FOURIER-JACOBI PERIODS OF CLASSICAL SAITO-KUROKAWA LIFTS

HANG XUE

ABSTRACT. Kohnen—Skuroppa [8] proved a formula for the ratio of the Petersson inner products
of the half integral weight modular form and its Saito—Kurokawa lifting. We give an interpre-
tation of this formula in the frame work of the refined Gan-Gross—Prasad conjecture. This

provides us with an example of the refined Gan—Gross—Prasad conjecture for the nontempered

representations.
CONTENTS

1. Introduction
2. Refined Gan—Gross—Prasad conjecture
3. Automorphic forms
4. The main theorem 12
5. Computation at the archimedean place 17
6. Computation at the 2-adic place 21
References 26

1. INTRODUCTION

Let H be the upper half plane and k be an odd integer. Let f € Sor(I'9(1)) be a normalized
Hecke eigenform of weight 2k and level one. Let h € Sl;: 1 (I'o(4)) be the Hecke eigenform of
weight k + % associated to f by the Shimura correspondences. Let Hs be the Siegel upper half
space of genus two, i.e. the space of symmetric 2 X 2 matrices whose imaginary part is positive
definite. Let F' € Sk41(Sp4(Z)) be the Saito-Kurokawa lifting of h.

Put

(h,h) = é/ |h(7)|2yk+%dL‘3?{ (F, F) :/ |F(Z)2(det SZ)*2d 2.
To(4)\H Y Sp4(Z)\Hz2
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Let T'r(s) = ﬂ_%r(%) and I'c(s) = 2(2m)°I'(s). Then Kohnen—Skoruppa [8] proved that (see

also [6, Section 9] for some comments)

(F, F)
(h, h)

where £(s) = ((s)['r(s) is the completed Riemann zeta function and A(s, f) = L(s, f)I'c(s) is
the completed L-function of f. The goal of this note is to give an interpretation of (1.1) in the

(L1) — 2 )Mk + 1, f),

frame work of the refined Gan—Gross—Prasad conjecture for Sp, xSLs.

To motivate the following discussion, we briefly recall the refined Gan—Gross—Prasad conjec-
ture. We refer the readers to Section 2 for the precise formulation. Let 7 be an irreducible
cuspidal automorphic representation of Sp,(Ag) and o be an irreducible cuspidal genuine auto-
morphic representation of é\fQ(AQ). Here by genuine, we mean that o is not the pullback of an
automorphic representation of SLy(Ag). Fix a nontrivial additive character ¢ : Q\Ag — C*.
Let F = ®F, € m, h = ®h,, € o be factorizable automorphic forms. Let ¢ = ®¢, € S(Ag) be a
Schwartz function on Ag. The refined Gan-Gross—Prasad conjecture proposed in [14], predicts

that if 7 and o are both tempered, then under suitable normalization, we have

| FT o (F,h, )2
(F, F)(h, h)(¢, )

Ly(3,mx0)

(12) = 2P Ly T g L1 (P 60),

where

— (—, —) stands for the Petersson inner product;

— FT¢(F, h, @) is the Fourier-Jacobi period of F', h and ¢;

- af) is a local linear form defined by integration of matrix coefficients;

— f3 is a positive integer such that 2° = |S,||Sy| where S; and S, are centralizer of the

L-parameters of m and o respectively.

This conjecture is motivated by the existing conjectures of this type [4,6,9]. The most subtle
part of the conjecture is the integer 5. It predicts strong connection between period integrals,
special value of L-functions and the theory of endoscopy. The conjecture is proposed under the

hypothesis that m and o are both tempered. Therefore a natural question is:
Question 1.1. What if 7 and o are not tempered?

At this moment, no precise conjecture has been formulated for the nontempered representa-

tions. The major problems are the following.

(1) It is not clear how to define the local linear forms o if 7, or o, is not tempered as the
defining integral of ozi in the tempered case is not convergent when m, or o, are not
tempered. As in [6, Section 3], we expect that there is some way to do “analytically

continuation”, so that the local terms 045) are well-defined for all representations. This



problem has an analytic nature and usually can be solved based on the concrete examples
at hand.

(2) With a suitable definition of of, we expect that the same identity (1.2) should hold,
but in general, the integer 8 might not measure the size of the centralizer. It should
contain information on the global endoscopy, as well as some local data attached to w
and 0. We do not have an explanation of this integer 8 yet. This problem is much more
serious. One of the main goals of this note is to compute the integer 8 in the case 7 is

the Saito—Kurokawa lifting as described at the beginning of the Introduction.

Ichino-Ikeda [6] provides several examples of the refined Gan-Gross-Prasad conjecture for
nontempred representations of SO(n + 1) x SO(n). Our main theorem (Theorem 4.6), which
gives an interpretation of (1.1), shows that the identity (1.2) holds with g = 2 if F'is the Saito—
Kurokawa lifting as described at the beginning of the Introduction. We note that in the case
2% = 4 while |S,| = 4 and |S,| = 2, 2% # |S:||S|.

We list here the main ingredients of this paper.

— Choosing correct F,h and ¢ in (1.2). In classical language, the result of [15] already
shows how the left hand side of (1.1) is related to the Fourier-Jacobi periods. Our
work is to carefully interprete several constructions in [15] adelically, in particular the
correspondence between the Jacobi forms of level one and half integral weight modular
forms of level I'g(4). This is done in Section 3. Once we have chosen F, h and ¢, their
local components Fy, h, and ¢, are then fixed.

— Computing the local linear form auoo (Foo, hoo, @o) for the above chosen Fiy, hoo and ¢oo.
This is done in Section 5. It is the major innovation of this note. To the best of the
author’s knowledge, this is the first time that the explicit computation of this type has
been done when the groups involved are not reductive. This computation might be of
some independent interest. Therefore Section 5 is written in a self-contained way so that
it can be read independently from the other sections.

— Defining and computing the term aE)(Fv, hy, ¢y) when v # co. The representation m, is
not tempered and regularization of the defining integral of «, is needed. Our situation
is particularly simple as the representations are unramified. Heuristically, our method of
regularization can be described as “analytic continuation along the Satake parameters”.
The definition of aE) is proposed in Section 4. Most of the computation has been done
in [14, Section 4]. In the case v = 2, some additional work is needed. This is contained

in Section 6.

Remark 1.2. Strictly speaking, the statement of our main theorem does not require the actual
regularization of ozquj for all £y, hy, ¢, but just for our specific choices of F,, h,, ¢, which corre-

spond to the local components of the automorphic forms. The only point is that aE, (Fyy hy,y ¢y) is



analytic with respect to the Satake parameters if F},, h,, ¢, vary in flat sections. For our choices

of Fy, hy, ¢y, this is clear as it is a constant functions, c.f. Proposition 4.3.

