass to infinity while avoiding I, (z, €), it must first
reach height M while avoiding I,(z,€). Then the probability that the H-excursion
started at 2’ € y(s,—¢, s, +¢€) passes to infinity while avoiding /,(z, €) can be obtained
by considering the probability that B[Tw Tm) NI, (z,€) = 0 in the limit as M tends to
00. Arguing as in the proof of Theorem B.1.3] we have

P{Blr,, 7u] N L,(2,¢€) = 0} ~ /

Y(s:—e,sste

~ 2 (/ Hg . (2,0 41iM) dx) €

/ Hg _ (Z,z+iM) dx |d?|
) J—o0
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as € = 0+. Thus, setting g(z) = limyoo [0 Hs, . (2,2 + iM) dz, we arrive at
(32.6). Combining this result with (B.2.5]), we arrive at the conclusion of the propo-

sition. O

We are now in a position to prove Theorem B.2.Il Given a smooth curve v € X*
such that max,eq[a5 7(w) < M for some M > 0, let A C H, be such that A = ANH,,
H,\ Ais simply connected and A is bounded away from 0 and z for a fixed z € 7[a, b].
The measure PY"* is determined by the probabilities [Lawler2008], [LSW2003]

PO N A = (),
for such A. Using conformal invariance, the above probabilities are given by
PO K N A =0} = &, (0)%,

where f is a conformal transformation from H; onto H such that f(0) = 0 and

f(z) = oo. Let us now proceed to the proof of Theorem [32.1]

Proof of Theorem B.2.71. We prove the result in the case r = 1. Scaling will
then give the desired result. Let v € A*, M > 0, and A be as above. Define
E,.:=1,(z,¢€)UA. Note that

P{KNA=0zeC,} = li%1+IP’a{K NA=0KNIL(z€ =0}

_ PAKNA=0,KNIL(z¢) =0}
e P{K NIL(z¢€) =0}

i PA{KNE, =0}
61—1>I(])ﬂ+ P {KNIL/(z¢€) =0}

Therefore, it suffices to show that, as e — 0+,
Po{K NE, =0} ~P{KNL(z¢) =0PIOI KN A=},

or, equivalently, that
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where f : Hy — H is a conformal transformation with f(0) = 0, f(z) = co. For a
given € > 0 and 2’ € y(s, —€,s,+¢€), let f,, : Hi — H be a conformal transformation

with f.(0) =0, f.(2') = co. Note that, as € = 0+,

(I)/fz,(A) (O) ~ (I)/f(A) (0)

We proceed to show equation (B.27) holds by calculating the probabilities for an H-
excursion. To that end, let Bt, t > 0 be an H-excursion. In order for B, to pass from
0 to oo while avoiding FE. ., it must first pass from 0 until it hits v[a, b] somewhere
along the gap of length 2e while avoiding A, and then it must pass from a point along
the gap to oo, all while still avoiding I,(z, €) and A. By the strong Markov property,
these two events are independent, and therefore the probability that B, passes from
0 to oo while avoiding F., . is the product of the probabilities of these two events. Let

us first consider the probability of the first event,
P{B[0,7,|NE, .= 0} = P{B[0,7,] N A =0, Bm €y(s.: — €5, +€)}.

By an argument similar to that in the proof of Proposition 3.2.3 the probability of

this event is given by the law ,ung(O, OH"), and we have

P{B[0,7,] N By = 0} = uly, (0,0H7) ({3[0,4,] N E, . = 0})
—¢ [ Hn(0.2)8), 4 (0) ]
Y(s2—€,82+¢€)

~ ClH@Hl (0, Z)(b/f(A) (0)6

as € — 0+, where ¢ is as in the proof of Proposition 3.2.3

Let us now consider the probability of the second event. We argue that the
probability that, starting from a point along the gap of length 2¢, the H-excursion
passes to oo while avoiding I, (z, €) and A is asymptotically the same as the probability
that, starting from the gap of width 2e, the H excursion passes to co while avoiding
I,(z,€). Indeed, by the proof of Proposition B.2.3], there is an O(e) probability that the

H-excursion passes below the gap a distance of O(1) to touch A, and then another
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O(e) probability that it passes back up through the gap without touching I, (z,¢).
Overall, the probability of this event is O(€?), which doesn’t contribute asymptotically.

Therefore, we have, as € — 0+,
P{B[T,Y, ) NE, =0}~ P{B[T,Y, o0) NI, (z€) =0}
~ CQQ(Z)Ea

where ¢; and g(z) are the same as in (3.2.6]). Putting this together with the probability

of the first event, we have
P{B[0,00) N E, . = 0} ~ cHop, (0, 2)9(2) ¥y 1) (0)€”

as € — 0+, which completes the proof of Theorem [3.2.1] O

Remark 3.2.8. It is worth noting that Theorem [3.2.1]still holds if we remove the con-
dition that max,eq[q5 Im(y(w)) < M. For example, if v € A* has unbounded imagi-
nary part, then there exists a sequence {7, } such that max,c, (4, b,] I (70 (w)) < M,
for all n, where each M, > 0, and such that ®;  (0) — @} (0) as n — oo
[Cawler2008], [LSW2003].

We will now proceed to show that the same result holds for curves which are
constrained to lie within a given simply connected domain D. For such a simply
connected domain D and z,w € 9D, let Xp be the set of all smooth v : [a,b] — D
such that v(a,b) C D, v(a),y(b) € dD and 7|a,b] seperates D into two simply
connected components seperating z and w. Denote these two connected components
by D; and D,, where z € 9D, and w € 9D,. Let X}, denote the set of all v € Xp
which are parametrized by arc length. If K is a restriction hull under the law P{P"),
we will say that v € D is a generalized bridge point on D if K Nv[a,b] = {v}. Let
C,,.p denote the (random) set of generalized bridge points on D. In this case, we must

concede that C, p be either the empty set or a singleton. For our purposes, however,

this suffices.
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Corollary 3.2.9. Let D be a simply connected domain, z,w € 0D, and let v € X};.
Then if K 1is a restriction hull under the law IP’&D’Z’W), conditioning on the event that
v e C, p and considering the hull K up until the first time it hits y[a,b], one obtains

the law for a restriction hull K on the triple (Dy, z,0).

Proof. Let f : D — H be a conformal transformation with f(z) = 0, f(w) = oo.
Let A C D; be such that A = AN Dy, D;\ A is simply connected and bounded away

from z,v. As before we define I,(v,€) := 7v[a, s, — €] Uq[s, + €,b], where s, is such

that (s,) = v. We define the conditioning PS*"{-|v € C, p} as

]P)ngvsz){.h) c C’y,D} = 11%1+IP)(§D72711}){|K N [—Y(U,E) = @}
Now by conformal invariance,
PP KN A=0lveC,p}= 11%1+IP((1D,z7w){K NA=0|KNIL(v,e) =0}
= lim Po{K 1 f(A) = 01K 0 f(L,(v,6)) = 0}
= P.{K N f(A) =0[f(v) € Cs}

— PUDDOIOD (K f(A) = )
= PP KN A= ().
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CHAPTER 4

THE INFINITE QUARTER-PLANE SAW

Here we conjecture the existence of an object called the infinite length quarter-plane
SAW on the lattice Z = 7Z + i¢Z. This is a probability measure on the space of
SAWs w such that wy = 0, and w stays in the quarter-plane Re z > 0, Im z > 0.
The construction is similar to that of the infinite upper half-plane SAW. The basic
requirements for such a construction are a notion of bridges and irreducibility, and
certain ratio limit theorems which can be derived from the pattern theorem.

The reason that the existence of the infinite quarter-plane SAW remains conjec-
ture is that a proof of Conjecture remains elusive. Every other detail of the
construction has been seen to with full rigor. That is to say, if one takes Conjecture
as a given, then the full existence of the infinite quarter-plane SAW follows
immediately from what has been done here.

We begin by just stating some definitions and introducing the notations which

will be used for the remainder of the chapter.

Definition 4.0.1. As in Section 2.1l the number of N-step SAWs starting at the
origin will be denoted cy. The number of N-step half-plane bridges starting at the
origin will be denoted by, and the number of N-step half-plane SAWs starting at
the origin will be hy. The set of all N-step SAWs beginning at the origin will be
denoted Sy, while the set of N-step half-plane SAWs and half-plane bridges will be
respectively denoted by Hy, By. An N-step irreducible bridge is a bridge which
cannot be written as the concatenation of 2 or more (non-trivial) bridges. We will
denote the number of N-step irreducible bridges beginning at the origin by Ay, and
the set of all such irreducible bridges by Ay.

Now we need to define something called a quarter-plane walk, which is similar to
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a half-plane walk, although the definition requires us to allow the walk to touch the

real and imaginary axis at any point along the walk.

4.1 Bridges and the connective constant

Definition 4.1.1. An N-step quarter-plane self-avoiding walk w in Z?, beginning at

0, is defined to be a SAW whose components satisfy the following inequalities:
e Re(wy) < Re(wj) forall j=1,..., N,
o Im(wp) <Im(w;) forall j=1,...,N.

The number of N-step quarter-plane SAWs beginning at the origin will be denoted
qgn- The set of all N-step quarter-plane SAWs w with wy = 0 will be denoted by Q.
By convention, we take gy = 1 (i.e. the trivial walk).

Let @ denote the closed quarter plane {z € Z : Re(z),Im(z) > 0}. This is some-
what of an abuse of notation, since in Chapter [l we will use Q to denote the open
quarter plane, {z € H : Re(z) > 0}. Given a lattice site z € Z?, let Q, denote the

quarter plane translated to z, i.e.

Q. =Q+ =z

Definition 4.1.2. An N-step quarter-plane bridge w, beginning at 0, is defined to

be an w € Qu such that there exists z € Z? satisfying
0Q, Nw={wn} ={z}.

The number of N-step quarter-plane bridges w beginning at 0 will be denoted py. By
convention, pg = 1 (we think of this as the trivial walk, i.e. w = {0}). We will let Py
denote the set of N-step quarter-plane bridges w beginning at 0, so that py = |Py].
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Note that the concatenation of two quarter-plane bridges is a quarter-plane bridge,

and therefore we have

PNPM < PN+M,

which means that the sequence (—log py) is subadditive, and therefore the existence
of the constant
1/N 1/N

idge = 1im = su
6Qbmdge N-oo PN N>Ii PN

is guaranteed.
Since py < gy for all N, this also gives us the existence of the constant Sguarter

defined by Bouarter = limy_o0 C_Ijlv/N

Since gy < hy < ¢y, we know that Bouerier < 3, and we would like to know that
Bouarter = 5. We will prove something stronger. That is, we will show not only that
Bouarter = 3, but that moreover, Bopridgge = 3. We will first state a theorem by Hardy
and Ramanujan (1917):

Theorem 4.1.3. For each integer A > 1, let Pp (A) denote the number of partitions
of A into distinct integers (i.e. the number of ways to write A = Ay + - - -+ Ay where
Ay > > Ak ). Then

AN\ /2
log Pp (A) ~ <§) as A — oo.

To begin, we will prove a proposition which bounds the number of quarter-plane
SAWs in terms of the number of quarter-plane bridges. We will proceed to bound
the number of half-plane SAWs in terms of the number of quarter-plane SAWs. We

will use these bounds to show that Bouridge = Bouarter = 8. We first need a definition:

Definition 4.1.4. An N-step walk w is called a bridge in the weak sense, or weak

bridge, if the imaginary components satisfy

o Im(wp) < Im(w;) < Im(wy).
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The number of N-step weak bridges starting at the origin is denoted by (as opposed
to by, which is used to denote the number of N-step bridges beginning at the origin).
A weakly half-plane SAW is defined similarly. Note that by < by < ¢y, which implies
that

lim (6N>1/N — 8. (4.1.5)

N—oo

Definition 4.1.6. The span of a SAW w € Sy is defined to be

span(w) := Jax Im(w;) — oin Im(w;).

We let gy 4 denote the number of w € Qu with span A, and similarly py 4 denotes

the number of w € Py with span A.

Proposition 4.1.7. For every N > 1,

qv < Pp (N) pw, (4.1.8)
where Pp (N) is defined as in Theorem [{.1.3.

Proof. Let N > 1, and let w € Qy. Let ng = 0, and for j = 1,2, ..., recursively
define n; (w) and A; (w) such that

Aj(w)= max (-1) (Im(wy, ,) — Im(wy),

nj_1<k<N
and n; (w) is the largest value of k for which this maximum is attained. The recusrion
is stopped at the smallest integer J such that n; = N. This means that A;,; (w) and
nyy1 (w) are not defined. Then A; (w) is the span of w (as well as the height of w).
In general, A;;; (w) is the span of [wnj, e ,wN], which is either a weakly half plane
walk (which stays in the quarter plane) or a reflection of one. Moreover, each of the
subwalks [wnj, ey Wy +1] is a bridge in the weak sense, or the reflection of one. Also,
we have A1 > Ay > --- > Aj.

Now, given a set of J decreasing positive integers a; > -+ > ay, let Qn [aq, ..., ay]

denote the set of all quarter-plane SAWs w € Qun with A; (w) = ay,..., As(w) = ay
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and ny(w) = N. Note then that Qu [a] is the set of all weak bridges of span a
beginning at the origin which are also quarter-plane walks. Since each of these walks
is a quarter-plane bridge, but not every quarter-plane bridge is a weak bridge, we

have

19 [a]] < pr.a, (4.1.9)

Then, given w € Qu, we define a new walk @ as follows. For 0 < j < n; (w),
let @; = w; and for n; (w) < j < N, let @; be the reflection of w; about the line
Im(2) = A; (w). Then @ € Qn [a1 + ag, ..., ay], and since this transformation is one-

to-one, and since we can repeat the process until we end up with a weak bridge, we

have
1Qn [a1,. .., a5]] < |Qn a1+ ag, ..., a,]
<|Qnlai +---+ay]|.
Now, summing over all finite collections of decreasing integers a; > --- > a; and

using ({.1.9), we have

QNIZ\QN[CM,---,@JH
< S Qv+ a]

S E PN,a1++ay>

which in turn gives us that

gy < Z Pp (A) pn.a
A=1

oo

< Pp (N) Z PN, A
A1

:PD(N)pNa

as desired. 0
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We now proceed to state and prove a Theorem which will allow us to conclude one of
the major necessary results required in the construction of the infinite quarter-plane

SAW; we will show that
ﬁQuarter = ﬁ

follows as a Corollary to the following Theorem.
Theorem 4.1.10. For any constant B >  (1/3)"?, there exists an Ny (B) such that
hy < qneN'"? for all N > Ny. (4.1.11)

The proof that we present for this theorem relies on the following unfolding process

depicted in Figure [£1l which transforms half-plane SAWs into quarter-plane SAWs.

