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ARITHMETIC THETA LIFTS AND THE ARITHMETIC
GAN-GROSS-PRASAD CONJECTURE FOR UNITARY GROUPS

HANG XUE

ABSTRACT. We propose a precise formula relating the height of certain diagonal cycles on the
product of unitary Shimura varieties and the central derivative of some tensor product L-functions.
This can be viewed as a refinement of the arithmetic Gan—Gross—Prasad conjecture. We use the

theory of arithmetic theta lifts to prove some endoscopic cases of it for U(2) x U(3).
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1. INTRODUCTION

In 1980s, Gross—Zagier | | established a formula that relates the Neron—Tate height of Heeg-
ner points on modular curves to the central derivative of certain L-functions associated to modular
forms. Around the same time, Waldspurger proved a formula, relating toric periods of modular
forms to the central value of certain L-functions. Gross put both of these formula in the framework
of representation theory in his MSRI lecture in 2001 | ]. In this framework, the formula of
Waldspurger concerns the toric periods of automorphic forms on quaternion algebras, while the
formula of Gross—Zagier maybe viewed as a formula for the “periods” of “automorphic forms” on
the incoherent quaternion algebras. The proof of the most general form of the Gross—Zagier formula
given in [ | has been largely inspired by the proof of Waldspurger’s formula.

Gross—Prasad | | formulated a conjecture which generalizes the work of Waldspurger to
relate the nonvanishing of SO(n)-periods of automorphic forms on SO(n) x SO(n + 1) and the
nonvanishing of the central value of certain Rankin—Selberg L-functions, with Waldspurger’s for-
mula being the case n = 2. Gan, Gross and Prasad | | further generalized this framework
to include all classical groups. These conjectures are usually referred to as the Gan—Gross—Prasad
(GGP) conjectures. Parallel to the periods of automorphic forms, a conjectural generalization
of the Gross—Zagier formula to higher-dimensional Shimura varieties has been proposed, for in-
stance, in [ , ]. These are generally referred to as the arithmetic Gan-Gross—Prasad
conjectures, or arithmetic GGP conjectures for short.

The goal of this paper is to prove some endoscopic cases of the arithmetic GGP conjecture for
U(2) xU(3) using theta correspondences and arithmetic theta lifts of Kudla | ] and Liu | ,

]. In principle, our argument generalizes to the case of all n, yielding a relation among the
GGP conjecture for U(n) x U(n), Liu’s conjecture on the arithmetic inner product formula and
some endocopic cases of the arithmetic GGP conjecture for U(n) x U(n+1). We stick to the case of

U(2)xU(3), asif n > 2, Liu’s conjectural arithmetic inner product formula is not available currently,
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and the GGP conjecture for U(n) x U(n) is known only in some cases which is not sufficient for the
application of the method of this paper. Moreover, in this situation, we can formulate our main
result unconditionally, without appealing to the standard conjectures of Beilinson and Bloch.

We hope that the results of this paper provide some further motivation, in addition to the already
amply demonstrated ones, for the study of the GGP conjecture for U(n) x U(n) and the arithmetic
inner product formulae.

A byproduct of our investigation is that it enables us to predict a precise conjectural formula
for the height and the central derivative of L-functions for U(n) x U(n + 1), in the style of the
Ichino-Ikeda’s conjecture | , |, as a refinement to the original Gross—Prasad conjecture.
Our main result is to verify this formula for U(2) x U(3) in some endoscopic cases. In the appendix,
we check that the case of U(1) x U(2) is compatible with the main result of | ]. It turns
out that even the case U(1) x U(2) is not merely a triviality since the formulation of the results
in | | is different from ours. This also provides strong evidence that the complicated constant

involving the measures and the power of two in the precise formula is correct.

1.1. The conjecture and the main result. Let us briefly recall the arithmetic GGP conjecture
for U(n) x U(n+ 1). The details will be given in Section 5. Let F' be a totally real field and E/F
a CM extension. Let W C V be a pair of incoherent Hermitian spaces over Ag of rank n and
n 4+ 1 respectively. Assume that W and V are both positive definite at all infinite places of E. Put
H =U(W) and G = U(W) x U(V). These are the reductive groups over Ap. There is a (projective
system of) Shimura variety Y of dimension n—1 (resp. X of dimension n) attached to U(W) (resp.
U(V)). Put M =Y x X. We have an embedding ¥ — X induced by the inclusion W C V. Thus
we have a diagonal embedding Y — M and in this way Y defines a cycle of codimension n in M,
which we denote by y. Let cl : Ch™(M) — H?*(M) be the cycle class map and Ch"(M)g be the
kernel of cl which consists of cohomologically trivial cycles. It is expected that there is a Hecke
equivariant projection Ch"(M) — Ch™(M)o. We assume such a projection exists and denote by yo
the image of y under this projection. We are going to construct this yop when n =1 or 2.

Let A be the set of irreducible admissible representations of G(Ar) which appear in H2"~1(M).
Note that by definition G(Fs,) acts trivially on H**~*(M). Then we have a surjective map

CX(G(Apys) » Prer
meA
Let us fix an inner product on 7 so as to identify 7 with 7. Let m € A and ¢ € w. We choose
a function ¢t € C°(G(Ap)) which maps to ¢ ® . Let T'(t) be the Hecke correspondence on M
given by t.
We need to invoke the Beilinson—Bloch height pairing. This is a highly conjectural pairing for

the cohomologically trivial cycles. To proceed, we propose the following hypothesis.

Hypothesis 1.1. We have the following hypothesis of Beilinson and Bloch.
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(1) The height pairing (—,—)pp is well-defined, cf. the Hypothesis (BB1) and (BB2) in Sec-
tion 2.3.
(2) Suppose that S is a smooth projective variety defined over a number field and & be a corre-

spondence on S. If 6« acts trivially on H*"~1(S), then it acts trivially on Ch"(S)o.

The arithmetic GGP conjecture then predicts the following identity

1

(T(t)«yo,y0)BB = (*)L'(5

277T)a

where

— (%) is some explicit nonzero constant which we will specify in Conjecture 5.1;

— L(s, ) is a certain tensor product L-function attached to 7.

By Hypothesis 1.1, the left hand side does not depend on the choice of ¢, but only on (. Moreover
the height pairing is well-defined.

Theorem 1.2 (provisional form). Assume n =2 and Hypothesis 1.1. Assume that

— the Shimura varieties in question are all projective, e.g. F' # Q;

— both automorphic representations on U(3) and U(2) are theta lifts from the quasi-split U(2).
Then the arithmetic GGP conjecture for U(2) x U(3) holds.

We refer the readers to Theorem 5.2 for the precise statement of the theorem.

One drawback of this formulation of the theorem is that it is conditional on Hypothesis 1.1 for
the 3-folds, especially (2), which is impossible to check even for some very simple varieties, e.g.
triple product of smooth projective curves. Therefore we formulate the main result of this paper in
a different way, cf. Theorem 5.3. Under Hypothesis 1.1, these two formulations are equivalent. In
the formulation of Theorem 5.3, we do not assume Hypothesis 1.1, but only the existence of regular
models of X and X x Y. This is of course expected for all surfaces by the conjectural resolution
of singularities. In practice, this assumption can be verified when the level of the Picard modular
surface is simple.

The main result of this paper should be considered as some “degenerate” case of the arithmetic
Gan—Gross-Prasad conjecture. In fact, let us write 7 = mo X3 where 7 (resp. 73) is an admissible
representation of U(2) (resp. U(3)). Under the assumption of theorem, there are two irreducible
cuspidal automorphic representations o1 and o9 such that m (resp. 73) is a theta lift of o1 (resp.

02), as abstract representations. Therefore the L-function factorizes as
L(s,m) = L(s,m3 X m3) = L(s,01 X 02)L(s,01).

Here L(s,01 X o02) is some tensor product L-function of o and o9 and L(s,o1) is the standard
L-function of o1 defined by the doubling zeta integrals. There are some twists in these L-functions,

but just to fix ideas, let us ignore this issue here. Under our assumption, L(%, o1) = 0 as the sign
4



of the functional equation is —1. Therefore

L’(%,w) - L(%,al X ag)L/(%,al).

This means that the picture on the L-function side is essentially known. More precisely, L(%7 01%X03)
is the one appearing in the GGP conjecture for U(2) x U(2) and L'(,01) is the one appearing in
Liu’s arithmetic inner product formula. So it is not too surprising that the height pairing on M
should be reduced to some known height pairings, i.e. a height pairing of arithmetic theta lifts on
Y. Indeed, this was the very first observation which led to this paper.

One should also compare Theorem 1.2 to the “degenerate” case of the formula for the central
derivative of the triple product L-function | |. Namely, using the same technique as in this paper,
plus the arithmetic inner product formula of Kudla—Rapoport—Yang [ |, we should be able
to deduce certain degenerate cases of central derivative formula of the triple product L-function,

in particular | , Corollary 1.3.2].

1.2. The method. Jacquet—Rallis proposed a relative trace formula approach to the GGP conjec-
ture for U(n) x U(n+ 1). This is by far the most successful approach. It proves the (nonvanishing
part) of the GGP conjecture under the assumption that the representation in question is supercus-
pidal at some split place | , |. Inspired by this approach, W. Zhang proposed a relative
trace formula to attack the arithmetic GGP conjecture for U(n) x U(n + 1) | |. As a first
step, an arithmetic fundamental lemma was conjectured and proved in the case of U(2) x U(3).
A smooth transfer conjecture has been formulated in [R57] and verified for U(2) x U(3) in some
special cases. These results strongly support the solidity of the relative trace formula approach.

There is a different approach to the GGP conjecture via theta correspondences. This approach
proves the GGP conjecture for SO(2) x SO(3) and SO(3) x SO(4) in full generality and is capable
of obtaining some endoscopic cases of U(n) x U(n 4+ 1). Due to technical limitations, mainly
the lack of a fine spectral expansion, the relative trace formula only handles the case where the
automorphic representations of U(n) x U(n + 1) are stable, i.e. their base change remain cuspidal.
Contrary to this, the theta correspondence approach has the limitation that, besides some low rank
situations, it only handles certain endoscopic cases. So at present, these two methods seem to be
complementary to each other. Of course, the relative trace formula approach is much more powerful
and has the potential of proving the conjectures in full generality. Nevertheless, the argument via
theta correspondence is still useful, for its clarity and simplicity. Moreover, the method of theta
correspondences yields directly precise identities between central L-values and periods.

In this paper, we use arithmetic theta lifts to attack the arithmetic GGP conjecture. We in
fact state a more precise version of the conjecture. It is clear that such a formulation is directly
borrowed from the conjecture of Ichino—Tkeda [I110]. Our method is again largely inspired by the

theta correspondence approach to the GGP conjecture.
5



We now describe our method. First we introduce some notation. Let H be the quasi-split unitary
group in two variables. Then we have a Weil representation w of H(Ar) x U(V)(AF), realized on
S(V). It depends on a nontrivial additive character 1 of F\Ar and a multiplicative character x
of EX\A}. Write m = my X w3 where my (resp. 73) is an irreducible admissible representation of
U(W)(Ap) (resp. U(V)(Ag)). We may assume that ¢ = @2 ® p3 where ¢; € m;, i = 2,3. Then
T(t) = T(t2) x T(t3) where T'(t2) (resp. T'(t3)) is a Hecke operator on Y (resp. X). By assumption,
there is an irreducible cuspidal automorphic representation oo of H(Afg) such that 73 is a theta
lift of o9 (as an abstract representation). This means that there is a nonzero H(Ap) x U(V)(Ap)-
equivariant map o3 ® w — 73. Let us fix such a map and choose fy € 09 and ¢3 € S(V) so that
(f2, #3) maps to ¢3. We may further assume that o3 has the property that ¢3 can be chosen to be
of the form ¢y ® ¢1 where ¢ € S(W) and ¢ € S(Ag). The proof of Theorem 1.2 now proceeds
in the following steps. For brevity, we do not pay much attention on the constants, expect for the

central values and derivatives of the L-functions.

(1) Interpreting Hecke correspondences in terms of arithmetic theta liftings, cf. Subsection 4.6.
Let © = @?g be the arithmetic theta lift from H(Ar) to X in the sense of Liu [ ].
This is a (formal sum of) divisor(s) on X. We have that T'(t3) and © x © define the same
cohomology class in H*(X x X), cf. Proposition 4.10. Therefore by Hypothesis 1.1, we have

((T(t2) x T(t3))+y0.yo)BB = {(T(t2) X © X ©).40, Y0)BB

(2) Reducing the height pairing on Y x X to a height pairing on Y, cf. Subsection 2.4. A little

computation shows that we have

((T(t2) x © x ©).y0,y0)BB = (T(t2)«(Oly )0, (Oly)o)NT,

where (—, —)nT stands for the Neron—Tate height pairing on Y and (O|y ) is the projection
of O]y to the cohomologically trivial part of Ch!(Y"). We will prove that the height pairing
on the left hand side is well-defined, without assuming Hypothesis 1.1.

(3) A pullback formula for ©, cf. Subsection 4.4. Let Z(h,¢2) be the generating series on
H(Ap) valued in Ch*(Y) (c.f. | ]) and Z(h, ¢2)o be its projection the cohomologically
trivial part of Ch'(Y"). Let 8(h, ¢1) be the theta function on H(Ap). We have

(©ly)o = /H ., P20, 62)0000, 1)

An analogous result for the generating series on the symplectic groups and valued in the
Chow group of orthogonal Shimura varieties was proved in | ].

(4) An arithmetic seesaw, cf. Subsection 5.4. Unravelling the definitions, we have

)«(©ly)o, (Oly)o)nr

(1.1) // /)<T(t€02’%02)*z(h7¢2)07W>NT9(h ¢1) (h/ (bl)dhdh/
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This is the arithmetic analogue of the computation in | |, where we deduce some
endoscopic cases of the refined GGP conjecture for U(n) x U(n + 1) from the refined GGP

conjecture for U(n) x U(n). The seesaw diagram we use is

U(2) x U(2) U(3)

>

U(2) U(2) x U(L).

In the case of period integrals, a seesaw argument amounts to changing the order of inte-
gration. In our current situation, it is changing order of integration and height pairing.