Remark 1.3. Our regularization of aE, works only for the unramified representations. Never-
theless, it clearly generalizes to other groups that appear in the refined Gan—Gross—Prasad
conjecture. In particular, with this regularization, the refined Gan—Gross—Prasad conjecture
can be formulated for those cuspidal automorphic representations whose local components are

either unramified or tempered.

Remark 1.4. There are two directions to extend the results of this note. First, one may consider
Saito-Kurokawa liftings of arbitrary level. In this situation, it is possible to regularize the local
terms 045, by introducing certain “height functions” in the defining integral of aE,. This technique
of regularization has been used in [11] in a different situation. In addition, by interpreting
the Saito-Kurokawa lifting as suitable theta liftings, the formula by Kohnen—Skoruppa can be
deduced from certain inner product formula for theta liftings. Second, Ikeda and Yamana [7]
recently generalize the classical Saito-Kurokawa liftings to the case of Hilbert modular forms
(of level one). Again by a suitable interpretation of their results in term of theta liftings, it is

possible to extend our results to the case of Hilbert modular forms.

Remark 1.5. Let 7 be the automorphic representation of GLy(Ag) generated by f. Our main
theorem is an example of the refined Gan-Gross-Prasad conjecture (1.2) in the case that 7
(resp. o) is the Saito-Kurokawa lifting of 7 (resp. Shimura correspondence of 7). If o is not
the Shimura correspondence of 7, then it follows from [15] that the period integral F 7 (F, h, ¢)

vanishes identically. We will not use this fact in the paper.

Notation. Let X be a set and Y C X be a subset, then we denote by 1y the characteristic
function of Y.

We fix an additive character ¢ = @, : Q\Ag — C* as follows: if v = oo, then Y (z) =
e2™V=I for 1 € R; if v = p, then Yp(z) = e 21T for g € Z[p~']. For any a € Q*, we define
1, to be the additive character of Q\Aq given by ,(x) = ¢ (az). For any place v and a € Q)
we define v, , in a similar way.

For any place v of Q, we denote by (—,—), the Hilbert symbol on Q). Let g, (¢,) is the
Weil index which is an eighth root of unity. Put yg, (a, %) = Y0, (Vv.a)70, (¥s) L. We refer the
readers to [5, Appendix A.1] for explicit formulae of vq, (¢,) and g, (a, ¥y).

We put I'g(s) = W_%F(%) and Ic(s) = 2(2m)7°T'(s). Let &(s) = ((s)I'r(s) be the completed
Riemann zeta function.

Let 1, € GL, be the r x r identity matrix.



We let B = M N C SLj the upper triangular Borel subgroup of SLy where M is the diagonal

torus and N is the unipotent radical. Let

SOs(R) = & iy = [ 80 sinf jeeR/sz .
—sinf cos6

It is a maximal compact subgroup of SLa(R). We write

n(z) = <1 T) eN, m(y) = (y y—l) eEM, w= <_1 1).
e, e, )

The subgroup R consist of elements of the form

a b 1 7
a b 1 Al p K a b
Ay K) = , € SLo.
(c d>( S P 1 - <c d) ’
1 1

We let H = {(\,1,k)} C R, Z ={(0,0,x)} C H. Let Br be the subgroup of R consisting of

elements of the form

1 * * *
1 *x = 1
1 *
1 1
and Ng be its unipotent radical. The group Bp is called the Borel subgroup of R. We have
Br ~ M Ng.
Let

Us(R) = {(_“b Z) ’ a,be(C}.

It is a maximum compact subgroup of Sp,(R):

A B
{(_B A) ‘ A+ﬁBeUQ(R)}.

We often consider SLy as a subgroup of Sp, consisting of element of the form

and view elements and subgroups of SLo as those of Sp,.



Let v be a place of Q. We denote by éig(@v) = SL2(Qy) X {£1} the metaplectic double cover
of SL2(Q,). We usually write an element in éig(@v) as (g,€), where g € SL2(Q,) and € = £1.
The map N(Q,) — é\flg((@v), n — (n,1) is a homomorphism. In general, g — (g,1) is not a
homomorphism. By abuse of notation, we usually write g for the element (g,1) € SL, (Qy).

Let M(Q,) be the inverse image of M(Q,) in SLa(Q,). Then M (Q,) ~ Q) x {£1} with the
multiplication given by (m1, €1)(me, €2) = (mima, €1e2(m1, m2),). We define a genuine character
of M(Q,) by

Xy, (M €) = exg, (m, ).

Let B(Q,) be the inverse image of B(Q,) in SLy(Q,). Let y, be a character of QX (not

necessarily unitary). We define the induced representation

%)y, = {1+ 8Ta(@) = C| F((m(@), n(b)g) = exy (@)o(@)lalf ()},

where a € Q, b € Q, and SL, (Qy) acts by right multiplication.

Let
w0
()

If p # 2, then Ko(4,Zy) = Ki(4,Z,) = SLa(Zp). There is a homomorphism K;(4,7Z,) —
éig((@p) which splits the metaplectic double cover. We refer the readers to [5] for an explicit

¢ =0 mod 4Zp};

¢ = 0 mod 4Z,, d =1 mod 4Zp}.

description of the splitting.
Let SO, (R) be the inverse image of SO2(R) in é\I/Jg(R). Then
1, —nm<f<m

R/47R — SO2(R), 60— kg = (kg,€), €=

-1, w<0<3m

is an isomorphism.

Let S\EQ(AQ) be the metaplectic double cover of SLa(Ag). Then SL2(Q) canonically splits the
metaplectic double cover and we identify SLo(Q) with its image in é\]ig(A@). Let K1(4,Z) =
[[,<o0 K1(4,Zy). The metaplectic double cover also splits canonically over K (4, Z) and N (Ag).

Measures. We let H be the upper half plane and give it the usual measure y~2dzdy. We let
Ho be the Siegel upper half plane of genus two consisting of 2 x 2 matrices whose imaginary
part is positive definite and give it the measure |F(Z)|?(det 3Z)~2dZ.

For any unipotent group N, we give N(Ag) the self-dual measure with respect to 1.

On SL2(Qp), let dg, be the measure so that the volume of SLa(Z,) equals one. On SLy(R),

let dgeo = y~2dzdydkes, where goo = n(x)m(y)keo is the Iwasawa decomposition, and dks is



the measure on SO2(R) so that the volume of it equals one. Then ¢(2)~! []dg, is the Tamagawa

measure on SLa(Ag).

Acknowledgement. 1 thank Atsushi Ichino for some helpful discussions. This material is based

upon work supported by the National Science Foundation under agreement No. DMS-1128115.

