THE GAN-GROSS-PRASAD CONJECTURE FOR. U(n) x U(n)

HANG XUE

ABSTRACT. We prove the Gan—Gross—Prasad conjecture for U(n) x U(n) under some local conditions using
a relative trace formula. We deduce some new cases of the Gan—Gross—Prasad conjecture for U(n+1) x U(n)
from the case of U(n) x U(n).
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1. INTRODUCTION

1.1. Gan—Gross—Prasad conjecture. In 1990’s, Gross and Prasad proposed in a series of papers some
fascinating conjectures on the restriction of automorphic representations of the special orthogonal groups
to smaller special orthogonal groups. Recently, together with Gan, they generalized these conjectures to all
the classical groups [ ]. In the case of unitary groups, these conjectures relate the period integral
of automorphic forms on U(n) x U(m) to the central value of some Rankin-Selberg L-function.

Recently, Jacquet—Rallis | ] proposed a new approach towards the Gan—Gross—Prasad conjecture
(GGP conjecture for short) for U(n+1) x U(n). It is based on some relative trace formulae. Soon afterwards,
the relevant fundamental lemma was proved by Yun | ]. Zhang [Zha] then proved a simple version of
the Jacquet—Rallis trace formula by establishing the existence of the smooth transfer. Zhang then deduced
the GGP conjecture for U(n + 1) x U(n) under some local conditions from the Jacquet—Rallis trace formula.

In the other direction, Liu [Liu] generalized the relative trace formula approach of Jacquet—Rallis to all
pairs of unitary groups, in particular for the pair U(n) x U(n). Several important results are also obtained
by him. For example, the fundamental lemma for U(n) x U(n) has been completely proved.

This paper grows out of an attempt to understand the important work by Liu [Liu] and Zhang [Zha].
The result of Liu suggests a strong connection between the relative trace formulae for U(n) x U(n) and for
U(n+1) x U(n). In fact, the fundamental lemma for the former is reduced to the later. We shall see in this
paper that the smooth transfer for U(n) x U(n) can also be reduced to the one proposed by Jacquet—Rallis,
which has been proved by Zhang in [Zha].

To state our results, we need to introduce some notation. Let k' be a number field and k a quadratic field
extension of k. We denote by 7 the non-trivial element in the Galois group Gal(k/k’), A’ and A rings of
adeles respectively, 1 the quadratic character of k'*\A’* associated to k/k’ by global class field theory, p a
character of k*\A* with u|ax = 7. Fix a nontrivial additive character ¢ : k"\A" — C*.
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Let (V,(—,—)) be a Hermitian space over k, U(V) the unitary group attached to V over k’. Fix a purely
imaginary element j € k. We define Tr(z) = x+27 and Tr(z) = Tr(jz). The Weil restriction Resy /s V'V is a
symplectic space under the pairing ﬁ( (—, —))- There is a global Weil representation wy, ,, of the unitary group
U(V)(A'). The Weil representation is realized on the Schwartz space S(L(A’)) where L + LY = Resy,/;y VY
is a polarization with L,LY C Resy /s V'V being Lagrangian subspaces. For any ¢ € S(L(A')), define the
theta series

Opulg:8) = Y wyulg)d(v).
veL (k')
This is an automorphic form on U(V)(A').
Let 7 be an irreducible cuspidal automorphic representation of U(V)(A’) x U(V)(A’). An element in

Homy (v (7 @ Wy, C)

is called a (global) Fourier—Jacobi period. This space has dimension at most one, c.f. | ]
For ¢ € m and ¢ € S(L(A)), we define the Fourier-Jacobi integral

(1.1.1) FTpulp, ) = / ©(1(9))0y-1 -1 (g, P)dg.
UV RO\ U(V) (A7)

Here ¢ : U(V) — U(V) x U(V) is the diagonal embedding. It is clear that FJ .(p, ¢) is a Fourier-Jacobi
period of m. The question is: when is it non-zero? The GGP conjecture predicts that the nonvanishing of
the Fourier—Jacobi period is related to the central value of the L-function.

Let 7 = ®/,m, be an irreducible cuspidal automorphic representation of U(V)(A’). Let G = Resy,,y GL(V).
We assume the existence of the weak base change BC(7) of 7 to G(A’) in this paper, c.f. | ]. If there
is a split place v of k' such that 7, is supercuspidal, then BC(7) is again cuspidal.

Suppose V and V' are two Hermitian spaces of the same dimension. Then the unitary groups U(V) and
U(V’) are identified at all but finitely many places. Let o and ¢’ be automorphic representations of U(V')(A")
and U(V')(A’) respectively. Then o and o’ are said to be nearly equivalent if the local components o, and
ol are isomorphic for all but finitely many places. Note that if ¢ and ¢’ are nearly equivalent, then their
weak base change are isomorphic by strong multiplicity one theorem of the general linear group. Moreover,
the local components o, and o), are isomorphic for all the split places v of £’.

Let m = m; Ky be an irreducible cuspidal automorphic representation of U(V)(A’) x U(V')(A’) where 7y
and o are irreducible cuspidal automorphic representations of U(V')(A").

Theorem 1.1.1. Assume

(1) There are two non-archimedean places v1 and ve of k' that split in k, such that the local components
1,0, T2, Of T are all supercuspidal (i = 1,2).

(2) All the archimedean places of k' split in k.

Then the following are equivalent.

(1) L(3,BC(m) x BC(m2) @ p=t) # 0.

(2) There is an n-dimensional Hermitian space V', and a representation ' of U(V')(A") x U(V')(A),
which is nearly equivalent to 7, such that the Fourier—Jacobi period of ©' is not identically zero.

Remark 1.1.2. If k = k' x k/, by the work of | ], this theorem is known in complete generality, i.e.
with no local conditions. Furthermore, the precise formula relating the Fourier—Jacobi model and the central
value of the L-function is also known in this case.

Remark 1.1.3. From the local GGP conjecture for U(n) x U(n) [ , § 17], the Hermitian space V'
in (2) of Theorem 1.1.1 should be unique (up to isomorphism). Gan and Ichino [GI] has proved the local
GGP conjecture for U(n) x U(n) in the non-archimedean case by reducing it to the local GGP conjecture
for U(n + 1) x U(n) which has been proved by Beuzart-Plessis [BP].

The proof of this theorem is based on a simple version of the relative trace formula of Liu [Liu]. The
argument follows the same line as in Zhang [Zha]. In particular, several restrictions on the test functions are
imposed so that lots of terms on both sides of the relative trace formula vanish.
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As already noted by | , § 14], the GGP conjectures for U(n) x U(n) and U(n + 1) x U(n) are
closely related. In the last section of this paper, we apply Theorem 1.1.1 to deduce some new cases of
GGP conjecture for U(n + 1) x U(n). The main tool that we need is the theta correspondence for unitary
groups. We need to assume more properties of the weak base change. We assume that the weak base
change is isobaric. We also assume that it respects the L-functions defined by the doubling method. See
Hypothesis BC in Section 8.1. Let V and W be two Hermitian spaces of dimension n+ 1 and n respectively.
Assume W C V. The group U(W) embeds in U(V) x U(W) via

L UW) = U(V) x UW), g ((9 1) ,g>.

Let m = my M my be an irreducible cuspidal automorphic representation of U(V)(A’) x U(W)(A’). The
Bessel period of 7 is defined by

Bo= [ el
UMW) R\ U(W)(A)

Theorem 1.1.4. Assume the following conditions.

(1) All the archimedean places v of k' split in k.

(2) There is a Hermitian space Wy, and irreducible cuspidal automorphic representaions mo and oy of
U(Wy)(A'), such that my is the theta lift of mg and 7w is the theta lift of o9. Moreover, at two
split non-archimdean places v1 and vo of F, the representations o, and og.,, (1 = 1,2) are all
supercuspidal.

Then the following statements are equivalent.

(1) The L-function L(s,BC(mv) x BC(mw)) does not vanish at s = 3.
(2) There are Hermitian spaces W' and V' of dimension n and n + 1 respectively, and an irreducible
cuspidal automorphic representation @ of U(V')(A") x UW')(A) that is nearly equivalent to w, such

that the Bessel period integral is not identically zero on 7'.

Remark 1.1.5. The GGP conjecture for U(n + 1) x U(n) is proved in [Zha] under some local conditions. In
particular, the local conditions of [Zha, Theorem 1.1] implies that the representation 7 is stable, in the sense
that the weak base change of 7 is still cuspidal. In our theorem, the weak base change of 7y is not cuspidal.
Therefore this case cannot be dealt with directly using the simple version of the relative trace formula of
Jacquet—Rallis as in [Zha]. The relative trace formula of Jacquet—Rallis cannot be applied to this situation
until more information on the spectral side is available.

1.2. Notation and convention. Throughout this paper, we use the following notation and make the
following assumptions.

e Let k' be a local field or a number field and k& a quadratic etale algebra over k’. Then either
k =k x k' or k is a quadratic field extension of k’. Let o (resp. 0’) be the ring of integers in k (resp.
K. If k £ k' x k', we let 7 be the nontrivial element in Gal(k/k'). If k = k' x k', we let T be the
automorphism of k£ switching two factors.

e We say that we are in the local situation if &’ is a local field. In this case, we let 1 : ¥’ — C* be
the character associated to k/k" by class field theory. We take a character p of k* which satisfies
wlx =n. We fix j € k* a purely imaginary element in k%, i.e. j7 = —j. Let Tr be the trace of
k/k', and ﬁ(x) = Tr(jz). Let ¢’ : k' — C* be a nontrivial additive character and ¢ = ¢’ o Tr.
In the case k = k' x k/, we sometimes write k = k) x k., where the subscripts indicate the first and
second factor.

e In the local situation, we say that we are in the unramified local situation if the following conditions
holds. The extension k/k’ is either an unramified quadratic field extension or k = &k’ x k’. The purely
imaginary element j belongs to 0*. The conductor of ¢’ (resp. u) is 0 (resp. 0™).

e We say that we are in the global situation if ¥’ is a number field. In this case, we always assume
k # K x k. Let A’ (resp. A) be the ring of adeles of &’ (resp. k). We denote A} (resp. AL ) the
finite (resp. infinite) adele of A’. Let n : ’*\A’* — C* be the character associated to k/k’ by
class field theory. We take an automorphic character p of A* which satisfies plyx = 1. We fix
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a purely imaginary element j € k*. Let ¢’ : A’/k’ — C* be a non-trivial additive character and
Y =" oTryp.

e In the global situation, let v be a place of k’. We always assume that v splits in k if v is archimedean.
We denote by 1), the v component of the additive character ¢’. Similar notation also applies to other
global objects. If v splits in k, we denote the two places above v by v, and v,. Then k, =k, x ki .

e We denote by Mat,, , the affine group scheme of m x n matrices. For any commutative ring R,
we denote Mat,, 1(R) (resp. Maty n,(R)) by R™ (resp. R,,). We denote by 1,, the n x n identity
matrix.

e In either local or global situation, we introduce the following symmetric space. Let S,, be the
algebraic variety over k' defined by

Sh(R)={g € GL,(R®p k) | g9 = 1,1},

for any k' algebra R. There is a canonical morphism
o: Respp GLp = Spy, g gg™ L,
which is surjective on the level of k’-points by Hilbert’ Theorem 90.

e In either local or global situation, let (V,{—,—)y) be a Hermitian space over k. We take the
convention that (—,—)y is anti-linear in the first variable and linear in the second variable. Let
VY Dbe the dual of V. The Hermitian form of V (resp. VV) is given by a Hermitian matrix j3
(resp. 'B)) when we choose a basis of V' (resp. the dual basis of VV). Let Herm,, (k) be the set of
isomorphism classes of hermitian spaces over k. Let U(V') be the corresponding unitary group over
K. If k =k x K, then Herm,, (k) is a singleton and

U(V) = {<90a90) ‘ tgogo = 1n}~

It is identified with GL,, via the projection to the second factor.

e Let G be a reductive group acting on an affine variety X. The categorical quotient exists and is
denoted by X / G. An element x € X is called semisimple if the orbit is closed, and is called regular
if the stablizer is of minimal dimension. The regular semisimple locus in X is denoted by Xgs.

e In the local situation, let X be an algebraic variety over k’. Denote by C°(X(k’)) the space of
compactly supported function on X (k’). If k¥’ is nonarchimedean, by a Schwartz function on X (&),
we mean a locally constant compactly supported function on X (k’). If k' is archimedean, a Schwartz
function f is a smooth function such that Df is bounded for any differential operator D on X (k').
The space of Schwartz functions is denoted by S(X (k')).

e In the global situation, let X be an algebraic variety over &£’. In all the examples we encounter, there
is a finite set S of places v of k¥, so that X is defined over Spec oy , for all v ¢ S. Let 1x(, ) be
the characteristic function of X (04, ). This is a Schwartz function on X (k]). The space of global
Schwartz function on X (A’) is defined to be the restricted tensor product:

S(X(A) = Q)'S(X (k)
with respect to the functions {1x,,, ) [ v ¢ S}. Suppose f =[], fo € S(X(A")) is a factorizable
Schwartz function. For any finite set of places S, we define

=11 fs=1][#

vgS vES

e We fix some measure on each group we integrate over. This choice is not essential since we only
concern the non-vanishing problem.
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Y. Tian at Morningside Center of Mathematics (MCM) in Beijing. I would like to thank the MCM for its
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2. WEIL REPRESENTATIONS OF THE UNITARY GROUPS

2.1. Local theory. In this section, we briefly review the Weil representations of the unitary groups. We
are in the local situation as defined in Section 1.2. Let (V,(—,—)v) and (W, (—, —)w) be two Hermitian
spaces of dimension n and m over k. The quadratic space

(Resk/k/ 14 & VV, ,’I\‘;(<—, _>V X <_a _>W))

is a symplectic space of dimension 2mn over k’. Denote the symplectic group associated to it simply by
Sp(Res V @ W). There is a metaplectic cover of Sp(ResV ® W), which sits in the central extension

1—-C* — MpResVRW)— Sp(ResVQ@W) — 1.