(5) An arithmetic inner product formula for U(2), cf. Subsection 4.5. Note that the Neron—Tate
height (T'(t2)«Z(h, ¢2)0, Z(h', ¢2)o)nT defines a cusp form on H(Ar) x H(Ap) which is of
the form f1(h) f1(h'). We have the following variant of Liu’s inner product formula [ |:

/ (T(12). 20, 620, Z(h o) rdh = L' (5,00) ] 25020 92,0020, 620,

H(F)\H(AF) v
where ZE stands for the normalized doubling zeta integral.

(6) Making use of the refined GGP conjecture for U(2) x U(2) and the inner product formula
to compute (1.1), cf. Subsection 5.4. As noted above, (T'(t2)«Z(h, $2)o, Z(h', p2)o)nT =
fi(h) fi(R') where fi is a cusp form on H(Ap). The integral is computed by the refined
GGP conjecture for U(2) x U(2), which is known and can be in fact deduced from the triple
product formula. The inner product of f; is computed using (the above variant of) Liu’s

arithmetic inner product formula for U(2).

Our unconditional formulation of the main theorem, Theorem 5.3, can be extracted from the
above steps. Note that Hypothesis 1.1 is used only in the first step. Instead of using the Hecke
operators T'(t3) as projectors on the Chow groups, we use arithmetic theta lifts as projectors.
Under Hypothesis 1.1 these two projectors are the same. This eliminates the dependence of the

main theorem on Hypothesis 1.1.

Remark 1.3. A technical point in our argument is that in the second step, we need to show that
(Ax140)|ly =0, cf. Lemma 5.6. Here Ax ; is the first Kiinneth-Chow component of the surface X,
and the map © — Ax 1.0 is a Hecke equivariant projection Ch'(X) — Ch'(X)g where Ch'(X),
is the subgroup of cohomologically trivial divisors on X. Indeed, we even have Ay x ,© = 0. This
means that arithmetic theta lift from U(2) in this case does not provide us with nontrivial elements
in Ch? (X)o. In other words, one does not have a nontrivial Neron—Tate height pairing between any

arithmetic theta lift from U(2) and 0-cycles on the surface.

Remark 1.4. Another technical but important point here is that in the variant of Liu’s inner product
formula, the local doubling zeta integral is on the group U(W) whereas in the original formula it is

on the group H. So we need to relate the doubling integrals on these two groups. This relation itself
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and its proof may be of independent interest. It turns out that such a relation is a generalization of
the fact that the equal rank local theta correspondence preserves the formal degree in the case of

discrete series representations. We refer the readers to Subsection 3.4 for a more detailed discussion.

1.3. Organization of the paper. This paper is organized as follows. In Section 2, we review how
to construct cohomologically trivial cycle classes and the theory of height pairing. As the theory
of height pairing is still highly conjectural, to work with it, we need some working hypothesis. We
state these hypothesis in this section. We also study the height pairing on the product of a curve
and a surface. The main result is Proposition 2.2. It proves that in some special cases, the height
pairing of 1-cycles on the product of a surface and a curve is well defined and can be reduced to
the Neron—Tate height pairing on a curve. In Section 3, we review the theory of theta lifts and
doubling zeta integrals. The new result is Proposition 3.4, which handles the second technical
point mentioned in the previous subsection. In Section 4, we review the theory of arithmetic
theta lifts following [ , ]. We prove two results. The first is an identity between the
Hecke correspondences and the arithmetic theta lifts. The second is a variant of Liu’s arithmetic
inner product formula. The key input in this variant is Proposition 3.4. Section 5 contains the
main results of this paper. We first state the precise form of the arithmetic GGP conjecture.
Then combining all results from the previous sections, we prove this conjecture for U(2) x U(3)
in the endoscopic case. We state two versions of our main theorem. The version depending on
Hypothesis 1.1 is Theorem 5.2. The unconditional version is Theorem 5.3. In the appendix, we
check that the arithmetic GGP conjecture, in its precise form, is compatible with the Gross—Zagier

formula proved in | ]

1.4. Notation. Throughout this paper, we fix the following notation and convention.

— Let F' be a number field and E/F a quadratic extension. We write Ag s for the group of
finite adeles and F, = Hv‘ « Fu. We fix a nontrivial additive character ¢ : F\Ap — C*,
such that for each archimedean place v of F, 9,(z) = €2™@. Put ¢p(z) = ¢(%TFE/F x).
Let : F*\Aj; — {£1} be the quadratic character associated to the extension E/F.

— By a Hermitian space V over Ag, we mean a restricted tensor product V = ®V, where V,
is a Hermitian space over F,. It is said to be coherent if there is a Hermitian space V' over
FE so that V=V ® Ag. It is said to be incoherent if such a V' does not exist.

— By the Hermitian space Ag (over Ag), we mean the one dimensional hermitian space over
Ap, with the Hermitian inner product given by (z,y) — 7.

— For any algebraic group G over F, we put [G] = G(F)\G(AF).

— For any algebraic variety X of F', we let Ch*(X), Pic(X), H*(X) be the Chow group, the
Picard group of X and the (Betti) cohomology group of X (C) (for some embedding F' — C
which is clear from the context). Without saying explicitly to the contrary, they all have C

coefficients. Thus we may take complex conjugation of elements in these groups.
8



1.5. Measures. Let us fix some measures. Recall that we have fixed a nontrivial additive character
Y F\Ap — C*.

For any place v of F', let V be a Hermitian space over E, of dimension n. Let u(V') be the Lie
algebra of U(V). Let ¢, : u(V) — U(V) be the Cayley transform, namely,

W(X)=1+X)1-X)"', X eul).

We have a self-dual measure on u(V) and we let d’h, be the unique measure on U(V') so that the
Caylay transform is measure preserving. Suppose that n = 2r. Then this measure satisfies the

property that

/ < (2)(Tx n@(x»dx> GTrnQn =y [ glh ag)h,
Herma,- (Ey) v2r U((V)(Fv)

where Hermo, stands for the space of 2r x 2r Hermitian matrices, d71" is the self-dual measure on
Hermg,, and x¢ is any fixed element in V" with Q(z) = @ where Q(z) stands for the moment
matrix of x. Put
dh, = L(1,1)CF,(2) - - - L(n, nﬁ)d'hv-

We shall call d’h, the unnormalized local measure and dh, the normalized local measure. Thus
the normalized local measure coincides with the measure d’hy in | , Definition 4.3.3] (in the
notation there).

Let V' be a Hermitian space over E of dimension n. Then the Tamagawa measure on [U(V)]

equals
(L) Linyy™) " ] dhe.

Let V be an incoherent Hermitian space over Ag of dimension n. By abuse of terminology, we call

the measure

(L(17 77)((2) T L(n7 77”))71 H dhy

the Tamagawa measure on U(V)(Af).
Let K C U(V)(Apy) an open compact subgroup. By vol K, we mean the volume of K with
respect to the measure

(2L(17n)C(2>"'L(n777n))_1 H dhy,

v finite

where dh,, is the normalized local measure at v. This coincides with the measure given in [ ,

Definition 4.3.3]. The volume of K computed using other measures will be denoted by vol’ K.
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2. THE HEIGHT PAIRING

The goal of this section is to review the (conjectural) height pairing of Beilinson—Bloch. We also
study the height pairing on a product of a curve and a surface. In this case, the height pairing
can be defined under some mild conditions for a large class of cohomologically trivial cycles. We
suggest the readers look at only Subsection 2.1 and the statement of Proposition 2.2 for the first

reading.

2.1. Trivializing cohomology classes. In this subsection, we review how to construct cohomo-
logically trivial cycle classes in some low dimensional cases.

Let X be a smooth projective variety over F of dimension n. Let Ch’(X) (resp. Ch;(X)) be
C-vector space of codimension i (resp. dimension i) cycles on X. There is an intersection paring
between Ch*(X) and Ch,(X), which we denote by « - 8, @ € Ch*(X), g € Ch,(X).

Let cl : Ch'(X) — H%(X) be the cycle class map and Ch’(X)y be the kernel of cl. Tt is expected
that there is a splitting

Ch%(X) ~ Ch*(X)p @ Imcl.

In the case X being a Shimura variety, it is expected that this splitting is Hecke equivariant. If X
is the Shimura variety attached to a unitary group, W. Zhang recently constructs a candidate of
it using Hecke operators. His construction indeed gives a splitting if we assume Hypothesis 1.1. In
certain low dimensional cases, we may also use Kiinneth—Chow decomposition to construct such
a splitting. Even though it is very hard to show the existence of such a decomposition in higher
dimensions, in the low dimensional cases, it has the advantage of being concrete and geometric. The
idea of using Kiinneth—Chow decomposition to trivialize cohomology classes in the low dimensional
cases is also due to W. Zhang [Zha].

Let A be the diagonal cycle in X x X. By a Kiinneth—-Chow decomposition, we mean a sum
A= AX70 + AX,l + - Axygn S Chn(X X X),

such that the natural map Ax ;. : H*(X) — H*(X) is the projection to the i-th component. We call
Ax ; the i-th Kiinneth-Chow component of X. When there is no confusion, we write A; instead
of Ax ;. The existence of the Kiinneth-Chow decomposition is one of the standard conjectures
on algebraic cycles. The essentially known cases are curves and surfaces. Let z € Ch"(X) be a
codimension r cycle on X. Then it follows from the definition of the Kiinneth—-Chow decomposition
that Ax 2,—1.2 € Ch"(X)o. This defines a map

ChT(X) - ChT(X)Oa Z = AX,ZT—I,*Za

and for some good choice of the Kiinneth—Chow decomposition, it is expected to be the splitting
that we are looking for.

Let us now recall the construction of Kiinneth—Chow decomposition in the low dimensional cases.
10



Suppose that n = 1, i.e. X is a smooth projective curve. Choose an ample class £ € Pic(X) of
degree one and put
A():XXf, A2:£><X, AIZA—AO—AQ.
It is well-known (and easy to check) that A = Ay + A; + Ay is a Kiinneth—-Chow decomposition.

Suppose that n = 2, i.e. X is a smooth projective surface. Choose an ample class £ € Pic(X)
and let e = (deg&-&)71(€-€) € Ch?(X). Let Alb(X) be the Albanese variety of X and Pic’(X) be
the neutral component of the Picard variety of X. Let « : Pic’(X) — Alb(X) be the isogeny given
by L+ L-¢ and o : Alb(X) — Pic®(X) the dual isogeny. Assume that the degree of a is d. Let
j: X — Pic’(X) be the composition of the natural map X — Alb(X) given by x ++ z — e and the

isogeny V. Then we have a morphism
jx1:X xX = Pic’(X) x X,

where 1 stands for the identity morphism. Let P be the Poincare bundle on Pic’(X) x X and
B=(jx1)*P. Put

Ag=X Xe, Ali%pff'ﬁa Ag="A1, Ag=ex X, Ao =A—Ng— A1 — Az — Ay,

where p; : X x X — X is the projection to the first factor. Then A = Ag+ A1+ As+ Az + Ay is
a Kiinneth—Chow decomposition for X.

Suppose that X = C x S where C is a smooth projective curve and S is a smooth projective
surface. Choose an ample class £ € Pic(X). Then we have a Kiinneth—-Chow decomposition for S

(with respect to §) and C' (with respect to &|¢) respectively. Let

i
AX,i:ZAC,jXAS,i—ja Z'Zoala'”76
7=0

Then Ax = Z?:o Ax ; is a Kiinneth-Chow decomposition.

2.2. Arithmetic intersection theory. By an arithmetic variety of dimension n + 1 over op, we
mean an integral scheme &', projective and flat over oy such that the generic fiber Xr = X x Spec F’
is smooth. We mainly follow the exposition in [ , Section 2.1].

By a (homological) cycle of dimension p, we mean a pair 7 = (Z,g) where Z is a finite linear
combination of integral closed subschemes of X’ of dimension p and g = {g,}, where ¢ ranges over
all archimedean places of F', is a collection of Green currents of Z. Recall that this means that for
each archimedean place ¢ of F', we have

00
curv(g,) = — +dz,(0)
is a smooth form on X,(C), where Z, and X, are base change of Z and X to C along the embedding
t : F — C respectively. An cycle is called vertical if Z is contained in the closed fibers of X'. We
define the (homological) arithmetic cycles to be the C-linear combination of cycles, modulo the

relations that (div(f), —log|f|) = 0 for all f being rational function on some closed subschemes )
11



of X and that (0,0 + d3) = 0, a(0,g) — (0,ag) = 0. For a morphism ¢ : X — ), we may define
the pushforward ¢, : Ch,(X) — Chy()) if ¢ is proper and generically smooth and the pullback
¢* : Ch,(Y) = Ch,(X) if ¢ is flat.

Let K (X) be the arithmetic K-group of Hermitian vector bundles and smooth forms (with C
coefficients) modulo the usual secondary Chern class relation for exact sequences. Then we have
an arithmetic Chern character

ch : K(X) = End(Ch,(X)).
This is the usual Chern character for Hermitian vector bundles and is given by the following formula
for smooth forms a on X' (C):
ch(@)(Z, g) = (0,a A curv(g)),
We define the (cohomological) arithmetic Chow group 65*(2( ) to be the quotient of K (X) by the
subgroup of elements ¢ with the property that cAh(gb*t) = 0 for any morphism ¢ : Y — X. If X is
regular, then ch is an isomorphism and we have K (X) ~ @*(X ) ~ Ch, (X). There is a natural
intersection pairing
Ch”(X) x Chy(X) — Chy_p(X).
If X is regular, the intersection pairing makes C/}Tl*(X ) a commutative graded ring.

There is a degree map given by
deg : Cho(X') — Cho(Specop) — C.

where the first map is given by pushing forward via the structure morphism and the second one
is the usual degree map. Without saying to the contrary, we implicitly compose the intersection
pairing (/]Ep(?() X éTlp(X) — @O(X) with the degree map so that we end up with a complex
number.

Let £ be a Hermitian line bundle. Then we have & (L) € End(éﬁ*()()) such that ch(L) =
exp(¢i(L)). Then for Hermitian line bundles Ly, Lrpand a € C’Bk(x ), we have the intersection
number

G(Ly) - G(Ly) - o
To simplify notation, we usually write £y - - - - - Ly, for cAl(Z\l ) cAl(Z;) and write Ly - -+ - Ly - o for
G(Ly) - G(Ly) - o

Assume that X is regular. By an arithmetic correspondence, we mean an element in (/]E*(X xX),
say r= (T, g), with the property that for any smooth form w on X (C), the forms p «(curv(g) Apjw)
and pq «(curv(g) A psw) are smooth. It defines endomorphisms T, and T* via the usual formulae.
Moreover if o, 3 € al*(X), we have o - T8 = T*ar - B.