2. REFINED GAN—GROSS—PRASAD CONJECTURE

In this section, we review the refined Gan—Gross—Prasad conjecture for Sp, ><§f42.
Let wy be the oscillating representation of R(Ag) = SLs (Ag) x H(Ag). It is realized on the
Schwartz space S(Ag) and is given by the following formulae.

(1) wy((A gy 5))@(x) = P(k + (22 + A)p)d(x + A);
(2) wy(m(a))d(z) = |al>¢(xa);
(3) wy(n ( )) (fv) = ¢(z )¢(b$2);
(4) wy(w)d(z) = [, S(y)v(2zy)dy;
(5) wy(1, 6) ( ) = ed(z )
where dy is the self-dual additive measure on Ag for the character 2. We define the theta
function
= wy(ng(x), ¢ € S(Ag), T € R(Ag).
xcQ
There is a canonical inner product on wy, given by

6,0y = | ¢(x)¢/(x)dx
Ag

Let v be a place of Q. We denote by wy, the oscillator representation of fi(@v) that is realized
on the Schwartz space S(Q,). It is given by the analogous formulae as the global oscillator

representation, c.f. [5, Section 4]. There is a canonical inner products on wy, given by
Gurch)e = [ oule)dlf)s
Then <_7 _> = Hv<_7 _>U'

Let 7 be an irreducible cuspidal automorphic representation of Sp,(Ag) and o be an irre-
ducible cuspidal genuine automorphic representation of é\ig(AQ). Let (—,—) be the Petersson

inner product on 7 given by

Fr) = | F(9)F{g)dg.
Sp4(Q)\ Spy(Ag)
We fix an inner product (—, —), on m, for each v. Similarly let (—, —) be the Petersson inner
product on ¢ given by
)= | Mgy,
SL2(Q)\ SL2(Ag)



We fix an inner product (—, —), on o, for each v.
Let F = ®F, € m, h = ®h, € o be factorizable automorphic forms. Let ¢ = ®¢, € S(Ag)
be a Schwartz function. We define the global Fourier—Jacobi period of (F, h, ¢) by

FTo(Fh, ) = / F(ng)h(g)Oy(ng, )dndy.

SL2(Q)\ SLz2(Aq) /H(Q)\H(AQ)

We define the local linear form for each place v by

(s s ) = / / (70 (19) Fos E) (00(9) o, 1) (a9, (1g)us o) dndy.
SL2(Qy) Y H(Qv)

The following has been proved in [14].
(1) If w, and o, are both tempered, then the defining integral of «, is absolutely convergent.
(2) Suppose that v # 2 or oo, F, is Spy(Z2)-fixed, h, is SLa(Z,)-fixed, ¢, = 1z,. If the
defining integral of «, is convergent, then
ay(Fy, hy, $u)
(Fo, Fo)(ho, ho) (o, du)

We expect that in the case m, or o, is not tempered, the expression defining «, can be

va(%,ﬂ'v X Oy)
(1, 7y, Ad) Ly, (1, 0y, Ad) '

(2.1) = EU(Q)&)(KL)L

“meromorphically continued” so that

.y (Fy, hy, dv) Llﬂv(l’ﬂ-v X o) -
(Fo, Fo)(ho, ho)(do, dv) (gv(2)£”(4)L(1,7rU,Aj)L%(l,av,Ad)>

makes sense and defines a finite number. We assume that this is the case. This in fact holds for

almost all places. We will verify this in our particular example in Lemma 4.4. We define

O‘U(Fv’hvagbv) L¢U(l,ﬂv X Jv) -
(For Fo) ooy o) (o0, 6] (5”(2)6”(4)L<1,m,A§>va<1,av,Ad>> |

(2'2> aE](FU7 Py, ¢v) =

Then for almost all places, o (Fy, hyy ¢y) = 1.

Conjecture 2.1. Assume that Hompa) (7 ® 0 @ wy, C) # 0. Then

Ly(s,mx0)

L =
(5) L(s+ 3,7, Ad)Ly(s + 3,0,Ad)

is holomorphic at s = % Moreover there is an integer 8 so that

2
B () oo

We now assume the conjecture of Arthur as explained in [2, Section 25]. Let £ be the (con-

jectural) automorphic Langlands group of Q. Then 7 gives rise to an elliptic Arthur parameter

\I/W L X SLQ(C) — SO5((C),



and o gives rise to an elliptic Arthur parameter
\Ifg L SLQ((C) — SLQ((C)
Let S (resp. S,) be the centralizer of the image of U, in SO5(C) (resp. SL2(C)).

Conjecture 2.2. Let the notation be as above. Suppose that m and o are tempered. Then
2% = |S:|Ss].

However, if 7 or o are not tempered, then in general, 2% # |S,||S,|. The integer 3 should
depend on both the global data (the global endoscopy) and the local data (we do not know
what it should be now). Theorem 4.6 below provides an example of Conjecture 2.1 when 7 is a

Saito-Kurokawa lift, which is nontempered.

3. AUTOMORPHIC FORMS

In this section, we review the notion of various classical automorphic forms and their adeliza-
tion. Some of the materials are not well documented in the literature. So we include some
discussions here for completeness.

Let k be a positive integer. By a classical Jacobi form of weight k, level one and index one,
we mean a holomorphic function f: H x C — C, with the following transformation properties:
(1) f(ezss, =) = (c¢+d)’“e%f(ﬂ 2), (Z Z) € SLy(Z);

(2) f(ry,z+ At +p) = e_%m()‘%”)‘z)f(r, 2), A\u€Z.

The space of all cuspidal Jacobi forms of weight k level one and index one is denoted by J18,1~
We define an action of R(R) on H x C by

at+b z4+ AT+ p a b
. = = A .
g(T7Z) (CT_’_d’ C'T‘i"d )7 g (C d>( 7/’L?K/)

We define a factor of automorphy by

c(z—AT+ )2
jk,l(g, (7_7 Z)) _ e—Qﬂ\/jl(H—Td“-i-/\QT-i-Q)\z-i-)\u) (CT + d)k

Any element g € R(Ag) can be written as

9 ="9ko, 7€ R(Q), goo € R(R), ko € R(Z).

Let f be a Jacobi form of weight k level one and index one, then we define a function f on
R(Aq) via
f(vgocko) = Jr1(goos (V=1,0))"" (900 (v=1,0)).

This is called the adelization of f.



z T

Let F ((T : > = F(7,2,7") be a Siegel modular form of genus two weight &k and level

one. As a function of 7/, F has the following Fourier expansion

F(r,z,7) = Z Jn (7, 2)62"”“/?17/.

m=0
Let f(7,z) = fi(, z) be its first Fourier coefficient. Then f is a Jacobi form of weight k.
Let F be the adelization of F'. It is a function on Sp,(Ag) defined by,

F(g) = det(Cv/—1+ D) *F((AV=1+ B)(CvV—-1+ D)™},

A B

for g = vgsok, v € S y Joo =
9 = Y90k, v € Sp4(Q), g (C D

) € Spy(R), k € Spy(Z).

