9 Properties of point estimators and finding
them

9.1 Introduction

We consider several properties of estimators in this chapter, in particular
efficiency, consistency and sufficient statistics. An estimator én is consistent
if it converges to # in a suitable sense as n — co. An estimator 6 for 0
is sufficient, if it contains all the information that we can extract from the
random sample to estimate 6. If we have a sufficient statistic, then the Rao-
Blackwell theorem gives a procedure for finding the unbiased estimator with
the smallest variance. Until now we have been pulling our estimators out
of the air. At the end of this chapter we consider two methods for finding
estimators - the method of moments and maximum likelihood estimators.

9.2 Relative Efficiency

If we want to compare two unbiased estimator for #, then we should compare
their variances. The estimator with the smaller variance is better. Why? If
we want to quantify this we can look at their ratio. The relative efficiency
of 91 with respect to 92 is defined to be

(1)

If this is greater than 1, the estimator él is better than the estimator ég.

Example: Suppose that Y is uniformly distributed on [0,6]. (This is the
population distribution.) The parameter 0 is unknown. Let Y}, Y5, -+, Y], be
a random sample. (So the Y; are independent and each is uniform on [0, 6].)
We compare two possible unbiased estimators for #. The mean of Y is just

6/2. So let
0, =2Y (2)

Then 6, is an unbiased estimator for . The variance of Y is 02 = 6?/12. So
the variance of

a5, = 0°/(3n) (3)
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Now define

Y™ = max{Y;,Ys,---,Y,} (4)
and
R 1
b= 2 Ty (5)
n

In the homework we saw that 6, is an unbiased estimator. We computed the

variance of Y™ in the homework and found
y™) = n 6’ 6

So

~ 1
UCLT(QQ) = mQQ

So the relative efficiency of 91 with respect to ég is

3

€ff(é1, é2) = m (8>

We see that 6 is a much better estimator than 6,.

9.3 Consistency

We want to consider the behavior of estimators as the sample size goes to
infinity. So we will denote the estimator by 0, to make the dependence on
the sample size explicit.

We have seen before that for our estimators for the population mean,
population proportion, of population variance, the variance of the estimator
goes to zero as the sample size goes to infinity. Since these are unbiased
estimators, the mean of én is #. So as n — oo, the distribution of 0, is
becoming more and more concentrated around #. Does this mean that 0, is
converging to # in some sense? There are various senses in which a sequence
of random variables can converge. In this section we will define one notion
of convergence and show that if the variance of an unbiased estimator does
to zero as n — oo, then 6, converges to 6 in this sense. When this happens
we say the estimator is consistent.



Definition 1. A sequence of random variables X, is said to converge to the
random variable X in probability if for all e > 0, we have

lim P(|X, — X|>¢)=0 (9)

n—oo

Definition 2. A point estimator 0, for 0 is consistent if 0, converges to 0
in probability.

Remark: Note that a constant is a RV. In the last definition we are thinking
of the constant # as a random variable.

The definition is a bit abstract, so we look at what it says in the context
of an example. We flip a coin n times and let p,, be the number of heads
we get divided by n. This is a sample proportion which estimates p, the
probability that the coin comes up heads. Suppose p = 1/2. If p,, converges
in probability to 1/2, then P(0.49 < p, < 0.51) converges to 1 as the number
of flips goes to infinity, P(0.499 < p,, < 0.501) converges to 1 as the number
of flips goes to infinity, and so on.

Theorem 1. If 0, is an unbiased estimator Jor 0 and o5 — 0 as n — oo,

then én 18 consistent.
Proof: Follows from Chebyshev’s inequality ]
Corollary 1. The following estimators are consistent

o The sample mean Y as an estimator for the population mean p.

e The difference of two sample means Yy — Y drawn independently from
two different populations as an estimator for the difference of the pop-
ulation means p; — po if both sample sizes go to infinity.

e The sample proportion p as an estimator for the population proportion
p.

e The difference of two sample proportions p; — ps drawn independently
from two different populations as an estimator for the difference of the
population proportions p1 — po if both sample sizes go to infinity.

o The sample variance S* as an estimator for the population variance o?.



The corollary says that S? converges in probability to o?. Does this
imply that S,, converges in probability to ¢? If so, S,, would be a consistent
estimator for o. The following theorem says it does.

Theorem 2. Suppose that the estimator 0, converges in probability to the
parameter 6 and the estimator 3, converges in probability to the parameter

B. Then
1. 6, + Bn converges in probability to 0 + (.
én X Bn converges in probability to 6 x (3.
If B #0, én/Bn converges in probability to 0/.