2.3. Height pairing: Generalities. Again we follow the exposition of | , Section 2.1]. Let
X be a smooth projective variety over a number field F of dimension 2d + 1. Let o € Ch*(X ) and
B € Ch;_1(X)g. Beilinson and Bloch conditionally define a height pairing («, 8)pg. The definition

is made under the following two hypothesis.
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(BB1) Any model X’ of X over op can be dominated by a regular model X, possibly after a finite
extension of F.

(BB2) At least one of o and 3 can be extended to an arithmetically flat cycle on a regular model
X of X.

Here by an arithmetically flat cycle, we mean an element (Z, g) € @*(X ) such that restriction
to any vertical component in X is numberically trivial and curv g, = 0 for all archimedean places ¢
of F.

While both hypothesis can be verified for d = 0 and are expected to hold in general, they are
wide open when d > 0.

With these two hypothesis, the height pairing can be defined as follows. Let X be a regular
model and & € éﬁgd_i(x ), 3 € 6?11(2( ) be extensions of « and [ respectively. Assume that @ is
arithmetically flat. Then define

<a7§>BB =a- Ba

where the right hand side is the arithmetic intersection taken on X. Note that the height pairing

is symmetric bilinear, not Hermitian.

Lemma 2.1. Let a € Ch,(X)g, 8 € Ch*(X)g, and T' € Ch,(X x X) be a correspondence. Let X
be a regular model of X. Suppose that B s an arithmetically flat extension of 5 to X and T be any

arithmetic correspondence on X x X extending I'. Then
(1) .3 is arithmetically flat;
(2) {a,I'xB)pB = (I, B)BB-

Proof. Let V' be a vertical cycle in X. Then T, E V= B TV, Again T*V is vertical. So statement
(1) follows. The second statement follows easily from the first one. Let & be any extension of a to
X. Then

(,T.B)pg=a-T.B=T*a- 5 = T, B)ss.

This proves the second statement. O

2.4. Height pairing: the case of a product of a curve and a surface. In this subsection, let
Y be a smooth curve and X be a smooth surface with an embedding Y — X. Let us fix an ample
class on X and define Kiinneth-Chow decomposition for X,Y and X x Y using it. Let A-; be
the i-th Kiinneth-Chow component for the variety 7. The curve Y defines a cycle in Ch? (X xY),
which we denote by y. Then Axyy3.y € Ch*(X x Y)o.

Proposition 2.2. Let Ly be a line bundle on X and Lo be a degree zero line bundle on'Y . Assume
that X and Y have regular models X and Y respectively over op and that X XY has a regular
model Z with a dominant map © : Z — X x Y. We (by abuse of notation) denote by p1 both

the projections X XY — X and X x Y — X, and by p2 both the projections X XY — Y and
13



XxY—=Y. Let Z; be an arithmetically flat Hermitian line bundle on Y extending Lo. Let Z\l be
any Hermitian line bundle on X that extends L. Then

(piLr - p3La) € Ch'(2)
s arithmetically flat and it extends piLy - p5Lo. In particular, the height pairing
(pTL1 - p3L2, Axxy3+Y)BB
1s well-defined. Moreover, we have
(p1L1 - p3Lo, Axxy3+y)BB = (Av1+(Ax2+L1)|y, L2)NT,

where the right hand side is the Neron—Tate height on Y.

Proof. Any irreducible vertical 2-cycle V in X x ) is contained in X7 x Y7 where X is an irreducible
component of a closed fiber of X and Y; is an irreducible component of a closed fiber of ). The
restriction (p{z,\l pgzg)\ X, xY; is numerically trivial since Z;|y1 is. This shows that the restriction of
" (pfz\l p;fg ) to any vertical component of Z is numerically trivial. The curvature of 7* (p’{a pgzg )
is zero since it is the product of those of 2\1 and Z; and the curvature of Z; is zero. This proves
that W*(pfz\l pgfg) is arithmetically flat and the height pairing (piL1 - p5L2, Axxy3+Y)BB is
well-defined.

It remains to calculate the height pairing. First by definition we have
Axxyz=Ax3xAyo+Axs X Ay +Ax1 X Ayp.
The terms on the right hand side are idempotents. By Lemma 2.1, we have

(p1L1 - p5L2, (Ax 3 x Ay)«y)BB = ((Ax3 X Ay)"(p1L1 - p3L2), (Ax 3 X Ay)+«Y)BB-

Since Lo is cohomologically trivial on Y, A;’OLQ = 0. Thus the above expression equals zero.
Similarly we have
(p1L1 - p5La, (Ax1 X Ayz2).y)ps = 0.
Therefore
(piL1-paLl2, Axxysy)eB = (P1L1 - p3La, (Ax2 X Ay1).+Y)BB-
Put p; = pjom, i =1,2. Let Y be the normalization of Y in Z which defines a 2-cycle which
we denote by [ﬁ] Let q : i’ — 9 be a regular model of Y which dominates jiv Let K\)(Q (resp.

A/; 1) be any arithmetic correspondence on X' (resp. )) which extends Ax o (resp. Ay;1). Choose

an arithmetic correspondence Z; on Z x Z which extends Ax s x Ay,;;. By definition,

(PiL1-p3La, (Axz x Ava)w)es = 1" Lr - 52" Lo RorV) = Aot (51" L1 - 52" L) - (V-
We claim that the last term equals ﬁl*(A/\Xg*a) @*(A/;l*zg) -[)]. Indeed, both

P (Bxs L1) 5o (Aya L) - [Y), Aot (BiLy-p"La) - [V
14



are arithmetically flat and their difference is a vertical 2-cycle which is again arithmetically flat.
Denote by V this difference. Then V - [Y] = d/e\g(V| 5») = 0. This proves our claim.
Thus

(pTL1 - p5La, (Ax2 X Ay1)Y)BB = p~1*(A/\X,2*Z\1) '172*(5;1*22) Y.

This equals
T (p(Bxz £1) - pa(Bya La) - V] = pi(Bxz £1) - p3(Ava L2) - m[.
By definition, the right hand side equals

(Bxz L)y - (Ava L2l

Note that both )V and 37’ are regular models of Y. We then conclude that
(DiL1 - Lo, (Axa x Ava)a)ss = - (Bxa L1)l5) - Ay L2 = Ay, (0(Bxz L1)]5)) - La.

Note that A/;l*(q*((A/\Xg*a)]j},)) is an extension of Ay «(Ax24+L1)|y and L5 is an arithmetic

flat extension of Ls. Thus by the definition of the Neron—Tate height pairing on Y, we have

(p1L1 - p5L2, (Ax 2 x Ay1)«y)BB = (Av1+(Ax2+L1)|y, La)NT.

This proves the proposition. (]

3. THETA LIFTS

We review the theory of theta lifts and doubling zeta integrals in this section. Most of the results
are not new. One exception is Proposition 3.4, which relates the doubling zeta integrals on different

unitary groups of the same rank.

3.1. Weil representations. Let H, be the quasi-split unitary group of rank 2r over F, i.e. the

unitary group attached to the skew-Hermitian form given by the matrix

)

Let v be a place of F. Let (V,,(—, —)) be a Hermitian space over E, of dimension m and U(V},)
be the corresponding unitary group. Fix a character y, : E,0 — C* so that y,| X = ny". Then we
have the Weil representation of H,(F,) x U(V,), realized on S(V,;'), the Schwartz space of V. We
denote it by w,, or w, for short when there is no confusion with the characters. It is given by the

following formulae.
~ oy, (n(D)(x) = u(TrbQ())o(x):
(m(a))¢(z) = |det a| 5, xo(det a)p(wa);
- wy, (w)o(z) = v, ¢(x);
(
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n(b) = (” f), m(a) = (“ ta—1>’ w = (_1 1’“) € H (F): heUWV,)(E),

and z = (21, -+ ,2,) € V", Q(z) = %((wi,xj))lgi,jgr is the moment matrix of z, 5 is the Fourier

transform defined by
o) = | oy)ve((z,y)dy,

vy
using the self-dual measure on V', vy, is the Weil index associated to V.
Let 0, be an irreducible admissible representation of H,(F,). By the theta lift of o, to U(V},)(Fy),

we mean an irreducible admissible representation 6, (o) of U(V,)(F},) such that
oy Xy, (00)

is the maximal semisimple quotient of the o,-isotypic part of w,,. Similarly we speak of the

theta lift of an irreducible admissible representation of U(V,)(F,). The existence of the theta lift

of o, has been proved by Howe [ ] and Waldspurger | | in the archimedean case and
the p-adic case (p # 2) respectively, and recently by Gan—Takeda | | in general. Moreover
by [ , ) | we have the multiplicity one result

(3.1) dimHomHT(Fv)xU(Vv)(wxvv oy X exv(%)) <1l

Let V= ®V, be a Hermitian module over Ag. Let x = ®yx, : EX\A}, — C* be a multiplicative
character. Taking restricted tensor product of all local Weil representations, we have a global
WEeil representation w, of H,(Ar) x U(V)(Ar) which is realized on S(V"). Let ¢ = ®o, be an
irreducible admissible representation of H,(Ar). By the abstract theta lift of o to U(V)(Ap), we
mean an irreducible admissible representation ™ = ®@m, of U(V)(Ar) so that for all places v of F,
T ~ Oy, (0y). Suppose that V is coherent, i.e. there is a Hermitian space V over E such that
V=V ®Apg. Then for ¢ € S(V"), we have the theta series

Ou(g9,h,0) = D wilg.Wo(z), g€ H(Ar), he UV)(Ap).
2V (F)
3.2. The archimedean case. We have a more concrete description of theta lifts of discrete series
representations of unitary groups. Let U(p, ¢) be the real unitary group of signature (p, q).

The Harish-Chandra parameter of a discrete series representation of U(p,q) is a sequence of
integers or half-integers, (a1,--- ,ap;b1, -+ ,bq), ai,b; € Z if p+ ¢ is odd and in % +Zifp+qis
even, aip > -+ > ap, by > --- > by. The Harish-Chandra parameter of the trivial representation of
U(n,0) is ("5+,25%, -, ="51).

Assume that the character x in the definition of the Weil representation of U(r,r) x U(p, q) is of
the form x(z) = (z/V/2%)®, where a has the same parity as p + ¢.

Lemma 3.1. Under the above choice of the characters, we have the following statements.
16



(1) The theta lift of the trivial representation of U(2r,0) to U(r,r) is a discrete series repre-
sentation with Harish-Chandra parameter
(2r—1+a 2r-3+a —(2r—1)+a)
2 ’ 2 ’ ’ 2 '

The lowest K -type is (ki,ks) — (det k1) T2 (det ko) ™72
(2) The theta lift of the trivial representation of U(2r 4+ 1,0) to U(r,r) is a discrete series

representation with Harish-Chandra parameter
<2r+a 2r—2+4+a —(2r—2)+a>

s RN
2 2 2
2r+1+a _2rtl—«a

The lowest K -type is (ki,ka) — (det ki)™ 2 (det ko)™~ 2 . This representation is not a
theta lift of any representation of U(p,q) with p+ q = 2r — 1.

Proof. This follows from the result of Paul | |. Her results are stated in the form of metaplectic
representations. Harris | , Subsection 2.3] reinterprets these results in term of the “usual”
representations. O

3.3. Doubling zeta integrals. Let p : E*\Aj — C* be a character. Let Is.(s,p) be the
degenerate principal series representation of Ha,(Ap). It is an induced representation from the
usual Siegel parabolic subgroup P, = Ma,Na, of Hy,. It consists of functions ®5 on Hy,(Ap) with
the property that

O (m(a)n(b)g) = u(det a)|det al* " ®4(g).

Let @4 € I5(s, ). We may then form the Siegel Eisenstein series

E(g,®5) = > ®5(v9)-

YEP2r (F)\Har(F)
i b .
We define the embeddings ig,7 : H,. x H, — Ho, as follows. Let h; = (a d) € H.,,i=1,2.
Ci

Put

al b1

) a b ) .

(3.2) Zo(hl, hg) = 2 2 S ng, ’L(hl, hg) = Zo(hl, h;/),

c1 dy

C2 d2

where

-1
hY = Lr h L )
_17’ _17‘

Let 0 = ®o, be an irreducible cuspidal automorphic representation of H,(Ar) and f; € o,

f1 € 0. Let @5 € I (s, ). We have the global doubling zeta integral

Z(f1, f1,®s) = /[H] " fi(h) f{(R)E(i(h, '), ®,)dhdH .
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This integral is convergent for all s where the Eisenstein series does not have pole.

We denote by L(s,o x p) the standard L-function of o twisted by pu. We also have the local
L-function which we denote by L(s, 0, X ). It is known that the doubling zeta integral represents
this standard L-function. Moreover if o, is unramified, then L(s,o, X uy) = L(s,BC(0y) ® py)
where BC stands for the (unramified) local base change of o, to GL,(E,). It is expected that
this equality holds for all o,’s. We are not going to use this stronger (conjectural) equality. For a
detailed discussion, cf. [ ]-

Put

Yo = € Ho,.

For each place v of F', we have the local doubling zeta integral

Zofran flps ®an) = / o (0) Fros Fra) @ (i, 1))

H,(Fy)
Define
bi(s) = [T L(2s + .l ™).
i=1
and

L(s+ %, Oy X [y
bar(s)
Suppose that we choose the measure at each place v so that dh = [[dh,. Then we have the

—1
Zg(fl,vaf{,wq)s,v) = < )> Zv(fl,vaf{,wq)s,v)-

decomposition of doubling zeta integrals [ , (23)]

L(s+ 3,0 xp
bgr(s)

We now fix a place v of F. Let us consider the Weil representation wE of Hop(Fy) x U(V)(Fy),

realized on S(V2"). By | , Proposition 2.2], we have an isomorphism wy, ® Wy, ~ w(,

representations of H,(F,) x H,(F,) x U(V)(F,). This isomorphism is realized as a partial Fourier

(3.3) (£ 0,) = L 25 T o).