Lemma 3.1. Let the notation be as above, i.e. f is the first Fourier—Jacobi coefficient of F' and

F and f are the adelization of F' and f respectively. For any r € R(Ag),
/ F((0,0, k)r)i(k)dr = e 2 f(r).
Q\Aq

Proof. This is a direct computation. O

Let h € Sk_%(l“o(él)) be a holomorphic cusp form of weight k — . The group SLy(R) acts on
‘H via projecting to SLa(R). Define a factor of automorphy by
6\/&, c=0,d>0;
i((ge),m) =4 —eVd, ¢=0,d<0;, g= (a Z) €SLy(R), TeH.
(c7‘+d)%, c#0. ’
The adelization h of h is a function on éig(A@) given by

h(’)/gook) = 3(9007 \/_71)_2]“_1}1’(900\/?1)77 € SLQ(Q)7 Jo € é\f’Q(R)a ke K1(4,Z)

Kohnen’s plus space S;i 1 (T'o(4)) is a subspace of S, _ 1 (Tp(4)), consisting of forms whose

2
Fourier expansion takes the form

Z c(n)q®,  ¢(n) =0 unless (—1)*n =0, -1 mod4.

n=1

For r € H and h € Sk_%(F0(4)), we define

wr — 1
hWY (1) = (—2v/—17)"F=2)p ( ”Z ) . v=0,1.
T

For g € SAfJQ(AQ), we also define

W¥(h)(g) = h (gwan(—2v)2m(2)2), v =0,1,

10



where the subscript 2 means that we view those elements as elements in éig(@g).

—2k+1
Lemma 3.2. The adelization of h|W} is (H\/\/{T) W¥(h), v =0, 1.
Proof. This can be proved in the same way as [5, Lemma 3.2]. ([

Lemma 3.3. Let ¢ =[], ¢, with
(1) ¢p =1z, if v=p # 2,00;
(2) Oy = 1%22 if v=2;
(3) ¢o = e 2™ if v = oo,

then ©(r,¢) (as defined in Section 2) is the adelization of the classical Jacobi form

n2
O(r,z) =Y q7(", q=e™V T (=t
neL
Let ¢¥ (v =0,1) be such that ¢!, = ¢y, if v # 2 and ¢4 = 1x.7,, then O(g, @) is the adelization
of
n2
91/(7_? Z) = Z qTCn'

Proof. This is a direct computation. U

We assume from now on that k is an even integer. Classically, there is a one-to-one corre-
spondence between J9 ; and Slj , (To(4)) given as follows, c.f. [15]. Let f € Jp, with the Fourier
b 75 b
expansion

f(r,2) = Z Aln,m)q"¢™, q= e?ﬁ\/le, ¢ = 2™V =1z

n,meZ
An>m?

By the transformation properties of the Jacobi form, if m is even, then A(n,m) = A(n,0) and

if m is odd, then A(n,m) = A(n — m24_1, 1). Put ¢y(n) = A(n,0) and ¢;(n) = A(n,1). Then we

may write
(3'1) f(T7 Z) = hO(T)HO(Tv Z) +h (7)91(7—7 Z),

where

v

ho(r) =) e, (n)g"" 5, v=0,1.
n=0

Let h(7) = ho(47)+h1(47). Then h € S; (T'0(4)). A more concise form of this correspondence

1
-5
iS gi\/en by

n m2
S e Y eln)g T
n>1 n=—m?2 mod 4
n=0,—1 mod 4

11



Lemma 3.4. Let the notation be as above, i.e. f (resp. h) is the adelization of f (resp. h)
where h € Sljil(ljo(él)) and f is the Jacobi form which corresponds to h via (3.1). Then
2

yk1 1= VI
V2

where the theta functions are as in Lemma 3.3.

f(ng) = ©(ng, ¢°)W°(h)(g) + O(ng, ¢ )W'(h)(g),

Proof. The transformation properties of hg and h; are the following, c.f. [15]:

ho(r 1) = ho(7) (=) = YL () + ()
R VY R S HF’“"(ho() (),

It follows that
hWY =27 F 1 (~1)%h,, »=0,1.
The lemma then follows from Lemma 3.3 and Identity (3.1). O

4. THE MAIN THEOREM

Let k be an odd integer. Let f € Sox(I'9(1)) be a normalized Hecke eigenform of weight 2k
and level one. Let h € S;+1(F0(4)) be the Hecke eigenform of weight k + % associated to f by
2

the Shimura correspondences. The Fourier expansion of h takes the form
W)= 3 e’ TeHq=
n=0,—1 mod 4
Let F' € Sk11(Sp4(Z)) be the Saito—Kurokawa lifting of A whose Fourier expansion is given by
+ 4
(4.1) F(r,z,7) = Z A(n,r, m)eQ’Tﬁ(”T””mH),

n,r,meZ
n,m>0, dnm—r2>0

(n,r,m) Z dke (4nm—r>.

d|(n,r,m)

where

The Saito—Kurokawa lifting has the following Fourier—Jacobi expansion

o0
F(r,z,7") = Z g (7, 2)e2™ 71T
m=0
We let g(7,2) = g1(7,2). Then g € J,8+171 is the Jacobi form corresponding to h via (3.1). This
is one of the main results of [15].
We define

2, k+3 dzdy
2

1
(hyh) = / [h(7)[7y , (B F) = / |F(Z))*(det SZ)*2d2.
0 Jrocm Spa(Z)\Ha

12



Then by Kohnen—Skoruppa [8] (See also [6, p. 1049] for some comments)

R = 2L,

2 )
where 7 is the automorphic representation of PGL2(Af) generated by f.
Let f, h, g, F be the adelization of f, h, g and F respectively. Define

(4.3) h®(g) = h(gm(2)2), g€ SLa(Ag), m(2)2 € SL2(Qa).
Let ¢ =[], ¢» € S(Ag) be that

~ bu =1z, ifv=p# 2,00
- (bU:l%Zz if’l):2;

_ 2 .
— ¢y = 2™ if v = o0,

(4.2)

Proposition 4.1. We have

|m<Fh R S
FEBD a0 2 T W) 1L(2’T> |

Proof. Recall that Z = {(0,0, k)} C R. By Lemma 3.1 and 3.4, we have

/ F(zng)e_%ﬁzdz
(@\Z(Ag)

:zkli\fzﬁe%(@(ng, $)WO(R)(g) + O(ng, $)W () ().
Note that
WO(h)(g) + W!(h)(g) = (1 + vV=1)h?(g).
Therefore

FIT(F, 0@ ¢) = —2F 3727 Ih®(g)|dg.