Proof. We first fix B > 7 (1/3)"/ and choose ¢ > 0 such that B — e > 7 (1/3)"/2,
Then by Theorem [£.1.3] there exists a positive constant K’ such that

Pp (A) < K'exp [(B —€) AY?] for all A. (4.1.12)

Let w € H,,. Let A; = min, Re(wy) and let my be the first k& for which Re(wy) =
A;. Notice that if A; = 0, then we have w € Q,,. Then we let

Pl = el

and 7, (w) is the first k for which Re(w;y) = By . We then recursively define, for
j=2...N
A; (W)= min Re(w)

0<k<f, 1

and 7 (w) is the first k such that Re(wy,) = A;. Similarly,

B; (w) = max Re(wy)

0<k<rn;

and 7; (w) is the first & for which Re(wy,) = B;. The recursion stops for the first J at

which either A;,, (w) = 0 or By (w) = 0. If the recursion stops when A;,; = 0, then
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L]
-
L

Wny

> wn2

FIGURE 4.1. A SAW w € Hg42[256,204,148,92,45,10]. The sequence of folding
times are marked. Here, the recursion stops at n;, which we take to be undefined.

Ay and By are of thought of as undefined. If the recursion stops when B, = 0,
then both By and A s+1 are thought of as undefined. One might notice that the case
where A; and B; are undefined is a special case (that is, w is already a quarter-plane
SAW), which will have to be taken into consideration in our calculations. We then
define the sequence of positive integers n; (w) to be the folding times ny (w) = My (w),
ne (w) = My (w), ng (w) = Ma (w), etc. In general, we define ny; (w) = f; (w) and
ngj—1 (w) = m; (w), where either j=1,...,2Jorj=1,...,2J — L.
Now, given a positive integer J and a sequence of J positive integers a; > ay >
- > ay > 0, let Hyla,...,ay] be the set of all w € Hy such that wy = 0,
ny (w) =ay,...,ny(w) = ax (hence ny,; is undefined) . Note that for a given integer
a > 0, Hy [a] is the set of all quarter plane SAWSs reflected across the imaginary axis
with wy = 0 and a the smallest integer such that Re(w,) = ming Re(wy).
Given an N-step SAW w in Hy [ay, . . ., as], define a new SAW w!!l as follows: First

we define a translation of wl!, which we denote by @!!: For j > a;, define d)j[»l] = wj.
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For j < ay, define d)j[»l] to be the reflection of w; about the line Re(z) = Re(w,, ). We
then define wl!! to be the horizontal translation of @ such that w([]l} = 0. Repeating
this process J times, we see that w!’! is in Q. Furthermore, this transformation is
one-to-one, since given w € Qy which can be obtained through a sequence of such
transformations from a half-plane SAW, and the sequence of folding times (ay, . .., ay),
a; > --->ay > 0, we can easily reproduce the half-plane SAW as follows: define a
new SAW w® by first defining @ by d},il) = wy, for k > a; and by defining JJ,(:) to
be the relfection of wy, across the line Re(z) = Re(w,,) for k < ay, and then defining
w to be the horizontal translation of @) such that w(()l) = 0. We then repeat this

process, i.e. we define wlij) = w,gj_l) for k < ay_j1; and wlij) to be the reflection

across the line Re(z) = Re(wg,jll). Then w® € Hy[a1,...,a ], and we see that

the unfolding process is a one to one transformation. Therefore, summing over all

sequences of positive decreasing integers a; > --- > ay; > 0, we have

hy =Y Hular, . el +qn

N
< ZPD (A) gy + qn
A=1

In other words, what we have just shown is that there exists a constant C' > 0 such

that for sufficiently large N,
hy < CNPp(N)qy (4.1.13)
Now, combining with (L.I1.12), we have (for sufficiently large N),
hy < KNgyexp [(B —¢) Nl/ﬂ
Therefore, there exists Ny (B) such that

hy < qnePN for all N > N, (4.1.14)
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Corollary 4.1.15. Bouarter = 5.

Proof. This fact is immediate from (LI1.14]), since (£.1.14)) implies that for sufficiently
large NV,

hNe_BNl/2 <gn < hy,

and consequently,

Corollary 4.1.16. ﬁQbridge = ﬁ

Proof. The inequality (£I8), combined with ([EII2), tell us that for sufficiently

large N, we have
1/2
g < pne™

and following a similar argument to that in the proof of Corollary [4.1.15] we see that
f= lim oY (4.1.17)

—00
]

Definition 4.1.18. The generating function for the number of quarter-plane bridges

is denoted P (z), and is given by
ET SECI s
weP N>0

where P = (Jy_, Pn is the set of all quarter-plane bridges w with wy = 0 of any

length.

Notice that equation (ZIIT) tells us that the radius of convergence of P (z) is z. =

B~ We will now state the conjecture that the rest of the construction hinges upon.
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As mentioned previously, a proof of the conjecture remains elusive, though we believe
it to be true. The natural thing to attempt might be to try to recreate the proof of
Proposition 2.1.200in this context, though it appears that there is no decomposition of
quarter-plane SAWSs into quarter-plane bridges analogous to that utilized in the proof
of Proposition 2.1.20, nor is there any such one-to-one decomposition of half-plane
SAWs into quarter-plane bridges. We leave it open as conjecture with the awareness
that, should a proof be found, then the construction of the infinite quarter-plane SAW

would be complete.

Conjecture 4.1.19.
lim P (z) = 4o0;

z,/ %c
that is,
P(z) =) =" pyp™ =4oc. (4.1.20)
weP N=1

4.2 Irreducible bridges and a renewal equation.

Definition 4.2.1. Given w € Py, we will say that w is a reducible bridge if there
exist © € P, w' € Py, n+m = N, n,m # 0 such that w = & & w'. A quarter-plane

bridge which is not reducible will be called irreducible.

We will let T denote the set of all irreducible quarter-plane bridges beginning
at the origin, and vy := |YTy|. It is going to be useful to consider the generating

function for irreducible quarter-plane bridges:

Definition 4.2.2. The generating function, Y (z), for irreducible quarter-plane bridges,
is defined to be

T(z) = Z 29l = f: oy,
N=1

weY

where the first sum is taken over the set of all irreducible quarter-plane bridges,

T = U?\?zl T
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Proposition 4.2.3.

lim T (z.) =1,
Jim T (z)

where, as above, z. = B~1. In other words,

> gkl = i onSN = 1. (4.2.4)
N=1

weY
Proof. The proof of this proposition is the same as the proof of Proposition 2.1.201,
and essentially only relies on the notion of irreducibility, along with equation (4.1.20).
We will prove it in full detail for the sake of clarity. The idea is as follows: Given

w € Py, let s (w) be the smallest integer j (1 < j < N) such that
w=wduw,

where @ = [wy, ..., wj|] € P;, w = [0,wjt1 —wj,...,wn —w;| € Py_;j. Then, by the

minimality of s, we see that © € Ty and it follows that

N
PN = ZUSpN—s -+ 5]\/70. (425)

s=1

Multiplying both sides by 2%, and then summing N from 0 to oo yields

and thus
1

T 1-T(2)

Now, since the radius of convergence of @ (2) is z. = 7!, we see that for 0 < z < 2,

Q (2) (4.2.6)

we must have 0 < T (2) < 1, and by ([£I1.20), we immediately see that

lim T (z) =1, (4.2.7)

Z—Zc—

as desired. 0
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We will most commonly write the result ({L2.7) as

> =1,

weYT
or

i onpN = 1. (4.2.8)
N=1

It is not difficult to see that equation (L.2.8) gives rise to a renewal equation. In
fact, it is a standard result for irreducible half-plane bridges, and the same result

holds for irreducible quarter-plane bridges. If we let (for & > 1)

pr = vpf"
and
an = pnB7Y,

for N > 1, then multiplying both sides of (EZH)by 3~ yields

N
ay = ZpkaN_k. (4.2.9)
k=1

We can interpret this probabilistically as follows: Suppose we have a sequence of
identically distributed random variables X7, X5, ... on a probability space (P, Q) such
that P {X; = k} = py, for every j. Then (£2.9) tells us that

ay =P{X;+---+ Xy = N for some k > 0}.

In other words, ay is the probability that there is a “renewal” at “time” N. Equation
(A29) is called a renewal equation, and this probabilistic interpretation will fuel the
construction of the infinite length quarter-plane SAW.

4.3 The pattern theorem and the ratio limit theorems
4.3.1 The Pattern Theorem

The final ingredient required in the construction of the infinite length quarter-plane

SAW is going to be Kesten’s pattern theorem, applied to quarter-plane SAWSs. Briefly,
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a pattern is a short SAW which can occur as part of a longer SAW. Kesten’s pattern
theorem, as originally stated, says that if a given pattern can occur many times on
a SAW, then the probability that the pattern occurs less than a/N time on an N-
step SAW, for some a > 0, decays exponentially in N as N — oco. Kesten’s pattern
theorem was originally stated and proved for full plane SAWs [Kesten1963], and has
been checked to be valid for half-plane SAWs [LSW2002], half-plane bridges, and
SAWs with a given initial point and terminal point [MS1993]. We will state and fully
prove the theorem in the case of the quarter-plane SAWs. With this, we will be able
to prove a version of Kesten’s ratio limit theorems for quarter-plane SAWs, and this
will be the final ingredient for our construction of the infinite length quarter-plane
SAW.
Let us begin by defining explicitly what we mean by a pattern.

Definition 4.3.1. A pattern P = [py, ..., p,| is said to occur at the j-th step of the
SAW w = [wo,...,wn] if there exists a vector v € Z? such that w;r = pp + v for

k=0,...,n. It is clear that v must be defined by v = w; — po.

But the story is slightly more complicated. The pattern theorem is not going to
hold for general patterns, since these patterns can take on very pathological shapes.
We must, in turn, make explicit what we mean when we say that a pattern can occur

several times on a SAW. We will limit our attention to the case that wQy.

Definition 4.3.2. For £ > 0 and P a pattern, let gy [k, P] (respectively py [k, P])
denote the number of w € Qy (respectively, w € Py) such that the pattern P occurs
no more than k times on w. Let Gy [P] (respectively Jy [P]) denote the subset of
On (respectively Py) for which P occurs at the 0-th step. We will say that P is a
proper front pattern if Gy [P] (respectively Jy [P]) is nonempty for all sufficiently
large N. We will not make any attempt to linguistically distinguish between proper

front patterns for quarter-plane SAWs and proper front patterns for quarter-plane
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bridges. It should be clear from context which we shall be referring to. We will say
that P is a proper front pattern if for all k& > 1, there exists an N > 1 and a SAW
w € Qu (respectively w € Py) such that P occurs at least k times for w. Once again,
we will make no attempt to distinguish between proper internal patterns for w € Qy

and w € Py, and leave it up to context to distinguish to which we are referring.

With these definitions in hand, we can properly state Kesten’s pattern theorem.
The theorem states that if P is any proper internal pattern, then there exists an a > 0
such that

limsup (qy [aN, P])"Y < 8. (4.3.3)

N—oo

It is disputable whether it is clear that (£.3.3]) gives you the probabilistic statement
mentioned at the beginning of the section. To see this, observe that (£3.3]) implies

the existence of an € > 0 such that

lim sup (g [aN, PN < B(1—¢),

N—oo

and therefore for all sufficiently large N, we have
an [aN, P] < (B (1= €)™
Also, since § = limy_,; qjlv/N, we see that there exists for all sufficiently large IV,

av < (B(1+e)".

Therefore, we see that the probability that a given /N step quarter-plane SAW w with
wo = 0 has no more than a/N occurences of the pattern P satisfies

qv [aN, P - (1 —e)N

qn I+e

for all sufficiently large N.
Let us now state some equivalent characterizations of proper internal patterns

which will help us throughout the proof of the pattern theorem.
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Proposition 4.3.4. Let P be a pattern. The following are equivalent:

(a) P is a proper internal pattern;

(b) There exists a cube Q = {zx € Z*: 0 < z; <b} and a SAW ¢ such that: P
occurs at some step of ¢, ¢ is contained in QQ, and the two endpoints of ¢ are corners

of Q;

(c) There exists a SAW w such that P occurs at three or more steps of w.

One should note that here we are using the more vague terminology of SAW as
opposed to being explicit about which type of SAW to which we are referring. We will
use SAW here to refer to either quarter-plane SAWs or quarter-plane bridges. Also,
in the definition of the cube Q = {x € Z? : 0 < z; < b}, we are using the subscripts 4
to denote the real and imaginary parts of z; z; = Re(z), zo = Im(z).

It will also be useful to notice that if (b) above holds for a pattern P, then it will

always be possible to take
b =2+ max{|jlu—v|| : v and v are sites of P}.

The proof that (a) = (c) is clear, as well as the proof that (b) == (c) and (b)
= (a). It is more difficult to show that (c) implies both (a) and (b), though one
can find a proof of this in Hammersley and Whittington.

We will now add some notation that will help us along in our quest to prove the

pattern theorem.
Definition 4.3.5. A cube is any set of the form
Q:{x622:aigxigai+bf0ralli:1,2},

where a1, a, and b are integers and b > 0. Each cube has 22 = 4 corners. If Q is a

cube as above, then let ) denote the cube which is two units larger in all directions;

Q={z€eZ:aq,—2<z;<a;+b+2forali=12};
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and let Q) denote the set of points which are in @ but not in Q;

0Q = Q\Q.

An outer point of 0Q is a point of dQ) which has at least one nearest neighbour

which is not in Q.