01, as

transform
S(VH) @ S(V) = S(VZ),  ¢1 ® ¢o s F1992,
with the property that ]:¢1®%(0) = (g1, Pa), cf. | , Section 2|. The map
e WD (W) FP1E%2(0)

defines a section of I,(0, x,) which extends to a section ffl®% € I2.(8, xv)- B

Assume that o, is tempered. For any fi, fo € 0, we have the doubling zeta integral Z,(f1, f2, 4 1®¢2)
whose value at s = 0 equals

Zlfiabron) = [ T Bl i), da)an

H,(Fy)
18



which is absolutely convergent. Similarly if m, is tempered, we have a doubling zeta integral for

p1, P2 € Ty whose value at s = 0 equals

Zy(p1, 2, 01, b2) =/ (mu(9)p1, p2)(wo(g) b1, P2)dg.

U(V)(Fv)

We also have the normalized version ZE of these integrals, namely

L(%7 Oy X [y

1
Z3(f1, for b1, b2) = ( ) )> Zo(f1, f2, d1, P2),

and

1
y Ty XMU

1
L S
Z4 (1, pa, b1, $2) = ( (2b2 0) )> Zy(1, 02, 01, 02).

3.4. A duality property of doubling zeta integrals. In this subsection, F' is R or a nonar-
chimedean local field of characteristic zero, F is a quadratic étale algebra over F'. We consider a
slightly more general situation than the previous subsections. Let W (resp. V') be a skew-Hermitian
(resp. Hermitian) space of dimension n over E. Put H = U(W) and G = U(V). We have a Weil
representation w realized on certain Schwartz space S. For simplicity, we write H for H(F') and G
for G(F). Note that to define the Weil representation and theta lifts, we need to fix some charac-
ters. However, the following discussion is independent from the choice of these characters. So we
tacitly fix some choices, and suppress them from all the discussions below.

Let Temp(H) be the set of isomorphism classes of irreducible tempered representations of H.
Let Xiemp(H) be the set of isomorphism classes of representations of H of the form ig oo where
P = MN is a parabolic subgroup of H whose Levi component is M and o is square-integrable
representation of M. The set Xiemp(H ) has a natural structure of a smooth manifold. Let A € ia*MIR
and op\ = 09 ® A. Then the connected component of Xiemp(H) containing igao consists of
representations of the form ig o0\

Recall that we fix a measure dh on H. There is a natural measure do on Xiemp(H), called the

Plancherel measure, cf. [B], Section 2.6]. Let C(H) be the Harish-Chandra Schwartz space on
H [BP, Section 1.5]. Then we have the following Plancherel formula. For any « € C(H), we have
(3.4) a(h) :/ Tr(o(h) 'o(a))do.

Xiemp (H)

The representation ig oo might not be irreducible. When it is reducible, it decomposes as a direct

sum of finitely many irreducible tempered representations. All tempered representations arise in
this way. The decomposition of ig oo is governed by a certain elementary abelian 2-group R, called
the R-group of ig 00. Moreover, the subset of Xiemp(H) consisting of irreducible representations is
open and dense.

The above discussion also applies to G.
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Lemma 3.2. Suppose that the Levi subgroup of P is isomorphic to Hy X L where Hy is a unitary
group of smaller size and L is a general linear group. Suppose that o C ig(ao X 7) is an irreducible
subrepresentation, where oy is an irreducible square-integrable representation of Hy and T is an
irreducible square integrable representation of L. Assume that 0(c) # 0. Then there is a parabolic
subgroup Q = M'N’ of G so that M' ~ G x L where Gq is a unitary group of the same type as G
and the same rank as Hy, such that (o) C ig(@(ao) X 7).

This is an easy consequence of | , Lemma 8.3]. Indeed, an G x H equivariant map 7T :
w® (B oy X)) — ig(@(ao) X 7) is constructed in | , Subsection 8.1]. It is shown in | ,
Lemma 8.3] that given any f € (if{(o9X 7))V, there is a ¢ € S so that T(p, f) # 0. One may choose
fea C(if(ooX7))V. The restriction of T to w® ¢ is thus nonzero and it factors through 0(o)
because ig(@(ao) X 7) is semisimple. Therefore 6(o) is a subrepresentation of 7,8 (0(0p) X 7). Even
though [ | deals with the case that F' is nonarchimedean, the argument goes without change in
the archimedean case.

By definition, the R-groups of i& (oo X 1) and ig(@(ao) X 7) are canonically identified. Moreover,
by [ , Proposition 8.4], theta correspondence gives a bijections between the irreducible subrep-
resentations of i (09X 7) and those of ig(&(ao) X 7). Moreover, a}, i and a}, p are identified. Thus
the components of Xemp(H) and Xiemp(G) containing i (09X 7) and ig(@(ao) X 7) respectively can
be identified and under such an identification the Plancherel measures on them are the same. This
follows from the definition of the Plancherel measure and the fact that the theta correspondence
preserves the formal degree | , Theorem 15.1] and the Plancherel measure | , Theorem 12.1].

The doubling zeta integral still makes sense for o € Xemp(H ), even if it is reducible, as o is of
finite length. In the following, we write > feo OF just > s when the representation o is clear to
mean that f runs over an orthonormal basis of ¢. Similar notation also applies to the group G and

the representation .

Lemma 3.3. Fiz two Schwartz functions ¢1,¢2. The map

Xiemp(H) = C, 0= > Z(f, f,d1,02)
f

1S continuous.

Proof. Let us choose an o« € C°(H) so that o* * ¢1 = ¢1, where a*(g) = a(g~1). This is always
possible. Then

S 26, £6n.00) = [ ot w(h)on, du)dh
¥ H

Let C¥(H) be the weak Harish-Chandra Schwartz space [BP, Section 1.5]. Then we have the

following assertions.

(1) Fix some T € End(o)> (the space of smooth endomorphisms). Then the map

Xiemp(H) = CU(H), o+ (h = Tr(c(h)T))
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is continuous.
(2) For any fixed ¢1, ¢2, the linear form on C*(H)

ow—>/ h)p1, ¢2)dh, o€ C¥(H)
is continuous.
The first assertion follows from [BP, Lemma 2.3.1(ii)]. The second assertion can be verified
easily. Lemma 3.3 then follows from these two assertions. O

Proposition 3.4. Suppose that o € Temp(H) or Xiemp(H). Put m = 0(0) if o € Temp(H) and
T = 28(9(00) X 7) if o =i (00 ®T) € Xiemp(H) (notation as in the lemma above). Then for all
01,92 €S, we have
(3.5) YA f o1 02) =D Z(p 0, b1, h2)-
feo pem

Proof. We proceed in four steps.

Step 1: Proposition 3.4 holds for 0 € Temp(H) up to a constant.

It is clear that we may (and will) assume that 6(c) # 0. If o is an irreducible tempered

representation of H, then there is a positive real number ¢(¢), depending on o only, but not on
@1, 2, such that

ZZ 0,0, 01, 2) = c(o ZZ fr £ 1, 02).

Indeed, the doubling zeta mtegral on G (resp. H) deﬁnes a nonzero H x GG equivariant map
0:w—oXm resp. 0w — o X

The left (resp. right) hand side equals (8(¢1),0(¢2)) (resp. (0'(¢1),6 (¢2))) where (—, —) stands
for the inner product on o K 7. By (3.1), 6 and ¢ are proportional. Suppose that § = A\¢’. Then
c(o) = |\

Step 2: Proposition 3.4 holds all 0 € Xyemp(H) N Temp(H).

Let « € C°(H) and 5 € C°(G). Consider the integral

) / QTR T (h )61, 62)cdgdh

It is not hard to check that this double integral is absolutely convergent. We apply the Plancherel

formula to a and get

=, /X Te(o(R)o (@) (w(h)1, w(8)d2)dodh.

We claim that this double integral is absolutely convergent. If F' is nonarchimedean, this follows
from the facts that |Tr(o(h)o(w))] < Z(h), where = is the Harish-Chandra function [BP, Sec-
tion 1.5], and that the map o — o(«) is compactly supported. If F' is archimedean, we have a more

precise estimate

Tr(o(h)o(a))| < CEM)|llo()lllag.az
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where C' is some absolute constant which does not depend on o, and ||| - [|[an. a7 is a certain norm
on End(0)*, cf. [BP, Section 2.2]. Moreover it follows from [BP’, Theorem 2.6.1(i)] that the integral
of |[lo(a)l||an an over all Xiemp(H) (with respect to the Plancherel measure) is convergent. This
proves the claim.

We can switch the order of integration and conclude that

/ / >< ( )() , (L?)(Z)2>(]hdo-
Xtemp(}i)

/X sz’f’¢17 ()w(B)¢2)do

emp (H) [

Similarly we have
[ Y 2o brulaie(@oin
Xremp (G) "

Therefore we conclude that

6o [ S zfenslas@eio = [ S 2l onel@)u(@))dn
Xromp(H) g Xiemp(G) e

Let us fix a small neighbourhood 2 of o = i (69 X 7) in Xiemp(H). By the identification of the
component containing ¢ and the component containing 7, this determines a small neighbourhood
YV of min Xiemp(G). This identification of Q and ' identifies the Plancherel measures of Q and
Y. Since o and hence 7 are irreducible, we may assume that any representations in 2 and Q' are
irreducible. We choose a and S so that the maps o — o(a) and 7 — 7(f) are supported in © and
Y respectively. It then follows from the identity (3.6) that

[ te) =03 2. .61 () Bn)ae =
f

We may write it as

(3.7) [ ete) =103 2. (@) 1. (8) )i =
f

Suppose that F' is nonarchimedean. Consider the tempered Bernstein center of H | . El-
ements in the tempered center can be viewed as functions on Xiemp(H) which separate points on
Xiemp(H). It also acts on C(H) and let us denote this action by o. Let z be any element in the
tempered center, then o(z o a) = z(0)o(a). It follows that if o — o(«) is supported on €2, then so
is 0 — o(z o ). So we conclude, by replacing a by z o v in the identity (3.7) that

/Q( ZZ f’ f ¢1, (5)¢2)dg:
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Since c is continuous on Q2 by Lemma 3.3, all such z’s separate points on Xiemp(H ), in particular

on {2, we conclude that

(c(0) = 1) Y Z(f,0(a”) f,¢1,w(B)d2) = 0
f

at all points o € € for all «, 8 satisfying the support condition above and all Schwartz functions

¢1 and ¢o. It is clear that for any o we can find some «, 5, ¢1, ¢ such that

N Z(f,0(a*) f.d1,w(B)g2) # 0.
f

It then follows that c¢(o) = 1 for all o € §, in particular for o = i (oo X 7).

If F is archimedean, then we use the center of the enveloping algebra instead of the Bernstein
center, and repeat the above argument.

Step 3: Proposition 3.4 holds for all 0 € Xiemp(H).

By Lemma 3.3, two sides of the identity (3.5) are continuous linear forms on Xiemp(H) and
Xiemp (G) respectively. The subset consisting of irreducible representations of Xiemp(H ) and Xiemp(G)
are dense. So we conclude that for all o € Xiemp(H) and 7 € Xiemp(G), the identity (3.5) holds.

Step 4: Proposition 3.4 holds for all o € Temp(H).

Suppose that o C i (09 X 7) is an irreducible subrepresentation and m = (o) C ig(&(ag) X 7).
We may choose a Schwartz function ¢ such that its image in o X 7 is not zero, but for all other

irreducible subrepresentations o’ C i (o9 X 7), the image in o’ K 6(0’) is zero. Therefore

Yoo 2t f00) =D Z(f fr,0) #0.

feifl (ooXr) feo
Similarly
ST Ze69) =D 2,0, 6,0) # 0.
p€i (6(00)XT) peT
Then we conclude that ¢(o) =1 for all o € Temp(H) from Step 3. ]

4. ARITHMETIC THETA LIFTS

4.1. Shimura varieties attached to incoherent unitary groups. From now on, we let F' be
a totally real field and E/F a CM extension. Following the exposition of | , Section 3.1], we
introduce Shimura varieties attached to incoherent unitary groups. For a more thorough discussion,
see | ].

Let V be an m-dimensional incoherent Hermitian space over Ag which is totally positive at all
archimedean places. Let G = U(V). This is a reductive group over Ar. For each embedding
t: E — C, there is a unique Hermitian space V() over E, called the nearby Hermitian space at ¢,
such that for all v # ¢, V,, ~ V (1), and V (1), is of signature (m — 1,1). Let U(V(¢)) be the unitary

group attached to V(¢) and U(V(¢))(Aps) ~ U(V)(Ars). Let K be an open compact subgroup
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of U(V)(AF). There is a variety Xx = Sh(G)g over E such that we have the following -adic
uniformization
Xru(C) = UV () (F)YND(e) x UV)(Ar,s)/K).

Here the subscript means that F is embedded in C via ¢. The Hermitian domain D(¢) is the set of
all negative C-lines in V' (¢),, D(¢) = {v € V(¢), | ¢.(v,v) < 0}/C* where g, is the Hermitian form
on V(¢),. We usually denote an element in it by [z, g]x where z € D(¢) and g € U(V)(Ap¢).

These varieties are projective if F' # Q. For the rest of this section, to avoid technical difficulties,
we assume that all the Shimura varieties we consider are projective. We also assume that the level

K is small so that X is a smooth projective variety (instead of a stack).

Remark 4.1. If F = Q and they are not projective, we may replace them by their smooth toroidal
compactifications and develop a similar theory for these compactified Shimura varieties. For the
Shimura varieties discussed above, the compactifications are canonical. For a quick discussion of

the compactification of the Shimura varieties at hand, we refer the readers to | , Section 3C].

We have a natural ample class Zx € Pic(Xg) for each K, called the Hodge bundle on Xg,
which is naturally metrized. Indeed, it is easier to describe its dual line bundle. Let ¢ : E — C be
an embedding. There is a homogeneous line bundle over the hermitian domain D(¢) whose fiber
over a point z € D(¢) is the C-line in V'(¢) represented by z. This space has a natural metric given
by ’%‘1/2
Hodge bundle. Let Qx be the Chern form of Zx. Then Q?(imXK is a volume form on Xx. When

we talk about the volume of X g, we always mean the volume of Xx with respect to this volume

. This line bundle naturally descents to a line bundle on Xg, which is the dual of the

form. As K varies, £k is compatible with pullbacks.

There is a cycle class map cl : Ch*(Xg) — H*(Xg). Let Ch*(Xg)o be its kernel. As in
Section 2, at least conjecturally, we have a projection Ch*(Xg) — Ch*(Xg)g which commutes
with the Hecke action. If m < 3, then this projection is constructed unconditionally via the

Kinneth—Chow decomposition, using the ample class Zx .