/SLQ(Q)\ SL2(Ag)
It follows that
Ifjw(F h )|2 22k—16—47r <h(2)7 h(2)>
(F,F)(h®, h(2 ><¢ ®) (F,F)

Note that (h®?) h(®) = (h,h). By [6, Section 9], we have (h, h) = 2£(2)(h,

h) and (F,F) =

2£(2)¢(4)(F, F) (the extra factor 2 comes from the fact that we are integrating over Sp, instead

of SO;5 as in [6]). The desired identity then follows from (4.2).

]

Proposition 4.2. Let mo, be the holomorphic discrete series representation of Spy(R) of scalar

weight (k+1,k+1) and 0 be a holomorphic discrete series representation of SAIZQ(R) of weight
k+ % Let Fy (Tesp. heo) be the lowest weight vector in T (TeSp. 0so). Let ¢oo(T) = e—2m? ¢

S(R). Then
(07e%) (F007 E, ¢OO) 92k+5 o —Am h+2

<F007Foo><hoo,hoo><¢ooa¢oo> B (2]{; - 1)F(k + 1).

13



This will be proved in Section 5.

Now let v # oo be a finite place of Q. Let A € v/—1R. Let n, : QX — {#1} be the quadratic
character of Q associated to the quadratic extension Qu(v/—1)/Q, by the local class field
theory. Let o, = Ind%ﬁg%“
We may normalize so that h,(1) = 1. Let ¢, = 1z, € S(Q,) be a Schwartz function. We now

assume that v = 2. For any hj € o9, define

)an)‘. If v # 2, then o, contains a nonzero SLa(Z,)-fixed vector h,,.

W5 (hy)(g) = hy (gun(2v)m(2)), v =0,1.
Let €3 : Ko(4,Z2) — C be the character
(k) = 10, (d, P2) (¢, d)g,, ¢ # 0;
Yo (d,1h2) 7L, c=0.

Let
Vo={f €oz|oa(k)f =ea(k)f, k € Ko(4,Z2)}
By [5, p. 571], dim V = 2 and there are two elements fi, f,, € Vo with the following property
HA) =1 fi(w) =0 fi(k)=0
fu(1) =0 fu(w) =1 fu(k) =0,
where k1 = (; 1> € SL(Q2). Put
1++v-1
R

We let ¢g = 1%22 € S(Q2) be a Schwartz function. Put also ¢§ = 1z,7,.

(4.4) ho = 22)‘f1 +

We note that for any finite place v, the tensor product o," = 0, ®wy, is in fact an irreducible

representation of R(Q,). In fact, it is isomorphic to the principal series representation
Indg o) [ = {f : R(Qu) = C | F((0,b, )n(@)mly)r) = (x)[y*2 (1)},
where the isomorphism is given by
h'® ¢ (ug = 1T (9)wy(ug)d(0)), h™ €0, ¢ € S(Qy), ue H(Qy), g€ SLa(Qu).

There is a natural pairing between % and JT/’, given by
(1, D) = / / B1((a,0,0)k)B2((a, 0, 0)F)dkda.
Q2 /SL2(Z2)

Moreover, o,," contains an R(Z,) fixed vector. In fact, if v # 2, then it is clear that ®, = h, ® ¢,
is such an element. If v = 2, we show in Lemma 6.1 that ®; = W°(hy) ® ¢3 + W(he) ® ¢ is

R(Z2)-fixed. We will use Indgé«%&ﬂ% as a model for ¢,," in the following.

14



For any finite place v (v = 2 or not), let I(\) be the degenerate principal series representation
3
Ty = {F : Sp,(Q,) = C | F(ang) = |det a|*2F(g)}

of Sp,(Q,). We let F,, be an Sp,(Z,) fixed vector in 7,. Let I(u1, u2) be the unramified principal
series representation of Sp,(Q,) which is induced from the character diag[tl,tg,tl_l,t; 1
|t1|#1|ta|#2. Then T, is a subrepresentation of I(A — 1, A+ 1) and F, is an Sp,(Z,) fixed vector
of I(A — 3,A+ %). For general 1, 2, we again use F, to denote an Sp,(Z,) fixed vector in

I(p1, p2). They are all unique up to a scalar. We normalize so that F,(1) = 1.

Proposition 4.3. Let the notation be as above. Suppose that \, 1, s € v/—1R. Then

1, v#2
(4.5) ol (Fo, By ) = 4 1
57 U= 27

. 2
where hl, = hy if v # 2 and hl :hg).

If v # 2, then this is proved in [14, Section 4]. If v = 2, this will be proved in Section 6.

We now explain how to define ai(fv, wy) for all &, € I(u1, pn2) and ¢, € 0¥ and all A, b1, o €
C. By a flat section &, € I(u1, pu2) (resp. @, € 04*), we mean that vlsp,(z.) (esp. wulr(z,))
is a function on Sp,(Z,) (resp. R(Z,)) that is independent of u1, ua (resp. A). Recall that we
have the Sp,(Z,) fixed vector F, of I(u1, p2) and the R(Z,) fixed vector ®, of o5". Then (for
varying A, pi, pe), Fy, is a flat section of I(u1, p2). If v # 2, then @, is a flat section of o;,". It
follows from the computation in Lemma 6.1 that 2=*®, and 2_)‘th) ® ¢ are flat sections of
03’2. We also note that every section &, of I(u1, u2) and ¢, of 0" (for a fixed A, 1, p2 € C) can
be embeded into a unique flat section of I(u1, pu2) and o5° (for varying A, pu1, p2) respectively.

It follows from [10] that for all A, 1, u2 € C, we have that the space
Hompq,) (I (1, p2) @ Ufzb”a(c)

is at most one dimensional. Let £, € Hompgq,) (I (1, p2) ® o4, C) be a basis. Results of [10]
also show that £, (F,, ®,) # 0 if £, # 0. We normalize ¢, so that £,(F,, ®,) = 1 if £, # 0.
It follows from Proposition 4.3 that

O‘E;:Cv'év(@aa

) if v # 2 (resp. v = 2).

D=

where ¢, = 1 (resp.