A

If g(x) is a continuous function, then g(0,) converges in probability to
9(0).
Proof: We just prove the first statement. Fix an ¢ > 0. We must show

lim P, + B —0—p] <e)=1

n—oo

Define events by
b, = {’én — 0] <¢/2},
Fu = {1Bu— B < ¢/2}
G ={l0n+ 5. —0— B < ¢}
We know that as n — oo, P(E,,) and P(F},) both converge to 1. The triangle

inequality shows that F,, N F,, C G,. So if we can show P(FE, NF,) converges
to 1, then P(G,) converges to 1. We have

P(E,NF,)=1-P(ESUF%) >1— P(E°) - P(F%) — 1
0

Note that since g(x) = /7 is a continuous function and S? is a consistent
estimator for o2, the last statement in the theorem implies S is a consistent
estimator for o.

End of lecture on Tues, 2/13

Our first application of this theorem is to show that for unbiased estima-
tors, if the variance goes to zero and the bias goes to zero then the estimator

A~ ~

is consistent. Recall that the bias is defined to be B(#,) = E[f] — 6.
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Theorem 3. If 0, is an estimator for 0 (possibly biased) such that o5 — 0

asn — oo and B(én) — 0 as n — oo, then 0, is consistent.

Proof: We write the estimator as

én = (0 — B<én)) + B(én> (10)
Note that the bias B(6,) is a constant, i.e., not random. We can think
of 09, — B(én) as another estimator for 6. It has the same variance as 6,
and so its variance goes to zero. Also, it is unbiased. So by our previous
theorem 6,, — B (én) converges to # in probability. The sequence of constants
B(én) converges to 0, so if we think of these as RV’s they converges to 0
in probability. So by part (1) of the previous theorem 0., converges to 6 in

probability. O]

Application: We have already seen that S? is a consistent estimator for o2.
This followed from the fact that the variance of S? goes to zero. Note that
we did not actually compute the variance of S2. We illustrate the application
of the previous proposition by giving another proof that S? is a consistent
estimator. Recall

LS (1)

=1

The proof that this is a consistent estimator using the previous proposition
was done in class, but is not included here.

The notion of convergence in probability is one of several senses in which
a sequence of RV’s can converge. Another important one is the following.

Definition 3. Let X,, be sequence of RV’s, X a RV. Let Fx, (t) and Fx(t)
be the CDF’s. We say X,, converges to X in distribution if Fx, (t) conveges
to Fx(t) for all t such that Fx(t) is continuous at t.

Proposition 1. If X,, converges to X in distribution and Fx(t) is continuous
at a and b, then P(a < X,, <b) converges to P(a < X <b) as n — oo.

Partial proof:

Pa < X, <b) = Fx, (b) — Fx.(a) — Fx(b) — Fx(a) = P(a < X <b) (12)



This is not quite the statement in the proposition since we have a < ---
rather than a < ---. For X this does not matter since the hypothesis that
Fx(t) is continuous at a implies P(X = a) = 0. But P(X,, = a) can be
nonzero. To finish the proof we would need to prove that this probability
goes to 0 as n — oo. O

Note that the convergence in the central limit theorem is convergence in
distribution.

Theorem 4. If X, converges in probability to X, then X, converges to X
wn distribution.

Proof: Let t be a point where Fx (t) is continuous. We must show lim,, ., Fx, (t) =
Fx(t). Let € > 0. Since F is continuous at ¢, there is a § > 0 such that

F.(t+0) < F(t)+¢€/2, Fx(t—0)>F(t)—¢/2 (13)
Since X,, converges in probability to X,

lim P(|X, — X| <) =0 (14)

n—oo

So there is an N such that
n>N= P(X,—X|[<d)>1—¢/2 (15)

Now let n > N. We will prove Fy, (t) < Fx(t) + € and Fx, (t) > Fx(t) —e.
(This will finish the proof.)
For the first inequality:

< P(X, <t]|X,—X| <)+ P(X,—X|>9)

For the first term we note that if X,, <t and |X,, — X| < then X <t + 4.
The second term above is bounded by €/2.

Fx,(t) < P(X<t+0)+¢/2=Fx(t+9)+¢/2
< Fx(t)+e€/24+€/2=Fx(t)+¢

For the second inequality:

P(X,>t) = P(X,>t|X,—X|<6)+P(X,>t|X,— X|>0)
< P(X, > t,|X, — X[ <8) + P(|X, — X| > )
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The first term is bounded by P(X >t —d). The second term is bounded by
€/2. So

P(X,>t)<P(X >t—9)+¢/2
So taking 1 minus the above,
FXn(t) Z Fx(t—(S) - 6/2 Z Fx(t—(S) — €

]

An obvious question is whether the converse is true. It is not. In fact, the
converse doesn’t really make any sense. X, can converge to X in distribution
even if all the RV’s are defines on different probability spacings. But the
definition of convergence in probability requires that they all be defined on
the same probability space. We do have the following partial converse

Theorem 5. If X,, is a sequence of RV’s that converges in distribution to a
constant ¢, then X,, converges to c¢ in probability.