Definition 4.3.6. Suppose that () is a cube and that P is an n-step pattern such that
po and p,, are corners of @), and p; € @ for alli = 0,...,n (in particular, P is a proper
internal pattern). We say that (P, Q) occurs at the j-th step of the SAW w if there
exists a v € Z? such that w;, = px + v for every k =0,...,n and w; is not in Q for
i < jorfori>j+n. For every k > 0, let qn [k; (P, Q)] (respectively py [k; (P, Q)])
denote the number of w € Q (respectively Py) for which (P, Q) occurs at no more

than k different steps of w.
We are now ready to state Kesten’s Pattern Theorem in its full generality:

Theorem 4.3.7 (Pattern Theorem). (a) Let Q) be a cube and P be a pattern as in
definition 19. Then there exists an a > 0 such that

limsup (qu [aN, (P, Q)N < 8. (4.3.8)

N—o0

(b) For any proper internal pattern P, there exists an a > 0 such that

lim sup (g [alV, P])l/N < p. (4.3.9)

N—oo

We will remark here that (£3.8) is a stronger statement than (A3.9). To see
this, suppose that P is a proper internal pattern. Then there exists a ¢ and @) as in
Proposition A3:4l Then, since P occurs on ¢, any walk for which (¢, Q) occurs for m

different steps must contain m or more occurences of P. Therefore, we have

qn [k, P] < qn [k, (¢, Q)]
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for every k > 0, which shows that (a) is a stronger statement than (b). Therefore, in
order to prove Theorem 3.7 it suffices to prove part (a).

We will now prove a lemma which will serve as the first fundamental ingredient
in our proof. In part (a), we will construct a pattern which completely fills a cube.
In part (b), we will show that it is possible to splice a given pattern onto a SAW by
first deleting the portion of the walk contained within the enlarged cube @, and then

replacing that portion with the pattern we will construct in the lemma.

Lemma 4.3.10. (a) Let Q be a cube in Z*. Then there exists a SAW w, whose
endpoints are corners of QQ, which is entirely contained in Q) and visits every point in
Q (it should be noted here that the number of steps in w is one less than the number
of points in Q).

(b) Let P = [po, . ..,px] be a pattern contained in the cube QQ, whose endpoints are
corners of Q). Let x and y be two distinct outer points of 0Q). Then there exists a
SAW W' with the following properties: its initial point is x and its terminal point is
y; it is entirely contained in Q); there is an integer j such that W} ;, = p; for every
i=0,....,k, w; €0Q for everyi < j and everyi > j+k. In particular, (P, Q) occurs
at the j-th step of W'.

We will prove the result for SAWSs on the lattice Z¢, as opposed to Z2. The reason
for this is that the proof of part (a) relies on inducting on the dimension d, and
although the proof will hold for Z?2, there is no reason here to avoid a more general

result for Z¢ for this particular geometric lemma.

Proof. As stated above, we will prove (a) by induction on the dimension. For d = 1,
the result is obvious. Suppose that the result holds for d — 1. For simplicity, assume
that

Q={reZ: 0<z;<bforalli=1,...,d},

where b is a positive integer. Notice then that the intersection of () with each of the
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hyperplanes 4 = [, 1 =0,...,bis a d— 1 dimensional cube, which we will call Q'. By
the inductive hypothesis, there exists a SAW wl® which begins at the origin, whose
endpoints are corners of ¥, is entirely contained in Q¥ and which entirely fills up Q°.
Since each corner of @' is a nearest neighbour of Q'*!, it follows that we can obtain
the desired SAW by simply filling up each @' in turn.

(b) First we choose a SAW w!!! which goes from z to py and contains only outer
points of JQ) (except for, necessarily, the last two steps). We then choose a SAW
wi which goes from pj;, to y and which is entirely contained in dQ (to do this, we
simply avoid outer points until the very last step of w?). Then the desired SAW is
Ww=wllgPguw?. O

We should remark here that in the proof of (a), choosing such a @ does not inhibit
our ability to perform such an operation for quarter-plane SAWs. In fact, the SAW
obtained in (a) is indeed a quarter-plane SAW. Similarly, for part (b), so long as
the enlarged cube, @, is entirely contained in the quarter plane, we can perform this
operation as many times as we would like for quarter-plane SAWs. This will be useful,
because when we combine parts (a) and (b), we will be able to splice patterns which
completely fill up cubes onto quarter-plane SAWs.

We will now need to expand our plethora of notation even further, creating some
subtle ambiguities that can easily lead to some confusion. However, this seems neces-
sary since it allows us to make arguments which would otherwise have to be repeated.

We begin by fixing a certain “radius,” r, a positive integer. For a given N-step
SAW (in particular, quarter-plane SAWs or quarter-plane bridges), w, we will extend
the definition of cube to that of cubes centered at some step of the walk w. For

j=0,...,N,let
Q(.]) = {$€Z2:|xi—ﬂiwj\Srforalli:1,2},
Q) = {ozeZ?: |z —muw| <r+2foralli=1,2},

0Q(j) = Q@UH\QU)
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where 7; denotes projection onto the i-th component. We will say that E* occurs at
the j-th step of w if w visits every site of the cube @ (7). For a given integer k > 1, we
will say that E} occurs at the j-th step of w if w visits at least k sites of the enlarged
cube Q (j). We will say that £}, occurs at the j-th step of w if either E* or Ej, (or
both) occur there.

In what follows, we will use E to denote either E*, Ey or Ej. If m is a positive
integer, we say that E (m) occurs at the j-th step of w if E occurs at the m-th step
of the 2m-step SAW [w,_pm, ..., Wj,Wjt1, ..., Wjtm). It is clear that this definition
requires some modifying if j —m < 0 or 7 +m > N (NN the number of steps in
w). If j —m < 0, we say that E (m) occurs at the j-th step of [wo, ..., wj1n], and if
j+m > N, we say that E (m) occurs at the j-th step of w if E' occurs at the m-th step
of [Wj—m,-..,wn|. In particular, if E (m) occurs at the j-th step of w, then E occurs
at the j-th step of w. For every k > 0, let gy [k, E] (respectively, qy [k, E (m)]denote
the number of quarter-plane SAWs w in () such that E occurs at no more than k
steps of w. Note that for fixed k and N, ¢y [k, E (m)] is a non-increasing function of
m, since occurences of E (m) become more frequent as m increases.

The next lemma essentially just says that if F occurs on most quarter-plane SAWs,
then E (m) occurs quite often on most quarter-plane SAWs (quite often in the sense
that the probability that it occurs less than aN times decays exponentially fast in
N).

Lemma 4.3.11. If
lim inf (¢y [0, )Y < 3, (4.3.12)
N—oo

then there exists a; > 0 and an integer m such that

limsup (qy [N, E (m)))"™ < 8. (4.3.13)

N—oo

Proof. Observe first that gy [0, E] = gn [0, E (N)], so there exists an € > 0 and a
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positive integer m such that
Gm [0, E (m)] < (B(1—¢€))" (4.3.14)

and
g < (B(1+¢€)™. (4.3.15)
To see this, observe that (A3.12) implies that there exists an ¢ > 0 such that
infsn (gn [0, E ()™ < B(1—¢) for all N > 1. Also, since 8 = limy_0 qn ",
there exists an integer m; > 0 such that ¢, < (8 (1 + ¢€))" for all n > m;. then, since
inf,>m, (¢n [0, F (m)])l/" < B(1—¢), it follows that there exists m > m; such that
qm [0, E (m)] < (B(1 —¢€))™, and thus we have established (£.3.14]) and (£3.15).
Now, let w € Qu and let M = L N/mi. Now, for a given 0 < k < M, if E (m)

occurs at most k times in w, then £ (m) occurs in at most k of the M m-step subwalks
[Wei—1)ym» Wi—1)m+1s - - - s Wim), © = 1,..., M. Crudely counting the number of ways in
which E (m) can occur at k or fewer of these subwalks (and remembering to count

the last N — mM steps of w, we arrive at the (rough) bound

vk E(m)] <

( ]‘\74 ) & (@ [0, E(m)D™ ™ qn—mr (4.3.16)

k

7=0

mM . M 1 +€ am mM

< ﬁ qN—mMZ ] 1 —«¢ (1—€> .
7=0

Now, it suffices to show that there exists p > 0 and a positive ¢ < 1 such that

v [pM, E (m)] < 1™ (4.3.17)
for all sufficiently large M, since if that is true, for 0 < a; < p/m, we have
q [N, E (m)]"™ < q[pM, E (m)]"/™ < t8™,

for all sufficiently large M, (and thus, for all sufficiently large N), and by taking m-th

roots, we obtain the existence of 9 > 0 such that

av [N, E(m)YY < (1-0)8



75

for all sufficiently large N, which gives (£.3.15)). But if p is a sufficiently small positive

number, we obtain

s (V) o T

< aren () a- o

Here we use pM on the sum instead of LpM J for readability. Using Stirling’s formula,

one can show that as M — oo, the M-th root of the right hand side of (A.3.I8)

1 1+e€ pm(l y
pr(1—p) " \1—e v

which is less than 1 whenever 0 < p < pg for some sufficiently small py. Therefore,

by (A3.16), we see that (L3I7) holds whenever 0 < p < py and M is sufficiently

converges to

large. O

It is worth remarking that the previous Lemma holds if we replace gy with py wher-
ever we see qy. The initial argument for the existence of such an €, m requires only
a slight modification, but is essentially the same.

The next Lemma is referred to as the heart of the proof of the pattern Theorem.
It is merely the statement that the hypothesis of Lemma [L.3.11] always holds in the
case that F is E*. That is, it says that almost all walks fill a cube of some fixed

radius.
Lemma 4.3.19. liminfy_,. gy [0, B*]YY < 3.
Proof. Begin by assuming that the lemma is false. That is, assume that
lim gy [0, E YN = g, (4.3.20)

We must now make some very basic observations. First, notice that gy [0, Ek] is a
nondecreasing function of k, since if E), does not occur on a given quarter-plane SAW,

then Ek+1 surely does not. Also, if E* does not occur on a given quarter-plane SAW,
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then it is clear that E(2r +5)2 cannot occur either (in order for E(2r 452 to occur, the
enlarged cube, @ (j), must be entirely filled up, which cannot happen if Q (j) never

gets entirely filled up). These two observations lead us to the inequality
ax [0, E*] < qu [0, E(2T+5)2] < gv. (4.3.21)

Thus, combining (4.3.21]) with (£3.20), and using the fact that limy_, ., qjlv/N = [, we
see that

]UN = 8. (4.3.22)

]\}1_120 qn [O, E(2r+5)2
It is also not difficult to see that (for our fixed integer r > 0), we have qy [O, EH;J =0.
This is because the first r + 3 steps of any quarter-plane SAW must lie in Q (0). The
fastest way for the walk to escape from @ (0) is to make 7 + 3 consecutive steps in

the vertical direction or in the horizontal direction. But this observation means that

there must exist some constant K such that 7 +3 < K < (2r 4+ 5)° such that

_ 11N
lim inf g [0, x| <5 (4.3.23)
N—oo i
and
. TN
lim gy [O,EKH — 3. (4.3.24)
N—oo i

Lemma 317}, along with (f3.23) then guarantee the existence of an a; > 0 and an
integer m such that

1/N
] <8 (4.3.25)

lim sup gn [alN, Ex (m)

N—oo

Now, define the set Ty to be the set of quarter-plane SAWs w € Qp such that Ex

never occurs and such that Ex (m) occurs at least a; N times. That is,
Ty = {w €Qn: EK+1 never occurs, Ex (m) occurs at least a; N times} . (4.3.26)

In ([@3.26), we were able to replace Ex (m) with E (m), because requiring that Fx 4
cannot occur forces E* to not occur. Now, observe that the number of quarter-plane

SAWs in Ty must satisfy

Tn| > qn [O,EKH] —qN [alN, Ex (m)] . (4.3.27)
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This is easy to see. When substracting the number of w € Qu such that Ej (m)
occurs no more than a; N times, we must also count those same walks for which

EK+1 occurs, and therefore the number of walks in T exceeds this difference. Then,

by ([{£3.23)), (E324) and ([E3.27), we see that

lim T |YN = 8. (4.3.28)
—00

We can interpret this result to mean that there is some number K such that
it is not unusual to find cubes with exactly K points covered and absolutely no
cubes with K + 1 points covered. For the rest of the proof, we will utilize Lemma
[4.3.10, which states that we can splice patterns into quarter-plane SAWs by deleting
enlarged cubes and replacing them with patterns which cover an entire cube. Given
a walk w € Ty, we will consider the collection of all cubes that have exactly K points
covered. We will then proceed to remove the patterns inside a particular subcollection
of these cubes and replace them with patterns which entirely fill the same cubes. This
transformation is not one to one, and the length of the resulting walk will not be the
same, but we can still arrange it so that the number of resulting walks is bigger than
|Tv| by an exponential factor, and this will contradict (4.3.20).

Suppose that w € Qy is such that Ex,; never occurs and such that Ex (m)
occurs at the ji-th, jo-th, ..., js-th steps of w (here we allow for Ex (m) to occur at
more than these steps, but we assume that Fy (m) occurs at at least these steps).

Furthermore, assume that
O<ji—m,js+m<N,and jj+m<jy—miforalll=1,...,s—1 (4.3.29)

and

Q(1),.--,Q (js) are pairwise disjoint. (4.3.30)

The first condition (£3.29) tells us that the first occurence of Ex (m) we consider
occurs after m steps and that the last occurence of Ex (m) we consider occurs at

least m steps before the end of the walk. This allows us to not have to deal with
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the different cases in which the definition of Ex (m) would have to be modified. The
second condition of (4.3.29) tells us that the bounded intervals in which each Ex (m)
occurs are completely seperated. Condition (£330) will allow us to perform our

splicing operation without running into any technical difficulties.

Forl=1,...,s, let
oy :min{i:wi 6@(]’;)} and 7 :max{z':wi :@(jl)}

be the entrance and exit times, respectively, of w in the enlarged cube @ (j;). By
our construction, since Ex (m) occurs at the j-th step of w and EK+1 does not, this
implies that there are exactly K sites of Q (j;) covered by w, and that these sites
must lie between wj,_,,, and wj, 4, on the walk. Therefore, we have j; —m < 07 <
Ji < 1 < ji+m for every [. Consider all possible ways of replacing |wy,, ..., ws]
with a subwalk which stays completely inside of @ (j;) and completely covers Q (j;).
The existence of such subwalks is guaranteed by Lemma [£.3.10. We can perform this
operation simultaneously for all subwalks [w,,,...,w;] (every [ =1,...,s), since we
have guaranteed that there be no overlap between subwalks and between the enlarged
cubes. Furthermore, we can always choose ji, ..., Js in such a way that the resulting
SAW is a quarter-plane SAW ¢ with ¢y = 0, and such that E* occurs s times and
such that the length, N’ of 1 satisfies

N <N +s(2r+5)°. (4.3.31)

This is easy to see, since s (2r 4+ 5)% is the total number of sites in Q (j1),..., @ (j).
Now, consider all triples (w,1,J) where w € Ty, J = {j1,...,Js} is some subset
of {1,..., N} such that ([@3.29), (£330) hold, Fx (m) occurs at each j; € J, and

s = LON (here § is some small number to be defined later); and such that ¢ can
be obtained from w by the above procedure. We shall provide rough estimates for
the number of such triples from above and below in order to obtain a contradiction.

