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Outline

» Hydrodynamics of the ‘bulk’ mass

» ‘Replacement’ averaging principle methods
‘Entropy’ GPV method
‘Yau's’ method

» Fluctuations of the ‘bulk’ mass and ‘occupation times’



Replacement

The main work to establish ‘hydrodynamics’ is the ‘replacement’
estimate to close the discrete evolution equations.

—This estimate is of its own interest, and may have application
in other settings.

We will discuss two main techniques which have broad validity:

» ‘entropy’ method of GPV (1988), and
» ‘relative entropy’ method of Yau (1991).



Exclusion model
Recall the simple exclusion process on T¢, = Z9/NZ¢ consists
of a collection of continuous time RW’s, with jump probabilities
p(x, y) going from x to y, where jumps to occupied locations

are suppressed.
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Its generator is

Lsef(n) =Y (F(n™) = f(n))n(x)(1 = n(y))p(y — X)

X7y

—Invariant measures include the Bernoulli product measures

Hp = H Bern(p)



As before, we will start from initial configurations distributed
according to a ‘local equilibrium’ measure

iV = T] Bern(po(x/N))

where po : TY — [0, 1].



Recall that we are speeding up time by N’ and the grid spacing
is1/N, and
! (X) = e (X)

—Recall also the empirical measure

’
= NO ZU{\I(X)fo/N-
X



Main aim

Let h be a local function,
e.g. h(n) =n(0)(1 —n(1)) ind =1, etc.

—OQur goal is to approximate

by

where x = Nu.
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Recall that

N (x) = (2Ne1—i—1)d Z nx+y)
= <I'E,7rév>

can be written in terms of V.

—Here, as before,

ii(u) = (2e)" "1 (lu] < e).



‘Entropy’ method

We will show in a sense that

h(nf'(x)) ~ H(n"?)

from which things follow:

Indeed, as n}jﬁ?(x) iS @ macroscopic average,

in an e window,
it will be close to p(t, u), as discussed last time.



Remark

The ‘entropy’ method works well when

» the setting is translation-invariant
» the dynamics is reversible (0 = 2)

—Elements of the ‘entropy’ method replacement though will be
useful in the asymmetric setting as well,
e.g. the upcoming 1-block lemma will hold.



Recall 7 denotes a shift by x.
Let J be a test function.

Theorem. We have

lim sup lim sup E,n [
€l0 Ntoo

where
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Introducing scale 1 <</ << N

Write
#Zd(ﬁ) T VNe()
= NdZJ % {Tx (n) (%_:_71)(1 Z 7'z+xh(77)}

|z|<¢

+ Nd ZJ % {(25_,_1)11 Z 7—erXh(n) - H(’r](g)(X))}

lz|<e

+ i S I {HEOX) — HEMI ()}



The first line on RHS introduces more averaging.

—By smoothness of J,
it is of order O(¢9/(Ne)).



The second term, bringing an absolute value inside the sum,
is bounded by

(e e

where

D =| e 3 wh) — HOO)]

ly|<e



While in the third term, as H is Lipschitz, we bound by

HJHLOO H(n é) H(n (Ne)(X)
\ |

HJHLOOZ‘ O(x) — 7 NI(x)|.




We may further write the Ne-window term 5(Ne)(x) in terms of
an average of ¢-window terms n()(x + z) for
i=1,....M:= (2Ne + 1)9/(20 + 1)°:

d M
(N9 () — (20+1) ()

d
= =Y 19x+2z)+ O0(x7)
(2Ne +1)d &
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Finally, ‘omitting’ ¢-blocks near x,
we bound the third term:

sup Z N (x) = O (x + y)| + Ot /N°)
20<|y|<ne N



1-block lemma

Let P{V be the semigroup for the NY speeded up process,
and let ., be a reference measure.

Denote the probability density

NPN
T/ du,




With respect to the second term before,
integrating in time, taking expectation,

T
EMN|:/(; NdZTXVVg ns)ds]

=T E,,[ff(n) W > W(n)].

Lemma (1-block) We have

il B (0 g 3 W] =0



2-block lemma

Similarly, w.r.t. the third term, integrating in time and taking
expectation, we show the following.

Lemma (2-block) We have

lim lim lim sup
€100 €l0 Ntoo o< |y|<2Ne

up[fT NdZ‘”(@ n® X+Y)” 0.



Measuring ¥

1. Consider the relative entropy of N with respect to p,:

d N
H(i": 1p) = Eyn|[log ﬁ}
D

= Z [po(x/N)10g po(x/N)/p+ (1 = po(x/N)) log 1—1/)0_(X/N>}

This is O(NY) as we are on the torus T¢,.



2. Attime t, for the N%-speeded up process,
with semigroup PV,
the rate of change is

d
& H P ) = NUE,,

ap" Py

Py
dpp ‘

Llo
& dn,




3. A calculation gives
d,LLNPt d,uNPt d,U,NPtN
E LI < -2D(y/———
M’J[ dpp ° dpp } a ( dhp )

where, for Exclusion,

D(h) = E,,, [h(~Lh)]
— %Z s(y — x)Ey, [(h(nxy) - h(n))z}'
X,y

—Here, s(z) is the symmetrization (p(z) + p(—2))/2



4. Then (xx),

and

**Uses alog(b/a) < v/a[v'b — /a] for a, b > 0.



5. Abbreviate and recall
NPN

I(h) = D(v/h), and ¥ — T/ i

—By convexity of Dirichlet form,

I(fY) < CTN?.