Proof: The CDF F.(t) of the “RV” ¢ is 0 for t < c and 1 for ¢ > ¢. Let
e > (. Then

Fx,(c+0)—Fx,(c—6)=Plc—d< X, <c+)9) (16)

As n — oo, the left side converges to 1 — 0 = 1. So the probability on the
right converges to 1. This shows X,, converges to ¢ in probability. O

Theorem 6. (Slutsky’s theorem) Suppose that the sequence of random
variables X,, converges to the random wvarable X in distribution, and the

sequence of random wvariables Y, converges in probability to the constant c.
Then

1. X, +Y, converges in distribution to X + c.
2. X, XY, converges in distribution to cX.

3. If c#0, X,/ Y, converges in distribution to X/c.



The proof of this theorem is much harder than the previous theorem and
we do not give it.
We now turn to an important application of Slutsky’s theorem. Recall
that if the population is normal, then the statistic
Y —
T — - 1 (17)
/S2/n
has a t-distribution with n—1 d.f. for any sample size. What if the population
is not normal, but the sample size is large? Write T as a product:

TTZ _= — Xnyn, (18>

X, =

iy 19
i (19)
The central limit theorem says that X,, converges in distribution to a stan-
dard normal. And we know that Y,, converges in probability to 1. So by
Slutsky’s theorem, T,, converges in distribution to a standard normal.

This implies that

P(—=zajp <Tp < 2q2) = 1 — (20)
So for large n,
P(—=zay2 ST, < zop2) ® 1 -« (21)

which we can rewrite as

P 6771—20[ _7?n+za =
This is the large sample confidence interval we derived before for p.
We can do a similar thing for the confidence interval for a population
proportion for large samples. Let

Nr~1-—a (22)

Uy= ——=>t (23)

Rewrite this as




The first term converges in distribution to standard normal. We know that

P converges in probability to p. So oy converges in probability to 1.
So by Slutsky’s theorem, U,, converges in distribution to a standard normal.
So for large n,

P(—Za/g < Un < Za/g) ~l—a (25)
We can rewrite this as

ﬁn<1 _ﬁn) i ﬁn<1 _ﬁn)])

P(p € [pn — 2zas2 Yo + Zag - ~l—a (26)

This is the large sample confidence interval we derived before for p.

9.4 Sufficiency

Probability review - conditional probability
Recall that for two events A and B, the conditional probability of A given

B is
P(ANB
p(app) = 000

“PB) (27)

For discrete RV’s this leads immediately to

Definition 4. If X and Y are discrete RV'’s, then the conditional pmf of X
given Y 1s

_ fxv(,y)
fr(y)

For each value of Y this given a conditional pmf for X. Note that if X
and Y are independent, then fxy(z|y) is independent of y and is just fx(z).
We can also define conditional joint pmf’s :

fxy(zly) = P(X = z]Y = y) (28)

Definition 5. If X, ---,X,, and Y are discrete RV’s, then the conditional
joint pmf of X1,---, X, giwenY 1is
fX1,~~-,Xn|Y(I1,'"7J7n|y) — P(Xl :‘/L‘17”'7X’n :xn|Y:y) (29>
Sxie Xy (@150 T, y)

N fr(y) (30)




If X and Y are continuous RV’s, then conditioning on Y = y is prob-
lematic since this event has probability zero. You have to define it by a
limiting process. We do not go through this argument here. The result is
the following definitions.

Definition 6. If X and Y are continuous RV’s, then the conditional pdf of
X giwen'Y 1is

Fxiy(zly) = P(X = 2|y =y) = %{;)y)

Definition 7. If X1,---, X,, and Y are continuous RV’s, then the conditional
joint pdf of X1,---, X, given'Y is

(31)

le’...7Xn|y(£L’1, v ,In|y) = P(Xl = X1, 7Xn = $n|Y = y) (32)
fxi Xy (T, T, y)

fr(y)

The definitions in the continuous case look exactly the same as in the
discrete case, but the f’s are now probability densitiies, so the definitions are
really quite different.

(33)

We now end the probability review and introduce the idea of a sufficient
statistic. Informally, a statistic U is sufficient for the population parameter
6, if the statistic contains all the information that the random sample has to
tell us about the parameter. In other words, if statistician A is given all the
values in the random sample and statistician B is only given the value of U
the random sample, then statistician A cannot do a better job of estimating
f than statistician B. The formal definition is as follows.

Definition 8. Let Y7, Y5, --,Y, be a random sample from a population with
an unknown parameter 6. Let U be a statistic, i.e., some function U =
g(Y1,Ys, - -+ Y,) of the random sample. We say that U is a sufficient statistic
for 6 if the conditional distribution of Y1,Ys, -, Y, given U does not depend
on 6.