Let wy, be the Weil representation of Mp(Res V @ W). Let p = (™, ™) be a pair of characters. By |
, § 1, 2], the character p determines a splitting

Mp(ResV @ W)

)
U(V) x U(W) — Sp(Res V @ ).

We thus get a Weil representation wy ,.v,w of U(V) x U(W). It is not hard to see that Wy ,vw =~
Wy-1 -1 v, We sometimes suppress the subscripts and write only w for the Weil representation when
there is no confusion on the characters and various spaces involved.

If V is a split Hermitian space, i.e. V ~ V' @ V'V, the spaces V' and V'V being totally isotropic, the
WEeil representation can be written in an explicit way. In this case, the dimension of V is even and we set
2r = dim V. We choose a basis ey, , e, (resp. e, - ,ey) of V' (resp. V'V) so that (e;, e )y = d;;. The
set of vectors ey,--- ,e,, e ey thus form a basis of V. The Hermitian form of V under this basis is

: Vi,
thus ( .+ ]. The decomposition ResV @ W = V' @ W & V'V ® W gives a complete polarization of the
1

symplectic space Res V @ W. The Weil representation can be realized on the space of Schwartz functions on
V™V @ W. Explicitly, identify V'V @ W with W7, for h € U(W) and ¢ € S(W"), we have

i (R)O() = Idet h|~F (et )" b(h~" ),
() () = et a] p(clot @)™ (),
. o (D)0(E) = YT IT(@))),
Wy u(w,) () = Y (),
where a € GL,.(k) beMatM(k),a*—< )taT’ 1( 1) and

are elements in U(V). The constant 7y is the Weil index and is an eighth root of unity. The Fourier

transform is defined by
/¢> (5T ) an

where the measure dy is a self-dual additive measure on W". The matrix

1

(@i, m)w)i<ij<r

T(z) = 5

is the moment matrix of x.



There is a natural nondegenerate pairing between w and w. When V is split, this pairing takes a particular

simple form
(¢,0") = [ ¢(2)¢'(z)dx
/

If W ~ E and the hermitian form is given by (z,y) = 27y, then we usually speak of the Weil representation
of U(V), instead of the Weil representation of U(V') x U(W). This Weil representation is denote by wy ;.. v,
or wy,, when there is no confusion about the space V.

Let 7 be an irreducible admissible representation of U(V') x U(V'). A (local) Fourier-Jacobi model of  is
an element in

Homy vy (r ® w,C),

where w is the Weil representation of U(V). The Fourier—Jacobi model is unique if exists. More precisely,
we have

Theorem 2.1.1 (c.f. | I, [ ). Let the notation be as above. Then
dimc Homy vy (7 ® @, C) < 1.

The local GGP conjecture predicts that in each generic Vogan packet, there is exactly one representation
T with

dim¢ HomU(V) (7‘(’ ® w, (C) =1

Moreover, this representation can be made explicit using e-factors | , Conjecture 17.3]. Tt is also
checked in | , § 18] that this conjecture does not depend on various choices of the characters. When
k' is non-archimedean, Gan and Ichino [GI] has proved the local GGP conjecture for U(n) x U(n) in the
non-archimedean case by reducing it to the local GGP conjecture for U(n+ 1) x U(n) which has been proved
by Beuzart-Plessis [BP].

2.2. Global theory. Now we turn to the global theory of the Weil representation. We are in the global
situation as defined in Section 1.2. Let (V, (—, —)v) and (W, (—, —)w ) be two Hermitian spaces of dimension
n and m over k.

By taking restricted tensor products of the local Weil representations, one obtains a global Weil represen-
tation wy, . v,w. This representation is realized on the space of Schwartz functions on a Lagrangian subspace
L C ResV ®W. For different choices of the Lagrangian subspaces, the realizations are related by some (par-
tial) Fourier transforms. If V' is a split Hermitian space over k, then one has the similar explicit formulae
for the global Weil representation as (2.1.1). As in the local situation, when W ~ E and the hermitian form
is given by (x,y) = 2"y, we speak of the Weil representation of the unitary group U(V) instead of the Weil
representation of U(V) x U(W).

For any Schwartz function ¢ € S(L(A’)), we define the theta series on U(V)(A") x UW)(A') as

ew,/.l, V,W g7h ¢ Z w’g[),[.L,VW gvh)¢( )7

zeL(k’)

where g € U(V)(A’) and h € U(W)(A'). This is an automorphic form on U(V)(A") x U(W)(A"). When
dim W = 1, we speak of the theta series on the unitary group U(V'). This Weil representation is denoted by
Wi,V OF Wy, When there is no confusion about the space V. We often suppress all the subscripts when
there is no confusion about the characters and spaces involved.

Let m and o be two irreducible cuspidal automorphic representations of U(V)(A'). Let ¢, € mand ¢, € 0.
The integral

Pr(9)9o(9)0y-1 u-1,v (9, #)dg
UV)(E)\U(V)(A)
is called a Fourier—Jacobi period. It gives an element in
HOHIU(V)(A/)(TF ® ag ® @, (C)
6



3. RELATIVE TRACE FORMULA ON THE GENERAL LINEAR GROUP

3.1. Orbits and orbital integrals. In this section, we are in the local situation. Let V' be a vector space
over k of dimension n. By choosing a basis of V' and the dual basis of V'V, the space V (resp. VV) is
identified with ™ (resp. k). The group GL(V) is identified with GL,,. Let G = Res /4 (GL,, x GLy) be a
reductive group over k" and Hy; = Resy, /5 GL,,, Hy = GL,, x GL,, its subgroups. The group H; is embedded
in G diagonally while Hs is embedded in G componentwisely. The centers of these groups are denoted by Z,
Z1 and Z5 respectively.

Recall that we have introduced the symmetric space S,, over k' with

Sp(k') ={z € GL, (k) | zz” = 1}.
Moreover, there is a surjective map
0 :GL, (k) = Sp(K), ~v=yy 1.

We introduce an integral transform which is also denoted by o

75 S(GLAK) » SG.(K), oF)) = [ Flmdn,
GL, (k')
If F is compactly supported, so is o(F'). The map o is surjective by Dixmier—Malliavin theorem [ ].
Define a symmetric space X = S,, X k!, x k'™ over k' and GL, (k") acts on X(k') from the right by

[ vY v].g = [97"¢g,v g, 97 ).

Sometimes it is also convenient to consider the right action of Hy (k") x Ha(k') on G(K') x kI, x k'™ by
[v,vY,v].(g,h) = [g7 " vh, vV he, hi '], b= (hy, ha) € GLy, (k') x GLy (k).
It is straight forward to check that an element [y = (y1,72),v",v] is regular semisimple if and only
[o(v; 1y2), vV, v] is regular semisimple.
Let us introduce a (partial) Fourier transform. First the identifications V ~ k" and VV ~ k,, give an
action of Gal(k/k’) on V and V. Thus we have a decomposition (as k' vector spaces)

V=vtev-, VV=vVVteV¥VT,
and we define V1 = V* @ VV>+. The superscripts & indicate the sign of the eigenvalue 7 on each space. Let
® € S(VV) be a Schwartz function on V. Define its (partial) Fourier transform by

dT (vt 0h) = / QYT v ) (Y vt ) deY .
VVi-
The pairing is the canonical pairing between V and V. The measure is chosen to be the self-dual measure

on VY-~ with respect to 1. By our choice of the basis, the space VT is identified with k!, x &'™. Let w be
the Weil representation of GL,,(k), realized on S(k,,) by

1
w(g)d(x) = p(det g)|det g[2 p(zg).
Then there is a unique action w’ of GL,,(k) on S(k/, x k') which makes the above defined Fourier transform
equivariant. When h € GL, (k’), w' takes a particularly simple form

wl (R)®T vV, vT) = n(det h)|det h|2 T (v¥Fh, K 0T).

One should note that the absolute value here is the absolute value of k even though h € GL,, (k).
For a regular semisimple element [y,vY,v] € G(K') x kI, x k¥’ and a test function (F,®) where F' €
C(G(K')) and @ € S(k,,), we define the orbital integral

0¥ (st By = [ [ Pl detg)
(3.1.1) Ha (') Ha (k')
(w(hi 'y g)®) " (v¥hy, by o)|det ghy [~ 2 dgdh.

Up to a sign, this orbital integral depends only on the orbit. One should note that this orbital integral
depends on the choice of the characters 1 and p. We write simply O¥%#([y,v",v], F,®) for the orbital
7



integral at s = % We treat only this case in the following as it is the case we are interested in. The orbital
integral extends by linearity to all the test functions in C°(G(k')) ® S(ky,).

The orbital integral can be simplified as follows. Each orbit has a representative of the form [(1,),v
Writing h = (h1, he) and making a change of variable g — h;g, one has

Vi)

(3.1.1) = // / F(g™', g7 by 'vha) ™! (det g)n(det hy) (w(g)®) T (0" F hy, hy 'oT)dgdhidhs,
(GLn(k"))? Hi (k')
with v € GL,, (k) and (v¥>F,0T) € kI, x k™.
For any test function (F, ®), we define a function Y p g on X(k') as
(3.12) Tralo)o o) = [ [ Flatg b derg) (o)) (0 0 ) dgdha
GL (k) Hi (k)

The local orbital integral is thus simplified to an orbital integral on X,

(3.1.3) OVH([6, vV, 0], T) = / Y([¢,v", v].h)n(det h)dh.
GLy, (k)

We shall refer to the integral (3.1.3) as the simplified orbital integral on the general linear group. We shall
drop the superscripts when there is no confusion with the characters.

Lemma 3.1.1. For any test function (F,®) and any regular semisimple orbit [y,vV,v], the orbital inte-
gral (3.1.1) is absolutely convergent.

Proof. We first note that since F' and ® are both Schwartz functions, the integral transform Tr ¢ is again
a Schwartz function on X(k').

The orbit [y, vV, v] is regular semisimple if and only if [o(v; '72),v", v] € X(K) is regular semisimple. The
orbit [o(; 'y2),vY, v] is thus closed in X(k'). The function Y g restricted to this orbit is again a Schwartz
function. Therefore the integral is absolutely convergent. O

The following lemma will be used in the proof of the existence the smooth transfer.
Lemma 3.1.2. If k' is non-archimedean, then the integral transform (3.1.2)
S(G(K)) ® S(ky) = SX(K')), FR®+— Yro
1S surjective.

Proof. Let Fy ® ®g € S(Sn(k')) @ S(k], x k™). Choose an Fy € S(GLy (k)) such that

/ Fo(vhg)dhz = Fy(o(v)),
GL, (k")

for any v € GL,, (k). This is clearly possible. For instance, we can take

o) = —1g Folo() 1 (1)

for any open compact subset Q of GL, (k). Let ® € S(k,) be the inverse Fourier transform of @, i.e.
®f = ®). Let U C GL, (k) be an open compact neighborhood of identity matrix, such that for any g € U,
v € GL,(k), we have

Folg™'y) = Fo(y), w(g)® = &.