4.2. Hecke actions. We have a Hecke algebra C:°(G(Apf)). Let € G(Ap ) and K be a finite
level. We have a natural isomorphism v, : X, .1 — Xk, which on the level of uniformization is
given by “the right multiplication by z”. Put K, = KNaxKz~!. Then we define the correspondence
T(x)k to be the image of the map

(T, K> TR, K © Vo) * XK, = Xk % Xk,

In terms of the complex uniformation described in the previous subsection, the pushforward map

T(x)K « is given by

S
T(x)k [z, 9l = [z, gl
i=1
where x1, -+ , x4 is a set of representatives of KxK /K. Moreover the transpose of T'(z) k is nothing
but T'(x™1) g
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Let C*(K\G(AFf)/K) be the sub-algebra of C2°(G(Af,f)) consisting of functions which are
bi- K-invariant. Then we may define a cycle T'(¢) x C Xx x Xk for each ¢ € C°(K\G(Ars)/K)
by

T(¢)k = Y. d@T(@)k
z€RK\G(AF,f)/ K

Let us fix a measure dg on C°(G(Afgy)). Let A(G) be the set of irreducible admissible rep-
resentations of G(Ar) which appear in the cohomology H™ }(X) = ling H™ }(Xf). Note that
7 € A(G) implies that T = @7y is the trivial representation of G(F) (by assumption G(F)

is compact). There is a natural surjective map

(4.1) CX(G(Ars) —» P ow7,

where o stands for the contragradient representation of o. It is bi-C°(G(Ap))-invariant if we
require that C2°(G(Fw)) acts on the left hand side trivially. Let us fix an inner product (—, —) on
7 and identify 7 and 7 via this inner product. Let 7 € A(G) and ¢, ¢’ € 7. We view ¢ ® ¢ as an
element in P, ¢ 4y o ® 7 and choose an element ¢, o € C2°(G) which maps to ¢ ® .

4.3. Generating series. We follow [ | to define the generating series of Kudla special cycles
on Xg. It is an automorphic form on H,(Ar) valued in Ch*(Xg).
Let v be an archimedean place of F. We define a subspace S(V7)U» C S(V7) consisting of

functions of the form
P(Q(x))e 2 ),

where P is a polynomial function on the space of Hermitian matrices. Let

SV = [ QST | @ S(Vh), SV = [ RSV | @ S(VH™,
v]oo v]oo
for any open compact subgroup K of G(Ap y).

Let Vi C V; be an E-subspace. We say that it is admissible if (—, —)[y; takes values in E is
totally positive. For x € V', we let V, be the E-subspace of V; generated by the components of
x. We say that z € V? is admissible if V. is. Suppose that V, is admissible. Then V; = Vl,l CVis
an incoherent Hermitian space over Ap which is totally positive definite at all archimedean places.
Let K be an open compact subgroup of G(Apy) and K1 = K N U(Vy)(Ags). Then we have a

natural map
Sh(U(V1))k, — Xk = Sh(U(V))k,

whose image defines a cycle Z(V,,) in X. In terms of the complex uniformization described before,
the cycle Z(V,) can be described as follows. Suppose that we are given an admissible x € V} and
an embedding ¢ : E — C. According to | , Lemma 3.1], there is an h € SU(V)(Agf) (SU

stands for the derived group of the unitary group), such that AV, C V (), C V4. Then the cycle
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Z(V,) is represented, in the t-adic uniformization, by [z, h1h]x, where z L hV, and h; fixes every
element in AV,.

We put
Z(V)er (L) ~4m Ve g is admissible;
Z(x) =
0, otherwise,

Lemma 4.2. For any g € U(V)(Apy¢), and any x € V', we have

T(9)kxZ(x) = Z(g; '2)x,
=1

where g1,- -+ ,gs is a set of representatives of KgK /K.

Proof. This can be checked directly on the level of uniformization. Fix an embedding ¢ : £ — C.
By the description above, the cycle Z(V;) is represented by the points [z, h1h]x where z L hV, and
h1 fixes all elements in AV,. Note that Vg;1x = gi_IVz and hgigl-_le C V(1),. Therefore Z(gi_lx)K
is represented [z, h1hg;|x where z L hV, and h; fixes all elements in AV,. The lemma then follows

from the description of the Hecke operator in term of the uniformization. O

Let ¢ € S(V")V= K and we define
Zh )k = Y, wx(W(x,Q@)Z(@)k, he Hi(Ap).
zeK\V}
This is a formal series valued in Ch"(Xg ). Note that since the support of the finite component of
wy (h)¢ is compact, the sum is indeed over some countable set. Here we write a Schwartz function ¢
as ¢ fdoo and ¢(z, Q(x)) = ¢¢(T)poo(y) Wwhere x € V% and y € VT is any element with Q(x) = Q(y).
Such a y exists because x is admissible. As K varies, the generating series Z(h, ¢)x is compatible
with pullback. It has been proved by Liu [ , Theorem 3.5] that for any linear form ¢ on
Ch"(Xk), if £(Z(h,¢)K) is absolutely convergent, then it is an automorphic form on H,(Ap). If
r =1, Liu | , Theorem 3.5] proved that ¢(Z(h,¢)x) is convergent for all /. For general r,
Bruinier and Westerholt-Raum | | shows the absolute convergence for the generating series
in the case of orthogonal-symplectic dual pairs. It is reasonable to believe that with the same
technique, one can establish the convergence of ¢(Z(h, ¢)x) for all £ in our situation.

If r =m — 1, then Z(h, )k is a formal series valued in the O-cycle on Xg. So we can speak of
its degree. By Kudla—Millson | |, deg Z(h, ¢) i is absolutely convergent. The following result
of Kudla relates this degree to the value of the Siegel Eisenstein series defined in Subsection 3.3.
Let g = m(h)n(h)k(h) be the Iwasawa decomoposition of h. If ¢ € S(V(Ap)"), then

FE(h) = wy (R)(0)|det m(R)|"~2 € I (s, X)-

Proposition 4.3 (| 1). Assume r =m — 1. Suppose that ¢ € S(V")V=K_ Then E(g, f?) is

holomorphic at s = % and

deg Z(h,¢)x = vol Xi - E(h, ff)’s:%'
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4.4. Pullback of generating series. Let us recall here two formulae for the pullback of the
generating series. The analogous formulae in the setting of orthogonal-symplectic dual pairs were
established in [ , Theorem 1.1, Proposition 3.1]. The same technique there also applies to the
current situation. So we only state the results and leave the proof to the interested reader.

Let ¢1,¢p2 € S(V") be Schwartz functions. Then we have the generating series Z(h, ¢1)k and
Z(h, ¢2) i valued in Ch" (X ) where h € H,.(Ar). We also have ¢ @po € S(V?) and the generating
series Z(h, ¢1 ® ¢o)rr € Ch?"(Xg) where h € Ha.(Ar). Note that the Weil representation is the
one for Hy,(Ar) x U(V)(Ap). The restriction of this Weil representation to H,(Ar) x H,(Afp) X
U(V)(AFr), along the embedding i : H, x H, — Hy, given in (3.2), is isomorphic to w, ® wy. The

following is the analogue of [ , Theorem 1.1].

Proposition 4.4. We have

Z(h1,¢1)K - Z(he, $2)k = Z(i(h1, h2), o1 @ ¢2)k,

where the left hand side stands for the intersection pairing on X.

Assume that V has an orthogonal decomposition V = W + Ap where W is a codimension
one Hermitian module over Ag. Let K’ = K N U(W)(Aps). Then we have a Shimura variety
Yi = Sh(U(W))g with an embedding j : Yx — Xg. Suppose that ¢,—1 € S(W") and ¢; €
S(A’;). Then we have the generating series Z(h, ¢n,—1 ® ¢1) x valued in Ch"(Xg) and Z(h, ¢m—1) k"
valued in Ch"(Ygs) where h € H,(Afp). For the next proposition, we need to be more careful
with the characters of the Weil representation. We fix a character p : E*\Aj; — C* so that
1] Az =0 We always use the character yy = u4™V to define the Weil representation of H,(Ar) x
U(V)(AF) for any Hermitian module V over Ag (incoherent or not). The following is the analogue

of [ , Proposition 3.1].
Proposition 4.5. With the above choice of the characters, we have

3 Z(hy pm—1 ® ¢1) Kk = Z(hy 1)K - 0(h, $1),
where O(h, ¢1) is the theta function on H,(Ar) attached to ¢;.

4.5. Arithmetic theta lifts. Let ¢ be an irreducible cuspidal automorphic representation of
H,(Afp). Let f € 0 and ¢ € S(V"). Put

0% = [ f(hZ(h,¢)kdh.
[Hy]

This is a (formal sum of) element(s) in Ch"(Xg). For any linear form ¢ : Ch"(Xg) — C, if
U(Z(h,¢)K) is absolutely convergent, then

0oy = [ FWUZ(h. ¢)x)dh.
(]
If ¢(Z(h, ¢) k) is absolutely convergent for all £ (e.g. » = 1 and according to | ] it is reasonable

to believe this is true for all r), then @? is a well-defined element in Ch"(Xg). By the result of
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Kudla—Milson | 1, £(Z(h,¢)k) is convergent for all ¢ factoring through H?"(Xf), thus the
cohomology class of @(}’ € H?"(Xf) is always well-defined. When K varies, @¢f> is compatible with
the pullbacks when varying K. We write it as @? 5 if we need to specify K.

Before we proceed, let us note that the arithmetic theta lift, at least formally, gives an H,(Afr)
invariant and C2°(K\G(Af f)/K) invariant map

TR S(V)V=K - Ch"(Xk), fo@ ¢ 6.

Here the group H,(Af) acts on o and S(V")U=X and the Hecke algebra C°(K\G(Ap )/K) acts
on S(V")V K via the Weil representation and on Ch” (X ) via pullback. The invariance by H,.(Ar)
is clear by a simple change of variable in the integration. The Hecke invariance means that for any

g € G(Apf), we have

(42) Z(h, 1KgK *¢)K = T(g)*KZ(h7 ¢)K

Here 14k *¢ stands for the “convolution”
1xgr *o(x) = o(h~'z)dh,
KgK
and the measure on the right hand side is the one with vol K’ = 1. Suppose that gi,--- , gs is a set
of representatives of Kg~!K/K. Then

Z(h, 1kgr *¢) K Z Z P(giz, Q(x Z Z Qx))Z(g; 'z)k-

rEK\VY i=1 2EK\V7 i=1

The desire invariance (4.2) then follows from Lemma 4.2.
Assume m = 2r. Then by | , Proposition 3.9], @? is cohomologially trivial. Let (—, —)pp
be the (conjectural) Beilinson—Bloch height pairing.

Conjecture 4.6 (] , Conjecture 3.7]). Assume that K is a sufficiently small open com-
pact subgroup of G(Afpy). Assume that the abstract theta lifting of o to G(Afp) is nonzero. We
choose measures dh on H,(Ar) and dh, on H,(F,) for all v so that dh = [][,dh,. We choose
an inner product (—,—) : 0, ® 0, = C for each v so that [[,(f1,0, fon) = f[H ] f1(h) fo(h)dh if
f1=®f1p, f2 =®f2 € 0. Then we have

L'(

1
vol K - <@¢1 @¢ >XK,BB iinz f1v7f21}7¢11}7¢2v>

fi?

Recall that vol K is calculated in terms of the measure specified in Subsection 1.5, and the normalized

local doubling zeta integral is defined at the end of Subsection 3.5.

Note that by Lemma 3.1, for any archimedean place v of F', the theta lift of o, to G(F),) is
the trivial representation. The abstract theta lift of o to G(Ap) being nonzero also implies that
e(o,x) = —1 and hence L(3,0 x x) = 0.

The main theorem of | | is the following.
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Theorem 4.7. This conjecture holds when r = 1.

In this case, V is of rank two, X is a Shimura curve, and the Beilinson-Bloch height pairing is
the Neron—Tate height pairing. Therefore it is unconditionally defined. Moreover Liu’s result holds
even when the Shimura varieties are not projective.

We prove the following variant of Theorem 4.7. Assume from now till the end of this subsection
that r = 1.

Proposition 4.8. Let w be the abstract theta lift of o to G(Ap). Let K C G(Apy) be an open
compact group. Let p,¢" € © and ¢,¢' € S(V). Assume that they are all fized by K. Denote by
dh the Tamagawa measure on H(Ar) and we choose measures dg, in the definition of ZF, so that
[[dgy is the Tamagawa measure on G(Ap). We fix another measure on G(Apy) and use it to

define the function t, . The volume of K under this measure is denoted by vol' K.

(1) The function in (h,h') € Hi(Ap) x Hi(Ap) given by

(h,B') = vol K vol' K X (T(ty o ) ks Axg 1 Z (M @) iy Ax 1+ Z (W, ¢ ) kINT

defines an automorphic form in o ® @, which is a cusp form. It is independent of the choice
of K and the choice of the measure used to define t, .
(2) We have

VOIKVOI/KX/[ ]<T(t4p,<p’)K,*AXK,1,*Z(h7¢)K7AXK,1,*Z(h,¢/)K>NTdh
Hy

(4.3) 1

L'(5,0 xx)

—— 2] 2o, ¢, 6, 9).

L(1,7)¢(2) IZI ’

Proof. The first statement is clear. Note that we have assumed throughout that o is a cuspidal

automorphic representations. Let us prove the second one. Too ease notation, for ¢,¢’ € ,
¢, ¢' € S(V"), we put

Apr i (h b)) = (T(tp o) ks Dx 16 Z(hy @) i, Ax e 1,42 (R, @)k )NT.

There is a constant ¢ so that

Aw,so’,qﬁ,d(h» h)dh = ¢ x H ZE(% ¢, 6, '),

[H1] v

as both sides define H1(Ar) x H1(Ar) x U(V)(AF) equivariant maps wy, ® oy, ® T @ 7 — C and the
space of such maps is one dimensional by (3.1). We only need to compute this constant ¢ for some
choices ¢, . For this we may assume that ¢ is Koy-finite, where K refers to a maximal compact
subgroup of Hi(Ar) x G(Ar). We consider

I= VOIK%: > / /[H F(R)F(W)Ap g0 (B, )RR,
[

1]2
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where f (resp. ) ranges over an orthonormal basis of o (resp. 7). Since ¢ is Ky finite, we may
choose the orthonormal bases of o and 7 so that there are only finitely many nonzero terms in this
sum.