Example: We look at an example to see how this definition works. Suppose
we are interested in a population proportion and the unknown parameter is
the usual p. The estimator we have used before is p, the sample proportion.
Recall that this is just the number of successes in the sample divided by n.
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If we let Y; be 1 if the ith member of the sample is success, and Y; = 0 if it
is failure, then p is equal to Y. We will show that p is a sufficient statistic
for p. It is a little easier to work with

. )

We will show that U is a sufficient statistic. Since p = U/n, this will show
that p is a sufficient statistic. The distribution of U is just the binomial
distribution:

fu(u) = (")p“(l —p)n (35)

u

The distribution of Y1,Y5,---,Y,, is relatively simple. We get a factor of p
for every Y; that is 1 and a factor of 1 — p for every Y; = 0. So

le,“',Yn (yb e 7yn) = pzl yz(l - p)zi(l_yi) (36)

where the sums on ¢ run from 1 to n. Finally, we need the joint distribution
of Yi,---,Y,,U:

fyl,"an,U(yl? oy Yn, U) = {pU(l B p)n_u lf Zl yl - (37>
0 otherwise

So the conditional joint pmf of Y;,---,Y,, given U is
% if ) ,vi=u
fY17"'7Yn\U(yla te ayn|u) = { (u) ZZ y_ (38)
0 otherwise

This does not depend on p, so U is a sufficient statistic for p.
We continue the example by giving an example of a statistic that is not
sufficient. We still consider a population proportion, but now let

U=>Y (39)

Note that the sum only runs up to n — 1. Intuitively we expect this is not
a sufficient statistic since it does not incorporate Y,,. The distribution of U
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is binomial, but with n — 1 trials. Note that Y,, and U are independent. So
the joint distribution of Y7,---,Y,,, U is

th'",Yn,U(ylv s Un, u) - le,'",Ynﬂ,U(yla  Yn—1, u)fYn (yn) (4())

_ {p“(l —p) e (1 —p) Y Yy = (41)
0 otherwise

So the conditional joint pmf of Y;,---.Y,, given U is

Yol —p) Lo i Yy =
le,"',YnlU(y17 e 7yn‘u) == {p ( p) (" 1) Zz_l y <42>

u

otherwise
This does depend on p, so this U is not a sufficient statistic for p.

The definition of sufficient statistic is not so easy to check. And it does not
give us a method for finding sufficient statistics. Luckily there is a theorem
which gives a much easier criterion for sufficiency and tells you how to find
them. First we introduce some notation and terminology.

We are usually interested in a random variable Y which we think of as
the population. It has a pmf or pdf f(y). This pmf or pdf depends on one
more unknown parameters. Let 6 or 61, - - -, 05 be these unknown parameters.
We make the dependence of f(y) on them explicit by writing it as f(y|6) or
f(y|01,- -, 0k). To simplify the notation we will often just write f(y|f) with
the understanding that # may be a single unknown parameter, or may be
shorthand for several unknown parameters 6y, - - -, 0.

If we draw a random sample Y7, Ys, - -+, Y, from our population, then the
joint pmf or pdf of the random sample is [, f(y;|6). We given this function
a name.

Definition 9. The likelthood function is

n

Ly, yal0) = [ [ £ (0:16) (43)

=1

Theorem 7. (Factorization criterion) A statistic U = U(Y1,Ya,---,Y,) is
a sufficient statistic for the population parameter 0 if the likehood function
factors into a product of two non-negative functions:

L(ys, -+ ynl0) = g(u, ) h(y1, Y2, -, Yn) (44)

where g only depends on u and 0 and h does not depend on 6.
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Later we will give a proof of this theorem for the case that the random
variables are discrete. This theorem does more than help you check that a
given statistic is sufficient. It helps you find sufficient statistics. We illustrate
this with some examples.

Example: We start with the binomial we have already looked at. So

n

Ly, yal0) = pri(l_p)lfyi (45)
- > i
_ RV B
- - |1 (16

where the sum on i is from 1 to n. So if we define U = >_" | Y;, then the
above is of the form in the theorem with

g(u,p) = (1—-p)" [1%}“’ (47)
h(yi, -+ yn) =1 (48)

This U is a sufficent statistic. This of course implies U/n = p is also a
sufficient statistic.

End of lecture on Tues, 2/27

Remark: If U is a statistic and V' = f(U) is a function of U that is a suffi-
cient statistic, then U is a sufficient statistic. This follows immediately from
the factorization theorem. Since V' is sufficient we can factor the likelihood
function as g(v,0)h(y1, - - -, y,). But then we can express v as a function of u,
so this becomes g(v(u),0)h(y1, -+, y,), and we can think of g as a function
of u and 6 only. Caution: If U is sufficient and V' = f(U), then V need not
be sufficient. (It will be if f is 1-1.)