In both cases, we will use the observation that each cube @ (j) intersects exactly
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V := (4r 4+ 9)® cubes of radius 2 + . This is because the cube Q (j) intersects the
cube of radius r centered at z if and only if ||w (j) — z||, < 2(r +2), and a simple
count shows that there are exactly (2 (2 (r +2)) + 1)* = (4 + 9)? such sites x.

First, the number of triples is at least the cardinality of T times the number
of possible ways of choosing a set J for walks w € Ty. Each w € Ty contains
at least a; N occurences of Ex (m), so we may choose hy < --- < h,, where u =
LaiN/ (2m +2) V3 — 2 such that (i) Ex (m) occurs at the h-th step of w for each
l=1,...,u, (11))0 < hy—m,h,+m < N, hy+m < hjyy —mforeach [ =1,... ,u—1
and (1) Q (h1),...Q (h,) are pairwise disjoint. This shows why we can choose this
number for u; We divide a; N by (2m +2)V in the above expression to ensure no
overlap between the subwalks in each of the Q (h;), and we subtract 2 at the end in
order to ensure that the subwalks don’t occur at the beginning of the walk.

Then, it is clear that any subset of {hy,...,h,} which has cardinality LONJ is a
possible choice for J. Therefore, we can see that if we set p = a1/ ((2m +2) V'), then

(dropping the - from the notation), we obtain the bound

number of triples > |Tiy| ( p]\gj\_f 2 ) . (4.3.32)

For an upper bound, consider a triple (w,,J). It is clear that E* occurs at least
|J| = LONJ times on %, though it may occur more than L§/N_ times since making a
change in a cube Q (j;) can produce occurences of E* in some of the cubes of radius

r+ 2 which intersect @ (j;). But since E* never occurs on w, we see that E* occurs at
VON
ON

possibilities for the locations of the cubes Q (5;),l = 1,...,|J|. Also, given ¢ and

most V' |J| times on 1. Therefore, given 1, we see that there are at most (

the locations of the cubes Q (j;), I = 1,...,|.J|, each such cube determines a subwalk
of 1 that has replaced some subwalk of w. Since each of the subwalks which were
replaced by subwalks of ¢ has at most 2m steps, we see that the total number of
possibilites for w, if we are given 1 and the locations of the cubes, is bounded from

below by (Z?Zt) ci)éN. Finally, if we know w and the locations of the cubes, then J is
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uniquely determined. Defining Z = Z?ZO ¢;, and using the elementary counting fact

that ( ‘2%\7 ) < 2V9N along with (£3.31)), we see that

N+(2r+5)26N
number of triples < 2V zoN Z Ci. (4.3.33)

=0
This is clearly a very rough estimate, but it will suffice to give us the contradiction

we desire. If we combine (A3.31]) and ([@3.32), take N-th roots and let N — oo, using
Stirling’s formula once again, along with (£3.28), we see that

5 P’ < Vi gLH2rt5)s 7o
8 (p—38)" " '

Thus, setting Y = 2V 8@ +5°Z and ¢ = §/p gives
1< (-0t

We can see from elementary calculus that the function f(t) = ' (1 — )" Y is less
than 1 for sufficiently small ¢ > 0, since lim; o, f(¢) = 1 and lim;_,o, f' (t) = —o0.

Therefore, we obtain a contradiction and the Lemma is thus proved. O

We can now proceed to finally prove the pattern theorem. The final proof is essentially

the same as the proof of lemma 23. All of the heavy lifting has essentially been done.

Proof of Theorem [4.3.7l . First, assume without loss of generality that the cube

in the statement of the theorem is
Q={zeZ:|n|<ri=12}.

As in the proof of Lemma [4.3.19, we will proceed by contradiction. That is, assume

that the theorem is false; then for every a > 0,

lim sup gy [aN, (P, Q)]I/N = f. (4.3.34)
N—o00

We introduce one more quick bit of notation. We shall say that E** occurs at the

j-th step of w if the enlarged cube @ (j) is completely covered by w. Now, by Lemmas
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Z.3.17 and E.3.19 we obtain the existence of an a’ > 0 and a positive integer m’ such
that
lim sup gy [a' N, E** (m")]"™N < 8. (4.3.35)

N—oo

Let a > 0 be some unspecified small number, and let Hy denote the following set of
w € Qn such that (P, Q) occurs at most aN times on w and E** (m') occurs at least

a’N times on w. Then as in the proof of Lemma .3.19] the cardinality of Hy satisfies
|HN| Z gn [an (Pv Q)] — 4N [G/N, E* (m/)] )

and thus, by (£3.34) and (43.30]), we have
lim |Hy|"™N = 3. (4.3.36)
N—o00

Now, once again, let 0 be a small positive number which will be specified at the
end of the proof. This time, consider all triples (w,v,J) such that: w is in Hy;
J =A{j1,...,7s} is a subset of {1,..., N} such that E** (m') occurs at the j;-th step
of w, and the conditions in (£.3.29) hold with m replaced by m’, and s = L0 N ; and v
is a quarter-plane SAW beginning at 0 that is obtained by replacing each occurrence
of E**(m') by an occurence of (P, (), analogously to the method described in the
proof of Lemma[4.3.19. In this case, o; and 7; are defined in the same way, and we use
part (b) of Lemma in order to be able to splice (P, Q) into the walk. Arguing
in the same way as for (£3.32), we see that

number of triples > |Hy/| < p]\gj\_f 2 ) : (4.3.37)

where now p = a’/ (2m’ + 2) (we need not multiply (2m’ + 2) by V, since we are not
requiring that the enlarged cubes be disjoint. There is no need for this, since the
occurence of E** (m’) at each of the cubes ensures that the cubes be disjoint).

For the upper bound, we use the fact that v now has at most aN + 2m'VIN
occurences of (P, Q) (this allows for (i) at most aN occurences of (P, Q) on w, and

(ii) the maximum number of possibles ways that new occurences of (P, ()) could have



82

been introduced, by either creating new occurences of (P, () or by vacating sites of
other cubes. This is especially obvious if one sees that the number 2m'VJéN can be
thought of as follows: there are N cubes onto which we splice an occurence of (P, Q);
each one of the N cubes is contained in a subwalk which has 2m’ steps, and for each
site in the original subwalk, the enlarged cube centered at that site intersets exactly
V' cubes of radius r + 2). It is also clear that since we are deleting portions of w that

fill an entire cube, then the resulting v has at most N steps. Therefore, the analogue

of (A3.33) is

N

number of triples < 20+ VN 7N Z Ciy (4.3.38)
i=0

where Z/ = 32 ¢;. We now combine [3:37) and [{338), put a = 6, take N-th

roots, let N — oo, and using Stirling’s formula once again, by (£3.30]), we have

P’ 5+2m'V'§ 718
CITET

Once again, as in the proof of lemma 23, this leads to a contradiction for sufficiently

small §, and so the theorem is proven. O

4.3.2 The Ratio limit theorem

The pattern Theorem is perhaps the most fundamental result about many types of
SAWSs. However, it will not be used directly in our construction of the infinite length
quarter-plane SAW. Instead, we use it as something of a preliminary result to prove

the following ratio limit formula:

lim V2 _ 52 (4.3.39)
N—oo QN

(4.339) is the fundamental tool derived from the pattern theorem that will be used
directly in the construction of the infinite length quarter-plane SAW. The following
Lemma gives three conditions which together are sufficient for (A3.39) to hold. The
first two are very easy to verify, given what we have already done. The third is a

little more complicated.



83

Lemma 4.3.40. Let {ayn} be a sequence of positive numbers and let ¢y = anio/an.
Assume that

(i) impy o0 a%N =8,
(#) iminfy_, o on > 0, and

(7ii) there exists a constant D > 0 such that

Ot > (on) — %

for all sufficiently large N. Then
. _ 2
am on =5

This theorem is proved in full generality in Madras and Slade [MS1993], and is
merely a statement about sequences of numbers. Therefore, we will skip the proof
here and leave it to the interested reader to explore it in Madras and Slade.

It is clear that (i) holds in the case that ay = gy. Also, it is not hard to see that

for sufficiently large N, we have

dN+2 = N,
which can be seen by taking an w € Oy and considering the last time it reaches its
right most excursion. One can simply splice on a piece that extends it to the right
by one unit and increases the length of the SAW by 2. This gives property (ii) in the
case that ay = qy. It is left to show that property (iii) holds for ay = ¢y, and this

is given by the following theorem:

Theorem 4.3.41. There exists a constant D > 0 such that

D

Ondny2 > (dn)° — N

for all sufficiently large N, where ¢y is defined by ¢n = qni2/qnN-

The proof of this is exactly the same as that of Theorem 7.3.2 in [MS1993].
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4.4 The infinite quarter plane SAW

We will now construct the infinite quarter-plane SAW on Z2. To begin, we define the
uniform measure on n-step quarter-plane SAWs w € Qy to be the measure P" such

that for any w € Qp, we have

Let Q := |, Qn, and extend P" to @ by defining P" (w) = 0 whenever w € Q,,,
m # n. As before, let T = J, Y, be the set of all irreducible quarter-plane bridges

beginning at the origin. Then given w',...,w! € T, we define the cylinder set
Q (w',...,wh) by
Qwh,...,0w)={weQiw=w'd B O0,we Q}. (4.4.1)

That is, Q (wl, e ,wl) is the set of all quarter-plane SAWs beginning at the ori-
gin which begin with the concatenation of the [ irreducible quarter-plane bridges
wh Wb I w4+ ‘wl‘ = m, then by the definition of the uniform measure, we

have, for n > m,

P (Q(w',... ) = q"q;m. (4.4.2)

As in Section 2.1l we begin by constructing the measure which we will refer to
as the infinite quarter-plane SAW. As in the case of the infinite half-plane SAW, our
construction would be better named the infinite quarter-plane bridge. We will then
show that this construction “makes sense” by showing the existence of the measure,
P*°, as the limit in distribution of the uniform measures P* as n — oo. This is more
aptly referred to as the infinite quarter-plane SAW, but we will show that it gives
the same distribution as our constructed measure on infinite quarter-plane SAWs. In

particular, we will prove that

lim P" (Q (w',...,w')) =87, (4.4.3)

n—oo
and we will show how this can be used to construct the measure on infinite quarter-

plane SAWs. It is worth noting that (£.4.3]) would easily follow from (£.4.2) if we had
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the preliminary result

lim 2L — .

n=0o gy

To begin, observe that Conjecture implies that YT (z.) = 1. Thus, a natural
probability measure is induced on irreducible quarter-plane bridges which assigns
weight 3~1“! to each irreducible quarter-plane bridge w starting at 0. Let vy denote
this probability measure. Then, for [ > 1, we define the probability measure vy
on the cartesian product Y! according to product measure. Here, we identify the
cartesian product Y! to the space of all [ concatenated irreducible bridges, the first
of which begins at 0, by (wl, e ,wl) < w'®- - ®w!, and thereby obtain a measure
on the space of [ concatenated irreducible quarter-plane bridges. To reiterate, given

w', .. .,wh €Y, we define

v (W e dw) = vp (W) vy (W) (4.4.4)

w?

— B‘Zé:l

We also write vy for the extension to Q given by vy (Q\Tl) = 0, and for the measure
on P given by ([E4.4) whenever w!,...,w' € T, and such that vy (w) =0if w € P is
not of the form w =w!* @ ---dwh, W, ... W€ T.

Finally, we define vy on T =71 x T X --- according to the Kolmogorov con-
sistency theorem, and it should be thought of as a measure on infinite self-avoiding
paths (in fact, it is, a priori, a measure on infinite quarter-plane bridges). One should
note that the consistency conditions are built into the definition of vy, and thus there
are no problems in defining such a measure. Then, if Q> (wl, e ,wl) denotes the set
of all infinite length quarter-plane SAWs beginning with w! @ --- ® ', and we have

W'+ - - |w!| = m, then
Voo (Q°° (wl, . ,wl)) =",

and this is indeed a probability measure by (£2.8)).
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We will show that the uniform probability measures P" converge to vy« in distri-
bution by proving (£.4.3). We will first need the following lemma:

Lemma 4.4.5.

n—oo qn

Proof. The proof follows that given in [LSW2002]. Given a quarter-plane SAW
w € Q,, let s(w) denote the least renewal time; that is, s (w) is the first & such that

w can be written as w = w’ @ @, where ' € T}, and © € Q,,_. Then observe that

—1Qul 2 {w € Qu it s(w) = m}| = Zukqn ‘.

Therefore, dividing by ¢,, we have

1> Z (U%qnq 2k 4 U%_1an—2k+1 %-1) .

0<k<m/2 n-1  dn

Now, taking the lim sup as n — 0o, we obtain

= (U%ﬁ_% + Vg1 72 lim sup qn_l) ;

0<k<m/2 n—oo fn

or

1> Z (Uzkﬁ_% + Uggp_1 872 lim sup 6%_1) .

0<k<m/2 n—oo n

Taking the limit m — oo, and using the fact (L2.8]), we arrive at

= — = — — . SQn—l
kaﬁ F > Z (Uzkﬁ oy Vog—18 M1 im sup .
k=1 k=1

n—oo Qn

Now, subtracting Y ;> va,372% from both sides, we have

Bq 1
ZU%_ ﬁ 2k+1 > ZU% 1ﬁ 2k+1hms up n—

n—o0 qn

or equivalently,

0> ngk_ [HAL (hm sup Ban— — 1) ,

1 n—oo dn
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and since Y, | Vop_187*T1 > 0, this implies that

lim sup -1 < B

This together with (£.3.39)) proves the lemma. O

Corollary 4.4.6. Ifw',... ,w' € T with |w'| + -+ ‘wl‘ =m, then

lim P" (Q (wl, e ,wl)) =p "

n—o0

Proof. Take the limit as n — oo in [4.4.2] O

If we denote P> := lim,,_,o P, where the limit is taken in distribution, as in the
proof of Corollary [4.4.6] then the distributions of P> and vy« coincide. This shows

that the definition of the infinite quarter-plane SAW is a “good” definition.
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CHAPTER 5

RESTRICTION MEASURES IN THE QUARTER PLANE

In chapter @ we used Q denote the set of all z € C such that Re(z) > 0 and Im(z) > 0.