Summing over f first, we have

—voleZ/ Ay s.6(h, h)dh

=cxvol K x HZZ’E(SDU’@'U’qu’ ¢U)7

v Po

where @, runs over an orthonormal basis of m,. Summing over ¢ first, by Theorem 4.7, we have

I = Z/ (W) (Ax 162 (0, @)Kk, Ax 16 Z (W, &) i )nTdhdh

H1]2

L(%,axx )L
:7 1 Z VY JUY (OB v
e AR VO DRI

where f, runs over an orthonormal basis of .

It follows from Proposition 3.4 that

HZZE(S@U,QD@,Q%,QZ,) = HZZE(fUana¢va¢v)-
v QYo v fy

Indeed, Proposition 3.4 shows that this equality holds for each individual v if the measures on both
sides are the normalized local measures. The Tamagawa measures on H(Ar) and G(Afp) are the
same multiple of the product of normalized local measures. The desired equality then follows.

Note that for any v we may choose ¢, so that both sides of the above equality are nonzero. We
thus conclude that

1L(%,a X X)

L(1,n)¢(2)
This proves the proposition. ]

c= (vol K vol' K)~

Remark 4.9. We may have a more flexible choice of the measures. Suppose that in the definition of
73, we use the measure dg, on U(V)(Fy). If ], dgy and dh are the same multiple of the Tamagawa

measure on the respective group, then the formula still holds.

4.6. Hecke correspondences as arithmetic theta lifts. Assume in this subsection that m =
2r + 1. Let m be an irreducible admissible tempered representation of G(Ag) which contributes
to the cohomology H?"(X). Note that this implies that 7o = 1g.. Let us assume that there is
an irreducible cuspidal tempered automorphic representation of o of H,.(Ap), such that 7 is the
abstract theta lift of o.

Let us fix an H,(Ar) x G(AF) equivariant map p : ¢ ® wy, — 0y(0). Assume that fi, fo € o,
1,02 € S(V") and @1 = p(f1, ¢1), p2 = p(f2, $2). We normalize the map p place by place so that
(4.4) (1,00 02,0) = ZE(frovs 2000 L0» B2,0)-
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Proposition 4.10. We have
L(1,0 x x)
[, LG ")

We fiz a measure on G(Apf) to define ty, o, and use this measure to compute vol' K. The right

(4.5) A(©% x ©%2) = vol X vol' K x NT(tp, o) i) € HY (Xi x Xi).

hand side is independent of the choice of this measure.

Proof. Let us first show that two sides of (4.5) differ only by some constant. Indeed, on the one
hand, the map

™ @K - HY ( Xk x Xg), (p1,02) = cl(T(tpy,00)K)
lands in one of the Kiinneth components of H¥ (X x Xg). Since 7 is tempered by assumption, it
contributes only to the middle cohomology, i.e. H*"(Xf) ® H*"(Xf). On the other hand, the map

TR Wy ®0 Ty = B (Xk) x ' (XKk),  (f1, f2, 61, 02) = A(OF x OF)
factors through = ® 7. It follows that both sides of (4.5) give Hecke equivariant maps
™ @K - HY (Xk) x H(Xg).

By (3.1), and the fact that the tempered part of H* (Xy) is multiplicity free as a Hecke module
(cf. [ ) ]), these two maps must be proportional.
It remains to compute this constant. To prove the proposition, it is enough to show that we may

choose data so that
L(1,0 X x)
H?;2 L(ia 77i)

where Ak is the diagonal cycle of Xx X Xg and the intersection number is taken on Xg.

(@?11 X@i(zf);)-AK:VOIXKVOYKX x(T(t¢17¢2)K.AK)7507

The left hand side is computed as follows. We have
(6f; x©F) - A = ©f; - 07
= | a0 2100 60) s Zz )i s
By Proposition 4.4, we have
Z(h1, ¢1)x - Z(ha, $2)ic = Z(i(ha, ha), 61 @ 62) i € Ch¥" (Xx),
where ¢ : H, x H, — Ho, is given by (3.2). By Proposition 4.3,

deg Z(i(hi, h2), 1 ® ¢2)k = vol X x E(g, f¢l®¢2)‘s: :

(SIS

We thus conclude that the left hand side equals
vol X x // F1(h1) fo(ha) E(i(ha, ha), f21®92)dh,dhs.
H,)?
It follows from the theory of doubling zeta integrals that this equals

mHzn (Fioos f2.0r B1.0s D20),s

vol X X
Hz 2L t n
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The right hand side can be computed using the Lefschetz trace formula. We have

4

T(tsﬂmﬁz)K Ag = Z(*l)i Tr(T(tSOMOQ)*K | HZ(XK))
=0

It follows from the definition of T'(ty, ., )k that the trace equals (vol' K)™1{p1, p2), which by our

normalization equals

(VOI/ K)_l H ZE(fl,va f2,va ¢1,va ¢2,v)-

It is clear that we may choose data so that this number is nonzero. Therefore we conclude that

L(1,0 x x) .
H?;Q L(i,ni) l(T(tSDLSOz)K)'

This is precisely what we want to prove. O

A(©% x ©%) = vol X vol' K x

Remark 4.11. Based on Proposition 4.10 and Hypothesis 1.1, we expect that

L(1,0 x x)

@jc)ll X @?22 = VOIXK VOI/K X m X AXKXXKA,*T(tLpl,QOQ)K
1=2 ’

as formal series valued in the Chow group of Xx x X, where Ax, xx, 4« stands for the fourth
Kinneth—Chow component of Xx x Xg. However, we do not have a proof of this result nor will

use it in the following discussion.

5. THE ARITHMETIC GGP CONJECTURE

5.1. The conjecture. We state the arithmetic GGP conjecture in this subsection. We state it in
the form of an identity between the height pairing and the central derivative of certain L-functions.
This is slightly more precise than the statement given in | , ]. This precise form of the
conjecture was first speculated in | , ], with less care on the measures.

Let W be an incoherent Hermitian space over Ag of dimension n which is positive definite at all
infinite places. Let V=W 4+ Ag. Then V is an incoherent Hermitian space over Ag of dimension
n + 1 which is positive definite at all infinite places. We have an inclusion W C V which induces
an embedding U(W) — U(V). Put H = U(W), G = U(W) x U(V). We have (projective systems)
of Shimura varieties Y, X and M = Y x X attached to U(W), U(V) and G respectively. Let
K' C G(Apy) be an open compact subgroup and K = K’ NH(Afg ). Then there is an embedding
Yk — M. The image of Yx in Mg+ defines an element in Ch*(Mg+) which we denote by yg. Its
Hecke equivariant projection (assume it exists) to Ch*(M)o is denote by yx 0.

Let m = ®m, be an irreducible admissible tempered representation of G(Ar) which appears in
the cohomology H*"~1(M). Let p,¢’ € m. Let us fix a measure dg on G(Ag ) and choose a
function ¢, € C2°(G) which maps to ¢ ® ¢/ under the map (4.1).

Let us now introduce the L-functions and the local linear forms. Write 7 = 7,1 X, where m,11

(resp. ) is an irreducible admissible tempered representation of U(V)(Ar) (resp. U(W)(Ap)).
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Let II; = BC(m;) be the base change of m;, which is an irreducible tempered representation of
GL;(Ag). We have the L-functions

L(s, 41 x I1,), L(s,mpt1,Ad), L(s,mp,Ad).

In fact, as the usual GGP conjecture, we only need the definition of these L-functions at almost all
places, namely the partial L-functions, cf. | , Remark 1]. In the same fashion, the arithmetic
GGP conjecture can be formulated in terms of these partial L-functions. The actual definition of
these L-functions at finitely many (bad) places will not enter into the discussion below.

Let us put

n+1
Apyr = HL (i,0°) = L(L,)¢r(2) L3, m)Cr4) -+ L(n+ 19" ).

In general, IT; may not be a cuspidal automorphic representation of GL;(Ag). Suppose that for

i =n,n+ 1, II; is written as an isobaric sum
m,=0"@.- 8%, 0@ iscuspidal, j=1,--- 8.

We put 8 = B, + Bnt1.
We now define the local linear forms. We put

(s ) = / (o (R0 £
H(Fy)

If 7, is unramified and ¢,, ¢, are G(op,)-fixed, (¢, ¢}) = 1 and the measure dh is chosen so that
volH(op,) = 1, then we have

L(%a Hn+1,v X Hn,v)
L(1, 7pt1,0, Ad)L(1, 7y 0, Ad)

av(@vv ()0;) = An-&—l,v

Therefore we put for all place v of F,

1
L(5, 410 x Iy )
h / — A n+1,v n,v / .
Ozu(@vv%) < n+1,UL(177Tn+1’U?Ad)L(17ﬂ_nﬂ”Ad)> 041)(90117801))
We now state a refinement of the arithmetic GGP conjecture.

Conjecture 5.1. Let the notation be as above. For all p = Qp,, ¢ = @), € 7, we have

(vol K)Q(Vol My vol K’)(T(t o' )K' +YK.,0, YK,0)BB

(5.1) vol K vol Yie L'(3, M1 x 10,) H
- CM
98-1 "+1L(1,7rn+1,v,Ad) L1 wnv,Ad (0, 60).

where (—, —)pp s the height pairing on My, and the measures are as follows.

— In the definition of au,, we choose a measure dg, for each v so that [[dg, equals the Tam-

agawa measure of H(Ap).
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— The volume vol K is computed using the measure specified in Subsection 1.5. The volume
vol Y is computed using the volume form given by the top wedge product of the Chern form
of the Hodge bundle, cf. Subsection 4.1.

— We choose a measure dg on G(Afp f) and the map C°(G(Apy)) = @ n®T is defined using

. / . . .
this measure. The volume vol' K' is computed using this measure.

It is not hard to check that the left hand side does not depend on the choice of the open compact
subgroup K’ and the measure used to compute vol’ K.

The case n = 1 is equivalent to the Gross—Zagier formulae, in the generality of | ]. Note
that this is not a complete triviality due to different formulation of our conjecture and the main
result of | ]. We will explain this in the appendix.

The main theorem of this paper is to prove certain endoscopic cases of the conjecture when n = 2.
Before we state the result, let us fix some choice of the characters in various Weil representations
and theta lifts. We fix a character p : E*\Aj — C* so that | ax = We always use the character
xv = u™V to define the Weil representation of H,.(Ar) x U(V)(Ar) for any Hermitian module V
over Ap (incoherent or not). In what follows we simply speak of the Weil representations and the

theta lifts, without mentioning the characters.

Theorem 5.2. Suppose that n = 2 and the Hypothesis 1.1 holds. Assume the following two

conditions.

(1) The Shimura varieties we consider are all projective.
(2) There are irreducible cuspidal automorphic representations o1 and oo of Hi(Af) so that w3

(resp. ) is the abstract theta lift of oo (resp. o1).
Then for all ¢ = @y, € m, we have
(vol K)?(vol Myr vol' K') x (Tt o) ke s A a3 YK A3+ YK )

vol K vol Yk " L’( I3 x IIy) H
= Oé
4 3L(1,W37U,Ad) L(1, 720, Ad) (0, 20)-

Namely, under the assumption of the theorem, Conjecture 5.1 holds with 8 = 3. Here Apr 3 is the
Kinneth—Chow component of M constructed using the Hodge class.

One drawback of this theorem is that it depends on Hypothesis 1.1, especially (2), which is
impossible to check even for some very simple 3-folds. It is for this reason that we will formulate

this result in a different but conjecturally equivalent form in the next subsection.

5.2. Projectors. For the rest of the section, we assume n = 2. To unconditionally formulate our

main result, we use arithmetic theta lifts to define the projectors instead of the Hecke operators.
Let us choose the open compact subgroups as follows. Let K” C U(V)(Ap¢) be a sufficiently

small open compact subgroup. Put K = K" N U(W)(Ag ) and K’ = K” x K C G(Apy). Then

we have embeddings Y — Xg» and Y — Mg.
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Let m = w3 W w9 be an irreducible admissible representation of G(Ag) as in Conjecture 5.1 and
©,¢’ € m. Assume that there are irreducible cuspidal automorphic representations o1 and oo of

Hy(AFp) so that w3 (resp. m2) is the abstract theta lift of o9 (resp. o1). Let us define a map
T(p,¢") ks : Ch?(Mgr)o — Ch?(Mier)o

as follows. Write ¢ = @3 ® ¢2, ¢ = ¢ @ ). We choose fa, f € o2, ¢3,¢5 € S(V) and an
H(Ar) x U(V)(Ar) equivariant map p : o2 ® wy, — 73 so that @3 = p(fa, ¢3), ¢4 = p(fy, ¢5). We

assume that the map p is chosen so that

<<,03,v7 ‘Pé,v> = Zg(flv’ fé,m ¢3,v7 qbg,v)

for all places v of F', where ZE is the normalized local doubling zeta integral. For later use, we
further assume that ¢3 = ¢ @ ¢1 and ¢ = ¢, @ ¢} where ¢o, ¢, € S(W) and ¢1, ¢} € S(Ag). Let

us fix a ty, o € C°(U(W)(Apy)). We define

)

¢/
T(p, @)k = (OF x 0% X Tty 41)K )+

where 9?; X @?? x T(t,, A ) is viewed as a correspondence on M. It is not hard to check that as
! ;

K' varies, the operators T(p, @)k define a map
T(QD, SD/) : mChQ(MK’)O — hﬂChQ(MK/)O
K’ K/

Note that as before, this depends on a measure we choose on U(W)(Af ) which is used to define

t /
©2,Po
on ¢, ¢, but not on the choices of fa, f5, ¢3, ¢4 and bion - Moverover up to some constant, this

. If we assume Hypothesis 1.1 (2) for the 3-fold Mg, then this endomorphism depends only

map is given by T'(t, )+, cf. Lemma 5.5 below.

In the next theorem, we do not assume Hypothesis 1.1.

Theorem 5.3. Assume that both Xg» and Yi have regular models X and Y respectively and we

can find a reqular model of Xgn x Y dominating X x ).
(1) The height pairing
vol K vol' K x (T(p, ')kt A3y, A 3 YK ) BB

is well defined and is independent of the choice of K.

(2) With the same choice of the measures as Conjecture 5.1, we have

vol K vol' K X (T(p, ¢") k' A3 UK s Ari3,«YK)BB

1 L(},BC(01) x BC(ow) @ p~ )L/ (}, 02 x 1) b
_Z ) L(]'ao-laAd)L(l,O'Q,Ad) X 1:[0%(%01;79%)-
In particular, the above height pairing is independent of the choice of fa, f3, ¢3, 3 and t,, 1,

but only on ¢ and ¢'.
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(3) We have
(T(p, ‘P)K’AM,?),*Z/Ka AM,?,,*yK)BB >0,
and (T(p, v) k' Am Ui, Az Yy ) = 0 if and only if T(p, ) k' A3 yx = 0.