Sketch: 1-block lemma

The idea is, when localized in a /-block,
the Dirichlet form of f = fN vanishes in the N 1 oo limit.

This means f is roughly constant.
Ergodicity w.r.t. 11, now applies.



Highlights

A. Write
B, [101) - 1gg S0 e Wen)] = v, [AV(F) - Win)]

= E,., [fo(n) We(n)].

where

Av(f Ndzfx ) and fy(n) = E, [Av(f)|F].

—Here, Fy = o{n(x) : |x| < ¢}.



B. Consider the ’¢-block’ Dirichlet form

le(w) = Z I x4y (W)

X,y |x|,|x+y|<e
where

by (W) = (Y = X)E, [(VWOr®) — V()]



By translation-invariance,

IX X+y Nd Z IZ z+y )

zeT§,

1
< WZ /z,z’(W

z,z'

—Since p is finite-range, we have

lo(w) < CLON=9I(w).



Then, by convexity, and /(f) < CN9—9,
we have

I(f,) < I,(Av(f))
< ClIN=I(Av(f))
< CLAIN=(f)
< ClIN?,



C. Considering limit points as N 1 co, need only show

lim sup E, |f(n)V, =0.
fim sup 1 [F(1) V()]

But, looking at the form of /,,
if I,(f) =0,
conclude f is constant
on configurations on {—/, - - - , ¢} such that 7(Y(0) = a.

—Here, the values 0 < a < 1 (in the Exclusion process).



So, it would be enough to show

lim sup
oo p<a<t

En, UW > mh(n) - H(a)!’n(‘)(o) = a} — 0.

|x|<£

—Recall H(a) = E,[h].
—The measure p, is product.

—At this point, the last limit can be seen via local central limit
theorems, for instance.



A cartoon about 2-block lemma
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Replacement by Yau’s method

Recall our original framework. We start from pN and evolve the
system in time scale N°t.

—The variables
{n{v(x) X c T%}

are governed by distribution p := uNPN.

These variables are not independent for t > 0,
even if the initial distribution is product.



However, suppose we believe that the system is close to the
macroscopic picture with respect to solution p(t, u).

—The idea is that u?’ should be ‘close’ to a product measure
with means given by

{p(t, x/N): x € T%}.



Let p be a smooth solution of the hydrodynamic PDE,
bounded away from 0 and 1,

forO<t< T,foraT >0
(T could be small, starting from smooth initial data).

Form, for t > 0,

v =[] Bern(p(t, x/N)).

Note: v}’ is a local equilibrium measure.



Consider d = 1 Exclusion, but say p is asymmetric (6 = 1).

Theorem. Suppose
H(uN; ') = o(N).

Then,



How does this imply hydrodynamics?

Consider the variational definition of entropy:

H(uiv) = sup {E,[F] — log E.[eF]}.

—From this, one can derive the inequality for event A:

log2 + H(u;v)

n(A) < :
log (1 + ﬁ)



Applying with o = N and v = v}, and
{’—ZJ x/N)g( NZJ x/N)p(t, x/N)}>e},

we need to show
vV(A) < e N,

—This is a consequence of large deviation estimates for
independent variables.



Highlights

Consider a reference measure pq 2.

Let

_ <p(t;)/(éN))n(x) <W> 1-n(x) |



Using the forward equation,
and some calculation(xx),
the derivative of relative entropy may be bounded:

d
SHG
N

* 1 N N
S E;L;V |:1p{\[(77)L ¢t (77) - at |Og wt ]

xxUses alogb —loga] < b—afora, b> 0.



So, we have
H(pp; viY)

NN t N N N
< H(u ;V0)+/O Eﬂg[¢y(n)st (1) — Otlog Y | ds.

If we can bound the integral by

t
o(N) + m/ H(u: vN)ds,
0

with small «,
then we may conclude by Gronwall’s lemma.



1. The integrand can be computed.

In the context of TASEP ind =1,
the dominant term, divided by N, is in form

£ 3y S0+ 1001 = a0 2

atﬂ (t, X/N orp(t, x/N)
NZ p)(t, x/N) NZ 1—p)tx/N)]'




2. Replace, by 1-block Lemma,
the terms

n(x +1)(1 =n(x)) by 7)1 -5 (x))
n(x) by n(x).



3. Recall

dtp = —0x(p(1 — p))

= (2p — 1)0xp.

et (1 ) 2 1 2 1

m(1 —m p— p—

F(m,p)=— -m .
() p(1—p) p(1—=p) 1-p

Then,

F(p,p) = Fm(p,p) =0,
and

F(n(x),p) = F(p.p)| < Cn(x)

- P

‘ 2



Hence, the expectation in previous slide is less than

£4[S 300 s

This can be bounded(xx), multiplying back by N, by

o(N)+n/0tH(//SV N)ds

as desired.

**Use an entropy inequality,
and large deviations starting from v}.



Remarks

1. In “Yau’s’ method, smoothness of the solution is needed.
But, only the 1-block Lemma is used.

So, in asymmetric Exclusion, the method is valid up to the
time T that a discontinuity of solution presents.

Note: As a consequence, uniqueness of solution to the PDE is
shown up to time T.



2. However, in the ‘entropy’ method, there is no limitation on the
time T.

Both 1 and 2-blocks are used, limiting use to contexts with
say diffusive scaling.

Note: But, as a consequence, one derives existence of a weak
solution.
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Thank you!