Here we will use the same symbol to denote the interior of this set. That is, let
Q:={z € C:Re(z) > 0:1Im(z) > 0}.

Here we will show the existence of quarter plane bridges for restriction measures
P20 for o € [5/8,1). Recall that restriction measures are measures on restriction
hulls, and that a restriction hull, K, is a stochastic process taking values in the space of
unbounded hulls in H connecting 0 to co. An unbounded hull K connecting 0 to oo is
a closed connected subset K C C such that KNH = {0} and H\ K consists of exactly
two connected components. Furthermore, we are able to parametrize these hulls in
order to obtain a growing family of hulls { K} such that Ky = {0} and K = K. In
this section we will be considering restriction hulls on the triple (Q, 0, c0), the law for
which can be obtained by the law for restriction hulls on (H, 0, c0) through conformal
transformation. What we show in this section is a consequence of the restriction
property and conformal invariance, which essentially characterize restriction measures
(see Sections 23] and B.T])

In J[AC2010], it was shown that for restriction hulls under the law P, = P o)
bridge points exist P,-a.s. This was achieved by showing that the Hausdorff dimension
for the set of bridge points of a restriction hull K under the law P, is equal to 2 — 2a.
In this chapter we prove a similar result for restriction hulls on the triple (Q, 0, 00).
In section [5.1] we state the general Theorem, provide important definitions and prove
that the Hausdorff dimension of the set of quarter-plane bridge points is constant

P a5 In section B2, we prove that the Hausdorff dimension of the set of

quarter-plane bridge points is equal to the maximum of 2 — 8/3a and 0, PO 5 5.
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Note that the cutoff value of o for quarter-plane bridge points to exist is different
than the cutoff value for half-plane bridge points. That is, in the half-plane, bridge
points exist almost surely for 5/8 < o < 1. In the quarter, plane, bridge points cease
to exist at the critical value &« = 3/4. In other words, quarter-plane bridge points

exist for 5/8 < a < 3/4. The a = 3/4 case remains unknown.

5.1 Definitions and initial machinery

Recall that we refer to the triple (H,0,00) as the canonical triple. The law for
a general triple (D, z,w) can then be obtained from the canonical triple through
conformal invariance. Given z € Q, let ), = 0Q + 2. If K is a restriction hull

under the law P&%)

, we will say that z € Q is a quarter-plane bridge point for K
if KNQ,={z}. Let C denote the set of quarter-plane bridge points. We can then

state our main theorem as follows:

Theorem 5.1.1. P2 _glimost surely, the Hausdorff dimension of C is equal to
max (2 — 8/3c, 0).

Given a restriction hull K and 0 < ¢ < s, we define A, ;K to be the future hull
between times ¢ and s. We then define 6, ;K = A; K — 7(t), where 7(t) is the SLE,,
curve generated by the hull K. Consider then the filtration F; = o(K,: 0 < s < t).
According to this filtration, the restriction measures satisfy the following domain
Markov property:

The conditional law of A, K, given F;, is PO 007(0:00)
where here Ay, K = A; oK. Recall that restriction measures on the canonical triple

satisfy the following restriction formula:

P {KNA=0}=,(0)° (5.1.2)
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where A is a hull in H bounded away from 0 and ®, is a conformal map from H \ A
onto A such that ®4(z) ~ z as z — oo. For general triples (D, z, w), the restriction

formula is

PPN A=(} = D'y 4)(0)%, (5.1.3)

where A is a hull in D not containing z and w and f is a conformal map from D onto
H such that f(z) =0 and f(w) = oc.

The proof of Theorem 5.1 relies on Proposition [A.2.4l However, the one point
and two point bounds alone are not enough to conclude the result of Theorem [6.2.11
In addition, we will need a 0-1 law, the argument of which will use the Blumenthall

0-1 law in order to conclude that the Hausdorfl dimension of C is constant P&Q’O’oo)-a.s.

Proposition 5.1.4. The Hausdorff dimension of C is constant PO g .
The proof of this theorem will mostly follow the method of the proof in [AC2010]

Proof. To begin, for 0 <t < s, let C;(s) = {quarter-plane bridge points of K } N K;
and for fixed d > 0, define the event W;(s) = {dimpy C:(s) > d}. It suffices to show
that IP’((IQ’O’OO){WOO(OO)} = 0 or 1, for then there must exist some dy > 0 such that
PO, (00)} = 0 for d < do and P2 { W, (co)} = 1 for d > dy, from which
one could conclude that P2 {dimy; C = do} = 1.

Note that C;(s) is the set of bridge points of K that are also bridge points of K.
Thus, it is easy to see that for fixed s, Ci(s) is increasing in ¢, and thus Wy(s) as
well. Similarly, for fixed ¢, increasing s only allows for the possibility of the future
hull coming down and destroying bridge points of K;, and therefore C;(s) and Wy(s)

are decreasing in s for fixed ¢. For fixed s, set
Vs = ﬂ W (s) = {dimp C;(s) > d for all 0 <t < s}, (5.1.5)
n=1

and then it follows that V is also decreasing in s. Now, for fixed s, consider K €

Vi \ Vo Since K € V, it follows that dimgCy(s) > d for all 0 < t < s. Since K ¢ V,
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it follows that there exists ¢ty € (0,00) such that dimy Cy,(c0) < d, and thus, since
Ci(s) is increasing in t, it follows that dimy C;(c0) < d for all ¢ < t5. Notice then,

that one can take such a ty to satisfy 0 < tg < s, and it follows that for such ¢y,
dimy Ci(o0) < d < dimpy Ci(s), (5.1.6)

for all 0 < t < ty. But the only way that this can happen is if the future hull
AyK wipes out bridge points of the hull K;, and since this must be true for all
0 <t < tp, it follows that the future hull A;K must come arbitrarily close to either
the real axis or the imaginary axis or both, all of which are measure zero events.
Therefore, we have PS2%(V, \ Vo) = 0 for all s > 0, and since P\2)(V,) =
PO (V) + PRV (1, \ Vo), we have P2O(V,) = POV, for all s, and

hence

P(Q0:20) (ﬂ v1> = PQO=) (). (5.1.7)

It is clear that ()2, V% € For, and therefore it simply remains to show that Foy is
independent of itself. In the case of SLEg/3, this is true by the Blumenthal 0-1 law
for Brownian motion, since SLEg/3 is the pushforward of Weiner measure under the
Loewner equation. For general a > 5/8, the same property holds by a standard argu-
ment. Indeed, the Domain Markov property assures that ®g, (A;K) is a restriction
hull independent of F;, and therefore if A € Fy,, it follows that for a bounded con-
tinuous function f on hulls (continuous with respect to the Carathedory topology),

we have

B0 [ (B, (AK)) 14] = BEO® [ (@, (AWK PO (4). (5.18)

Then, taking a limit of both sides of (5.1.8) as ¢t — 0+, using the fact that f is
continuous on hulls, that K; — {0} so that @k, goes continuously to the identity, we

get
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B0 [ (1) 1] = BEO [ ()] B0 (4). (5:1.9)

07

which shows that A is independent of all elements of F.,, and therefore of itself.

O

Now we use Proposition [A.2.4] to prove Theorem [6.2.1. We define our thickened

sets as follows:

Definition 5.1.10. For z € Q and € > 0, let J(z,€) be the set (), with an e-corner

removed. That is, let

J(z,€) ={w e Q:Imw=1Imz Re (w—2) > e}U{w € Q: Rew = Re z,Im (w—=2) > €}.
(5.1.11)
Define the random set C. by

Cc={z€Q:KnJ(z,e =0} (5.1.12)
With this definition, the following is true PR g 5.

Proposition 5.1.13.
c=c (5.1.14)

>0

Proof. By the definition of C, z € C if and only if K N Q, = {z}. But this easily
implies that z € C, for all € > 0. For the converse, suppose that z € C, for all ¢ > 0.
Then it is clear that z is the only possible element of K N Q.. But the set K N Q¢
is nonempty for all ( € Q since restriction hulls are connected and connect 0 to oo

P05 5. Therefore, with P{2"*) probability 1, the set K N Q, = {z}. 0O
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5.2 Hausdorff measure of the set of quarter-plane bridge
points

Now, to prove the one and two point bounds from Proposition [A.2.4] we use the
following version of the restriction formula (5.L3)): Given a hull A C Q such that A is
bounded away from 0, Q \ A is simply connected, let ¢4 denote the conformal trans-
formation @4y, where f(z) = 2%, and ®(4) is the unique conformal transformation
from H \ f(A) onto H such that ®;4)(0) = 0, ®say(00) = 00 and Pya)(2) ~ 2 as

zZ — Q.

P@0) (KN A =)=, (0)*. (5.2.1)

In fact, it can be shown (See [Lawler200§|) that formula (5.2.1]) holds for unbounded
A as well. Therefore, we can calculate the probability that, for a restriction hull in

Q, starting at 0 and ending at oo, the point z is in the set C. by the equation

P(g@,o,oo){z c Ce} _ P&Q’O’w){K N J(27 5) — (Z)} = ¢f](z’€) (O)a, (5.2.2)

Similarly, we can get the two point estimate according to

POz, w € C = PROHKN(I(2,0)UT (w,€) = 0} = @1 guue(0). (5:2.3)

In order to calculate the above probabilities (5.2.2)),[A.2.3)), we will use the following
result due to Bélint Virdg [Virdg2003]

Theorem 5.2.4. Let D be a domain and let a, z be points on 0D\ A in a neighborhood
of which the boundary is differentiable, where A is a hull in D not containing a, z.

Let f be the conformal map which takes D\ A to D and fizes a,z. Then

P{B(a,z, D) avoids A} = f'(a)f'(2), (5.2.5)
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where é(a,z, D) is the path of a Brownian excursion in D starting at a and ending

at z.
We use the following version of this theorem to calculate ¢/ (0):

Corollary 5.2.6. Let B, be a Brownian excursion in Q starting at 0 and ending at

00, and let A be a compact quarter-plane hull; a set A C Q such that A = ANQ,

Q\ A is simply connected and A is bounded away from 0. Then

P{B[0,00) N A =0} = ¢/,(0). (5.2.7)
We are now in a position to prove the following:

Proposition 5.2.8.
Q%](zgs) (0) = 68/3? (529)

Proof. We will prove the result for the case when z = x + 14, x € R. We can
then obtain the full result from the scaling rule. For notational convenience, we will
continue to write z as opposed to x + i. Let B, be a Brownian excursion in Q.
That is, B, is a complex Brownian motion conditioned to stay in the quarter plane
for all time ¢ > 0. Let T denote the infinite corner strip T = {w € Q : Im(w) <
1} U{w € Q : Re(w) < z}. We begin by calculating the asymptotics as e — 0+ for
the probability, pi, that B; exits T along the e-corner gap I = {w e Q: Im(w) =
1I,Re(w) € [r,z+¢€)}U{z € Q:Rez=uxIm 2z € [1,1 +¢}. Let 7 be the first
time B, hits .. We then calculate the asymptotics as € — 0+ of the probability,
P2, that, starting somewhere in the gap I, B[O, o0) avoids J(z,€). And then by the
Strong Markov property, the probability IP’&Q’O’OO){K N J(z,€) =0} is asymptotically
given by the product of these two events, integrated along the starting positions of
the Brownian excursion stopped at the corresponding stopping times.

We begin computing the asymptotics as ¢ — 0+ of p; by finding a conformal

transformation sending H onto Y. Since T is a polygon with four infinite vertices,
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there exists a Schwartz-Christoffel transformation f : H — Y. Let z,...,24 € R
be the prevertices of the map f and let wq,...,ws be the corresponding vertices
with respective angles may, ..., may. In our case we have w; = 0, wy = = + ¢ and

wy = wy = 0o. Without loss of generality, we may assume z4; = oo, and then f takes

the form

fz)=A+C / (C = m) M = ) (¢ = 2™ dC (5.2.10)

We can then choose f so that f(z;) = 0, in which case we have A = (0. The condition

on the «; is that

o1+ g + g+ oy = 2. (5211)

It is clear that we must have ay = 1/2, a3 = 3/2. By choosing an appropriate
sequence of increasing polygons T,,, such that T,, — T as n — oo in the Carethadory
topology (i.e. choose them such that the angles mal = waJ for all n), we can see that

we must have ay = ay = 0. Therefore, equation [£.2.10] takes the form

= [ Cm )P m) (€= ) de, (5.2.12)

21
Let B, be a Brownian excursion in H starting at 0 and conditioned to leave H along
the line segment I' = (25,00). Let 7 = inf;50{B; € T'}. Let Hyu(0,2'), 2’ € T be the
boundary Poisson kernel for paths in H, starting at 0 and ending somewhere on the
line segment I'. The probability that B, ends somewhere along the gap of width 2e,

(23 — €, 23 + €), is given by

B z3+€
P{B: € (23 —€,23+¢€)}=c Hou (0, x) dx (5.2.13)

z3—¢€

~ 2cH g (0, z3)e. (5.2.14)
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We can use (5.2.13)), along with the conformal invariance of Brownian excursion,
to calculate the probability p;. We want to find a power s; > 0 such that p; < €.
Therefore, for our purposes it is sufficient to calculate the asymptotics as € — 0+ of
the probability that B, lands in the slit T.. We proceed by looking at the image of

the interval (23 — €, z3) under the transformation f. To that end, observe that

Flza—€) = 0/23_6 (C—2) V2 (C = 2) 7 (C— 2) Y2 de (5.2.15)

21

~ C(Zg — Zl)_l/2(2’3 — Zl)_l /2’3_E (C — 23)1/2 dC (5216)

21
Now let v denote the upper half of semicircle of radius (23 — € — 21)/4 centered at

(23 — € — 21)/2, oriented clockwise. An elementary computation then yields

/23_5 (C— )" dCZ/(<—23)1/2 d¢ (5.2.17)
Z1 o

= const €/2, (5.2.18)

Therefore, using the conformal invariance of Brownian excursion under the map =1,

we can conclude that

p =P{B, eI} =3 (5.2.19)
as € = 0+. Let 2/ € I'.. We now proceed to calculate the asymptotics for
po = P{B[r,00) N J(x +1,¢) = 0} (5.2.20)

as € — 0+.
First note that Bt can be realized as the stochastic process X; + 1Y;, where X, Y;
are independent Bessel-3 processes. Therefore, Re(B;), Im(B;) — 0o as t — 0o a.s.