Remark 5.4. The condition of the theorem will be satisfied if X~ has a good model in the sense
of | ]. This means that irreducible components in the closed fibers of X are all smooth and
the only singularities in the closed fibers of X are ordinary double points. This is expected to hold
for all surfaces. Even though it is hard to prove this in general, it can be verified when the level of
the Picard modular surface is simple. By the semistable reduction theorem of algebraic curves, Y
has a good model V. A good model of X x Y is obtained by applying an explicit desingularization
procedure to X x Y, cf. | , Proposition 6.3].

The proof of Theorem 5.3 will be given in the next two subsections. We show here that this

theorem and Theorem 5.2 are equivalent under the working hypothesis.
Lemma 5.5. Assume Hypothesis 1.1. Then Theorem 5.3 (2) and Theorem 5.2 are equivalent.
Proof. 1t follows from Proposition 4.10 that

2
vol Xyen vol' K x m X T(t g 1)
and @?g X @?;3 define the same cohomology class in H*(Xg» x X»). Therefore by Hypothesis 1.1,
we have
L(1,09 x u?)
C(2)L(3,m)
=(T(@, @) Ar 3.4y, Arr3.+Y)-

vol X gn vol' K" x X <(T(t¢3’¢g) X T(tm,%))*AM,zs,*y, AM,3,*Z/>

It is well-known that L(s, w3, Ad) = L(s,n)L(s, 0o xu?)L(s, 09, Ad) and L(s,3xIly) = L(s, BC(o1) x
BC(o2) x 1) L(s,01 x p?). We have L(3,01 x p?) = 0 since its abstract theta lift is 7o, which is
a representation of an incoherent unitary group. Thus L'(3,1I3 x II) = L(3,BC(01) x BC(032) x
p 1)L (3,01 x p?). The equivalence of Theorem 5.2 and 5.3 (2) then follows. O

5.3. Proof of Theorem 5.3: geometry. In what follows, to simplify notation, we drop the
subscripts K, K’ and K”. We should however bear in mind that we work on a fixed level. We also

write only (—, —) for the height pairing, instead of adding the subscripts BB or NT.
Lemma 5.6. We have AX,l,*@?S =0 and AX727*@?§’ = 6?23

Proof. Let us prove A X,L*@?;’ = 0. The other identity follows easily.
Let AJ : Pic’(X) — HY(E,HL (X)) be the Abel-Jacobi map, where H}, (X) is the étale coho-
mology of X7 on which the Galois group of E acts. The map

T ew— H(EHy (X)), (f2,¢3) — AJ(AX,L*Q?;’)
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factors through m3. Thus we have a map 73 — H'(E,H. (X)), which is Hecke equivariant. We
claim that it is the zero map. Suppose that this is not the case. Fix a large finite set .S of places of
F and let #° be the Hecke algebra of U(V) away from S. The representation 73 defines a character
of the Hecke algebra H° — @X and let m be its kernel. Then 73 defines a nonzero ”H;ﬁ-submodule
of HY(E, H(X))m. We have HY(E, HL (X))m ~ HY{(E, HL, (X)y). But 73 is tempered, so it does not
contribute to H, (X). Therefore H., (X)y, = 0, hence H'(E, H, (X))m = 0. This is a contradiction.
This proves our claim.

Therefore for any fa € 02 and ¢3 € S(V), the image of Ax,L*@?; in HY(E, HL (X)) is zero. It
follows that AX,L*Q?S itself is trivial since Pic®(X) — H(E,HL (X)) is injective. This is true since

we are in the case of divisors. ([l
Lemma 5.7. We have T(p, ¢’ ) A3y = 9%” X T(tm,%)*AKL*G%”\y.
Proof. Tt is not hard to see that
o% %
(O X O X Ttg, o, )eDaray = 07 X Tty )+ ((OF X Ay)ilarzay),

where @?; x Ay is cycle on X x Y x Y and is viewed as a correspondence between X x Y and Y.
It is then enough to compute (9?; X Ay )«Anr3xy. To simplify notation, we write © for @?23
Let p: X XY XY > X xYandqg: X XY xY — Y be two projections. By definition

(0 x Ay)iAnrsey = 6(Aarsay x ¥) - (€ x Ay)),

Note that A3,y xY = (Ap3x Ay ). (yxY), where A3 x Ay is a correspondence on X xY x Y.
It follows that

(AM73’*y X Y) . (@ X Ay) = (y X Y) . (AM73 X Ay)*(@ X Ay).

We have
Ans =Ax3 X Ayog+ Axo x Ay +Ax 1 x Ayo.
We note that
(Ax1 X Aya x Ay) (O x Ay) =0

since it equals A}J@ X -+ and A}JG) = 0. We claim that
¢&((yxY) (Axz x Ay x Ay)*(© x Ay)) = 0.
Indeed, it is not hard to see that
(Axz x Ay x Ay)*(© x Ay) = A}B@ X (Ayp X Ay)*Ay.
By Lemma 5.6, Ay 30 = Ax 1,0 = 0. We have
(Ax2 x Ay x Ay)*(O© x Ay) = Ak 2,0 X Ay;.

Finally

2((y x Y) - (Ax 20 X Ayj1)) = Ay1+(Ax240ly) = Ay1,.Oly.
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In the last inequality we have made use of Lemma 5.6 and the fact that Ay o is symmetric by

construction. OJ

5.4. Proof of Theorem 5.3: arithmetic seesaw. We are going to make use of the GGP con-
jecture for U(2) x U(2). Let us briefly recall it here. We temporarily denote by o1 and o9 two arbi-
trary irreducible cuspidal tempered automorphic representations of H(Ap) and choose f1, f] € o1,
fa, fy € o2. Let ¢1, ¢} € S(Ag) be Schwartz functions and 6(h, ¢1), 0(h, ¢}) the theta functions on
H(AFp) attached to ¢1 and ¢ respectively. Assume that f1, f1, f2, f4 and ¢1, ¢} are all factorizable.
Fix a place v of F' and define the following local linear form

Bu(Fruos Fhovs Fn Fon Bron 1) = / (010 (0) Fa £ ) (020 () F) () Grms B 0

H(Fy)

h L(3,BC(o1,) x BC(o2,,) © ")
/BU = AQU : : ﬁv-
' L(1,01,,Ad)L(1, 02,4, Ad)

The GGP conjecture for U(2) x U(2) states the following.

Let us also put

Proposition 5.8 ([ , Corollary 4.7]). Let dh be the Tamagawa measure on H(Ap) and we
choose a measure dh,, for each place v in the definition B, so that dh = [[dh,. Then we have

/ FL (1) Fa()GT, dr)lh - / FL(h) £5(n)0 (R, ) dh

L(3,BC(01) x BC(o2) @ 1)
L(1,01,Ad)L(1, 02, Ad)

AQ H/B fll)uflv7f2v7f2’u7¢1v7¢1v)

where B is defined for o1 and oo in the same way as in the formulation of the arithmetic GGP
congjecture. The product on the right hand side is over all places of F' and for almost all v the terms

55( -+ ) equals one.
Proof of Theorem 5.3. By Lemma 5.7, we have

(T, @) Arr a9, Marasy) = (O X Tty 01)e Av«OF |y, Arra,sy).

By Proposition 2.2, this height pairing is well-defined and equals

(T(tg, )« (v, OF |y ), Ay1,e(Ax 2,.07)]y)-

Note that this proves the first assertion of Theorem 5.3. Making use of Lemma 5.6 again, we have

(5.2) (T(p, @) Ay, Az sy) = (T(tpy o)« (Ay1 ?S‘Y)aAY,l,*@?§|Y>‘

The third assertion of Theorem 5.3 follows from this identity and the positivity and nondegeneracy
of the Neron—Tate height pairing.
To prove the second assertion, it remains to calculate this height pairing. By Proposition 4.5,

we have

o%y = / Falh) Z(h, 62)6(h, é1)dh



Similarly for @?é” Therefore

<T( w2, <p2) (AYI * ?23)’)/, AY,l,*@?§|Y>

(5.3) , _ /
- / PO T )-8 20, 2) B Z 32000 60) T )R

This is the “arithmetic seesaw” alluded in the title of this subsection. Classically, the seesaw
argument amounts to changing order of integrations. In the current situation, the “arithmetic
seesaw” is changing the order of integration and the height pairing. The seesaw diagram we use

here is a “doubled” version of the following one

H(Ap) x H(AF) U(v)

T

H(AF) U(W) x U(Ag),

and the right hand side corresponds to the arithmetic intersection. Thus a diagram was first used
in [ , Section 14| and then used in | , ] to relate the GGP conjecture (not the
arithmetic one) for U(n) x U(n + 1) and for U(n) x U(n).

We make use of Proposition 5.8 to calculate the integral (5.3). We first note that since w3 and
w9 are both tempered, o1 and oo are also tempered. Moreover, by looking at the archimedean
components of o1 and o9, cf. Lemma 3.1, we see that they do not come from theta lifts of unitary
groups of smaller size. Thus both o1 and oy are stable, i.e. the base change of o1 and oo are
cuspidal. Therefore when the GGP conjecture is applied to o1 and o3, we have g = 2. Combining

the GGP conjecture and Proposition 4.8, we obtain that

Ay L(%,BC(01) x BC(o9) ® ™) s (o0 x p?)
(5:8) = (42 LT 0 AL (L o0, Ad) ) g <(V01KV01 LS (RE) )

X H (sz Q’BC(Ulv) x BC(o2,0) ® py ))

1 Ul,va Ad) (1, 0’2’1), Ad)

/ < ( )fQ v7f21;> (@2 v7902 ) (h)¢2,va¢é,v)<wv(h)¢l7¢3>dh
H(Fy)

Note that we have g3, = d20 ® d10, ¢, = 0y, ® ¢, and (P30, 9%,) = Z(Fau, f3,: O30, D,)-
With these choices, we have proved in | , Appendix A] that the double integral in the product
is absolutely convergent and equals 045(@3,1,, ©3 1 P20 P9 ). This is referred to as the local seesaw
identity in [ ]. Therefore by the identity (5.3), we conclude that

vol K vol' K x ((T(, ¢') k' Aty 3.4YK s Ay 34YK ) BB

[ A L(3,BC(01) x BC(02) @ 1) L'(3,01 % p?)
“\ 4 L(,01,Ad)L(1, 09, Ad) L(1,1)¢(2)
39

> T e (05,00 b 0 02,0, h.0)-
v



It is clear that the right hand side depends only on ¢, ¢’, but not on the choices of fa, f}, ¢3, P4

and bon ol This proves the second assertion of Theorem 5.3. g

APPENDIX A. THE GROSS—ZAGIER FORMULA

The goal of this appendix is to deduce Conjecture 5.1 in the case of n = 1 from the Gross—Zagier
formula in the generality of | ]. For simplicity, we do this only in a special case, namely,
F # Q so that the Shimura curve is proper, 7 is an automorphic representation of U(2)(Ap) with

trivial central character and 7 is the trivial representation of U(1)(Af).

A.1. Formulae on quaternion algebras. Let us recall the results from | ] in this subsec-
tion. Due to the lack of space, we would not be able to explain all the definitions. The readers
should consult | ] for a detailed discussion. Let B be an incoherent quaternion algebra over
Ap which ramifies at all archimedean places, i.e. B = ®,B, where B, is a quaternion algebra of
F, such that B, is the Hamiltonian division algebra over R if v is archimedean and B is not of the
form B ® Ap where B is a quaternion algebra over F. Attached to this B* is a (projective system
of) Shimura curve(s) defined over F', denoted by Shgx. We fix an embedding Agp — B. The group
A% acts on Shgx by the right translation. Let ShgxX be the subscheme fixed by E* (again defined

over F') and P € ShgxX (E?P) where E?P stands for the maximal abelian extension of E. Let £p to

be the normalized Hodge bundle (cf. [ , p- 65]). We put
— 1 —
P= / T,(P — &p)dt € Alb(Shgx ) (F),
VO](EX\AE/A;) EX\AX/AX t( ) ( B )( )
where T} is the Hecke operator defined by the “right multiplication by t” (cf. [ , p. 62], our

notation in Subsection 4.2 is ;). This is independent of the measure dt on Ay /A%.

Let m be an irreducible admissible automorphic representation of B* appearing in Hl(Sth)
(this is called the automorphic representation of B* of weight zero in | , Section 3.2.2]). We
assume that the central character of 7 is trivial. Note that m, is the trivial representation. Let

o, ' € m. A projector
T(¢®¢') : Alb(Shgx) — Jac(Shgx).

is defined in | , Subsection 3.3.1]. We briefly explain it here as follows. Fix an embedding
¢t : FF— C and an open compact subgroup K of B*(Ag ). Fix an embedding ¢ : ' — C. We have
Hl’O(Sth,L7 x(C)) ~ @,0% where o stands for all the irreducible admissible representations of B>
which appears in the cohomology of Shpx. In particular any such a o can be realized as a subspace
of H4(Shgx ,(C)). We fix a pairing on H"*(Shgx ,(C)). Let ¢,¢" € H"*(Shgx ,;(C)). Then put

(0, ) = (vol Shgx 1 (C)) " / oA,
Sh]BX,L,K(C)
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This is independent of the choice of K and Hecke invariant. It thus gives an inner product on o

and identifies & with o. There is an embedding
@ UK ® EK - HOI’H(Hl’O(Sth ,L,K(C))v HLO(ShBX ,L,K(C)))7

and it is explained in [ , Proposition 3.14] that this embedding factors through the natural

map
Hom(Alb(Sth 7L7K)’ Jac(Sth ,L,K)) — HOHI(HLO(Sth ,L,K(C))v HLO(Sth ,L,K(C)))'

This defines the projector T'(¢ ® ¢')k. As K varies, the system {volShgx , x(C) - T(¢ ® ¢')k } is
independent of K. This is the projector T'(¢ ® ¢'). The main result of [ | is the following.

Theorem A.1. We have

(A1) (T(o® ¢)F. Pr = or LG8, | GIERES:

The notation needs explanation.