This is possible since Fy and ® are locally constant and compactly supported. Let Fy (9) = 1y(g)-u~*(det g),
Fy(g9) = (volU)™! - Fy(g), then

Fi(g™ ") Fa(g 'yha) it (det g) (w(g)®)" (0¥, vT)dgdhy = Fo(7)®o (0¥, v7T).
GLy, (k') Hy ()
This shows that F; ® Fy ® ® maps to Fy ® Pg. O



3.2. The distribution. In this section, we are always in the global situation as defined in Section 1.2.

In order to define the distribution, let us recall the Rankin—Selberg convolution of GL,, x GL,,. This is
the Fourier—Jacobi model on the general linear group.

For any Schwartz function ® € S(A,,), define the theta series

Ou(s,9,®) = |det g|*> > w(g)D(v).
vEky

Let II be an irreducible cuspidal automorphic representations of G(A’) with central character wy. For
simplicity, we assume that wyy is unitary and distinguished. In other words, wyy|g/x xarx is trivial. This in
particular implies that wyy - £~! # 1. The Rankin-Selberg integral is defined to be

(321) Zoon® = [ en(0)8, (5.9, 0)ds.
GL,, (k)\ GL, (A)
where o € II and ® is a Schwartz function on A,,. This integral is absolutely convergent when Res > 0,

and has a meromorphic continuation to the entire complex plane.

Remark 3.2.1. The Rankin—Selberg integral is usually defined to be

en(9)0;,-1(s, g, ®)dg,
GL, (k)\ GL,(A)
where ©* is the same as ©, except that the sum is over k,, — {0}. Because of our assumption on II, there is

no difference using © or ©*.

The following celebrated theorem of Jacquet—Piatetski-Shapiro—Shalika [ ] can be viewed as the
global Gan—Gross—Prasad conjecture in the case k = k' x k'

Theorem 3.2.2 (| ). Write Il = Iy K1Iy. There is a choice of data @1 € Iy, g € Iy and ® such
that the Rankin—Selberg integral (3.2.1) does not vanish at s = % if and only if L(%Hl x Iy @ u=t) #0.

For F' € C°(G(A')), we define the kernel functions
Kr(g.h)= Y Flg~'vh),
YEG(K)
and
Kr(g,h) = / Kp(g, zh)dz.
Zo(k")\Za (A7)

Suppose n is odd. For the test function (F,®), we define

j(SaFa (I)) = / / KF(gah)@Z*l (87.9’(1)) dgdh

(3.2.2) Z3(A")H2(k)\H2(A") Hl(k’)\Hi(A’)

== / / KF(g7h’)®:ﬁ1 (Saqu)) dgdh
Hz (k)\H2(A%) H1 (k")\H1(A")

If n is even, we should consider the integral

I (s, F,®) = / / Kr(g,h)0;,-1 (s, 9, ®) n(det hihz)dgdh.
Hz (k7)\Hz2(A%) H1 (k")\H1 (A7)

Both cases where n is odd or even will lead to the same transfer problem and the fundamental lemma. In
the following, we shall focus on the case where n is odd and leave the minor modification for n even to the
reader.
When s = 1/2, we suppress all s and simply write . (F,®) = .#(1/2, F, ®). In general, these integrals
might not converge. We say a test function (F, ®) is good if the following conditions hold.
9



(1) At a nonarchimedean split place vy of k/, F,, is a truncated matrix coefficient of a supercuspidal
representation. This means

Fu(9) = Fu, (9) Le-(k;,)(9)-

Here E: is a matrix coefficient of a supercudpidal representation of G(k;, ) and

G*(ky,) = {(91,92) € G(ky,) | |det g1| = |det gof = 1}.

In particular, £, is compactly supported.

(2) At another nonarchimedean split place v # vq, the function T Fy, @, 18 supported on the regular
semisimple locus of X(k;, ).

(3) For all archimedean places v, k, = k!, X k!, ® is a finite linear combination of functions of the form
® ® @' where ®, " € S(k;, ,,). Moreover, F, is K,-finite where K, is a maximal compact subgroup
of G(k.).

Proposition 3.2.3. For good test functions (F,®), the integral above defining the distributions is absolutely
convergent. Moreover, if F =[], F, and ® =[], ®, are both factorizable, then

= > [Tor (] Fo, @),
[v,0V] v
where the right hand side is a sum over regular semisimple orbits and O¥** is the local orbital integral defined

in Section 3.1.

Proof. The distribution can be written as

(3.2.2) = / / Z Z (g7 yh)®(vg) = (det g)dgdh.
Ha (k) \Ha (A7) Hy (k/)\Hy (A7) YEG(K') vERn
By Poisson summation formula,
Y ewg) = Y ewhi(hi ) = Y [detghit7E (w(hy ) @) (0¥ by, AT "),

vEkL, vE€ky, vVtek!,
vtek™

Since at the place vy, the test function is chosen to be supported on the regular semisimple locus,,

2= [[ [ P mei g e o)
(GLn(A7))2 Hy (A7)
~1(det g)n(det hy)dgdhidhs,
where sum is over regular semisimple orbits.
The convergence of the global orbital integral can be proved in the same way as Lemma 3.1.1.

We now show that the outer sum is convergent. Making a change of variables g — hflvl g, we obtain
that the orbital integral becomes

F(g g7 hi 'y "2he) (w(9) @) (v T he, hi Mo t)dgdhydhs.
(GL, (A%))2 GL,(A)

Integrating over g and hs first, one sees that the orbital integral becomes

F(h k)@ (v hy, hy 0T )dhy,
GL, (A")

where v = o (77 '72), ®; is some Schwartz function on A/, x A™ and F is some compactly supported function

on S,(A’). The orbit [y,v¥"",vt] € S, (k) x k!, x k'™ is regular semisimple. Since the support of F is

compact, we see that there are only finitely many possible regular semisimple v € S, (k') / GL,, (k') such

that F (h=1yh) = 0 for some h, where GL,, acts on S,, by conjugation. Therefore to show that the sum

is convergent, we only need to show that for a fixed regular semisimple «, the summation over regular
10



semisimple v"°* and v™, modulo the action of the stablizer of v, is convergent. Let Stab, be the stabilizer
of v in GL,. It is a reductive group over k’. Let K, be a subset of GL,,(A’) such that

GL,(A') = K, - Stab, (A").

The orbital integral can be written as

F(k™'"yk)®y (v Tkz, 2~ ko t)dzdk.

K., Stab-, (A)

As the support of Fis compact, the integration with respect to k is in fact over some compact region. The
function

Oy (v¥ot o) = /ﬁ(k‘lvk)él(vv’Jrk,k‘lv+)dk
K’Y
is then a Schwartz function in vV v*.
Therefore we are reduced to show that sum

(3.2.3) Z / Dy(vV T2, 27w T)dz
Stab., (A)
is absolutely convergent for some Schwartz function ®,. Here the summation is over the set
{VF,vF] € K, x K™ | det(v¥ Ty o)7L £ 0}/ Stab, (k).

The group Stab, acts on ki, x k'™ by

2oV T ot = Yotz 27 et

and the point [v¥'F, v ] is regular semisimple precisely when det(v": T+ v+)ﬁ;:10 # 0. The regular semisim-
ple elements have trivial stabilizer. Let X = k], xk”, viewed as an algebraic variety over k¥’ and ) = X //Stab,
the categorical quotient. Then @ is isomorphic to A,,, the affine n-space over k', and the isomorphism is
given by

[V v ] e (0T )i
The regular semisimple orbits form an Zariski open dense subset Qrss of @, and the complement is denoted
by Z. The summation in (3.2.3) is thus over Q.ss(k’).

1
PS5

Let V be the subset of X (A’) defined by
{[ \/+ + ||det \/Jr,yz+J +) rao 0

This is a closed subset of A/, x A’ and is stable under the action of Stab,. It follows from the product
formula that there is no regular semisimple element in X (k') N V. Let fy be the characteristic function
of the set X(A’)\V. Then one sees that by replacing ®5 by ®ofy, we may assume that the support of
®, is contained in X (A")\V. Without loss of generality, one may further assume that ®; = [] P2, is
factorizable. We use w to denote a place of k' in order not to raise any confusion with the variable v. We
can now replaces the outer sum over the regular semisimple orbits by the sum over all the rational points of
Q.

The integral

n—1-

Do (v Tz, 27w d2
Stabs (A%)

gives a compactly supported function on Q(Af). Furthermore, the support is contained in Q,s(Af). Therefore
there is a constant A such that any element [v"'",v"] in the support satisfies

|det(vV ot )i la < A.
This implies that if [v¥>",v7] in the support of ®, then
(3.2.4) [T ldet(w¥ -y vty

w]|oo

| 1
w_ZA'

11



Let w be an infinite place of k’. We now consider the integral
By (v 2, 27 w2,
Stab., (K7, )

It is clear that this gives a function on Q(k,,) supported on the regular semisimple locus. Since ®5,, is a
Schwartz function, for any positive real numbers o and f3, there ia constant Cyg, such that

1
(L4 2 v el + S o)
1
(14 |oVFot|y + - 4 [vVFyn—Tot|, )8
Here we have used the fact that zy = yz. For sufficiently large «, there is a constant C?,, such that
/ —1 , . ) : zdz < C) [det(vV T4ty vt 10 -
sy (1 Sim vzl + S ety —ivt )

We conclude that there is a constant C'g, such that

\@27w(vv‘+z, 271v+)| < Cag:

|Bg (0¥ T2, 27 0 h)|d2
z€Stab., (k)
1

Vit ity T B
< Cp % ’det ’ (14 [vVotot|y + -+ ‘UV’+’7”*1U+‘w)5~

Thus for some constant B depending on £,

1
(1 + "va"l‘v‘f"Ago + -4 ‘Uv7+’yn_1v+|Afw)B ’

H CIJQ,w(vV’Jrz,z*lv*)dz < B x
w[oo Stab. (k7,)
Here we have used the inequality (3.2.4). This shows that,

PV ot oo oV Ty lyT) x H Do (0T 2,27 0T)d2 |,

w[oo Spab. (k!,)

w

as a function on Q(AL) is bounded where P is any polynomial function on Q(A/ ). Now the convergence
of the sum (3.2.3) follows from the following well-known fact.

Suppose V' is an n-dimensional vector space over k'. If & =[], ®,, is a continuous function on V' (A’) with
the properties that waoo w 18 compactly supported and that P x leoo w 18 bounded for any polynomial

function P on V(AL,), then }°, i ) ®(v) is convergent. O

4. RELATIVE TRACE FORMULA ON THE UNITARY GROUPS

4.1. Orbits and orbital integrals. In this section, we are in the local situation as defined in Section 1.2.
Let (V,(—, —)) be a Hermitian space of dimension n over k. Let G(V') be the reductive group U(V) x U(V),
H(V) = U(V) which is embedded in G(V') diagonally. By abuse of notation, we also write U(V) (resp.
G(V), H(V)) for its group of k' points when there is no confusion.

Let Y = U(V) x VV be a symmetric space and H (V) acts on it from the right by

[€,0Y].h = [~ ¢h, vV A].
We write YV to indicate the Hermitian space V' when it is needed.
Sometimes it is also convenient to consider the right action of H(V) (k') x H(V)(k') on G(V)(k') x VV

[, wV].(ha, ha) = [hT Cha, w" ho).

An element [¢ = ({1, ), w] € G(V)(K') x VY is regular semisimple if and only if [¢; o, w] € Y is regular
semisimple. Note that in each orbit, there is a representative with {; = 1.
12



Let wy,, be the Weil representation of U(V)(k"). We shall drop the subscripts ¢ and p when there is
no confusion about the characters. Let V' = L + LY be a polarization. The Weil representation of U(V) is
realized on the space S(L). Define the (partial) Fourier transform

—1S(L)®? = S(VY)
by

(4.1.1) (¢1 ® po)? /¢1 + 2)p2(z — 2)Y((2,y))dz.

The pairing is the one between L and LY, and w" = (z,y) where z € L and y € LY. The group G(V) acts
on S(L)®? via wy,,, ® wy-1,,-1. There is a unique action w* on S(V") making the above Fourier transform
equivariant. The action of an element of H (V') takes a particular simple form, i.e. the right translation, and
we have

(W, (R)p1 @ wy—1 -1 (R)p2) (W) = (¢1 ® pa)* (wh).