Given R > 0, let Qr := Qresir- Let B = B} +iB? be a complex Brownian motion
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and let 7 = inf{t > 0: B, € Qr}. Let n = inf{t > 0: B, € 9B(z,¢)}, and let §
be the upper rightmost quarter-circle of 9B(z, €). That is, 5 can be parametrized by
B=z+e 0<t<m/2

If 2/ € I'. with Im(2’) = 1, then we have

P*{B[0,00) N J(z,€) = 0} = }%1_{20 P*{B[0,77] N J(z,¢) = 0| B[0,75] C Q} (5.2.21)

— lim PZ{B[0,75] C Q\ J(z,€)}
R—00 P¥{B[0,7r] C Q}

Let us consider the denominator in (5.2.22)). Starting at 2/, in order for B[0, 75] C Q,

(5.2.22)

either B! must reach 2R before 0 while B2 > R, or vice versa. It is also possible that
both B! and B? reach xR or R, respectively, before hitting 0 without touching Qg,
and then B; proceeds to touch Qr without moving a distance O(1) away from Qg.
We can obtain a lower-bound on P*'{B[0, 75] C Q} by throwing out the curves which
do this and then come back and get arbitrarily close to 0Q without touching it, and
then go back and get close to Qr. We also throw out all of the curves that do this
more than once. Let 74 = inf{¢t > 0: B} = zR} and let 73 = inf{¢t > 0: B? = R}.
In each case we are considering, we must have 75 < 74, 73 < 72, and so Gambler’s

ruin gives us our lower bound:

P?{B[0,75] C Q} > 0_%, (5.2.23)

where c_ is a positive constant. In order to obtain our upper bound for this proba-
bility, we must take into account all of the events that we threw away to achieve our
lower bound. Note that the event {B[0, 7] C Q} can be written as {rp < 7}, and
this event can be broken down into the disjoint union of the events 4; = U; {7} <
T, Th < 18,7 = 1p} and Ay = U {th < 78,73 < 78, 7h < Tr < To}. The event A,
consists of curves which pass the line Re(w) = 2R and the line Im(w) = R and then
proceed to touch Qg before touching Q. But this event consists of a multitude of
curves, those which touch Qg before moving a distance O(1) away from Q) g, and those

which move a distance O(1) away from Qg and then come back to Qg, and those
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which move a distance O(1) away from Qg and come back any multiple of times
before touching (Jg. However, the same Gambler’s ruin estimate given in (5.2.23)
shows that the event that the Brownian motion moves a distance O(1) away from
@r and then comes back to touch Qg doesn’t contribute asymptotically to the event
{Tr < 7o} since there is at most an O(R~3) chance that this happens. Also, note that
the event that 75 < 73, 73 < 7¢ and 7y < T does not contribute asymptotically to
the event U;{7h < 70,78 < 13, 7h = Tr} U {Th < 78,78 < 13,7k # T& # Tr} by the
same Gambler’s ruin estimate. Thus, asymptotically, the event {7} < 74,72 < 72}
dominates P* {7z < 70}, and our upper bound on the denominator in (5.2.22)) is given
by

/ 1
p* {B[OuTR] - @} < C—I—ﬁv

where ¢, > c_ is a positive constant, which might depend on z, and we can conclude
1 / 1
-T2 < P*{B[0,7g] C Q} < C+ T3 (5.2.24)
as R — oo.

The numerator in (B.222]) is a bit more complicated, but comes down to the
same Gambler’s ruin estimate as that used to derive the strong approximation of the
denominator. As before, let n = inf{t > 0: B, € 0B(z,¢)}. Starting at a point on
I'c, with strictly positive probability, we will have B, € . Starting at a point w € f,
the Brownian motion can either travel to Qg before returning back down into the
e-corner, or it can go back through the epsilon corner and then come back out any
number of times. To achieve our lower bound, we can assume that the Brownian
motion travels up and touches (Jr before passing back down through the gap. This
is a weak estimate, but it will serve our purposes. Suppose that w = z + §; + 0o,
where 0 < 01,02 < €. By an argument similar to that used to find the upper and

lower bounds of the denominator in (5.2.22)), the Gambler’s ruin estimate, along with
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the strong Markov property applied at n gives us the lower bound

62

P*{B[0,7x] C Q\ J(z,€)} > C‘M’

where C'_ is a positive constant.

To obtain the upper bound, we need to consider the curves which, starting at
w € [, dip back down below the e-corner and then come back up through to touch
@r. To begin, notice that starting at a point z’ € I'., the probability that the
Brownian motion exits B(z,€) at a point along [ is bounded above by 1/2. Let
m=mn, 1 =7, and for j = 2,3,..., let n; = inf{t > 7, : B, € 0B(2,¢)} and
7; = inf{t > m;_1 : B, € T}, On the event B, & 3, the probability that the
Brownian motion goes back up to touch Qg while staying in Q\ J(z, €) can be broken
down into those curves which go up to touch Qg without coming back down through
the e-corner, and those curves which come back down through the € corner and then
proceed to go up and hit Qr. Also, on the event B, € f3, it suffices to ignore the
event that the Brownian motion dips back down a distance of O(1) in the south-west
direction of the corner, since this event doesn’t contribute asymptotically. Indeed,
if the Brownian motion travels through the e-corner a distance of O(1), it has an
O(€?/3) chance up making it back up through the gap, and then an O(e?) chance of
making it a distance O(1) to the north-east of the e-corner, and this doesn’t contribute
asymptotically. The reason that the probability of making it a distance of O(1) to
the north-east of the I is O(e?) will be discussed below.

Since each time the Brownian motion makes it back down to I'. from 3, the
probability that it makes it back up to /3 is bounded above by 1/2, following a similar
argument to the one used to obtain the upper bound in the numerator for (5.2.22)),
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we can bound P*{B[0,7z] C Q\ J(z,¢} from above by

P {B[0,75] C Q\ J(z, €} < 022_”?“}{7‘}12 <70, Th < T3}
j=1
2

< [
_C+(R—1)2’

where C', C, are positive constants. This leads to

2 62

(R—1)*

O <PYB[0,7] CQ\ J(z,6)} < C4

R (5.2.25)

Combining this with (5.2.24)), and taking lim supp_, ., on the one hand, and lim infz_, .,

on the other hand, we arrive at
P*{B[0,00) N J(z,¢) = 0} = ¢,
which implies that py =< €2. Therefore, we have shown that
D), (0) < €2,
and we can conclude that
PQOC K N J(z,€) = B} < /3,
O

Remark 5.2.26. We derived the bound PP {K N J(z,¢) = 0} =< €¥/3 in the case
z = x + 1. It is easy to see that for arbitrary z (that is, take r > 0 and consider
z = r(z + 1) for some z € R), that the scaling rule implies that we can improve the

bound slightly to
€

8/3
PO N J(2,€) =0} = <—> .

2]

And it is easy to show that this gives the desired decay of €%/3 as e — 0+.

Let us now proceed to prove the following:
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Proposition 5.2.27. Let z,w € Q such that |z] < |w| and J(z,€) N J(w,€e) = 0.
Then
IP&Q’O’OO){K N(J(z,e)UJ(w,e) =0} < C|z— w\_8a/3616a/3.

Proof. To prove this Proposition, it suffices to show that
00 (w,e)(0) X Jw — 2| B/3E6/8, (5.2.28)

Let B, be a Brownian excursion in Q starting at 0 and ending at co. Then the
left hand side of (5.2.28) is the probability that B[0,c0) avoids J(z,€) and J(w,€).
First, the excursion needs to pass through @), along the e-corner described in the
proof of Proposition [5.2.8] Then starting at a point in the e-corner of z, it must then
pass through the e-corner at w and then travel up to infinity. These two events are
independent, by the strong Markov property. Note that the probability of passing
through the first gap, by Proposition 5.2.8, is O((e/|z])®?), and that after temporarily
shifting z to 0, and applying the conditioning in the proof of Proposition .2.8] the
probability of the second event is O((e/|w — z|)®/3). Therefore, we see that
(16/3
<D3(Z$)UJ(UNE)(O) = ZT;JT;f:j;;TS§7§,

as € — 04, from which it is easy to see that the two point estimate is satisfied.

]

Let us now prove the main Theorem of this chapter, that dimg(C) = 2 — 8/3a.

Proof of Theorem (5.1.11 Conditions 1 and 3 of Proposition [A.2.4] have already
been shown (Propositions [5.2.8 and 5.2.27). Now, notice that if z + ie/2 € C. and
z+€/2 € C, then z € Cy. Let B be the open quarter disk of radius €/2 subtending
an angle of 7/2 from the line Re(w) = Re(z), i.e. OB can be parametrized by
OB = z+¢/2e" 0 <t<m/2 It is easy to see that

PROB C C} ~ POz 4 ¢/2,2 +ic/2 € C}
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as € — 0+. It is clear that the event on the right-hand side is larger. It can possibly
contain hulls K" which pass up in between the two vertical or the two horizontal lines
of J(z,2¢) and J(z +¢/2,¢€) and J(z +i€/2,€). However, the event that this happens
is asymptotically insignificant. For example, the probability of the event of passing
up through the line segment, [, connecting z + i3¢/2 and z + €/2 + ie is of O(e*)
(see [AC2010]), and then the event of then coming back down (without hitting the
vertical lines extending from the points z 4+ €/2 4+ ¢ and z + i3¢/2) and then passing
through the €/2-corner to escape to infinity is at most O(e3/3¥®), leaving an overall
chance of at most O(¢'4*/3) that the hull passes through the line segment [, doesn’t
touch the vertical lines, returns back through [, and then exits through the €/2-corner.
This doesn’t contribute asymptotically to the above probability. This, along with the
implication that if z+ie/2 € C. and z+¢/2 € C,, then z € Cy,, and Propositions [5.2.8§|
and [0.2.27 gives the following:

PEONB C Celz € Coc} ~ POz + /2,2 +i€/2 € Cc|2 € Cac}
- PO 4 ie/2, 2+ €/2 € C.}

PO € Gy )
6—804/361611/3

2 e8a/3

=c>0

for some positive constant c. This gives condition 2 of Proposition [A.2.4] which, along

with Propositions [5.2.8 and [5.2.27], is enough to conclude that

dimg (C) = max(2 — 8a/3,0) P@0.%) g 5.
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CHAPTER 6

THE FIXED IRREDUCIBLE BRIDGE ENSEMBLE FOR
SELF-AVOIDING WALK.

Here we run an i.i.d sequence of n irreducible bridges under the measure on irre-
ducible bridges which gives weight 371“l to each irreducible bridge starting at 0. We
concatenate the n irreducible bridges and then scale by the reciprocal of the height of
the resulting bridge. This gives us a curve in the unit strip {z € H: 0 < Im(z) < 1}
which starts at 0 and ends at some point along the upper boundary of the strip. If
we take n — o0, this gives us a scaling limit on curves in the unit strip from 0 to a
point along the upper boundary. We conjecture a relationship of this scaling limit to
that of SLEg/3 in the unit strip. We provide a heuristic argument for this conjecture
as well as numerical evidence in support of the conjecture. Our evidence allows us to

give an estimate for the boundary scaling exponent related to self-avoiding walk.

6.1 Introduction

Consider the set of all infinite upper half-plane SAWs on the lattice Z? = Z + iZ
rooted at 0, denoted H,, under the distributional limit of the uniform measure on
Hy. This measure is defined in Chapter [2, and we denote this measure by Py .
Given w € Ho, w can be decomposed into the concatenation of an i.i.d. sequence
of irreducible bridges w',w?, ... € Z. Let Y,, = Y,,(w) denote the height of the n-th
irreducible bridge in the concatenation, that is Y, = Im w(|w! @ - - ® w"|) — Im(wy)

for w € Ho. We conjecture that there exists o > 0 such that,

lim — =, (6.1.1)
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where the limit is taken in distribution, and Y has the distribution of a stable random
variable. Now take w € H,, and let w € Z™ denote the concatenation of the first n
irreducible bridges in w. Scale @ by 1/Y,(w) and take n — oo. This gives a scaling
limit of curves in the unit strip S := {z € H : 0 < Im(2) < 1} starting at 0 and
ending anywhere along the upper boundary of the strip. We refer to this as the fized
wrreducible bridge scaling limait, or fized irreducible bridge ensemble. It is then natural
to look for some relationship between the fixed irreducible bridge scaling limit and
chordal SLEg/s.

The simplest relationship would be the following. Take a curve 7 sampled from
the fixed irreducible bridge scaling limit. This gives a probability measure on curves
in the unit strip. Since these curves can end anywhere along the upper boundary
of the unit strip, it is necessary to integrate along the upper boundary of the strip
against the conjectured exit density for the scaling limit of SAW in the strip using
SLE partition functions. Let p(z) be the conjectured exit density for the scaling limit
of SAW in the strip. Chordal SLEg/3 gives a probability measure on curves in the
unit strip starting at the origin and ending at some prescribed point along the upper
boundary. Thus, it might be reasonable to ask whether v has distribution given by
chordal SLEg/3, from 0 to x + i, integrated along the density p(x). In this paper,
we argue that it turns out that the answer to the above question is no, but that this
process of scaling the walk to obtain a curve in the unit strip gives chordal SLEg/3
integrated over p(x) if we weight each of the scaled walks w/Y,,(w), w € Z", by Y, (w)?

before taking the limit n — oo, where the power p is conjectured to be —1/0 for o

defined according to (6.11).

6.1.1 Scaling limits and SLE partition functions

In this section we review some conjectured scaling limits of self-avoiding walk, along

with SLE partition functions, which we will use in what is to come. One, which we
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have already discussed, is the fixed irreducible bridge ensemble, obtained by consider-
ing infinite length self-avoiding walks in the upper half plane starting at 0 and ending
at oo, under the measure Py o, scaling by 1/Y,,(w), and letting n — oc.