Example: Suppose the population has an exponential distribution with
mean . So

fylB) = Be “P1(y > 0) (49)

Then

n

L(@/laaan) = eXp __Zyl Hl 120) (5())
i=1

13



We can take h(y1, -+, yn) = [[=; L(y; > 0), and let g(u, 8) be the rest of the

7

likelihood function where U :_2:?:1 Y;. So U is a sufficient statistic. This
implies that Y is also a sufficient statistic.

The last example might make you wonder if the sample mean Y is always
a sufficient statistic for the population mean p. The next example shows it
is not, and in general it is not.

Example: Suppose the population has a uniform distribution on [0, 6] with
0 unknown. Pay careful attention to the range here. The pdf of Y is not 1/6.
It is 1/0 when 0 < y < # and 0 otherwise. We let 1(---) denote the function
that is 1 when - - - is true and it is 0 when - - - is false. So

1 1
f(y|9)=51(OSY§9)=51(0§Y)1(Y§9) (51)
So the likelihood function is

Ly, -+ yalf) = 9’”H 1(0 < y;) H L(y; < 0) (52)

We can put the factor 67" into g(0,u) whatever U is. And we can put the
factors of 1(0 < y;) into h(yi, - -, yn). The function [, 1(y; < 0) depends on
6, but there is no way to write this as a function of # and Y. So Y is not a
sufficient statistic. If we only know ) . v;, there is no way we can determine
if all the y; are < 6. The function [[, 1(y; < ) is 1 if and only if all the
yi < 0. So

[0 < 0) = 1max{ys, -9} < ) (53)

But it is a function of U = max{Yy,---,Y,} and 6, so we see that this max
is a sufficient statistic.

Example: Suppose the population pdf is gamma with parameters a and .
So

ya_le_y/ﬁ

flyla, B) = BoT(a)

(54)
for y > 0. The likelihood function is

L(y1, -+ ynlev, B) = [H vl exp(— Z yi/B) BT ()] ™" (55)
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If o is known, and 3 is unknown, then ) Y; is a sufficient statistic for 5. If
B is known, and « is unknown, then [],Y; is a sufficient statistic for o.. But
if both a and 8 are unknown, then there is no single sufficient statistic.

When the population has more than one unknown parameter, it is typi-
cally not possible to find a single sufficient statistic.

Definition 10. Let Y1,Y5, -+, Y, be a random sample from a population with
unknown parameter 61 and 05. Let Uy and Us be two statistics, i.e., func-
tions U; = ¢;(Y1,Ya, -+, Y,) of the random sample. We say that Uy, Us are
sufficient statistics for 61,0y if the conditional distribution of Yi,Ys,---,Y,
given Uy, Uy does not depend on 61 or 0.

The Factorization theorem for two parameters and two statistics is

Theorem 8. (Fuctorization criterion) Statistics Uy and U, are sufficient
statistics for the population parameters 61,05 if the likehood function factors
into a product of two non-negative functions:

L(yb T 7yn|01a92) = 9(“17U2,91792)h(?/1,y2> T 7yn) (56)

where g only depends on uy,us and 61,0 and h does not depend on 61 or 5.

Example: Suppose the population pdf is gamma with parameters a and f.

So
ya_le_y/ﬂ

T (a) (57)

fyle, B) =
for y > 0. The likelihood function is
Ly, yales B) = [[ Jwil* " exp(= D wi/B)[B°T ()] " (58)

So

mzqm %zgn (59)

are sufficient statistics for a, 3.

Remark: The number of sufficient statistics can be greater than the number
of unknown parameters. For example, consider the examples above where

15



the population had a gamma distribution. Suppose « is known and f is
unknown. We saw that ) .Y} is a sufficient statistic. But the two statistics
> Y and [[,Y; are also sufficient statistics. As an extreme example, we can
think of the entire random sample as n statistics. This n-tuple of statistics
will be sufficient no matter what the population distribution is. Of course,
we would like to have as few sufficient statistics as possible.

Recall that a sufficient statistic is a statistic that contains all the infor-
mation that the random sample has to offer about 6. Intuitively, a minimal
sufficient statistic is a sufficient statistic that does not contain any superflu-
ous information.

Definition 11. A sufficient statistic U = U(Y1,---,Y,) is a minimal suffi-
cient statistic if for any sufficient statistic’ T = T(Yy,---,Y,), U is a function
of T. (This means that T'(xq,- -+, x,) = T(y1,- -+, yn) tmpliesU(xq, -+, x,) =
U(Qb T >yn))

In all the examples we have considered we have been able to find a suf-
ficient statistic. This is misleading. If we have one unknown parameter it
is not always possible to find a single sufficient statistic. An example is the
Weibull distribution:

f(yl0) = 0y’ exp(—y®),y >0 (60)
The likelihood function is
L(yla e 7yn70) - QnH [yie_l eXp(_yf)} (61>

= 9”[H yi)? " exp(— Z’ye ) (62)

You cannot find a u(yi,- -+, y,) so that you write this in the form called for
in the factorization theorem.