For [¢,w"] = [((1,(),wY] € G(V)(K') x VY, and a test function (f, ¢1 ® ¢2) where f € C°(G(V) (k') and
¢1,02 € S(L(EK")), define the orbital integral

(4.1.2) OV ([¢,w"], f, 1 @ o) = // flg7"¢g2) (wy—1 -1(95 "¢ M gr) 1 @ <Z52)])I (w" g2)dg1dgs.

U(V)(k"))

The integral (4.1.2) depends only on the orbit, not a specific representative.

The orbital integral can be simplified along the same line as the general linear group side. Each orbit
has an representative that is of the form [(1,(),w"]. Suppose f = fi1 ® fo. Making a change of variable
g1 — g29g1, one obtains

(@12 =  [[ Al om0 ) (0o (016 © 62)" (0 g2)dgrdge
(UV)(k))?
For the test function (f, ¢1 ® ¢2), we define a function on U(V) x VY by
(4.1.3) Ut p100, ([Cw"]) = / Filgr D) F2(970) (wy1 -1 (g1)n @ ¢2)1 (w")dg1.
U(WV)(k")

This is a Schwartz function on U(V)) x V. We define by linearity the function ¥y 4 for any ¢ = >"_, ¢1; ®

¢2,j S S(L)®2
The orbital integral is thus simplified to

(4.1.4) OV H(W, ¢, w"]) = / W ([, w].h)dh
U(V) (k")

We shall refer to the integral (4.1.4) as the simplified orbital integral on the unitary group. We shall drop
the superscripts when there is no confusion with the characters.

Lemma 4.1.1. If the orbit [(,w"] is reqular semisimple, then the integral (4.1.2) is absolutely convergent.
Proof. The proof is similar to the proof of Lemma 3.1.1. ]
The following lemma will be used in the proof of the existence of smooth transfer.
Lemma 4.1.2. If k' is non-archimedean, then the integral transformation (4.1.3)
S(GV)(K)) @ S(L(K) x LK) = S(Y(K)), (f.4) = Ty
1S surjective.

Proof. The proof is similar to the proof of Lemma 3.1.2. O
13



4.2. The distribution. In this section, we are in the global situation as defined in Section 1.2. So let
(V,{—,—)v) be a Hermitian space over k, and ResV be the symplectic space over k¥’ with the underline
vector space V and the pairing

Let L be a Lagrangian of Res V.
For f € C3°(G(V)(A')), define the kernel function

Ki(g.h)= > flg~'¢h).

CEG(V)(K')
For the test function (f, ¢1 ® ¢2) where f € S(G(V)(A")) and ¢1, ¢2 € S(L(A")), define the the distribution
a2y sGaes = [[ 0 Kb (0.008 5 hndgdh,

(UM U(V)(A)?

where 6,1 ,-1(g, ¢;) is the theta series attached to ¢; (i = 1,2). When we are dealing with different unitary
groups, we write ¢ V to indicate that the distribution is on the group U(V)(A’). In order to handle the
product to theta series, we introduce the following Fourier transform, which is the global counterpart of the
Fourier transform (4.1.1),

(42.2) (1@ go)H(w") = / P1(x + 2)¢2(x — 2)¥((2,y))dz.
L(A)
The pairing is the one between L and LY, and w" = (z,y) where z € L and y € L.
We then have

Lemma 4.2.1. Let w* be the representation of U(V)(A') on S(V(A)) by right translation. It gives an
intertwining map
— i S(L(A))®2 = S(V(A),

where the LHS is view as a representation of U(V)(A") by wy,, ® wy-1,-1. Moreover, we have

Oy, 1u(g, #1)0y-1 -1(g, P2) = Z (¢1 ® ¢2)F(vVg).

WV EVY (k)
Proof. Suppose (V, {(—, —)v) is a Hermitian space. We denote by (—V') the Hermitian space with the same
underline vector space and the Hermitian form —(—, —)y. There is a commutative diagram of group embe-
dings

—1
A LpXp ity

U(V)—=TU(V) x U(V) ——— Mp(Res V') x Mp(Res(—V))

li :

U(V + (-V)) ——“—— Mp(Res V + Res(~V)),
where we identify U(V') with U(—V) in an obvious way. Let 2, be the Weil representation of Mp(Res V +
Res(=V)). It is shown in | | that Qy 04 = wy Mwy-1. Thus by the commutativity of the diagram,

Wip,p @ Wyp—1 -1 = Qy 0 L oto A.
On the other hand, the subspace V diagonally embedded in V + (—=V) gives a Lagrangian subspace of
V + (=V). The Weil representation wy , ® wy-1 ,-1 is also realized on S(VVY(A)) and is given by
Wy @ Wy—1 -1 (h)p(x) = p(det h)p(zh)

for any function ¢ € S(VVY(A)).
The intertwining map between two realizations is given by the partial Fourier transform (4.2.2). The
product formula of the theta series is then given by the Poisson summation formula. See also | . O

Similar to the general linear group side, we say a test function (f,¢1 ® ¢2) is good, if the following
conditions hold.
14



(1) There is a non-archimedean place v; of k’ that splits in k such that f,, is a truncated matrix
coefficient of a supercuspidal representation. This means

f=Fflawywm -

v1
Here since the place v splits in k, the group G(V')(k;, ) ~ GLy(k;,) x GLy(k;, ). The function fis
a matrix coefficient of a supercuspidal representation. We define
G(V)" (ko) = {(g1,92) € G(V)(K,,) | |det g1] = |det go| = 1},
and lg(v)*(]%l) stands for the characteristic function of the set G(V)*(k;,). In particular, f is
compactly supported.
(2) There is another non-archimedean place vy # v; that splits in k, such that U 4 4, is supported on

the regular semisimple locus of Y(k;,).
(3) For any archimedean place v, the function f, is K,-finite where K, is the maximal compact subgroup

of G(V)(K.).

Proposition 4.2.2. For a good test function (f,$1 ® ¢2), the integral (4.2.1) defining the distribution 7
is absolutely convergent. Moreover, if f, ¢1, P2 are all factorizable then

/(f7¢1®¢2 ZHOwu <7 fva¢1v®¢2v)
[Cw] v
where O¥+* is the orbital integral defined in Section 4.1. The right hand side is a sum over reqular semisimple

orbits in G(V) (k') x VV. Moreover it is absolutely convergent.

Proof. By Lemma 4.2.1, the distribution # can be written as

(4.2.1) = // Z Z f(g=*¢h) (ww_w_l(h*lqlg)qsl®¢2)i(wvh)dgdh.

(H(V)(K)\H(V)(A"))2 CEG(V)(K') wVeVV (k)

Changing order of summation and integration, we get

_ —1,— i
2= 3 [ ) g (76 )01 9 62)' (g,
Sl vy an)?
where the sum is over all the regular semisimple orbits in G(V)(k’) x VV. Using the same argument as in

Proposition 3.2.3, one can show that the global orbital integral is absolutely convergent and the outer sum
is absolutely convergent. O

5. COMPARISON OF TWO RELATIVE TRACE FORMULAE

5.1. Orbits. In this section, we review some of the properties of the orbit spaces on both relative trace
formulae, c.f. [Liu, § 5.3].
Let us introduce the affine space

M = Mat,, , Xk, x k",
and the right action of GL,,(k), given by [£,vY,v].h = [h=1¢h, vV h, h~1v]. The categorical quotient M / GL,,
is isomorphic to the affine space of dimension 2n, and the isomorphism is given by taking invariants:

€. 0" 0] = {(TeA€imt o s (0VE T 0) gzt )

An element [£,vY,v] of M is regular semisimple if

det(ﬂvfiﬂv);ﬁ;:lo # 0,
or equivalently that ¢ is regular semisimple as an element in Mat,, ,,(k), and

{¢€'w]i=0,---,n— 1} generate k", {vV& |i=0,---,n— 1} generate k,.

It is shown in [Liu, Lemma 5.5], [RS, Proposition 6.2 & Theorem 6.1] that two regular semisimple elements
in M are in the same GL, (k) orbit if and only if they have the same invariants.
Let X =S, (k) x k, x k'™ with the action of GL,, (k') as in Section 3 and Y = U(V') x VV with the action
of U(V) as in Section 4. By choosing a basis of V, we identify V (resp. V) with k™ (resp. k,) and the
15



Hermitian form is given by a Hermitian matrix 8 (resp. tﬂ). In this way, Res V" is a symplectic space via
the pairing
(w,w') = Tr(jw™ B 'w').

The space X is embedded in M in an obvious way. There is also an embedding of the symmetric space

YV < M via
GV [Cw”, B Y],

where the Hermitian form on V is given by the Hermitian matrix 3. An element [y,vY,v] in X (resp. [¢,w"]
in Y) is regular semisimple if and only if it is regular semisimple in M via the embeddings above. Denote by
Xrss (resp. Yigs) the subset of regular semisimple elements in X (resp. Y).

Lemma 5.1.1 ([Liu, Lemma 5.5 & 5.6]). There is a bijection
Xiss [/ GLn (k') = H Y / UV)(K).
V eHerm,, (k)

Moreover two elements correspond if and only if they have the same invariants when embedded in M.

We say two regular semisimple orbits match if they correspond via the bijection in Lemma 5.1.1. We shall
use the notation
to indicate the matching orbits.

Sometimes it is also convenient to consider the right action of Hy (k") x Ha(k') on G(K') x kI, x k'™ and

the right action of H(V) (k') x H(V)(k') on G(V)(k') x VV. From Lemma 5.1.1, one sees that there is a
bijection between the regular semisimple orbits of

G(K') x kI, x k'™,
and the regular semisimple orbits of

G(V)(K) x VY,
when V ranges over all isomorphism classes of Hermitian spaces of dimension n. Let [£,vY,v] € G(k') x k], x k'™
and [¢,w"]Y € G(V)(K') x VV. We shall use the same notation

to indicate matching orbits.

5.2. Smooth transfer. In this section, we are in the local situation.

Following [Liu, § 5.4], one defines a transfer factor t([¢, z,y]) as follows. Let
x
z€
T[&%y] = det . ,
xgnfl

and define the transfer factor
t([€ z,y]) = (T[ﬁ,w,y] - (det f)_[i]) )

when [£, z,y] is regular semisimple. Here the function val is the valuation on the local field k’. We define
the transfer factor on G(k’) x k!, x k' by composing t with the natural map

G(K') x kjy x K™ = X(K'), [(é1,&),z,y] — [& "&, 2, y).

We also denote it by t by abuse of notation.

Let (F,®) be a test function on the general linear group side and (fV, ¢} ® ¢¥ ) a test function for each
V € Herm,, (k) on the unitary group side. We say that (F,®) and {(f",¢! ® (bg)}nge,mn(k) are smooth
transfer of each other if for all matching orbits

[57 va’ U] H [C’ wv]V’
one has

t([6, 0", 0]))OVH([E, 0" 0], F, ®) = OV ([¢,w]Y, ¥, ¢f @ 8Y).
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The goal of this section is to prove the following

Proposition 5.2.1. Let k' be non-archimdean. The smooth transfer exists. That is, for any test function
(F,®), there exists a test function (fV,¢Y ®@¢Y) for each V € Hermy,(k), such that {(f¥, ¢\ @Y ) }venerm, (k)
is the smooth transfer of (F,®). The other direction also holds.

The case of k' being archimedean and k = k. x k, will be treated in the next section by explicit compu-
tations.

From Lemma 3.1.2 and 4.1.2, in order to prove Proposition 5.2.1, we only need to prove the following
simplified version.

Let T € S(X) be a test function and ¥¥ € S(YV) a collection of test functions on {YY }v cperm, (k). We
say they are smooth transfer of each other if for any matching orbits x € X(k’) and y¥" € YV (k’), we have

t(x)O(x, T) = OV (yV, u").

Here the left (resp. right) hand side is the simplified orbital integral on the general linear group (resp.
unitary group) defined by equation (3.1.3) (resp. (4.1.4)).

Proposition 5.2.2. The smooth transfer for the simplified orbital integral exists. That is, for any test
function T € S(X), there ezist a collection of test functions {¥V € S(YY)}venerm, (k) which is the smooth
transfer of Y. The other direction also holds.