The next two scaling limits we consider are examples of the Schramm-Loewner
evolution, introduced by Oded Schramm in [Schramms2000]. Let D C C be a
bounded,simply connected domain (other than C) and let z,w € 0D be boundary
points and v € D be an interior point. Given d > 0, let [z], [w], [v] denote the lattice
points on §Z? which are a minimum distance from z,w and v, respectively. One can
then consider all SAWs w in §Z? beginning at [z] and ending at [w], constrained to
stay in D. We weight each walk by 5~1“l. The total weight of all such walks is then

Zs(D,zw) = pl (6.1.2)

wCD:z—w

We then define a probability measure on all such walks w in D from [z] to [w] by
assigning probability 371*!/Zs(D, z; w) to each such walk. The scaling limit as § — 0+
is believed to exist and be equal to chordal SLEg/3 in D from z to w. We will denote
the chordal SLEg3 measure supported on curves v : [0,¢,] — D such that v(0,¢,) C
D, v(0) = z, ¥(ty) = w by P%L,‘Zi“l. Of particular interest to us will be the chordal
SLEs/3 defined as above where D is the unit strip S := {z € H: 0 < Im 2z < 1},

z =0, and w = x + 1, where x € R. We will denote this probability measure by

chordal
PS 0,x+1i°

One can also consider self-avoiding walks starting at a boundary point [z] and
ending at an interior point [v]. The resulting scaling limit is thought to be radial
SLEg3. However, we will not be concerned with radial SLEg/3 in this paper.

In the case that D = H, z = 0, and w = oo, in order to obtain the scaling limit,
one must first find a way to define infinite length SAWs in H. This was done in
[LSW2002] and is how the measure Py o, was originally defined. The scaling limit of

P o as 6 — 0+ is then conjectured to be Pf¢"%". It is worth mentioning, however,
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that one can also obtain the probability measure Py o, by a method that is similar
in spirit to the method for obtaining the scaling limit for SAW in bounded domains.
If we consider the set of all finite length SAWs in H starting at 0 and weight each
such walk w by 87!l then the total weight of all such walks is infinite. If, instead,
we weight each such w by =% for z > 8, then the total weight is finite. The limit as
x — [+ has been shown to exist and to give the same measure on infinite half-plane
SAWs as the weak limit on the uniform measures [DGKLP2011].

Finally, let us consider how the normalization factor (6.1.2]) depends on the bound-
ary points z,w € 0D. It is conjectured that there exists a boundary scaling exponent

b > 0 and a function H(0D, z,w) such that as § — 0+,
Z5(D, z,w) ~ 6 H (0D, z,w), (6.1.3)

and H (0D, z,w) is thought to satisfy the following form of conformal covariance. If

® is a conformal transformation from D onto D', with ®(2) = 2/, ®(w) = w’, then
H(OD, z,w) = |®'(2)|"|9'(2)|°"H (0D, 2, w'). (6.1.4)

See [LSW2002, Lawler2009, Lawler|. Note that in [LSW2002], the boundary scaling
exponent is denoted by a, whereas we are denoting it by b.
Recently, it has been shown that there are lattice effects which should persist

in the scaling limit for general domains D (see [KL2011]). Therefore, one cannot

expect equations (6.1.3]) and (6.1.4) to provide a full description of the scaling limit
for general domains D C C. However, we will be restricting our attention to curves
in the domains H and S, for which there are no lattice effects expected to persist in
the scaling limit.

In section we will use equation (6.1.4)) to derive the predicted exit density for
the scaling limit of self-avoiding walks in the unit strip beginning at the origin and
ending anywhere along the upper boundary. We will denote the density by p(zx),

where we are assuming that each walk exits the strip at some point x + i with z € R.
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In section we state our conjecture about how to obtain chordal SLEg/; from
the fixed irreducible bridge ensemble precisely and provide a heuristic argument. The
conjecture involves the stability parameter, o, defined according to (GI1.T]). In order
to test this conjecture (section [6.4]), we require a definite value for . We conjecture

that 0 = 4/3. In the appendix, we give a heuristic argument in support of this.

6.2 The conjecture
6.2.1 Statement of the conjecture

In order to precisely state our conjecture, we first recall some notations introduced in
section [6.1l Py v denotes the probability measure on N-step upper-half plane SAWs
beginning at 0 defined on the lattice Z?, and Py o, denotes the probability measure
on infinite length SAWs in the upper half plane beginning at 0 and ending at oo,
defined on the lattice Z*. P§%" denotes chordal SLEs/3 measure in the unit strip
S:={2z€ H:0 < Im(z) < 1} on curves beginning at 0 and ending at = + i, and
p(x) denotes the conjectured exit density along the upper boundary Im(z) = 1 of the
scaling limit for SAW in the unit strip S, starting at 0 and ending anywhere along
the upper boundary, which can be derived using SLE partion functions (see Section

[6.37)). Then the conjecture can be stated as follows:

Conjecture 6.2.1. The fized irreducible bridge scaling limit of the SAW and chordal

SLEg3 in the unit strip S are related by

Ep oo [Yo(w) 71 (@)Y, (w) € E)]

I; _ > d Pchorda{ E 6.2.2
i Pl | dmapim, (622

where E is an event of simple curves in the strip beginning at 0 and ending anywhere

along the upper boundary of the strip, w € Hoo, and @ is w considered up to its n-th

bridge height Y, (w).



108

So, in practice, we can generate chordal SLEg3 in the unit strip by generating
N-step SAWs w in the half-plane for very large values of IV, considered up to height
Y, (w) for large n, scaling them to get a curve in the unit strip from 0 to the upper
boundary of the strip, and then weighting them by Y;,(w)~/?. The conjectured value
of o is 4/3 (See Appendix [A.2))

6.2.2 The derivation

In order to derive Conjecture [6.2.1 we fix two heights y; and ys, y1 < y2, which we
think of as order 1, and a large real number L > 0. We will then only consider curves
which have a bridge point in the region A = {z € H : 13 L < Im(z) < yoL}. Let
I" =TI x---xZ (n times) be the set of all w € H, such that w = w!' & --Hw", with
wl,...,w" €T, ie. the set of all concatenations of n irreducible bridges beginning at

the origin. Recall that if @ € Z" and H,(w) denotes the set of all w € H, such that

w=w®éw with © € Hy, then we have
Pt oo (Hoo(2)) = 8714

Therefore, the total weight of all SAWSs in H., with a bridge pont in A is

2(4) =3 3" 791 (Ya(w) € [y Ly pL]) (6.2.3)

n=0 GeIn
Now let E be an event of simple curves in the unit strip S starting at 0 and ending
anywhere along the upper boundary of the strip. We define the probability of the
event F to be N(E, A)/Z(A), where

N(E,A) =YY" g1 (Ya(w) € 1L, 92L)) 1 (&/ Yo (w) € E). (6.2.4)

n=0 GeIn
According to the definition of Py ., we have

oo

N(E,A) =Y Euuo [l (Yaw) € 1L, 1L]) 1 (&/Yalw) € E)]. (6.2.5)

n=0
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Since we have fixed L to be a very large number, this forces each term in the
above sum to be zero other than those corresponding to very large values of n. Then,
according to G111 if we fix N € N large enough, N=?Yy should have approximately
the same distribution as n~7Y,, for all n sufficiently large. Therefore, the condition

Y, (w) € [y1L,y2L] can be replaced with the condition (for very large fixed N)
y1Ln~"N? < Yy(w) < y2Ln~N°. (6.2.6)

Furthermore, since for large values of n, the distribution of @/, (w) approaches the
distribution of a curve pulled from the fixed irreducible bridge ensemble, the condition

w/Y,(w) € E can be replaced with the condition @/Yy(w) € E. This, along with
(62.5) and (6.2.0) lead to

~ gEH‘” 1 ((Ngyil(L))l/U <n< (Nayi/j(i))lU) 1(@/Yn(w) € E)
(6.2.7)

Now we move the sum on n inside the expectation and consider

(e ]

This sum is easily approximated.

y1L e Yo L e 1/ 1o, 1/ 1/
1 N° <n< [ N°—/—— ~ NLYYyn(w) Yy, —y,'°
Z < )) == < YN(W)) N( ) (y2 Y1 )
= cNLY Yy (w)~Ve,

where ¢ = y3/° — y1/°. The factor of cNLY? will cancel out of both numerator and

denominator, and then taking the limit of N(E, A)/Z(A) as N — oo, we are left with

po NEA) L B V(@) LG/ Ya(w) € B)
N—o0 Z(A) n—00 E]HI,oo [Yn(w)—l/a]

(6.2.8)

Next, we decompose N(FE, A) by the value of the bridge heights. Given a SAW
w € He, let D = D(w) be the set of bridge heights. That is, D(w) is the set of all
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integers y > 0 such that there exists n =0, 1, ... such that Y, (w) = y. Then we have

N(E,A) =3 3 57910/ Ya(w) € B)1(Ya(w) € [ L, L)

n=0 oeZn

_ Z Z Z BTGy € B)1(Y, =)

y€ZN[y1 Ly2 L] n=0 weI™

= Z Py (0/y € B,y € D)

yEZN[y1 L,y2 L]

= Y Pu(@/y€Ely€D)Pux(y € D).

y€ZN[y1 L,y2 L]

Similarly, we find that

Z(A)= > Pyo(yeD)

y€ZN[y1 L,y2 L]

In [DGKLP2011], it was shown that conditioning on the event that a SAW w € H,
has a bridge height at y and considering the walk up to height y gives the law for
self-avoiding walk in the strip {z € H : 0 < Im z < y}. Therefore, by taking y
large enough, and scaling the walk by 1/y, one should expect to get a distribution
approaching that of SAW in the unit strip S starting at 0 and ending anywhere
along the upper boundary of the strip, in the scaling limit. It follows that if we sum
Py (w/y € Ely € D) over all y € ZN [y1 L, y, L], then take the limit L — oo, which
is effectively the same as taking the limit N — oo in [0.2.8 N(FE,A)/Z(A) should
converge to the law for SLEg 3 in the unit strip, starting at 0 and ending at x + 4,

x € R, integrated over the density p(z). In other words, we have

N(E,A Py oo(W/y € Ely € D)Proo(y € D
lim 7( A) = lim ZyGZﬂ[vayzL} ,00(@/Y ly JPh0o(y ) (6.2.9)
L—oo Z(A) L—o0 ZyeZﬁ[ylL,yzL} P]HLoo(y € D)
. (Ppo(W/L € E|L € D)Py (L € D)
~ 1 ’ : 2.1
150 cPr (L € D) (6210)
= / dzp(z) PG (E). (6.2.11)

This completes the derivation of conjecture [6.2.1]
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6.3 SLE predictions of random variables

Here we will derive a conjecture for the exit density p(x), and use this conjecture, along
with SLEg/3 theory in order to derive a conjecture for the cumulative distribution
function for the right most excursion of SAW in the unit strip S := {z € H: 0 <
Im(z) < 1}, beginning at 0 and ending anywhere along the upper boundary, in the
scaling limit. The calculations found in this section were carried out in the paper

[DGKLP2011], but we include them for the purpose of self-containment.

6.3.1 The density function p(z)

In this section we will use SLE partition functions to derive a conjecture for the
exit density, p(z), for the scaling limit of self-avoiding walk defined on the unit strip,
along the upper boundary. Recall that for a simply connected domain D and points
z,w € 0D, the SLE partition function H (D, z, w) satisfies the conformal covariance
property (6.1.4). It was predicted in [LSW2002] that the boundary scaling exponent
for SAW is b = 5/8. Using this value, the conformal covariance property takes the

following form: If ® is any conformal transformation, then
H(D, z.w) = |®(2)®'(w)["" H(®(D), 8(2), 2(w)). (6.3.1)

This defines H(D, z,w) up to specifying it for a particular choice of domain D and
boundary points z and w. The convention we follow is of taking H (H,0,1) = 1.

First note that if we take ® to be a dilation ®(z) = zz, for z € R\ {0}, then by
([63]), we have
1\ 1

22
Therefore we can calculate H (S, 0, z+1) by considering the conformal map f : S — H
such that f(0) =0, f(z+1) = —e™ — 1, given by f(z) = €™ —1. We have |f'(0)] =«
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and |f'(x +1i)| = we™. Thus,

H(S,0,2 +14) = | f'(0)]”* | f' (= +)[""* H(H,0, —™ — 1)

x2emz  15/8 2 5/8
B [(Hem)?] B [cosh%m/m] |
According to (61.3)), this shows that the probability density function p(x) should be
given by

T™r

plr) =c [cosh <7>] - : (6.3.3)

where ¢ is a normalization constant.

6.3.2 The right-most excursion

Given a SAW w defined in the unit strip S with lattice spacing ¢, let X(w) =
max; Re w(j) denote the rightmost excursion of w, i.e. the right-most point on the
SAW in the strip. Based on the results of Section 6.3l we conjecture that, in the
scaling limit, X has distribution given by
5lir(1)q+P (X <¢) = / pgrordal <mtax Re 7(t) < g) p(x) dz, (6.3.4)
— S e
where y(t) is an SLEg/3 curve in the unit strip, starting at 0 and ending at = +4, and
p(z) is given by ([6.3.3). To calculate Pg's"%" (max, Re(7(t)) < ), we use the following

form of conformal invariance: If D is a simply connected domain, z,w € 9D, and

f: D — D'"is a conformal transformation,

D,z,w

PRl (4[0,00) N A = 0) = P ) (310,00) N f(A) = 0), (6.3.5)

where Pgﬁoszi“l denotes chordal SLEg/3 measure in D, starting at 2z and ending at w,
Pgl,"}‘(ig)l f(w) denotes chordal SLEg3 measure in D', starting at f(z) and ending at
f(w), and A is a closed set such that A C D, z,w ¢ A, AND C D and D\ A is

simply connected.
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Conformal invariance is built into the definition of every SLE, measure. However,
SLEg/; measure also satisfies the following restriction property: If D is a simply
connected domain, z,w € 9D, and D' C D is another simply connected domain with

z,w € 9D’ then

Pchordal (7[0’ OO) NA= @|’}/[O, OO) C D/) — P%L/z’);«figl (,3/[0’ OO) NA= @) 3 (636)

D,z,w

where A is as in (6.3.5)), along with the assumption that A C D’. Recall that for the

family of restriction measures P, we have the following restriction formula:
P, (KNA=0)=d,(0)°, (6.3.7)

for some real number «, where K is a restriction hull and ® 4 is the unique conformal
transformation mapping H \ A onto H with ®4(0) = 0, ®4(0c0) = oo, and P4(z) =
z+o0(1) as z = 0.

