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Functions and Equations


This note discusses how two kinds of mathematical objects, functions and equations, are related to each other, and how they are different. Briefly, a function is a mapping from a domain set to a range set, and an equation is a condition placed on a function , a condition that is met by a (possibly empty) subset of its domain.

A.
Functions of 1 variable and equations in 1 unknown:

We will begin by considering functions of one real variable, which we will designate by the mapping notation f: x ---> f(x).  An equation in 1 unknown related to such a function in 1 variable is of the form f(x) = k, where k is any real number.  Often, we use the value k = 0 which gives the "normal form" f(x) = 0 of an equation.  A simple example is the function f: x ---> x2 - 1, and the related equation x2 - 1 = 0.  Sometimes two separate functions are used in stating an equation, as in f(x) = g(x).


We evaluate a function when we find the unique output value that comes from a given input value x in the function's domain.  For example, we evaluate f: x ---> x2 - 1 at x = 7 by calculating f(7) = (7)2 - 1 = 48 (and thus showing that f: 7 ---> 48).  


We solve an equation in 1 unknown related to a function of 1 variable when we find the value (or values) of the input x that the function maps to a given output value.  
It is in this sense that an equation is a condition placed on a function.  For example, the solutions of the equation x2 - 1 = 99 are x = +10 and x = -10 .  Why?  Because these numbers (and only these) are each mapped to the given output 99 by the function 
f: x ---> x2 - 1, and so meet the condition stated by the equation.


In short, evaluating a function finds the (unique) output for a given input.  Solving an equation finds an input (or inputs) for a given output of a function.  We never speak of solving a function or evaluating an equation.  


Evaluating a function f: x ---> f(x) for which a defining expression f(x) is given is usually a straightforward process of calculation.  But solving an equation f(x) = 0 may be difficult, even given a simple defining expression f(x),(e.g., x3 - x - 1 = 0).  Still, solving an equation f(x) = k is easy if f has an inverse f-1 for which we have (or can find) a defining expression for, because solving the equation f(x) = k amounts to evaluating f: x ---> f-1(x) at x = k.  A function that is not 1-1 can't have an inverse, but the domain of such a function can often be restricted or partitioned so as to create one or more 1-1 functions, each of which has an inverse.


These ideas can be incorporated into a systematic and general framework for thinking about functions of 1 or more variables, equations of 1 or more unknowns, and their relationship.  See the table below.


A point of possible confusion that arises with functions and equations is the fact that the graph of a function of 1 variable and the solutions of an equation in 2 unknowns are both the same sort of object, namely, a curve in the x-y plane.  See the highlighted parts of the table: row 1b and row 2d (right-most column).  To give a simple example, the graph of the function f: x ---> 3x - 2, sometimes written as y = 3x - 2, is identical to the set of solutions to the equation 3x - y = 2.  
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name of mathematical object 
its symbolic form
what the object is

1a
a function of 1 variable
x 
f(x)
a mapping R  R

1b
a graph of this function
{ (x, y) |  y = f(x) }
a curve in the x-y plane

1c
an equation in 1 unknown
f(x) = 0

a condition on numbers x  R

1d
solutions of this equation
{ x | f(x) = 0 }
a set of points on the x-axis:
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2a
a function of 2 variables
(x , y) F(x, y)
a mapping R2  R

2b
a graph of this function
{ (x, y, z) |  z = F(x, y) }
a surface in x-y-z space

2c
an equation in 2 unknowns
F(x, y) = 0
a condition on pairs (x, y)  R2

2d
solutions of this equation
{ (x, y) | F(x, y) = 0 }
a curve in the x-y plane

functions and equations related to the expression G(x, y, z) in x, y, and z




3a
a function of 3 variables
(x , y, z )  G(x, y, z)
a mapping R3 R

3b
a graph of this function
{ (x, y, z, w) |  w = G(x, y, z) }
a 3-d subset of x-y-z-w space

3c
an equation in 3 unknowns
G(x, y, z) = 0
a condition on triples (x,y,z)R3

3d
solutions of this equation
{ (x, y, z) | G(x, y, z) = 0 }
a surface in x-y-z space

B.
Functions of 2 variables and equations in 2 unknowns


We will continue by discussing functions of 2 real variables, which we will designate by the mapping notation F: (x, y) ---> F(x, y).  An equation in 2 unknowns related to such a function is of the form F(x, y) = k, where k is any real number.  Often, we use the value k = 0 which gives the "normal form" F(x, y) = 0 of an equation.  A simple example is the function F: (x, y) ---> x2 + y2 and the related equation x2 + y2 = 25 


We can discuss evaluating a function of 2 variables and solving an equation related to a function of 2 variables in a way precisely parallel to the discussion of functions of 1 variable and equations of 1 unknown on page 1.  This may result in some familiar notions being discussed in an unfamiliar way.  The reason for doing this is to get additional insight into these familiar notions.  


We evaluate a function of 2 variables x and y when we find the unique output value that comes from given input values x and y in the function's domain.  For example, we evaluate the function F: (x, y) ---> x2 + y2 at (x, y) = (4, 7) by calculating 42 + 72 = 65, showing that F: (4, 7) ---> 65.