Lemma 4.4. Let &, (resp. p,,) be a flat section of I(p1, p2) (resp. 04" ). Suppose that A, 1, po €
v—1R. Then a%(fv,@) is a polynomial functions in ¢, qu]:;Ll’qqﬂ}:m where q, is the number of

elements in the residue field of v.
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Proof. Tt is enough to prove the same statement for £,(&,,¢,). The proof is identical to the
argument in [13, Section 5], using a theorem of Bernstein and its corollary due to Banks [1]. We
omit the details which need lots of additional notation. The argument in [13] actually proves
that ai(ﬁv,@) is a rational function. However, the result of Banks [1] and the fact that the
dimension of Hompq,) (I (11, ,u2)®crw“ C) is at most one guarantee that it is in fact a polynomial
function. Note that for our choices of the flat sections &, = F, and ¢, = hy, ® ¢, (if v # 2) or

) ® ¢2 (if v = 2), the lemma is obvious as it is a constant function. (]

Now fix A, i1, p2 € C and &, € I(p1, u2) and ¢, € O'U . We embed ¢, and ¢, into the (unique)

v

flat sections of I(u1,pu2) and oy¥ respectively. We now define av(fv, ©y) to be the value of the

polynomial function in Lemma 4.4 at (the fixed) A, p1, po.

Corollary 4.5. Let the notation be as above. For any A, u1, ue € C, we have

1, wv#2,
aE;<Fv7h7f/v7¢’U) = 1 9
5, V= 4.
where hl, = hy if v # 2 and hf = hgz).
Proof. Tt follows directly from Proposition 4.3 and the definition for alf,(Fv,hTJ, by)- O

With these preparations, we now state and prove the main theorem of this note.

Theorem 4.6. Let h € Sk+%(F0(4)) be a holomorphic cusp form of weight k + 1 and F be its
Saito-Kurokawa lift as defined by (4.1). Let h and F be the adelization of h and F' respectively.
Define h® as in (4.3). Let w be the automorphic representation of Sp4(Aqg) generated by F.
Let o be the automorphic representation of ﬁg(A@) generated by h. Then
(4.6)

[ FT4(F, h®), )] 1

o2 Ly(s,mx o) . ! _
(F,F)(h®, h®)(, ¢) 4§(2) f(4)L(s + 5,1, Ad) Ly (s + 5,0, Ad) ls=3 Ha“(Fv’h“’%)’

where
— Foo = Fo,hoo = hoo and Foo, hoo, Goo are as described in Proposition 4.2;
- F, €y, hy € 0, and ¢, € S(Qy) are as in Corolloary 4.5.

In particular, Conjecture 2.1 holds with 8 = 2.

Proof. Let T be the automorphic representation of PGL2(Ag) generated by f. We have

Ly(s,mx0) B L(s,mxT)
L(s+ %,W,Ad)Lw(S + %,0, Ad) N L(s+ %,W,Ad)L(S + %,7’, Ad)
L(s—3,7,Ad)

N L(s+1,7)¢(s+ %)L(s + %, 7,Ad)’
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Therefore at s = 3, it is holomorphic and equals £(2)"'L(3,7)~!. Its local component at the

infinity place is
Ir(1)Tc(2k — 1) _ oktlghtd

Fc(k' + 1) . FR(Q) . FR(Q)Fc(Qk') F(k‘ + 1)(2]{3 — 1) ’
The local components of 7 are as follows, c.f. [12].

~ Teo is a discrete series representation of Sp,(R) of lowest K-type (k+ 1,k +1).
— If v # o0, m, is the degenerate principal series representation I(\,) of Sp,(Q,) where
Ay € C is the Satake parameter of 7.
The local components of o are as follows.
— 0o Is a discrete series representation of éig(R) of lowest K-type k + 3.
—Ifv# o0, o, Indép(@“) Mw|-|57, where A, € C is the Satake parameter of 7,.

B(Qv)
By Proposition 4.2, we have

L 92k+5 o —drm - k+2 B k1 k4
ahoo(FooahOO7¢OO) = < 3

>_1 — 2k‘+4ﬂ_674ﬂ
2k — DDk + 1) T(k+1)(2k — 1) ‘

By Corollary 4.5, we have

1, v#2
aE;(FvyhanSv) = 1 .
- v=2
2
The desired identity (4.6) then follows from Proposition 4.1. O

5. COMPUTATION AT THE ARCHIMEDEAN PLACE

In this section, we prove Proposition 4.2. We remark that some of the integrals in this section
are computed by MATHEMATICA 10. Whenever an integral is computed by MATHEMATICA, we
mark the equality by = instead of =.

To simplify notation, we suppress all subscripts co. We recall the following notation.

— k is a positive odd integer.

— m is the holomorphic discrete series representation of Sp,(R) of lowest K-type (k+1,k+
1). F € 7 is the lowest weight vector. We may assume that (F, F) = 1.

— o is the holomorphic discrete series representation of é\ig(R) of lowest K-type k + %
h € o is the lowest weight vector. We may assume that (h, h) = 1.

— ¢(x) = 2™ € S(R). Then (¢, ) = 3.

The goal is to prove Proposition 4.2, that is

22k+4€—47rﬂ.k+2
2k — D0k + 1)

a(F.F¢) = / / (n(ng) F, F)(w(ng), 8) (o (g)h, F)dndg =
SLz2(R) /N(R)

An element g € Sp,(R) has the following Cartan decomposition g = kiA(t1,t2)ks where
k1,ka € Ua(R), A(ty,t2) is a diagonal matrix with entries e'1,ef2 e e7%2 ¢, > t5 > 0. We

17



have 7(g)F = (det g)**'F if g € Uy(R), where det is the determinant of g as an element in
Ug(R). Then

7(g9)F, F) = (cosht; coshty det ky ' det ky 1) ™1,
1 2

if g = k1A(t1,t2)ke is the Cartan decomposition.

Lemma 5.1. Suppose that

1 b et
a 1 b ¢ 1
g= . € Spy(R)
1 —a e
1 1

Then

4et s
a2et + b2 + 2 + 2e2t 4+ \/—1(ab(—1 + €2t) —C(1+62t))> ’

riaFF) = (

Proof. Suppose that g = k1A(t1,t2)ko is the Cartan decomposition and

A B Ay Bo
ky = k= Ay +V=1By, Ay+ V=1B, € U(2,R).
1 (—31 A1> 2 (_32 A2> 1 1, Az 2 (2,R)

1 v—11
Let C = ( > 2) and T = diag[e'!, e’2]. Then

v—119 1o
Cgc_l _ A —V/—-1B; %(T + T_l) * Ay — /—1By
* * * *
sl S

ae?t—/—1b 2—/—1c
+ k *
2e 2
* * % %

* * * %

where *’s stand for entries of matrix which are not relevant to our computation. Therefore
a?e® + 1% + 2 + 2e? + /—1(ab(—1 + €?) — ¢(1 + %))

4et ’
The lemma then follows. O

cosh t1 cosh tg det k:fl det k;l =

Lemma 5.2.