In the case of SLEg/s, it is known that o = 5/8, and therefore we have
Pgherdal ([0, 00) N A = 0) = @/4(0)°/". (6.3.8)

It is also well known that the map f(z) = €™ defines a conformal transformation
from the unit strip to the half-plane H satisfying f(0) = 1, f(x+i) = —e™. Therefore,
the map

U = =L (6.3.9)

defines a conformal transformation from S onto H with ¥,(0) = 0 and ¥, (z+17) = oo.

It follows then from (6.3.5)) that if z < &,

Pt (maxRe(y(1)) < €) = PEt (1[0,00) N {z € $: Re(2) 2 €} = 0)
= P (3]0,00) N W, ({ € 51 Re(2) > €}) = 0).

Let A=V, ({z € S:Re(z) > &}). Then we can write A={z € H: |z—c(x,§)| <
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a(x, &)}, where

c(x,£)=1( Al 6W§_1)

2 67r§ — e e7r§ + e

a<x,§>:§( Al mol )

eTé _ T B e7r§ + em
In this case we can write down ® 4 explicitly. We have

a(z,§)?
z - C(LL’, 5) '

Evaluating the derivative of (6.3.10) at 0 and using (6.3.8]), we find that

Da(2) = (2 — c(x,8)) + (6.3.10)

Prtet (max Re((1)) < €) = @/,(0)*

[ (229)]

Therefore, we can calculate the distribution of the right most excursion of SAW

5/8

in the strip in the scaling limit by
5/8

men<o- [ - (29)] e

where p(x) is given by (6.3.3]). Thus, by our Conjecture, 621l we should have

5/8

lim p(x) de.

n—00 E]HI,oo [Yn(W)_l/J] —00

Eii oo [Vo(w) ™71 (max; w;/ Vo(w) < €)] :/5 [1_ (cﬁé?)j
(6.3.11)

6.4 Simulations

The pivot algorithm provides us with a fast Monte Carlo algorithm for simulating
the self-avoiding walk in the full plane or the half-plane. It has also recently been
shown in [DGKLP2011] that the pivot algorithm can be used to simulate self-avoiding
walks in the strip S. Taking lattice effects into account (see [KL2011]), it should

also be possible to simulate the self-avoiding walk in other domains using the pivot
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algorithm. Recently, Nathan Clisby has developed a very fast implementation of
the pivot algorithm, [Clisby2010], and that is the algorithm that we use for our
simulations.

We use the pivot algorithm to generate self-avoiding walks in the half-plane with
number of steps N = 1000K. Each iteration of the algorithm is highly correlated, so
there is no point in sampling each iteration. Instead, we sample every 100 iterations.
In this way, we generated 144, 000K samples.

We first test the conjectured density p(z) given by (6.3.3) against the sampled
data. We take n = 100, sample self-avoiding walks in the half-plane, considering
them up to their 100th bridge point, and then scale them by 1/Y,, to get a curve
in the unit strip. To test the exit density of these curves against p(z), we split the
interval [—3, 3] into 600 equal parts of length dx = 0.01. We then plot a histogram (see
Figure [6.1)) by summing the weights Y, V% for each curve ~ sampled which satisfies
x < Re(w(s)/Y,) < z+ dz, divided by the sum of the weights Y, M7 for every curve
sampled. Here we are using s to denote the time at which w reaches height Y,,. We
have also plotted a histogram of the exit density of the curves in the strip obtained
from our samples by normalizing by the number of samples generated instead of the
sum of the weights Y, in order to show that we do not get the conjectured exit
density p.

Next we test the conjecture by making a prediction for the scaling exponent b in
([E13) and ([6I4). We do this by plotting the log of EN[Yn_l/Ul(x < Re(w(s)/Y,) <
x + dx)] versus the log of cosh™?(m(x 4+ dx/2)/2). We take evenly spaced values of
the interval [—1.90,1.90] with spacing dz = 0.01. By Conjecture 6.2.1] we should

have

log (Ex[Y,, "/71(z < Re(w(s)/Y;) < x + dx)]) = blog (cosh™>(m(z + dz/2)/2))-+const.
(6.4.1)
Therefore, the data points should lie on a line. The slope of the line should be b,
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FIGURE 6.1. Histogram of exit points with the appropriate weighting along the upper
boundary of the strip for the fixed irreducible bridge ensemble. The conjectured
density p(z) is represented by the solid curve, while the histogram is represented by
the data points.

which is conjectured to be 5/8 = 0.625.
The line shown in Figure is a least-squares fit to the data, the slope of which
is 0.625303. If we let b denote the slope of our least-squares fit, then comparing b

with the conjectured value, we have
b—5/8 =0.000303. (6.4.2)

We have also plotted a log-log graph of the expected value of 1(z < Re(w(s)/Y,) <
x + dz) versus cosh™?(m(x + dz/2)/2 by calculating the expected value through
the number of samples as opposed to summing the weights Y, . This should be
compared to Figure The slope of the least-squares fit in this case is 0.444367. We
don’t expect this to mean anything, since if the log-log plot of the sample points were
linear, it would imply that the exit density of the fixed irreducible bridge ensemble

is harmonic measure raised to some power, and we do not expect this to be true. In
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FIGURE 6.2. Histogram of exit points along the upper boundary of the strip obtained
by normalizing by the number of samples generated, as opposed to normalizing by
the sum of the weights Y, 7. Once again p(x) is represented by the solid curve.

fact, a careful observation of Figure

Next, we perform numerical tests on the rightmost excursion, which we are denot-
ing by X. After generating our self-avoiding walks in the half-plane with N = 1000K
steps, and considering them up to their 100th bridge point (i.e. taking n = 100), we
scale the walks by 1/Y,, and weight the probability measure by Y, /%, We denote the
probability obtained in this manner by Py ,. Of course this depends on the number
of steps in the walk, as well as the value of n. But for large enough values of N, n,
this measure should look very close to the fixed irreducible bridge measure. Conjec-
ture then states that limy ;oo Py, = ngg;dgﬁ., integrated against p(z). Given
¢ > 0, by equation (6.3.11]), we should have

5/8

Pra(X <€)~ /_ io [1 - (Zggﬂ p(z)dz. (6.4.3)

We use numerical integration to calculate the right hand side of (6.4.3]). Figure[6.5]
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FIGURE 6.3. log-log plot of EN[Yn_l/Ul(x < Re(w(s)/Yn) < z + dz)] versus
cosh™?(m(z + dz/2)/2). The slope of the least-squares fit is 0.625303.

shows a plot of the cumulative distribution function for X under the measure Py,
obtained from our simulations, along with the conjectured cumulative distribution
function for X given by the right hand side of (6.4.3]), for values of £ between 0 and
5. In the scale of the figure, the two curves look almost identical. In Figure [6.6] we

plot the difference between the simulated cdf for X and the conjectured cdf for X.
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FIGURE 6.4. log-log plot of Ex[1(z < Re(w(s)/Y;) < x + dx)] versus cosh™?(7(z +
dz/2)/2). Without taking the weights Y, % into account, the slope of the least-
squares fit is 0.444367.
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FI1GURE 6.5. Plot of the conjectured cdf for the rightmost excursion of SAW in the
strip in the scaling limit as 6 — 0+ and the simulated rightmost excursion for SAW
in the fixed irreducible bridge ensemble. The conjectured cdf is colored in red, while
the simulated cdf is colored in green. In the scale of the image, it is difficult to see
the difference.
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FIGURE 6.6. Plot of the difference in values for the conjectured cdf for the rightmost
excursion and the simulated cdf for the rightmost excursion.
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APPENDIX A

ALL THE MATERIAL THAT COULD NOT MAKE IT INTO
THE MAIN TEXT

A.1 A subadditivity result

We give here a self-contained proof of a standard result about subadditivity which

we use frequently throughout the main text, especially in section 2.1l This result can

also be found in [MS1993|] and [Lawler2008]

Proposition A.1.1. Let (a,)2, be a sequence of real numbers which is subadditive,

that is, ap + @ < Apym. Then the limit lim,, o a, exists in [—00,00) and is equal to
lim — = inf —. (A.1.2)
Proof. It suffices to show that

a
li L <z A13
T Tk (A1)

for all k > 1. For then, taking the lim inf,, ., of both sides of (A.L.3)) gives the desired
result.
Given k > 1, let Ay = max;<,<j a,. For a fixed n € N and k with 1 <k < n, let

J be the largest integer less than or equal to n/k. Then we can write
n=jk+rforl<r<Ek.
Subadditivity then gives
. n
a, < jap + a, < Eak + Ap. (A.1.4)

Dividing by n and taking the limsup,,_, . then gives the desired result. O
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A.2 Hausdorff dimension of random sets in C

Let m denote Lebesgue measure on C. Suppose (C).so is a collection of random
subsets of the complex plane under some probability measure P, and that for € < ¢,
we have C. C Cu. Then if C = (N C,, define the following conditions (where we
use the notation f(e) < g(€) to mean that there are positive constants ¢; and cs,

independent of epsilon, z, and w, such that ¢; f(€) < g(e) < caf(€)):

(i) For all z € C,
P{zec(C}=<¢€ (A.2.1)

(ii) There exists ¢ > 0 such that for all z € C,

P{m(C.NB(z,€)) > ce’lz € C} > >0 (A.2.2)

(iii) There exists ¢ > 0 such that for all z,w € C,

P{z,w € C.} < ce®|z —w|™® (A.2.3)

Proposition A.2.4. If conditions (i) and (ii) hold, then a.s. dimy(C.) <2 —s. If
conditions (i) and (iii) hold, then with some strictly positive probability, dimgy(Ce) >
2—s.

Proof. It suffices to show that the result holds in [0,1]? = [0, 1] + 4[0,1]. For the
upper bound, we create a covering of the box [0,1]? by open balls of radius e. To
that end, let (B;) be a collection of 462 open balls of radius € which cover [0,1]?. By
condition (i), the probability that the center of ball B; is in C, is bounded above by

a constant times €°. Let z; denote the center of B; Then

P{C.NB; £ 0} < C'¢* (A.2.5)
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for some constant C’ > 0. Thus, if we let N(¢) denote the (random) number of balls

of radius € required to cover C¢, (A.2.5) then gives us

E[N(¢)] = Z P{C.NB; # 0}

S 068—2

for a positive constant C'. Therefore, by Chebyshev’s inequality, for all n > 0, we
have

P{N(e) > e 21} < Cé.

Now fix n € N and set e = 27". Since the sequence 27" is summable, it follows by
the Borel-Cantelli lemma that a.s., there exists ng such that, for all n > ng, we have
Nyon < 2C=s+mn,

Since the family (C.) is decreasing, any covering of C. is also a covering of C. The
previous estimate then says that a.s., for all n large enough, it is possible to cover C'
with at most 22=5t" balls of radius 2~™. Therefore, the box dimension of C' is a.s.

not greater than 2 — s + n. Letting n — 0+, we obtain, with probability 1, that
dimgy C < dimyp,, C <2 — s.

We have shown that if conditions (i) and (ii) hold, then a.s., the Hausdorff dimension
of C'is less than or equal to 2—s. We omit the proof of the other part of the theorem,
that conditions (i) and (iii) hold, then the Hausdorff dimension of C' is greater than
or equal to 2 — s with strictly positive probability. O

A.3 Heuristic derivation of o

In chapter [0 it was conjectured that there exists a constant o > 0 such that n=?Y,,
converges in distribution to that of a stable random variable, where Y,, is the n-th

bridge height of an infinite length SAW in H. Here we give a derivation for the
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conjecture that o = 4/3. The argument given is originally due to Tom Kennedy via
private communication.
To begin, let Bp(z) be the generating function for bridges in a strip of height
height h starting at 0. That is, if we let h(w) denote the height of w € B. That is,
Bu(z) = 2M1(h(w) = h).

weB

Based on [LSW2002], B;(z) should decay like h~'/4. The argument is essentially that
if we constrain the bridge to end at a fixed point along the upper boundary, Bj(z)
decays like h=?*) where b = 5/8. The number of endpoints that contribute to By(z)
is of order h, and we are left with a decay of By,(z) < h~/4.

We will derive a relationship between Bj(z) and the cumulative distribution of
the height of an irreducible bridge. We run an i.i.d. sequence of irreducible bridges
until the total height of the concatenation strictly exceeds L. This happens with
probability 1, so

1—2 > g Ry Zhw’ ) > L)1 nzlh(wj) <L)

n=1w!,. . wrel Jj=1

n

L n—1
:ZZ Z B~ Xi= 1|“’J‘1Zhw1 )=h)l Zhw” > L)
_ j=1 j=1
L n—1
=33 3 s EEERS W) =h) Y 80+ aw") > L),
j=1

wneT
Next we use
> B (h + h(w) > L) = P(h(w) > L — h),
w€eL
where P denotes the probability measure on irreducible bridges which assigns prob-

ability 5=l to each w € Z. Now, we have

n—1
1= hz:z:l Z 5—2?;11 '“’]1(2 h(wj) _ h)P(h(w) > I — h)
0n=1uwl . . wn-ler j=
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Let us now assume that By,(57!) < h™/* and P(h(w) > h) =< h™P for some power
p. We will split the above identity into two sums: one from 0 to L/2 — 1, and one
from L/2 to L. In the first sum, L — h/2 is at the least L/2, and so P(h(w) > L — h)

is (up to multiplicative constants) L. So the first sum behaves like

L/2—1
Z BoVAL P — [PH3/4

h=0
In the second sum, h > L/2, and so By, (87') is (up to multiplicative constants),

L7174, So the second sum behaves like
L L/2
S LTVHL )= LTV < LA
L/2 0
so both sums behave like L3P, As L — oo, the identity says that this cannot

diverge or go to zero, and therefore we should have p = 3/4.

In conclusion, P(h(w) > h) decays like
P(h(w) > h) =< h=%/4,

This tells us which stable process the sum of n irreducible bridges converges to in
distribution. Let Y,, denote the n-th bridge height. We want to find ¢ so that Y,
grows like n?. The cdf F(h) of the irreducible bridge heights converges to 1 like
1 — h=%* as h — oo. If there are n irreducible bridges, the largest one will roughly

have height h, so F(h) ~ 1 — 1/n. Thus, h ~ constn*/3 ie. o =4/3.
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