9.5 Mininum variance unbiased estimators (MVUE)

Suppose we restrict consideration to unbiased estimators for 6. In this case
the mean square error (MSE) is equal to the variance of the estimator. So
ideally we would like the find the unbiased estimator with the smallest vari-
ance. Note that the variance will usually depend on the population param-
eters. Ideally we would like to find an unbiased estimator of 6 that has the
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smallest variance for all #. Such an estimator is called a minimum variance
unbiased estimator (MVUE). We start with a definition.

The next definition is not intuitive at all. Luckily, it holds for almost all
the statistics and population distributions we typically consider.

Definition 12. Let U = U (Y1, ---,Y,) be a statistic for 0. U is complete if
for every function g such that Eg[g(U)] = 0 for all 6, we have g(U) = 0.

Note completeness is not just a property of the statistic. It also depends
on the family of population distibutions that # parameterizes.

Theorem 9. Let U be a complete, sufficient statistic for 0. If E[U] = 0, then
U is the unique MVUE of 6. More generally, let T = g(U) be a function of
U. Let 7(0) = Ey[T| = Ey[g(U)]. Then T is the unique MVUE of 7(8).

Remark: The function g in the theorem can depend on n. For example, if
U=>5%", then Y =U/n is a legitimate function of U.

The proof of this theorem is way beyond the scope of this course. It is a
very useful theorem since it give a method for possibly finding the MVUBE
for 6. First use the factorization theorem to find a sufficient statistic U.
Then find a function of U whose expected value is §. You may not be able
to do all this, but if you succeed you will have the MVUE. We illustrate this
approach with some examples.

Example: Consider an example we have looked at extensively - a population
proportion. So the likelihood function

L(yi, -+, ynlf) = pr"’(l—p)l‘y" (63)

(64)

where the sum on ¢ is from 1 to n. We saw before that U = """ | Y] is a
sufficient statistic. We have E[U] = np. Let p denote U/n. So p is the usual
sample proportion. It is an unbiased estimator of p and it is a function of
the suffcient statistic U. Assuming it is complete, the theorem says it is a
MVUE for p.
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Example: Suppose the population has an exponential distribution with
mean 3. So

L(ys,--+,yal6) = 57" exp(—+ Zyz (65)

We saw before that U = "7 | Y; is a sufficient statistic. Just as in the
previous example, Y = U/n is an unbiased estimator which is a function of
this sufficient statistic, so Y is the MVUE of of 3. Recall that the variance
of the exponential is 02 = 2. Suppose We want a MVUE for o2. Note that
(Y)? is a “reasonable” estimator for o2, but it is biased. In fact we can

compute its expected value. We know var( )= 3?/n and E[Y] = ﬁ So
BV = var(V) + (BF]) = 320+ 5 = 22 = 5202 (60)
So the MUVE for o2 is
ot = (V) (67)

Example: Consider a population with a normal distribution with mean p
and variance 2. You will show in the homework that Y and S? are sufficient
statistics for g and 2. Since they are unbiased estimators for  and o2, they
are MVUE for them.

Example: Consider a population with distribution
3y2
e

Show that U = max{Y3,---,Y,} is a sufficient statistic. So we need to find a
function of U whose expected value is . We start by finding the distribution
of U.

fWlo) = 2510 <y <0) (68)

3ny3n—1
fu(ulf) = oo 1(0<u<¥) (69)
From this we compute that
3n
EU| = 70
U] 3n+1 (70)
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So if we let

3n+1
3n

é:

U (71)

then 6 is a function of the sufficient statistic U which is an unbiased estimator
of 6. So 6 is the MVUE of 6.

We end this section with part of the theory behind the theorem we stated
above which is of interest in its own right.

Theorem 10. (Rao-Blackwell theorem) Let U be a sufficient statistic for 6.
Suppose T is an unbiased estimator of 7(6). Let p(U) = E[T|U]. Then ¢(U)
1s an unbiased estimator of 0 and

Varg(o(U)) < Vary(T) (72)
for all 6.

If we have a sufficient statistic U and an unbiased estimator T', then we
can get a better unbiased estimator than 7' by taking the conditional ex-
pectation E[T'|U]. However, actually computing this conditional expectation
may be very difficult. The Rao-Blackwell theorem involves the conditional
expectation [T'|U]. We need to review some probability to understand what
this is.

GAP GAP GAP GAP

End of lecture on Tues, 3/13

9.6 Method of moments

Let Y be the RV associated with the population. Recall that the £th moment
of Y is EY*. We denote it by uz. It will be a function of the population

parameters. For a random sample Y7, Y5, ---,Y,, the sample moments are
defined by
my, = = Xn: v (73)
{Cr— Z
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Note that m; is the sample mean Y. The sample moments are of course
functions of the random sample.