We shall deduce Proposition 5.2.2 from the existence of smooth transfer on the level of Lie algebra which
we now introduce.
Let s, (resp. u(V)) be the Lie algebra of S,, (resp. the unitary group U(V)), i.e. the set of matrices

{z egl, (k)| z+2a™ =0},
resp. the set of matrices
{z € gly(k) |2+ 87" a7 =0},
where 8 is the Hermitian matrix defining the Hermitian structure on V. Denote r = s, x k], x k™ and
p¥ = u(V) x VV. The group GL, (resp. U(V)) acts on ¢ (resp. H"). For any element [z,vY,v] € r,
[y,w"]V € vV and any h € GL,(k’), the action is defined by
[z,vY,v].h = [h " zh,vYh, b 0], [y, w"].h = [h " yh,w"h].

The symmetric spaces ¢ and f§ embed naturally in M as in the case of groups. One can also define the regular
semisimple elements. An element in ¢ (resp. y) is regular semisimple if its image in M is regular semisimple.
The regular semisimple elements form a Zariski dense open subset of ¢ (resp. p¥), and is denoted by rrgs
(resp. 9Y.). The following lemma is [Zha, Lemma 3.1].

Lemma 5.2.3. There is a bijection
Lrss [/ GLy (k') =~ H Dyes / U(V)(K).
V eHerm,, (k)
Two elements correspond if and only if they have the same invariants when embedded in M. More intrinsi-

cally, the categorical quotients ¢ || GL,, and v ) U(V) are isomorphic.

The transfer factor on the level of Lie algebra is defined as follows. Let [, x,y] € 1ss(k’) be a regular
semisimple element. Let

T

x€/T
Z[E,z,y] = det .
(/)"
and define the transfer factor
t([&a'% y]) =n (‘I[E,z,y]) :
Let T € S(r) be a test function on ¢ and {¥V € S(UV)}veHermn(k) be a collection of test functions on

{UV}VeHe,m”(k). For = € t (resp. " €9Y), one can define the orbital integral O(z, T) (resp. OV (y", ¥"))
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in the same way as the orbital integral on groups. We say that two test function Y and ¥V are smooth
transfer of each other if we have

t(2)O(z,T) = O(y", ¥")
for any matching orbits = € r and 3" € yV.

The following is a deep theorem proved by W. Zhang. This is one of the main ingredients in the proof of
GGP conjecture for U(n + 1) x U(n).

Theorem 5.2.4 ([Zha, Theorem 2.6]). The transfer on the level of Lie algebra exists, i.e. for any test
function Y € S(x), there exist a collection of test functions ¥V € S(yV') which is the smooth transfer of Y.
The other direction also holds.

To prove Proposition 5.2.2, we introduce yet another transfer problem. Let v € k£ and define

D, = {z € Mat,,,, | det(x — v) # 0}.

In other word, D, is the set of matrix such that v is not an eigenvalue. By [Zha, Lemma 3.4], for any

€ € k1, the Cayley transform

(5.2.1) ac : Mat, ,,(k)\D1 — GL,(k)\De, z — e(1+z)(1—2)~*

defines a GL,, (k') equivariant isomorphism between s,,(k')\D; and S,,(k")\D.. Therefore there are €1, -+ , €41 €

k%! such that the image of Mat,, ,,(k)\ D7 under the morphism «., : 4 = 1,---n + 1 form an open cover of
S, (k). Similar statements hold for the unitary groups. Moreover, the transfer factor is compatible with the
Cayley transform [Zha, Lemma 3.5].

We now introduce the following local transfer problem. For each v, let T € S((s,(k")\D,) x k], x k™)
and (¥V € S(w(V)(K)\D,) x VV)) be the test functions. We say they are transfer of each other if they are
transfer of each other on the level of Lie algebras.

Proposition 5.2.5. The local transfer exists. More precisely, for any v € k and any test function T €
S((sn(K")\Dy) x ki, x k™), we can find a collection of test functions {¥" € S((u(V)(K")\D,)x V) }vecherm, (k)
which is the transfer of Y. The other direction also holds.

Proof. We shall deduce the proposition from Theorem 5.2.4. Take a function Y € S((s,(K)\D,) x kl, x k'),
we shall show the existence of the local transfer. The other direction of local transfer can be proven in the
same way. -
Let UV be the transfer of T on the level of Lie algebra. What we want to prove is that we can take UV

to be of compact support in (u(V)(k')\D,) x VV). As is explained in the proof of [Zha, Lemma 3.6], there
is a function ay on (u(V)(k")\D,) x VV) with the property that

o ay is U(V) (k') invariant;

e ay =0on D,;

o av(y")

Let UV = aV(I/\‘? Then the collection of test functions {¥V }y cperm,, k) is the desired local transfer. O

= 1 whenever the orbital integral of TV at yV is not zero.

Proof of Proposition 5.2.1 and 5.2.2. 1t follows from the existence of Partition of Unity that Proposition 5.2.5
implies Proposition 5.2.2, hence Proposition 5.2.1. We have thus established the existence of smooth trans-
fer. |

5.3. Smooth transfer at the split places. At the split places (archimedean or non-archimedean), the
smooth transfer can be made explicit [Liu, Proposition 5.11]. We in fact need it in a slightly different form.
We are always in the local situation and assume that k = k., x k.

Consider the test function (F,®) on the general linear group side. Suppose F' = F; ® Fy. Then by [Liu,
(5.14)]

(3.1.1) = / // / /Fl(go‘l,g.‘l)Fz(h,ngg‘l’ygg-h)
(5.3.1) GL,, (k') (GLyn (k"))? GL, (k') kI,

B((vV g+ 2)go, (Vg — 2)ge) u(det g5 L go)|det goge| 29 (29~ *v)dzdhdgodgedy.
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We make the following change of variables. First z +— zg; !, g — ggo!, then g, > gego. We get

(3.1.1) = / // / /Fl(gglg.‘l,g.‘l)Fz(h,g‘lvggo_lh)
(5.3.2) GLn (k') (GLo(k"))2 GLo (k') K,

D(vVg+ 2, (vVg — 2)g5 " u(det g3 )|det go| ~29) (jzg™ v)dzdhdgedgady.

The unitary group U(V')(k’) is identified with GL, (k;) and the Lagrangian is isomorphic to k;, ,,. Consider
the test function (f, ¢1 ® ¢2) where f = f1 ® fo. Then by [Liu, Proposition 5.11],

(41.2) = // / 105 ) ol g™ ) (det go)|det go 1 (g + 2)g0) ba(wg — 21 (jzg~y)d=dgody.
(GLn (K"))2 k{

We make the following change of variables. Let g — gg- ', z — zgs!. Then

(4.12) = filgs N f2(g7 Ca95h)
(5.3.3) (GLn/éW k'/

o,n

p Y (det go)|det go| "2 61 (zg + 2)d2((zg — 2)g5 ) (jzg~ 'y)dzdgody.

Proposition 5.3.1. The test function (F; ® Fo, P, ® ®,) and (f1 @ fa, 1 @ ¢2) match, where

(5.3.4) filg) = / Fi(gh,h)dh, 61 = ®o, = @a, =12

GL,, (k')

From now on, unless otherwise stated, when we speak of the smooth transfer at the split places, we always
mean the one described in Proposition 5.3.1.

Corollary 5.3.2. Suppose k' is non-archimedean. Suppose (F,®) and (f, ) match. Then

(1) Suppose m is a supercuspidal representation of GLy (kL) X GL,(kl) and 11 is a local base change of
. Suppose F' is a truncated matriz coefficients, then so is f. Conversely, if f is a truncated matriz
coefficients, one can choose F to be a truncated matrix coefficient of 11.

(2) The function Ypo is supported on the regular semisimple locus in X(k') if and only if Uy g4 is
supported in Y (k').

Remark 5.3.3. Proposition 5.3.1 does not prove the existence of smooth transfer at the split archimedean
places in general. However, the finite linear combinations of the functions of the form ¢, ® ®, span a dense
subset of S(VV(k’)). This is sufficient for our purposes.

5.4. Fundamental lemma. At the unramified places, the unramified data should match. In this section,
we are always in the unramified local situation as defined in Section 1.2. We assume k # k' x k'

There are two elements in Herm,,(k), and they are distinguished by their discriminants. The one containing
the self-dual lattice L is denoted by V', and the other is denoted by V. The unitary group U(V™") (resp.
U(V ™)) is thus denoted by U(n)™(resp. U(n)~). The group U(n)* is unramified and can be defined over o’
by the lattice L. Its o’-point U(n)*(o’) is a hyperspecial maximal compact subgroup.

The symmetric space S,, is also defined over o’. The set of o’-points S,,(0’) is an open compact subset of
Sn(K).

The fundamental lemma states that in the unramified situation above, the test function 1s (o) ® 107 ® Lo
should match (14, ®1o,,0). Precisely, it is
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Theorem 5.4.1 ([Liu]). There is a constant c(n) depending only on n, such that when the residue charac-
teristic of k' is bigger than c(n), one has

(6, vV, v]) / Ls, (o (K™ '€R) 1o/ (v¥h) Lo (R~ v)n(det h)dh

GLy, (k')

(5.4.1) / Lyt (o) (W 1CR) Lo, (wh)dh, if [€,0Y,0] ¢ [C w], ¢ € Un)*(K)
—) Ut
0, if [§07,0] < [Cuw], C€Um)™(K).

For later use, we introduce the following terminology. In the unramified situation, the following test
functions will be referred to as unramified test functions

+ + - -
(F,®) = (Lg0on:1o,),  (FY 10" ) = Lo+ Ity @ 1u+ony),  (fY 8" ) =(0,0).

Note that Tre = 1s, (o) @ 1o @ Lom, \I/fv+ gyt = 1U¢(o,) ®1,,. The fundamental lemma claims the

unramified test functions match in the unramified situation when the characteristic of the residue field is

sufficiently large.

5.5. Simple relative trace formula: spectral side. Let us summarize the situation of the problem. By
Proposition 3.2.3 and 4.2.2; for any good matching test functions

(Fa (I)) Ane {(fV’ QSV)}VeHermn(k)a
we have an identity of the distributions
JE)= > V(e
V eHerm,, (k)

We shall use in this section the following notation. Let G be a group and f be a function on G. For any
element h € G, we define f*(g) = f(gh).
We have the following observations.

Lemma 5.5.1. Let v be a place of k. Let (Fy,, ®,) and {(fv,(;SV)}VeHermn(kU,) be matching test functions.
Then

(FZ7 (I)) And {((fV)J(Z)v ¢V)}V€Hermn(k)7
for any z € Zg1), if either one of the following conditions holds

(1) The place v splits. The matching test function (Fy,®y) and {(fV,¢")}vererm, (v, are related as
described in Proposition 5.3.1.
(2) We are in the unramified situation as described in Section 5.4. The test functions are unramified.

Proof. The case that v splits follows from a simple change of variables.

In the unramified situation, we compute (F*,®) and ((f¥)?*),¢") explicitly. To simplify notation, we
suppress all the subscript v. First, on the general linear group side, with the choice of the specific test
function, the integral transform (3.1.2) takes the form

(5.5.1) [ [ tonoi ) ten, (e 9he) wlo) 1o, ) (0 0% )dgdh,
GLy (k) GLy (k)
By making change of variables g — gz, we get
(5.5.1) = s, (o (0(21 ' 22)7) (w(z1) L,) (0¥, 0T).
Since o (2 *22) € k1 = 0°°1, we have
Ls, (o) (0(21 '22)7) = 1s, 01 (7)-
Let us take a uniformizer @ of k¥’ (hence of k). Then we can write z; = @w'"u; where u; € 0*. Thus
(w(z1) Lo,) (0", o) = (w(@") 1o,) (07", 07T)
=1y (v @) Lom (@' "0T).
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Here we have used the fact that @’ € k' and u; fixes 1,. Therefore the orbital integral on the general linear
group side is

lsn(a/)(hfl’yhl) 10;L (Uv’+w/rh;1) lc,m (hlwl_TU—i_)dhl.
GLn (k')

However, the invariants of the orbits [y,vY'",v"] and [y, @™vV'+, @'~ v*] are the same. This shows that
O([’% Uv’ ’U], FZ? (I)) = O(h/a Uv7 ’U], F> (b)

if we are in the unramified situation and the test functions are unramified.