We solve an equation in 2 unknowns related to a function of 2 variables when we find the value (or values) of the inputs (x, y) that the function maps to a given output value.  It is in this sense that an equation is a condition placed on a function.  In these terms, the solutions of the equation x2 + y2 = 25 are all the points on the circle of radius 5 with center at the origin (0, 0).  Why? Because these number pairs (and only these) are mapped to the given output 25 by the function F: (x, y) ---> x2 + y2 , and so meet the condition stated by the equation.  


The nature of the solutions of an equation in 2 unknowns differs from that of the solutions of an equation in 1 unknown.  Many equations in 1 unknown have only 0, 1, or 2 solutions: they are discrete points on the x-axis.  But typical equations in 2 unknowns have an infinite number of solutions: they are continuous curves in the x-y plane.  Moreover, in the case of 2 unknowns, the equation itself is often used to name its solution set!  For example, we refer to "the circle x2 + y2 = 25 " or "the line 3x - y = 2".  An equation in 1 unknown is never used in this way.  (We would not say "the pair of points x2 = 1".)


To summarize: evaluating the function F: (x, y) ---> x2 + y2 finds the (unique) output (such as 65) for a given input (such as (4, 7).  Solving the equation x2 + y2 = 25 finds an input (or inputs) for the given output 25 of the function F: (x, y) ---> x2 + y2 .   Here the input is every pair (x, y) on the circle with radius 5 centered at the origin.

C.
Graphs

The graph of a function f: x ---> f(x) of 1 variable is the set of points (x, y) in the x-y plane such that f(x) = y.  Such a graph is often a continuous curve in the x-y plane.  A graph can be used in a simple and illuminating way to indicate the solutions to a related equation in 1 unknown.  Specifically, the solutions to the equation f(x) = k can be visualized as the projections onto the x-axis of the intersections in the x-y plane of the graph of the function f: x ---> f(x) and the line y = k.  Often, equations are expressed with the value 0 of k in the form f(x) = 0.


The graph of a function F: (x, y) ---> F(x, y) of 2 variables is the set of all points 
(x, y, z) in x-y-z space such that F(x, y) = z.  Such a graph is often a continuous surface in x-y-z space.   A graph can be used to indicate the solutions to an equation in 2 unknowns, in a way analogous to the case of equations of 1 unknown described in the previous paragraph.  Specifically, the solutions to the equation F(x, y) = k can be visualized as the projections on to the x-y plane of the intersections in x-y-z space of the graph of the function F: (x, y) ---> F(x, y) and the plane z = k.  Typically these solutions form a continuous curve in the x-y plane.  The curve is a "level curve" corresponding to the level z = k of the function, and represent "contours" of the surface that forms the graph of the function.  In the same way, the curves on a topographical map are contours representing locations at a constant elevation.  Equations in 2 unknowns F(x, y) = k are often expressed with the value 0 of k.


While a curve in the x-y plane can be represented directly on paper, a surface in 
x-y-z space cannot.  This make representing graphs of functions of 2 variables more difficult than graphs of functions of 1 variable.  But the solutions of an equation of 2 unknowns do lie in the x-y plane, and so can be represented directly on paper.  


The graph of a function G: (x, y, z) ---> G(x, y, z) of 3 variables is a set of points in x-y-z-w space.  Since this is a space of 4 dimensions, we have no way of representing this graph directly.  The solutions of an equation G(x, y, z) = k in 3 unknowns is typically a surface in x-y-z space.

D.
Formulas and equations


The term "equation" is used in many ways in mathematics.  There are two ways that are relevant for this discussion.  In one use, "equation" is used in the way we have used the term above as equations in 1 unknown, 2 unknowns, or 3 unknowns.  Equations in this sense are conditions placed on functions, and the subsets of the domain meeting the condition are the solutions to the equations. 


In another use, a function f: x ---> f(x) of 1 variable is often defined using what is called "the equation" y = f(x).  For a particular example, the function f: x ---> x2 - 1 in 1 variable might be defined as "the equation y = x2 - 1".  However, this use of language, defining a function of 1-variable using an equation in 2 unknowns (or 2 variables?), is not optimal.  After all, a function is a mapping, and, logically, there is no concept of equality connected with a mapping.  When we describe the function f: x ---> x2 - 1 as y = x2 - 1, we are not placing a condition on the function,as happens inthe cazse of a true equation, but merely agreeing to use the symbol "y" to refer to the output when we graph the function. Thus it seems better to use the term "formula" to refer to a representation such as 
y = x2 - 1 that is used to define a function.  Specifically, y = x2 - 1 is "a defining formula for the function x ---> x2 - 1".  


We need to point out once again, however, that there is a potential ambiguity in the situation itself.  Something we write might be thought of in one context as the definition of a function and in another context as the statement of an equation.  This is a natural ambiguity, and harmless as long as it is understood.  


To illustrate, the function of 1 variable f: x ---> x2 - 1 has a graph consisting of all pairs (x, x2 - 1), and this graph is also the solution to the particular equation in 2 unknowns y - x2 + 1 = 0,.  This equation is equivalent to (that is, has the same solutions as) the equation y = x2 - 1.  In short, the representation "y = x2 - 1" can either be a defining formula for the function of 1 variable f: x ---> x2 - 1, or it can be another way of writing the equation in 2 unknowns y - x2 + 1 = 0 .  The graph of the former is identical to the set of solutions of the latter.  

(The idea of implicitly defined functions is relevant here, and needs to be discussed.) 
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