(o(m(e), e)h, h) = e(cosht)~F+2),

Proof. This lemma is well-known to the experts. We include a proof here as we are not able to

find a satisfactory reference.
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The holomorphic discrete series o can be realized on

L? <H,k + ;) = {f holomorphic on H ’ // ]f(z)|2yk_%dxdy < oo} ,
H

and the action of SLo (R) is given by

30.01(2) = (9. 00,27 (210, g=<j 2) € SLo(R)

Note that (z +v/—1)"*+2) is in L2(H, k + 1) and o (kg, €)(z + V1) 2) = VIO D) (4 4
V1)~ +32). We have

//7_[(z+ﬁ)—(k+§)(z_\/f1)—( H k“dxdy m

We also have
(o(m(e"), )(z + vV=1)"F+2), (2 + V=1)"+2))
:e/ / et(’”%)(e%x +V—=1(e®y + 1))_(k+%)(aj —V—-1(y+ 1))_(k+%)yk_%dxdy.
0 —00

The inner integral equals

PITR)VT ot D2y 4 1 4 e %)%,

L(k+1)
This can be proved by induction on k. The integral over y equals

1 ™
G(Cosht) k QW.

Since (h, h) = 1, we have

N|=
N|=

-1
(m(e')h, h) = e(cosht)™*~ FECT) (4k1(2k — 1)> = e(cosht)™F~

Lemma 5.3. Suppose that

1 b et
a 1 b ¢ 1
9= ' € Spy(R)
1 —a e
1 1

Then
t 27r(a262t+b2 27_“/7( b= 1+e —C)

(w(g,€)p, ) = ee? 1%t
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Proof. By definition,

<w(g7 €)¢7 ¢> = €€;+2ﬂﬁc/ 6727T(x+a)262t+2ﬂ'\/jl(2x+a)bdx
R

t 27r(a2e2t+b2) 1+e
e2  1te2t 2my/—1(ab= 1+e2t —c)

V2(1 + e2t)2

€

Proof of Proposition 4.2. Let AT = {m(e') | t > 0} C SL2(R). Then

(K x A* x K)/{£1} — SLy(R)

is a bijection outside the boundary of A", where —1 = (—1,1,—1) € K x AT x K.

well-known that there is a constant C', such that
dg]KxA+ xK — C - sinh Qtdtdkldk‘g.

Let A(T') be the area of a disc of radius T around /—1 on the upper half plane. Then

Sl

A(T) ~ 47 / sinh 2tdt = 772, T — 0.
0

It follows that C' = 8.

Therefore

/ / (n(ng)F, F)(a(ng)$, 8o (@), Rydndg
SLy(R) J N(R)

—4r / / / / 7(ng)F, F){w(ng), #){o(g)h, h) sinh 2tdedadbdt,

where
1 b et
_la 1 b ¢ B 1
" 1 —al’ 9= et
1 1

By Lemma 5.1, we have

/ (r(ng)e, )e 2™ Tede
R

t k+1
—/ ( 46 > 67271'\/ Cdc
R \a2e? + b2 4+ 2+ 22t + \/—1(ab(—1 + €?t) — ¢(1 + %))

27(a e2t+b2+2+2e ) 142t
— —2my/—lab=
(8mef)ktle 14e?t Tl

T(k + 1)(1 + e2)F1

20
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Thus the inner integrals over a and b equals
(8met)F+1 ez

(L+e2)FHD(k + 1) \/2(1 + e2t)2

pk+3 g—dm k41

0 oo 747T(a252t+b2+1+52t)
/ / e Te2t dadb

—00 J =00

(cosh t)_(k+%).

T(k+1)
Therefore
_ 00 gkt3 p—dm k42 92k+4 ,—4m L k+2
F h,¢) = ———————(cosht)?*"lsinh 2tdt = :
a(Fyh, ¢) /0 T(r 1) lcoshy) ™ sin 2k — )0k + 1)
Note that (¢, ¢) = % Proposition 4.2 then follows. O

6. COMPUTATION AT THE 2-ADIC PLACE

We prove Proposition 4.3 in this section. The computation is mostly the same as [14, Sec-
toin 4]. Some additional work is needed to take care of the fact that the residue characteristic
is two.

To simplify notation, we suppress all subscripts 2. Recall the following notation.

= A 1, p2 € V1R

— 7 = I(p1, p2) is the principal series representation of Sp,(Q2) and contains an Sp,(Zsg)-
fixed element F'.

— ¢ = Ind®2(@) n|-|* and contains the distinguished element h.

S
B(Q2)
— For any element ht € o, put hH? = o(m(2))h* and

W (h")(g) = h* (gun(=2v)m(2)),v =0, 1.
-9 = 1%+Z2> v=0,1and ¢ = ¢O +¢1 = 1%22'
— For simplicity, we write Ky(4) for Ko(4,Zs).
~ 0¥ = 0 @uwy, is an unramified principal series representation of R(Q2). Let ® = WO (h) ®
"+ WH(h) ® ¢!, @~ =WO(h) @ ¢! + W' (h) © ¢° € 0¥
Lemma 6.1. (1) 2n® = (1 — V=1)(W°(h) + W(h)).
(2) ® is R(Z3)-fized.
(3) Jsto(zo) o¥(k)®~dk = 0.
Proof. Let
K(4) = {k € SLy(Z3) | k,'k € Ko(4)} .
We first investigate the action of K (4) on h(®, WO(h), W' (h). By [5, Lemma 3.5], WO(h) € Vj.
Let
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Then (wm(2)) tkwm(2) = (K',€), and n(—1) (K, e)n(}) = (K", €"), where

d -1 d+2b b—ic—1L(a—d
E = < i 4C> , k' = ( +4b 1€ 22(: )> € Ko(4,Zy).

It follows from (the proof of) [5, Lemma 3.6] that €ea(k’) = ea(k). Moreover it is straight
forward to check that ¢ = €’ and ea(k') = ea(k”). It follows that

W(h)(gk) = e2(k)T'WH(R)(g), k€ K(4).

(a0 (60))

It follows that h(®)(gk) = ea(k)~'h?(g) if € K(4). Therefore h®), W¥(h) are fixed by right
multiplication of K (4).
The representatives of the double coset B (@2)\@2(@2)/ K(4) are

1 1
{1,w,k1;w< Qf) Ky ( ‘f) ,w:1,2,3}.

2h2) = (1 — V=1)(WO(h) + W (R)),

It is also checked that

NO|—=

So to prove

it is enough to check this identity at these elements. This can be done via a tedious computation

using the explicit description of the element h. For instance, when g = 1, we have
WP (1) = [2M1h(1) = 272 A(D),
and

WO(R)(1) = 217 h(w) = 244 h(w),  WHR)(L) = 20 hwn(—)) = 2 h(wn(—))

By (the proof of) [5, Lemma 3.6], we have

(1) =22, h(w) = ”;ﬁ h(wn(~3)) =0

Therefore
203 (1) = (1 - V=I)WO(R)(1) + W () (1).