Suppose we want to estimate k£ population parameters 61,6, ---, 0. The
method of moments does this setting the first k£ sample momemts equal to
the first k population moments, i.e., u; = m; for i = 1,2,--- k. This gives a
system of k equations in which we think of the random sample Y7, Y5,---,Y,
as known and 6y, - - -, 0, as the unknowns. We solve for 61, - - -, 0, as functions
of Y1,---,Y,.

If we just have one parameter we want to estimate, then the method just
becomes the follows. Find the population mean as a function of 4. Call it
w(6). We set p() =Y and then solve for § as a function of Y. Note that
in the case of one unknown parameter, the method of moments will always
give an estimator for # that is a function of Y.

The method of moments typically produces a consistent estimator(s). But
they need not be unbiased and when there are unbiased they need not have
minium variance.

Example: Suppose the population is uniformly distributed on [0, 6] with 0
unknown. The population mean is u = /2. So we set #/2 =Y and solve for
6. So our estimator is

0 =2V (74)
Example: Suppose the population is uniformly distributed on [6;, 6,]. We

want to use the method of moments to find estimators 6; and 65 for the two
unknown parameters. The mean of the population RV is

1
1 = 5(92 +61) (75)
Its second moment is
02 2 3 3
Y 165 — 07 L s 2
= dy = = = —(05+06.0,+0 76
o / Ay = g = (634 0.6 4 6) (76)

So we have the two equations

1 . .

my = 5(92—1‘91), (77>
1 . o

my = 5(022+9192+912> (78)
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We then solve them for él and ég in terms of m, and mo.

Example: Suppose the population pdf is gamma with parameters a and f.

So
a—1,-y/8
flas §) = Sy (79)
for y > 0. The mean is u = o3 and the variance is 02 = a8%. So
po=af, p=af+a?s (80)
So to find the method of moment estimators for o and # we must solve
my = af, my = ap + a6 (81)
for & and B . Using the first equation we can rewrite the second eq. as
my = myf + mj (82)
So
jomem (83)
my
Then we get
G M (31)

3 mo—m?
We claim that these are consistent estimator of o and 3

SHOW THIS

Consider the case where there is only one unknown parameter . The
mean will be a function of 8, but we may not be able to compute this function
(or its inverse) explicitly
Example Consider again the Weibull distribution:

Fl0) = 0y’ exp(—y’),y > 0 (85)
The likelihood function is

n

Ly, yn,0) = 60" ] [/ " exp(—o))] (86)

=1
n

= O"[[Jud" " en(=3_u) (87)

i=1
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I put this in wolfram alpha, and it thought for a bit and then said “standard
computation time exceeded.” You can make a substitution u = y¥ and the
new integral you get can be expressed in terms of the gamma function. But
then you need to invert the gamma function which I don’t know how to do
explicit. But you could still find the estimator numerically.

9.7 Maximum likelihood estimation (MLE)

Recall that the likelihood function L(yi,---,y,|0) is the joint distribution
of the random sample which depends on the population parameters 6. (6
here can be a single parameters or shorthand for 6y,---,60;.) We think of
Y1, -+, Yn as fixed and maximize L(yi,---,y,|f) as a function of #. This
defines (implicitly) 6 as a function of yy,- -, yy.

Computational trick: Since the log function is monotonic, finding the
that maximizes L(y1, - -, yn|0) is equivalent to finding the # that maximizes
In Ly, -, ynl0). We typically find where the max occurs by differentiating
with respect to 6(’s) and setting the derivative(s) to zero. Doing this for In L
instead of L is simpler since we have a sum to differentiate rather than a
product.

Example: Suppose that the population has a Poisson distribution with
unknown parameter A\. The likelihood function is

n

L, o) = [Tl 2] (53)
i=1
So
In L(y1, -, yn|N) —i[—)\—i-yiln)\—ln(n!)] (89)
i=1
Taking the derivative with respect to A and setting it to 0 gives
—n+ zn: S=0 (90)
i=1

Solving for A we get the MLE

&:

SRS

Zyi =Y (91)
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Example: Suppose the population is uniform on [0, #]. The likelihood func-
tion is

=1

We rewrite this as

L(yr, -+ yn) = 0710 < max{yy, -+, yn} < 0) (93)

The y; are fixed, so the max is fixed. We want to maximize this as a function
of 6. Note that the likelihood function is zero when 6 < max{yi,---,yn}.
So the maximum will occur in the range [max{y,---,yn},o0). Note that
6™ is a decreasing function of #. So the maximum occurs at the endpoint
0 = max{yy, -, yn}. So the MLE is

0 = max{Yy,---,Y,} (94)

End of lecture on Thurs, 3/15

Example Consider again the Weibull distribution:

f(ylo) = 0y’ exp(—y’),y > 0 (95)

The likelihood function is

n

Ly, ym0) = 0" [v/ " exp(—))] (96)

= 9”[H yi)’ " exp(— Z o) (97)

So

n

I L(ys,- -, yn,0) = nln(0) + (0 = 1) Y In(y,) — ny (98)

i=1

Taking derivative wrt 6 and setting it to zero:
n n
gt ) =Y _vIn(y) =0 (99)
i=1 i
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Now all we need to do is solve for §. Good luck. But we can do it numerically
given specific values for the sample vy, - - -, y,.