We now compute the orbital integral on the unitary groups. We have k*1 = 0! and o(z) € k<L
Moreover, the test function on the group is 1y(n)+ (o) X Lu(n)+(or) (or the zero function) which is invariant
under the action of elements in k*!, we see that

O([¢,w"], (fV )7, 0" ") = O([¢,w"], fV7, 6" )

if we are in the unramified situation the test functions are all unramified.
This proves the lemma in the case when v is unramified. O

For a given pair of good matching test functions as above, let S be the finite set of places that contains
{v1,v2} and all the places that does not satisfy either conditions in the above lemma. Note that all the
places in S except v1,vs are non-split and in particular, S does not contain any archimedean places. For
each v € S, there is an open compact subgroup U, of k! such that if o(2) € U, then fZ = f,.

Let A(S,1) be the open and closed subgroup of A*'! defined by

{(z,) € At | 2, €U, if z, € S}.
Let k(S,1) be the intersection of A(S,1) and £*. This is a discrete subgroup of A(S,1). Moreover, since
E*1\A*1 is compact, the quotient group k(S,1)\A(S,1) is compact also. Let A(S) (resp. k(S)) be the
inverse image of A(S,1) in A* (resp. k*) under the map o. The quotient k(S)A’*\A(S) is identified with
E(S, D\A(S,1).
For any good test function (F,®), its translation (F*, ®) by element in z € A(S) is also good. Similar
statement holds for (fV,¢"). If

(Fa (I)) A {(fva (ZSV)}VEHermn(k:)a
then for any z € A(S),
(F*, @) < {((fV)7®),¢")}.
Let x be any character of k*"*\A*:1. We conclude that

I (F,®)x(zz7")dz = Z / IV, 0V )x(2)dz,

k(S)A X \A(S) Y k(S,1\A(S,1)

where the sum is over Herm, (k) and the measure on both sides are compatible with the isomorphism
E(S)A”\A(S) ~ E(S, 1)\A(S,1).

We now come to the spectral side of the trace formula. We treat the relative trace formula on the unitary
group first.

Fix a Hermitian space V. To simplify notation, we drop all the superscript V' in the expression. Let 7 be
an irreducible cuspidal automorphic representation of G(V)(A’). Let (f, $1 ® ¢2) be a test function. Define
the distribution

/ﬂ’(f’ ¢1 ®¢2) = Z / w(f).cp(g)@w—l,u—l(g,gbl)dg

PETU(V) (k)N U(V)(AY)

(5.5.2)
@(h)0y1_1 (h, P2)dh.
UV RO\ U(V) (A7)

Such distribution extends by linearity to all test functions in C2°(G(V)(A)) @ S(L(A")) ® S(L(A")).
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Proposition 5.5.2. If the test function (f,$1 ® ¢2) is good, then we have the spectral expansion

F (7,61 @ ¢a)x(2)dz =Y Fx(f, 61 ® ),
k(S,1)\A(S,1) T
where the sum runs over all the irreducible cuspidal automorphic representations with the central character
x- Moreover, the right hand side is absolutely convergent.

To prove this proposition, we need a lemma.

Lemma 5.5.3 ([Ber, Proposition 25]). Let k be an non-archimedean local field and m an irreducible admissible
representation of GLy, (k). Let GL,(k)* be the subgroup consisting of matrices whose determinants are in
0*. Then the representations 7 |qy, (k)= s semisimple of finite length. Moreover, if ' is another irreducible
admissible representation of GL, (k), then the following are equivalent.

(1) There is an unramified character x such that m = 7' ® x.

(2) The intersection of Jordan—Holder series of T|gr, (k) and 7'|GL, (k)= s not empty.

Lemma 5.5.4. Let k be an non-archimedean local field. Let m and ©' be two irreducible admissible rep-
resentations of GLy (k). Let f(g) be a truncated matriz coefficient, i.e. f(g) = (n(g)u,w) - 1oL, k)~ where
(r(g)u, @) is a matriz coefficient of w. If the morphism

7 (f): 7 =
is not identically zero, then m ~ 7’ ® x for some unramified character x. In particular, if ™ is supercuspidal,

then so is 7.

Proof. Suppose 7 |GL k) = ®m; and 7 ‘GL k) = ®7;. Then
Fl9) =Y fis(g) =D _(milg)ui, @),
2] ¥
with u; € m; and u; € 7;. Note that f;; = 0 unless 7; and m; are isomorphic. Now if #’(f).v # 0, for at
least one f;;, we have n’(f;;).v # 0. Let 7’ |GL Ry = @y, and v = Y v;. Then one sees that for at least

one I, m'(fi;).uy # 0. Since m;, m; and ] are all irreducible, they have to be isomorphic. In particular, the
intersection of Jordan—Holder series of 7 |GL (k)" and 7’ ‘GL (k) re not empty. Then by Lemma 5.5.3, we

see that m and 7’ differ by an unramified character. |

Proof of Proposition 5.5.2. The argument is similar to the simple trace formula of Arthur-Selberg. We have

I (f, 61 @ ¢2)x(2)dz

k(S,1)\A(S,1)

- / / / K (g, 2h)0y-1 -1 (9, 61)8ys s (o d2)x(2)dgdhdz.
E(S,D\A(S,1) (U(V)(K)\ U(V)(A))?
Interchange the order of integration. The right hand side equals

K(g,zh)x(z)dz | 0y-1 ,-1(g, $1)0p-1 41 (h, p2)dgdh.
(U(V)(E)H\NU(V)(A))2 \E(S,1)\A(S,1)

The representation 7w that appears in the spectral expansion of

K(g,zh)x(z)dz
k(S,D\A(S,1)
satisfies the following conditions.

1) The local component m,, at the place v; must be supercuspidal. The representation 7 is thus
1
cuspidal. This follows from Lemma 5.5.4 and the fact that f is a truncated matrix coefficient of a
supercuspidal representation.
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(2) The central character w, of m equals x. This is because after integrating over the center, the
representation that appears in the spectral expansion satisfies the conditions that

wr(2)x(2)dz # 0.
k(S,1)\A(S,1)
One then concludes that wy;x = 1 when restricted to A(S,1). Since w, and x are both automorphic,
we conclude that w, = x.

The proposition then follows. O

Similar spectral expansion holds for the distribution on the general linear group. Let II be an automorphic
representation of G(A’) whose central character is trivial when restricted to Hy(A'). For ¢ € 1, if n is odd,
define the following period integral

Plen) = / er(h)dh.
Ha (k')Z5 (A")\Ha (A7)

If n is even, define

Pl = [ enlin(man,
Ha (k')Z2(A")\H2(A")
where n(h) = n(det hihs) if h = (hy, h2).
For good test functions (F, ®) on the general linear group side, define

(s, F,®) = Y Z(s,TU(F)en, ®)P(en),

e €ell

where ¢ runs over an orthonormal basis of II. We write simply #5(F, ®) = #1(1/2, F, ®).

Proposition 5.5.5. We have the spectral expansion

z
I (F*, ®)x (27) dz =" su(F @),
k(S)A7%I\A(S) I
where the sum runs over all the irreducible cuspidal automorphic representations whose central character is
the base change of x to k*. Moreover, the right hand side is absolutely convergent.

The proof is identical to the case of unitary groups.

5.6. A relative trace identity. Let us fix a supercuspidal representation my of G(V)(k;,, ) and take IIg
to be its local base change. Suppose (F,®) and {(f", 9" }vemerm, (k) are good test functions and are s-
mooth transfer of each other. Assume that (F,®) and {(f", QSV)}VeHe,mn(k) are all factorizable. Suppose
furthermore that at the place v1, the test function F,, is a truncated matrix coefficient of IIy. Then fx is a
truncated matrix coefficient of 7y. Let x be a character of £*:1\A*'! whose component at v; is the central
character of my. By Proposition 3.2.3, 5.5.5, 4.2.2 and 5.5.2, we have an identity

(5.6.1) SmER) =" 7V (Y. e").
IT vV

On the left hand side, the sum runs over all cuspidal automorphic representations IT of G(A') such that
IT,, ~ Il and that the central character is the base change of x. On the right hand side, the outer sum
runs over the set of isomorphism classes of Hermitian spaces over k. The inner sum runs over all irreducible
cuspidal automorphic representations of G(V')(A’) such that m,, ~ my and the central character of 7 is x.
The sums of both sides are absolutely convergent.

We can choose a sufficiently large finite set S of places containing all the archimedean places and vy, va,
such that if v € S, then either v is split, or v is unramified and the following conditions hold.

(1) The characters ¢ and x are unramified. The element j € 0.

(2) The characteristic of the residue field is larger than the constant ¢(n) in Theorem 5.4.1.
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With such a choice S, We choose the matching test functions

(Fv (I)) Ans {(fvv ¢V)}V€Hermn(k)7
which are unramified at the unramifieid places v ¢ S. Note that there are only finitely many isomorphism
classes of hermitian spaces V such that (fV,¢") # 0. Note also that .#(F,®) # 0 unless II is unramified
outside S. Similarly for _ZY (fV,¢").
Let
Aps : H(G(AS) J K%)= C

resp.

Ars t H(G(V)(A'S) ) K(V)5) = C
be the character IT° (resp. 7°), where H(G(A') J KS) (vesp. H(G(V)(A’®) ) K(V)?)) is the spherical Hecke
algebra. One has

In(F, @) = Aps (F9) (1 ® Fs, @),
and

I (Y 0Y) = Aes (F)) 27 (L@ f¥,6Y).

The identity (5.6.1) can be written as

(5.6.2) ZAHS (FS)/n(1® Fs, ® ZZMS (S I 1@ [, 0").

We fix Fg,®, fi and ¢V. By our choice, (F,,®,) (resp. (fY,oY)) is unramified if v ¢ S. By Proposi-
tion 5.3.1, one has A;s(f°) = Ayps(b(F)), where b is the base change map of spherical Hecke algebra. We
now vary the test functions at the split places of k’. The identity 5.6.2 can be viewed as an identity of the
character of the split spherical Hecke algebra

® M) /K.)
vES
v split
We need two facts.
(1) The characters of the split spherical Hecke algebra of different representations are linearly indepen-
dent.
(2) By a theorem of Ramakrishnan [ , Theorem A], given for almost all split places v an irreducible
admissible representation 7%, there is at most one cuspidal automorphic representation I1° of G(A’),
such that at almost all split places v, II{ is the local base change of 7J.

We can thus write the identity (5.6.2) as

(5.6.3) S| Ans (FS) (1 @ Fs, @ Z Z Aes(F)5) 7Y (1@ £, ") | =0.
I M, ~BC(m)
vgS
v split

Now fix an irreducible cuspidal automorphic representation 7# of U(V)(A’) whose local component at
vy is mp and is unramified at the places outside S. Let II = BC(n#). We then deduce from the linear
independence of the characters and identity (5.6.3) that

(5.6.4) Iu(F,®) = Z Z PALTANSE

HNBC(TQ,)

vgS

v split
By the theorem of Ramakrishnan [ , Theorem A], IT is in fact the weak base change of any 7 appearing
on the right hand side of identity (5.6.4). Thus we know that the representations 7 appearing on the right
hand side are all nearly equivalent to 7#, and the components at v; are all my. In summary, we have the
following relative trace identity.
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Proposition 5.6.1. Let the notation be as above. Let m be an irreducible cuspidal automorphic repre-
sentation G(V)(A') such that at the nonarchimedean split places v1 and va, the local components of m is
supercuspidal. Let TI be the weak base change of w. Then for the matching good test functions (F,®) and

{(fvvﬁﬁv)}VeHermn(k), we have
(5.6:5) In(F,®) =3 > FU( V).

14 o’
' nearly equivalent to ©

6. PROOF OF THEOREM 1.1.1

6.1. Local distributions. Let 7 be an irreducible cuspidal automorphic representation of G(V)(A’). Recall
that the local multiplicity one theorem | , ] tells us that

dimHomH(V)(k;)(m, ® ww;11#;17(c) <1

Fix a generator ¢, at each place. We adapt the convention ¢, = 0 if the space is zero. Then one can
decompose the global Fourier—Jacobi period of the unitary group, hence the distribution ¢, as a product
of the local ones when the test functions are all factorizable. More precisely, we fix for each place v an
inner product (—,—), on 7, such that their product equals the global Peterson inner product. The global
Fourier—Jacobi period decomposes as

]:jw,p = CT(HE’lH

where ¢, is a constant depending on 7 and its realization in the cuspidal automorphic spectrum of G(V')(A’).
We define the local spherical character

(s b1.0 @ d20) = > Lo(mo(£)(00), $1.0) b (90, D2.0),

Pou
where the sum runs over a set of orthonormal basis of 7,. The distribution then decomposes as

/ﬂ'(f? ¢1 ® ¢2) = ‘cﬂ"2 H jﬂ'v (fva¢1,'u ® ¢2,v)-

We say a test function is of positive type if it is a finite sum of the test functions (f, ¢) of the following
form

(1) There is a function fy € S(G(V)(A’)) such that
f = fO * f57

where f3(g) = fo(g~)-
(2) The Schwartz function ¢ = ¢p ® ¢o where ¢g € S(L(A")).