We omit the details of the rest of the computation. This proves (1).
To prove (2), it is enough to prove the invariance under SLg(Zsy) as the invariance under
H(Zy) is straight forward to check. Since SLo(Z2) is generated by n(1) and w, we only need to

consider the action of these two elements.
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First we have o(n(1))WY(h) = WO(h) since W°(h) € V5. We have

-1 1

h(gn(Lywn(~2)m(2)) = h (gwn<—z>m<z> (_4 ;

)) = v —1h(gwn(—2)m(2)).
By the formulae of the Weil representations, we have
wyp(n(1))¢” = ¢°,  wy(n(1))¢' = —v~=1¢".

It follows that WO(h) ® ¢° + W'(h) ® ¢! is invariant under the action of n(1).
We then consider the action of w. Note that o(w)h(®) = WO(h) and o(—1)h = \/—1h, thus
by (1)
20 (WWO(R) = (1+ V=T)(WO(R) + W (1))

By (1) again, we have
WO(h) = (1 - V-T)(V=Th® + o (w)W' ().
It follows that, using (1) one more time, we get
20 (w)W () = (1 +v/~T)(WO(h) — W' (1)).

By the formulae of the Weil representation, we have

wp@)e = Y 4 1), et =
Then (2) follows.

It is not hard to check that h® ® ¢ is invariant under the group
{k € SLo(Zs) | 'k € Ko(4)}.

Therefore ® is invariant under this group since ® + ®~ = h(?) ® ¢. So (3) is equivalent to

This can be checked directly by the transformation properties of W”(h) and ¢” under the action
of n(1). Then (3) follows. O

Remark 6.2. This lemma is in fact the local counterpart of Lemma 3.4. The validity of (1) can
be seen from the transformation properties in the proof of Lemma 3.4. The validity of (2) can

be seen from the fact that ® is the local component of a Jacobi form of level one.
Lemma 6.3. We have

o(F, 7, 6) = & / (x(r)F, F) (0% (r)®, Bydr.
R(Q2)
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Proof. By definition,

a(F,h?) ¢) = /R(Q )<7T(7")F, F){o?(r)h® @ ¢, h?) @ ¢)dr.

By Lemma 6.1(1), we have
2(0?(rh® @ ¢, kD @ ¢) = (¥ (r)®, @) + (6% (r)®,27) + (¢¥ (1), ®) + (¥ (r) @™, &7).
Note that F' is SLg(Zg)-invariant. The lemma then follows from Lemma 6.1(3). O

Before we proceed, let us make some remarks on the computation in [14]. We are in the
case Sp of [14]. The 2-adic case is explicitly excluded in the computation. However, some
computations there are valid in the 2-adic case. In fact, any computation that does not refer to
the metaplectic group is valid. All the “reduction steps” before the proof of [14, Proposition 2.2.3]
are valid as they consider Jacobi groups and their representations, not the metaplectic groups.
In our present situation, we use [10] instead of [3] which is valid in the 2-adic case. However,
the proof of [14, Proposition 2.2.3] in the case r = 0 (in the notation of [14]) makes use of
theta correspondences and the unramified computation of the doubling zeta integrals on the
metaplectic group. Thus it does not work in the present 2-adic situation.

Let mp = Ind?g]E?QfSQ)|'|u2 and Fj € my be the SLy(Z9) fixed vector that satisfies Fy(1) = 1. By
the same argument as in [14, Section 4], we have
(61) a(Fh®,g) — 150 Ly (5,0 x p1)Ly(5,0 x M_Il)

26(1) L(1,mo x pn)L(1,mo x puy b)

We need to compute the integral

[ trolo) o Fo o), %),
SL2(Q2)

(6.2) / (m0(9) Fo, Fo) {0 (9)®, ®)dg.

SL2(Q2)
Let

1 1
I EE! 1
= 1 1|1
1 1

Let

Tunw = [ Folg)@ng)is
SL2(Q2)
Via the same computation as [14, Section 4], we have

£(2)

(6.3) (6.2) = meawTygl,kl,w*'

Therefore it is enough to calculate T}, » y.

Lemma 6.4. The support of ® is contained in Br(Q2)R(Z3).
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Proof. By Iwasawa decomposition, we have R = B(Q2)H (Q2)R(Z2). Suppose that (a,0,0) €
supp ®. Then for any b € Zs, we have

®((a,0,0)(0,b,0)) = ®((a,0,0)) # 0.
On the other hand, we have
®((a,0,0)(0,b,0)) = 1(2ab)®((a,0,0)).

It follows that a € %Zg. It is straightforward to check that @(%) = 0. Therefore a € Zy. The

lemma then follows. U

It follows from Lemma 6.4 and routine calculation that Fo(m(t)n(x)k) = |t[#2T! and
6772 12,67, 2 <1

(nm(t)n(x)k) = (1) x 3

[t 72 1z, (T (2T, 2l > 1

where t € Q) , x € Qq, k € SLy(Z3). Then

T#QQ\J/I = @(1) / / |t|é)\+u2dtdx+/ / |t|*%f)\+,u2‘$|*%*)\¢(t72xfl)dxdt ’
lz[<1 J¢|>1 lz|>1 J |tz >1

where dt is the measure on Q and dx is the additive measure on Q2. We have

(o ¢]
/ / |t\*%*)‘+“2dtdx = Z o(=5—Adp2)n _ —11 .
le|<1 JJt)>1 e 1 — 273 AMwe

Note that
om—1 2n +m > 0;
/ / Yt 2z Hdtde =< —2™h 2n4+m = —1;
|z|=2m J |t|=2n
0, 2n+m < —2.
Therefore

/|| 1/|t Tt s
x|> xT|=>

:é S O3 o i rhmn-im % S 2= G -m(
m>1 nz,[%] m>1
m odd

2—%—>\ + 2—%—>\—u2 — 9= 1—p2

1_

(1 — 973 )\—,UQ)(l _ 2—%—)\"!‘#2) '

In summary

(1—2717H2)(1 +2727%)
(1 _ 2—%—)\—/&)(1 _ 2—%—)&-#2) '

(6'4) Tuz,)\,lp = w
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Thus

€2) gy (=2 )1+ 2 b1 -2y 2 Ee

E02 (1 a1 B (1 g e (1 g E )
Lw(%,ﬂo X o)

(1,70, Ad)Ly(1,0,Ad)’

(6.2) =

= @)1~

Proof of Proposition 4.3. It follows from (6.1) and the computation above that

a(F,h?),9) 1 Ly(b,7 % o)

(F,F)(®,®) 55(2)5(4)L(1,w,Ad)L¢(1,a, Ad)’

It is not hard to check that (®,®) = 1, (R ) = 1 and (¢, ¢) = 2. Proposition 4.3 then
follows. g
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