MLE and sufficient statistics Suppose we have a sufficient statistic for
and we find the MLE estimator. By the factorization theorem

L(y1, -, yal6) = g(u, 0)h(y1, -, Yn) (100)

where h does not depend on 6. So finding the 6 that maximizes L is the
same as finding the # that maximizes g(u,#). But this will obviously give 6
as a function of u. So we conclude that if there is a sufficient statistic, then
the MLE will be a function of this statistic.

Invariance principle Suppose that 6 is the MLE for the parameter 6. Let
T = t(#) be a function of 6. Suppose we want to find the MLE for 7. Then
we have to think of the likelihood function as a function of 7: L(yy, - - -, yn|T).
We can do this if ¢(6) is invertible, i.e., if ¢() is 1-1. Now we need to minimize
L(y1,-++,yn|T) as a function of 7. But we already know that as a function
of 6 the min occurs at §. So as a function of 7 it will occur at t(@) This is
called the invariance principle. It can be stated as

—_—

t(0) = t(0) (101)
where both hat’s mean the MLE.

Now suppose we have two unknown parameters for the population dis-
tribution. So the likehood function is L(yi, -+, yn|01,02). We find the MLE
estimators él and éQ by maximizing L as a function of #; and 65.
Example: Suppose that the population has a normal distribution with un-
known mean g and unknown variance o?. We seek maximum likelihood

estimators for u and 0. The likelihood function is

L(y1,- -+ ynlp, 0) H[ = exp —%( i_,u)Q/Uz)] (102)

=1

So

n n
(L, vl 0) = —2 I o® = Zin@m) = = 3 —p? (103)
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Take derivative wrt p and we find

=

> yi=7 (104)
=1

SRS

Take derivative wrt o2 and we find

n 1 « 9
_ S - ) =0 105
202 202 — (v = 1) (105)

Use the value of p from above and we get

~ 1 B
o2 = —(yi — y)° (106)

9.8 MLE estimators for large samples

We end our discussion of MLE estimators with some material beyond the
scope of the course. To keep things simple restrict our attention to one
unknown population parameter.

Theorem 11. Suppose the population has one unknown parameter 6 and
On is the MLE for 8. Under some regularity conditions on the family of
distributions, 6, is a consistent estimator of 0, i.e., 0, converges to 0 in

probability.

Of course this result does not tell us anything about how fast the MLE
converges to . And it does not say anything about the distribution of the
MLE estimator.

Definition 13. An estz’matorﬁn for 0 is asymptotically normal if there is
a constant o} such that /n(0 — 0) converges in distribution to a normal
distribution with mean 0 and variance o .

Theorem 12. Suppose the population has one unknown parameter 6 and
On is the MLE for 0. Under some regularity conditions on the family of
distributions, 0, is asymptotically normal.
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There is a formula for 0(3.

9 1

%o = s [ WUV 10)loa] (107)

Suppose that we want to estimate some function of 6, say (), rather

A

than 6 itself. The invariance principle says the MLE is t(0). Furthermore

the estimator ¢(6) is consistent and asymptotically normal for §. The variance
now is

ot(0
2 (%)

. 2 108
T By [ m(F(Y10)) o) "

When the estimator is asymptotically normal, we know (approximately)
the distribution of the estimator and we can use this to construct confidence
intervals. The confidence interval for #(0) is

. 0,4
t(0) % 24— 2 109
QESNEC (109)
Note that our formula for o4y depends on the unknown parameter 6. So we
have replace 6 by € in the confidence interval.

Example: Consider a population proportion. So the unknown parameter is
p and

flylp) =p*(1 —p)'~¥ (110)
and y =0, 1.
0 Y 1-Y
o In(f(Yp) = P (111)
0? Y 1-Y
anln(f(Y|p) = F TP (112)
So
0? 1 1 1



So 02 = p(1 — p). Thus .... which we knew already from CLT.

Now look at the population variance p(1—p). By the invariance principle
for MLE, the MLE estimator for this variance is p(1 — p).

Confidence interval is

B —P)(1=2%)

p(l—p)+ Za/Z\/ (114)
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