It is clear that for a test function (f, ¢) of positive type, one has

= (f,¢) > 0.

We also have the analogous notion of positive type in the local situation.

Similar decomposition of the distribution also holds for the distribution #1;. As before we fix an inner
product on II, for each place v. Let w, be the Weil representation of GL,, (k) as defined in Section 2.1. Since
Homg,,, () (I, ®W,, C) is one dimensional, we choose the local linear functionals Z;; € Homg,,, (1) (11, ®w,, C)
such that the Rankin-Selberg integral decomposes as Z =[], Z;. If the representation II, is supercuspidal
at the place v, then we take Z = Z,, where Z, is the local Rankin-Selberg integral evaluated at s =
1/2] ]. By the explicit decomposition in | , § 2, page 184-187], the linear form P (c.f. § 5.5)
is a product of local linear forms P,. It is denoted by J, in | , page 185]. Let (F,,®,) be a test
function. We define the local distribution %11, by

S, (Fy, @) = Z Zy(I(F) (@v), Po)Pulpw),

where the sum runs over a set of orthonormal basis of II,,. One has thus
In(F, @) = cfy [ [ #n, (F,, @)
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for some constant ¢f; depending on the representation II.

Lemma 6.1.1. Let v be a split place of k'. Assume the representation Il is a local base change of m,.
Suppose (Fy, ®y) and {(fv, dv)} are smooth transfer of each other. Then

jl'[v(Eu (pv) - 0/7"11 (.fw ¢v)

for some nonzero constant c.

Proof. As we are looking at only one place v, we drop all the subscripts v. As II is the base change of ,
one has I = 7 X 7. Here we have identified T with the contragredient of 7 via the fixed invariant bilinear
pairing. Let {¢;} be an orthonormal basis of 7. The local linear functional P is nothing but a constant
multiple of the invariant pairing between m and 7. Then

P(pi @ ;) # 0
if and only if i = j and this number does not depend on i, j but only on the choice of P. One then note that
at the split place, Z* is a nonzero constant multiple of £ ® £. The lemma then follows. |

Proposition 6.1.2. Suppose v’ is a split place and ., is supercuspidal. Assume that Zr , is nonzero.
Then there is a test function

(fvla¢v’)7
with f, € S(GLy (k) x GLy(k;,)), dor =D ¢; ® ¢}, and ¢;,¢; € S(k,, ), such that
(1), (for, ) # 0.

(2) The integral transform (4.1.3) Wy , 4 , is supported on the regular semisimple locus.

The proof of this proposition is rather technical. In order not to interrupt the proof of our main theorem,
we postpone the proof of it to the next section.

6.2. Proof: (2) implies (1). Let 7 be an irreducible cuspidal automorphic representation of G(V')(A").
We may assume that 7 has a nonzero Fourier-Jacobi period 7y ,,. Let 1I be its weak base change. In order
to prove (1), it is enough to show that there is a choice of test functions (F, ®), such that

Iu(F, @) # 0.

By the definition of the weak base change, all the representation 7 which are nearly equivalent have the
same components at the places v; and vy. At these two places, G(V),, is identified with GLy, (k;,,) x GLy, (k).
We denote them by G;,i = 1,2 respectively to simplify notation. Moreover we denote by G7 the subgroup
of G consisting of matrices whose determinant is in 0 x 0.

Since the global Fourier—Jacobi period of 7 is not 1dentlcally zero, one can find an automorphic form ¢
and a Schwartz function ¢ such that F7 (o, gzb) # 0. Moreover, one can take ¢ = ®,¢, and (b ®v¢v both
factorizable. This implies that the local functionals ¢, are all nonzero, i.e. we can find ¢, € m, and Schwartz
function ¢,, such that £,(p,, ¢,) # 0.

We now show that at the place vy, one can find a test function (f,, ¢y, ) such that the local distribution
o, (forsb0) # 0, and f,, is a truncated matrix coefficient of 7,, as defined in Lemma 5.5.3.

Let f,, be the truncated matrix coefficient

for(9) = (0, (97 )Py » 00, ) 165 (9)-
It defines a linear map
Ty (foy) : Moy = oy -
We claim that 7,, (f,,) is a self-adjoint operator. The adjoint operator of m,, (fy,) is m, (f;y,), where f; (g) =

fo.(g71). Since
(T(g™)urs o) = (o1, T(9)001) = (T(9)0rs Qo)
we conclude that f,, (g9) = f (g9). The claim then follows.
Since 7y, ( fy, ) is self-adjoint, its image and kernel are orthogonal. Moreover, the function f,, is of positive
type since
fo, = fo, * f;l
up to a nonzero constant.
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We take a basis of 7 as follows. Take an orthonormal basis {by,--- ,b,.} of the image of m,, (f,,) and
an orthonormal basis of the kernel of m,, (f,,). They form an orthonormal basis of m,,. Then up to some
positive constant,

o (Fors 0or @ buy) = > Loy (o, (fo )b Do )y (b duy) = D1, (b, b0, )2 > 0.
j=1 Jj=1

Since the Fourier—Jacobi period of 7 is not identically zero, one can find an (f, $ ® ¢) which is factorizable
and is of positive type, such that

Ix(f,6®8) > 0.
We want to modifiy fat the places v1 and v, and a at vo to get a desired test function.
At the place vy, let f,,, be the truncated matrix coefficient
(o1 (97 )wrs @ur) 1z (9),
with @, € m1. Then
Iy (Fors un @ $u,) > 0.

At the place vy, Proposition 6.1.2 guarantees that we can choose a test functions (f,,, ¢y,) such that
VU, 6., 18 supported on the regular semisimple locus and

Iy (Foar00) 20, oy = > 61, @65 .
J

Define the new test functions
f: H ﬁ)valevza
VF#VL,V2
and
=] Go@on) x | D oV), ® o5,
VF£Vy J

We choose the test function (F,®) to be the smooth transfer of {(fV,dY ® &1)}venerm, k), Where

(fV/,¢‘1// ® qb‘z//) =0if V' £ V and (fV,¢") = (f,¢). These test functions are good, we can thus ap-
ply the relative trace identity. With our choice of the test functions, identity (5.6.5) is reduced to

(6.2.1) Ju(F, @) = Z Hr(f, 1@ ¢2).

7/ nearly equivalent to m

The right hand side of identity (6.2.1) can be written as

I(F, ) = I, (For 60) Iy (Fors 603) (Z SR g avl»va) ,

where

fvl’vz = H Jo

vF#v1,v2

and similarly for 5”1’”2 and _Z """, On the right hand side of this identity, the factors outside the parentheses
are nonzero. In the sum inside the parentheses, all the terms are non-negative since the test functions are all
of positive type. Moreover there is at least one strictly positive term (which corresponds to 7). We conclude
that JH(F, (I)) 75 0.
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6.3. Proof: (1) implies (2). The nonvanishing of the L-function at s = % implies that the Rankin-Selberg
i.e. there is a ¢’ € II and a Schwartz function ® € S(A,,) with

z <;socf>) £0.

integral is not identically zero at s = %,

Moreover, since II is the weak base change of 7, by [Zha, Theorem 1.2], it is distinguished (resp. 7-
distinguished) if n is odd (resp. even). This means there is an ¢ € II with
P(p) # 0.

Let F € S(G(A')) be a function such that II(F)p = ¢’ and II(F)¢” = 0 for all ¢ orthogonal to ¢. Then
o~ 1 o~ o~
A(F.8) = 2 (3, 1(F)0,3) Pl 20,

We may assume further that F and ® are factorizable.
Let v be an infinite place. By the theory of Archimedean Rankin-Selberg convolution | , Theo-

rem 2.3], Z; (H(ﬁv)apv, &%) is a continuous functional on ®,,. This implies that there is a Schwartz function

Zd)(j) 21}7

such that
Z; ()0, @) #0.
We can even take
¢, = ¢17’U 02y ¢2,v-

At any nonarchimedean split place v, one knows that

ejl'lv (qu)v) = /ﬂv(f’l}7¢’u)7

if I, is a local base change of 7, and the test functions (F,, ®,) and (f,, ¢,) are related by Proposition 5.3.1.
This implies that at any split non-archimedean place v, the distribution #., is nonzero. In particular, by
Proposition 6.1.2 and Corollary 5.3.2, at the place vy, we can choose the test function (F,,, ®,,) which is
regularly supported and

ijQ(Fqu)vz) 7& 0.

The same argument applies to the place v;. Since ¢, # 0, we can choose a test function (fy,, ¢y, ) With fy,
a truncated matrix coefficient, such that

/ﬂ'ul (fv1;¢v1) 7& 0.

Let (F,,, ®,,) be a smooth transfer of (f,,,®,,). Then F, is a truncated matrix coefficient and
jﬂvl (Fvl ) q)'Ul) 7£ 0.

We now modify (ﬁ , CT)) at the infinite places and the split places v, v2 by the new choices of test functions
as above. Let {(f",®")}venerm, k) be the smooth transfer of the new test function (F,®). All the test
functions are good. So we can apply Proposition 5.6.1. Since the left hand side of identity (5.6.5) is nonzero,
there is at least one nonzero term on the right hand side of (5.6.5). This term gives a nonzero Fourier—Jacobi
period.
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7. PROOF OF PROPOSITION 6.1.2

7.1. Setup. In this section, we prove Proposition 6.1.2. In fact, we shall prove a slightly general Theo-
rem 7.1.1 below. We are always in the local situation from now on, so we drop all the subscripts v. We
change our notation slightly from the previous sections.

Let k be an non-archimedean local field (this is our &’ in the previous sections), G = GL,, (k) x GL, (k)
and H = GL, (k) diagonally embedded in G. Let Z be the center of G, B be the standard Borel subgroup,
M the diagonal torus, M T the subset of M defined by

{m € M | |a(m)| <1 for all positive root o of G}.

Let 7 be an irreducible admissible representation of G, 7 its contragradient representation. We assume
that 7 is unitary with an invariant hermitian pairing (—, —), and identify 7 with 7.
Let p: k* — C* be a multiplicative character. Let w,, the Weil representation of H, i.e.

wu(h)$(x) = p(det h)|det b| > ¢(xh).

To simplify notation, we define the action ¢"(z) = w,(h)¢(z). There is a natural nondegenerate pairing
between w,, and w,,

(¢1,P2) = /¢1($)¢T@3)d$
K

This pairing is invariant under the action of w,.
Recall that for f € S(G) and ¢1, ¢2 € S(ky),

(7.1.1) Ia(f,01 @ d2) =Y Un(f)e, d1)l(g. b2),
peT

where / is a generator of
Hompy (7 ® w,, C).

We have introduced the following partial Fourier transform. Let i) be a non-trivial additive character of
k, ¢1,¢2 € S(ky,) two Schwartz functions on k,,. Define the partial Fourier transform

1 S(kn) @ S(kn) = S(kn) @ S(kn)
(61® 62)' (2,9) = / b1(x + 2)balz — 2z y)dz,
k

For h € H, one has

T _
(7.1.2) (oF @ ¢%)" (2.y) = u(det h)* (61 ® d)" (ah,y'h 7).
Our goal of this section is to prove the following

Theorem 7.1.1. Assume that 7 is supercuspidal. Assume that the distribution #r is nontrivial. Let U be
any Zariski open dense subset of G X ky,, X ky,. Then there is a test function

(f 9),
with f € S(G), ¢ =) ¢; ® ¢}, and ¢;,¢; € S(kn), such that

(1) Z=(f,6)#0
(2) The function on G X ky X ky,

.
(9,2,9) = f(g Zqﬁgll@fb (z,9)

is supported in U. Here g = (g1,92) € G.