— The height pairing is between Jac(Shgx )(F) and Alb(Shgx )(F). For any = € Jac(Shgx )(L)
and y € Alb(Shgx )(L), where L is a finite extension of F, we have the usual Neron-Tate
height pairing (x,y)nT and the height pairing in the theorem is given by (L : F)~!{x, y)nT.
It has the property that it is independent of the field L in which = and y lie.

— The representation 7 is the base change of m to GLa(Ag). The adjoint L-function is the
one for 7 as a representation of PB* = B* /A%. It is of degree three.

— The local linear form &} is defined by

PLULTnAD [ el
Cr,(2)L(3,m0,5,) JBX/F

where the measure dt, is specified in | , Subsection 1.6]. What we need about these

measures is that the product [], d¢, is not the Tamagawa measure of Ay /A%, but rather
the one that gives vol(E*\A%/A%) = 2L(1,n).

For our purposes, we need such a formula for the Shimura curves attached to PB*. We have
a Shimura curve Shppx defined over F, and a morphism p : Shgx — Shppx. The embedding
A* — B* induces an embedding A}, /Ay — PB*. The group Aj/Aj acts on Shpgx by right

translation. We let P’ = p(P) € SthX/ F (E2P). We define
— 1

7= / TP — £pr)dt € Alb(Shpy )(F),
VO ENAL/AL) Jmsa (P —&pr) (Shppx ) (F)

where T} is again the “right multiplication by ¢”. It is clear that p.(P) = P’.
The representation 7 is naturally a representation of PB*. Thus for ¢, ¢’ € 7, we may again
define a projector
S(p @ ¢') : Alb(Shpgx ) — Jac(Shppx).

Then we have
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Lemma A.2. We have

_ (F(Q)L/(%¢ TE) ~ /
= 4L(L,4)2L(1, 7, Ad) [Tai(eu. 20,

v

(S(e® ¢ )P, PNt

where the height pairing is defined in the same way as in Theorem A.1 and the right hand side is
the same as that of (A.1).

Proof. Since p,P = P’, by the projection formula, we only have to prove that

P'S(e® ¢ )p. =T(p® ).
This can be proved in the same way as | , Proposition 3.14(2)]. We omit the details. O

A.2. Unitary groups in two variables. The discussion in this subsection is a very special case
of | , Chapter 4]. Due to the lack of space, we would not be able to explain all the details. The
readers should consult [ ] for a detailed exposition.

In the following we denote by v : B* — A7 the reduced norm of B. With the embedding Ap — B,
the incoherent quaternion algebra B is a two dimensional incoherent Hermitian space over Ag. It is
well-known that U(B) ~ (B* x A%)! /A% where the superscript 1 means that it consists of elements
(b,e) such that v(b) = Ng,p(e) and Ay embeds diagonally. We also have the similitude unitary
group GU(B) ~ (B* x A})/A} and the similitude factor is given by (b, e) — v(b)Ng,p(e)~'. Note
that the center of GU(B) isomorphic to A, embedded in GU(B) as (1,e), e € Aj,. We have
morphisms U(B) — GU(B) — PB* which is the natural inclusion followed by projecting to the
first factor. The image of this composition consists of elements whose reduced norm lie in NA}
which we denote by PB*f. We have a morphism Shym) — Shpgx whose image is Shppx.i, the
Shimura variety attached to PB* 1.

Recall that we have a representation 7 of PB*. Let us fix an embedding ¢ : FF — C and an
embedding ¢/ : E — C above it. Then 7 can be realized as a subrepresentation of HI’O(ShPBx7L((C))
under the action of PB*. We fix this realization of 7. We let 7+ be the restriction of 7 to U(B)
along the morphism Shyg),/(C) — Shppx ,(C). Note that this is the restriction of the differential
forms, not the the restriction of the representation 7 to the group U(B). Then 7" is a subspace of
H"Y(Shy gy, (C)).

We now relate our situation to that in [ , Chapter 4]. Let B(t) be the nearby quaternion
algebra of B at ¢, i.e. a quaternion algebra over F' which differs from B only at the place ¢. Let
7(¢) be the Jacquet—Langlands transfer of 7 to B(¢)(Ar). This is an automorphic representation
of B(t)(Ar). We have m(¢), ~ m, if v # ¢ and 7(¢), is the discrete series representation of B(¢)(F,)
of weight two. Then 7 can be identified with a subspace of 7(¢) consisting of automorphic forms
on B(:)(Ar) that are holomorphic at the place ¢, i.e. the ¢+ component is a lowest weight vector.
In fact, there is a standard way to pass from a holomorphic differential form on ShPBX,L((C) to
an automorphic form on B(t)(Ar) which is holomorphic at . The most general discussion is

in [ , Section 2.1, 2.2]. But in our special situation, the usual passage “differential forms” —
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“modular forms” — “automorphic forms” suffices. With a similar discussion as above, one has an
automorphic representation 71 (1) of U(B(t))(Ar) and 7t is can be identified with a subspace of
7t (1) consisting of automorphic forms on U(B(:))(Afr) that are holomorphic at the place ¢. The
restriction of differential forms along the morphism Shyg),/(C) — Shppx ,(C) corresponds to the
restriction of automorphic forms along the natural map U(B(:))(Ar) — B(:)(Ap). The relation
between 7 and 7 is thus transformed to that of 77 (:) and 7 (¢), the later being discussed in detail
in | , Chapter 4]. In the notation there, G = U(B(t)) and G = GU(B(1)) = (B(1)* x EX)/F*,
and they have the same derived group.

We now explaining the relation between 7 and 7. There are two cases.

(1) m®nov % w. In this case, by | , Theorem 4.14], the natural map = — 7" is a bi-
jection. Moreover all irreducible constituents of the restriction of 7 to U(B), as abstract
representations, are automorphic. By [ , Proposition 4.21], these constituents are mu-
tually inequivalent (as abstract representations). We denote by ¥ one of the irreducible
constituent of 7F. We have that 7g (which is the same as BC(n?)) is a cuspidal automor-
phic representation of GLy(Ag). As 70 is realized naturally on some subspace of 7, we put
an inner product on 7% by restricting that from 7. Thus suppose we have ¢, € 7 and

¢", ¢ their restrictions to Shy )/, then (¢, ¢')r = (¢°, ¢"0) 0.

0
v

of m,, as an abstract representation of U(B)(F,). Note that by [ , Lemma 2.4, 2.12],

7y is irreducible (resp. direct sum of two inequivalent irreducible representations) if 7, ®

Now suppose that 7 = ®m,. Then 7° = ®@r0 where 70 is an irreducible constituent

Ny © Uy % m, (resp. ~). Let us fix an inner product (—,—),, on 7, for each v so that
(= —)x =[1,{(—s —)n,. By restricting the inner product on m, to its irreducible constituents,
we obtain an inner product on each 7J. We then have (—, —)0 = [[ (-, —)x0-

+

(2) m®nov ~ m. Then for places v, m, ® N, o v, ~ m, we have m, = 7'('3— @ 7, where 7

is an irreducible representation of U(B)(F,) (if v is archimedean, then we put 7, = 0).

We choose the labeling so that if 7, is an unramified representation of PB*(F},), then

+

-+ is an unramified representation of U(B)(F,). We may moreover assume that @,

T
is an irreducible constituent of 7°, i.e. it is automorphic as a representation of U(B).
By [ , Proposition 4.21], we have that ®7$" where €, = £ is automorphic if and only if

there are even number of minus signs in €,, in other words,

e @ @

H'L) =1

Let 7! (resp. 72) be the subspace of 7 consisting of ¢’s that are (resp. are not) supported
in the image of Shyg)/(C) in Shpgx ,(C). Then by | , Lemma 4.14, Theorem 4.14],

7! and 72 are representations of U(B), the natural restriction map 7 — 7+ (restriction as

functions) identifies 7! with 7+ as U(B) representations and the kernel is 72.
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Let 7% = @& be an irreducible constituent of 7+. Since 7! — 7% is an isomorphism,
we see that 7¥ is again naturally realized on a subspace of 7. Thus we may define inner
products on 7% and 7¥ as in the previous case, i.e. by restricting inner products from 7 and

my respectively. In this way, we again have

(0, 0w = (&0, 0% m0, (0%, 000 = [J(0, 1),

v

where ¢, ¢’ € ! and ¢°, ©'° their restrictions to U(B) respectively.

A.3. The formula on the unitary groups. Let us get back to the setup of Conjecture 5.1 in
the case of n = 1. Recall that we have put G = U(B) x U(Ag) and H = U(Ag). We have the
Shimura curve M attached to G defined over E. The group H embeds in G diagonally and acts by
right translation on M. Let K’ be an open compact subgroup of G(Ap ) and K = K' NH(Afg ).
Then we put

Qi = (#YK)yco € Ab(Mg)(E),

where yrx o = A, 1+yx and the App,, 1 is the first Kiinneth-Chow component of My defined
using the Hodge bundle. As K varies, we have a system Q € Alb(M)(E).

We have a representation 7 of PB* (with the realization discussed in the previous subsection)
and its restriction to U(B) (the restriction of differential forms as discussed before). We let 7°
be an irreducible constituent of this restriction. By extending it trivially on A%, we view 7V as a
representation of G.

If T®@nov % 7 (resp. ~), we put 7* = 7 (resp. 7! as in the previous subsection). Let °, ¢"0 € 7%
and choose ¢, ¢’ € 7! so that their restrictions are ©° and ¢'° respectively. Similarly to the case of

Shimura varieties attached to quaternion algebras, we have a projector R(° ® ¢).

Lemma A.3. We have

(R(¢" @ ¢)Q, Q)nt 2SLC(P1(77)L f’:OEAd Ha Do, D),

where s = 2 or 1 according to whether 1 ® (nov) ~ m or not, the local linear forms &EJ on the right

hand side are the same as that of (A.1), the adjoint L-function is the adjoint L-function for m°
as a representation of U(B), and the height pairing is the usual height pairing between Alb(M)(E)
and Jac(M)(E).

Proof. Let us denote by p : M — Shppx the natural morphism. We fix a an embedding ¢ : ' — C
and an embedding ¢/ : E — C over it. Choose open compact subgroups K of PB*(Ap ) and K’
of G(AF ) which maps into K. The morphism p induces the natural morphisms p, and p* on the
level of differential forms. The map p* is simply the pullback map while p, is more complicated.

If fe Hl’O(ShPBx7L7K(C)), then we have p,p*f = degp - f’ where degp stands for the degree of the
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morphism from M, ;/(C) to its image in Shpgx , ;(C) and f’ stands for the restriction of f to the
image of p. We claim that

R(¢* @ ¢") =2"1p* T(p @ ¢')ps.
Assume this for the moment, we see that Lemma A.3 follows from Lemma A.2. This is because of
p«Q = P’ € Shpy« (F) and the projection formula. We only need to note that the height pairing
in Lemma A.2 is over F' while it is over E in Lemma A.3. Moreover we have L(1,7°, Ad) =
L(1,n)L(1,7,Ad).
It remains to prove the claim. We only have to prove it in Hom(H"(M,(C)),H(M,(C))). Let

f% € 7% and choose an element f € 7! whose restriction is f°. We have

R(¢° ® ¢"°) f° = vol Shy(m) vk (C) - (. ¢')¢",
and
P*T(p @ ¢ )p« f* = vol Shpgx , 1 (C) - (pup™ f, )"
Here the pairings are the ones on Hl’o(ShPvabyK(C)). The point is that p,p*f is not simply a

multiple of f in the case T ® nov % 7. Indeed, if T ® nov ~ 7, then p,p*f = degp - f, Thus
(pp*f, ") = (f,¢)). f m@nov %, we however have

2(pp"f, ') = degp- ([, ¢").
We also have 2vol Shyg) . /(C) = degp - vol Shppx , ;(C). The claim then follows. O

With all these preparations, we can now prove the following result.

Proposition A.4. Let K' be an open compact subgroup of G(Apy). We keep the notation in
Conjecture 5.1. Then we have
Cr(2)L'(3,75)
(vol K)?(vol M vol' K"){(T'(t,0 ,0) Kk YK .0 YK,0)NT = m HQE;WS, o),

v

where the height pairing is between Alb(Mg+)(E) and Jac(Mg/)(E), the adjoint L-function on the
right hand side is the adjoint L-function of m as a representation of U(B), s =2 or 1 according to

whether T ® (nov) >~ or not. Under our choice of the measures we have vol K#Yx = 1.

Remark A.5. In terms of the notation in Conjecture 5.1, f = s + 1. Moreover 7 = BC(n?). In

particular, Conjecture 5.1 holds in this case.

Proof. Let us first explain that the projector can be alternatively defined in terms of the Hecke
operators as follows. Let K’ be an open compact subgroup of G(Ap ). Fix a measure on G(Ap ¢)
and denote the volume of any open compact by vol’. Then as in Subsection 4.2, we have a Hecke

correspondence T'(t 0 o) on My x M. It defines a map

T(t )Klv* s Alb(Mgr) — Jac(Mgr).
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As K’ varies, the system {vol' K’ vol Mg:T (t0 ,0)k'«} defines a map Alb(M) — Jac(M), which
is the desired projector R(¢" @ ') (cf. | , Proposition 3.14]).
Let us choose ¢, ¢’ € w! so that there restriction to 7° is ¢° and ¢ respectively. By the above

explanation of the projectors in terms of the Hecke operators, the left hand side equals

(vol K#Yk)*(R(¢° ® ¢°)Q, Q)nr

By Lemma A.3, this equals

» Cr(2)L 277TE ~u
(ol K#Yi) 5o ST, Ad) Ha s y)-

In Conjecture 5.1, the product of the measures in defining aE, is the Tamagawa measure of A%, /A%

while the product of the measures in defining 045, is L(1,n) times the Tamagawa measure. It follows

that the left hand side equals

QCF< 277TE
(VOIK#Y) 9], 1 T Ad Ha %n%%

It remains to prove that vol K#Yx = 1 when K is small. Note that E*/F* is discrete in
A% ¢/Af ;. 1t follows from the definition of Yj that

vol K## Yk = vol E*\AL /AL
Moreover under the normalized local measure, we have vol C* /R* = 1. Therefore we have
vol EX\A /AL - = vol EX\AR /AL,

where the vol on the right hand side is computed using the product the normalized local measures
divided by 2L(1,7n). The product of normalized local measures (over all places) is L(1,7n) times the
Tamagawa measure of Ay, /A%, Thus we have vol E*\A % /A% =1 and hence vol K#Yx = 1. This

proves the proposition. O
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