The regular semisimple locus of GL,, (k) x GL,,(k) x ky, X k,, is an open dense subset. Thus Theorem 7.1.1
does imply Proposition 6.1.2.
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7.2. Integration of matrix coefficients. The first step towards Theorem 7.1.1 is to establish an analogue
of a theorem of Sakellaridis—Venkatesh [SV, Proposition 6.4.1], [IZ, Theorem A.1]. Let ¢ € 7m,% € 7 and
@1, 02 € S(ky,). Consider the following matrix coefficient integration

(7.2.1) / (r(h), B) (81, da)dh.

H
When the integral is absolutely convergent, it gives an element in
Hompxua(m @7 Qw, ®w,, C).

Theorem 7.2.1. Assume that 7 is tempered. Then the matrix coefficient integration (7.2.1) is absolutely
convergent. If further more w is supercuspidal, then it is not identically zero.

We first show the absolute convergence. Let us introduce the Harish-Chandra function =. Let K = G(oy)
be a hyperspecial maximal compact subgroup of G(k). The Harish-Chandra function is defined to be

=(g) = / (kg)d.

K

where 5 € Ind% 1 and its restriction to K is identically 1. Let ||| : G — Rso be any height function on G,
e.g.

] = sup < 1, |hij| + |det h "] ¢,
,J

and define o(h) = log||h||. A function f on G is said to satisfy the weak inequality if there are some constants
C and C’, such that

1f(9)] < C x Z(g)(1 + o(g))°".

A matrix coefficient of a tempered representation satisfies the weak inequality.
Let d¢ be the modulus function of the standard Borel subgroup of G. For any m € M™, one has the
estimate

A715(m)? < Z(m) < AS(m)2 (1 + o(m))?

for some constants A and B. The function Z is bi-K Z-invariant, and =(g) = Z(g ).
Since 7 is supercuspidal, it is tempered. Thus to prove the absolute convergence of (7.2.1), we only need
to show that

Proposition 7.2.2. The integral

(7.2.2) / =(h)(1 + o(h)C / 6" (2)és (x)dz| dh
e

H
is absolutely convergent for any ¢1,d2 € S(ky) and any constant C'.
Since ¢ is compactly supported, there is an N such that
[¢(z)| < supd X 1g-n,, (2).
Thus by making suitable change of variables, we are reduced to show

Lemma 7.2.3. The integral

(7.2.3) / Z(h)(1 + o(h)C / 1" (2)1,, (x)de| dh

H Fn

is absolutely convergent for any constant C'.
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Proof. The Cartan decomposition gives

GL,(k)= [ Kjyoi= [J[ GLn(o)diaglw’, -, =] GLn (o).
J1220n J1220n
Thus
(7.2.3) = Z =(diag[ww?, - -+ ,@])(1 + log q - max(|j1], - , |jn]) VOL K}y .. ..
(7.2.4) 32
@2 Uit yol(o,, diag[w ™, -+, @] Noy).
By [ , page 1388], one has
AT (diag[w ™, -y wIn]) < vol K, ..y, < Ady (diag[w ™, .-+ o In)).

Then we are reduced to show the convergence of

n
SY g eI (1 log g max((jul, -+ Ll)?
r=0 ji12--2jr20

02jry122jn

for any constant B. But this is clear. O

We now assume that 7 is supercuspidal and prove that (7.2.1) is not identically zero.

Let 71 = o0 X 7 where o and 7 are two supercuspidal representations of GL, (k). Consider the Weil
representation of GL,, X GL,, as defined in Section 2.1. Let S(Mat,, ) be the space of Schwartz functions
on Mat,, . The Weil representation of GL,, (k) x GL,,(k) is realized on S(Mat,, ,) as

wu(g,h)®(X) = p(det g) = p(det h)|det g| % |det h| % ¢(g~" Xh),
for g € GL», h € GL,, and ® € S(Mat,, ). One special case of this action is important for us. Let
m =n + 1. There is an embedding, given by

t:GL, — GL,41, h— diag[h,1].

Then
SMaty41,n) ~ S(Maty,n) @ S(ky).
as the representation of «(GL, (k)) x GL, (k). Explicitly, let
O =U®¢ecSMaty,,) @S(k,).

Then
wy(t(h1), ho) (¥ ® 9)(X, x) = wy(ha, ko) ¥ (X)wy(h2)g(z).

Let oy €0, Py €EG, 0r €T, 5, €7, D, D € S(Maty,11,). Consider the following integral

(725) [ trhadon @0 hn))en, 22) 0 0l0) ha) B,
(GLn(K))?
Lemma 7.2.4. This integral is absolutely convergent.

Proof. Since m is supercuspidal, one only need to prove that the integral over the center is absolutely
convergent. This is similar to (and in fact simpler than) Proposition 7.2.2. O

According to the explicit theta lift of Gan and Ichino | , § 16], the integral

/<T(h2)<p[,,@><wu(g,h2)¢,&>>dh2
GL,,

is a matrix coefficient of 8(c) where (o) stands for the theta lifting of o to GLy4+1. In fact, all the matrix
coefficients of 6(o) arise in this way. Since

dim Hompy (7 ® @, C) =1,
one deduces as in | , Theorem 14.1] that

dim Hompg (6(0) @ 7,C) = 1.
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The theta lifting 6(c) is thus nonzero. It is irreducible since o is a supercuspidal representation. It is
tempered since o is tempered. Thus by the theorem of Sakellaridis—Venkatesh, there is a choice of the test
functions ¢,, @, etc., such that the integral (7.2.5) is nonzero. Note that any ® is a finite sum of the
functions of the form

U ® ¢ e S(Matn) @ S(kn).

One can actually choose & = ¥ ® ¢, =V 5, such that (7.2.5) is not zero.
Now consider the integral

/ (o, o), B (r (Yo B ).
GL,,

This is a matrix coefficient of (), the theta lifting of 7 to GL,,, which is nothing but the contragradient of
7. Thus the integral (7.2.5) takes the form (7.2.1), and is not zero with our choices of ¢, etc. The theorem
is thus proved.

7.3. Representability of the distribution. Assume from now on that 7 is supercupspidal and _# # 0.
In order to simplify the notation, we assume that p is trivial character. The general case can be treated in
exactly the same way. For the rest of this section, we are going to follow the argument in [I7].

From Theorem 7.2.1, we see that the generator ¢ can be taken to be a matrix coefficient integration. Fix
such a choice, i.e. an pg € m and ¢g € S(ky,) such that (7.2.1) does not vanish identically and

Up.¢) = / (7 (), 0) (&, do) .

H

Then we have

Lemma 7.3.1.

Faltnwon) = [[ | [ #a)nttghy oo, eo)dg
G

H?2

5o 5) gt )|
// (¢1 ®¢2) (l',y)(¢0 ® ¢ > (l"y)dxdy dhidhs.

kn)?

Proof. Proceeding exactly as in [[Z, Lemma A.3], one obtains that

Saltibr 06w = [[ | [ fo)wlinghy )n, 0)dg
H?2 G

o oy T b
//¢11 (x)dg" ' (@)d2(y)dy® (y)dady | dhidhs.
kn)?
Since Fourier transform preserves L2-norm, one has

—1

[ ot @t ™ @mwet oty

(k)2
(7.3.1)

-1\t —1p-1 =T t
B // ( e ¢>2) (z,y) (¢§1 b @ > (z, y)dady.
(kn)?
The lemma then follows. O
Let my (resp. ms) be a matrix coefficient of o (resp. 7). They are smooth functions on GL, (k) that are

compactly supported modulo center. Let ¢; and ¢ be two Schwartz function on k,.
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Lemma 7.3.2. The function

—1, -1 N
(91,92, 2,y) — // ’m1(h191h21)m2(h192h21) ( o ) Qﬁgl ) (%y)’ dhydhy
H2

is locally integrable on G X ky, X ky,.

Proof. We first make the change of variable hy — hihagy L The integral in question becomes

- T
(7.3.2) // ’ml(hl)mg(hlhggllgghz) (qf)’fl ' ® ¢2) (zha, ythgl)’ dhydhs.
H2

Since my is compactly supported modulo center, we are reduced to show that for any function m on GL,
that is compactly supported modulo center, as a function of (g, z,y) € GL, (k) X ky X ky,

/ / ‘m(hgh_l) (67 ® ¢2)" (wh,y th‘l)‘ dhdz

kx H

is locally integrable. By writing h as kitko where ki, ko € GL,,(0) we are then reduced to show that

(7.3.3) / / [m(hgh™") (67 @ 62)" (zh,y'h")| dhd

Ex M (k)

is locally integrable where M is the diagonal torus.
By writing ¢; and ¢ as a linear combination of the functions of the form 1, o, for some a € k* and
integer M, we are further reduced to show the integral (7.3.3) is locally integrable if ¢; = 1, ,nm,, and

P2 = Ly, o, -
Direct computation shows

-1
az” +b
1wMan (ﬂ? - 2) 1zw_MCOIld1[)0n (y) ‘Z| 2 1

¥
’(1Z+wMon ® 1b+wM"") (2, y)‘ - az" ' +0b
1z*1wMon <JZ — 2) 1w7Mon Condw(y) ‘Z| < 1.

We also note that for any R € k and any integers N, N’,
/ 1ot = R) 1w, (2)d < / 1o () 1w, (2)da.
k k

Therefore to show that (7.3.3) is locally integrable, we only need to show that for any integer N and any
compact subset K of GL,, (k), the integrals

/ / / / / m (™ gh) | Losro, () Lot cond o, (A1) Lo, (2) Lo, (y)dhdzdgdady
(k)2 K |2[>1 M (k)
an
/ / / / / (™ gh)| Lu-senro, (2h) Lo ot cond o, (0™ Lo, (2) Lo, (y)dhd=dgdady
(kn)? K |2|<1 M(k)

are absolutely convergent. The same argument as the proof of Proposition 7.2.2 shows that these integrals
are absolutely convergent. The lemma is thus proved. O
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Now for ¢, € m and a Schwartz function ¢ € S(ky), we define the functions O, 5 (g, 2,y) and
Oi4.5.0/(9,2,y) on G x ky x ky as

~ —1;—1 ——\f
Oy zalg ) = [ [trliughy o) (o745 @ 57) (a.)amda,

- 1, - —\ T
Op.5.6/(9,7,y) = m(highy "), @) (dﬂllhll ®¢h21) (z,y)| dhidhs.

These functions are locally integrable by the lemma above.
Theorem 7.3.3. For any function f € S(G) and any Schwartz functions ¢1,¢p2 € S(ky,), the integral
-1\t
// f(g1,92) (aﬁ?l ® ¢2) (#,9)O040.00.00 (9, T, y)dzdydg
G (kn)?
is absolutely convergent. Here we write g = (g1,92). Moreover it equals Z(f,$1 ® ¢2).

Proof. The absolute convergence is proved in the previous lemma.
Let

Qe --CQ,C---CH, UQm:H

be an increasing sequence of open compact subset of H. Define

T
m — ot hyt
O i) = [ (r(imah ow, ) (68 0 687 ) (ot
(Qm)?

m)

Similarly we define om |(g7 z,y) They pointwisely

[v0,%0,P0
(m)
|OLPO#P0»¢0‘ < 0\300,5007¢0|'
The function O|(<p )W ol is locally integrable by Lemma 7.3.2. Therefore by Lebesgue dominant convergence

theorem, one has

im [ [[ 56 (68" @ 62) @010, o, )y

m—00
G (kn)?

:///f(g)( gfl ‘3“252)T (z,y) lim O;O)q,o 60 (9: @, y)dzdydg

G (kn)?

1 i
:///f(g)( v ®¢2) (#,9)O 40,0060 (9; T, y)drdydg.

G (kn)?

—1 T
On the other hand, since the support of f(g) (qﬁ‘lh ® d)g) (z,y) as well as the ,,,’s are all compact, we

can interchange the order of integration, i.e.

/// f(g)( !ffl ®<152)T (:c,y)OSDT,)%m(g,x,y)dxdydg

Ca f - gt )
///// 11 ®¢2) (z,y)(m(h1gh, )<P0,<P0><¢1 ! ®¢02> (z,y)dzdydgdhydhs.
ZG(k )2
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Taking m — oo, we get

ngnm///f i“ ®¢2) (z.9)O0" (9,2, y)dzdydg

G (kn)

/////f ff1®¢2)T(x,y)<7r(hlgh; )<po,soo>( llhll®¢(};21)T(9B,y)dxdydgdh1dh2.
H? G(

This proves our theorem. O

7.4. Proof of Theorem 7.1.1. Now we can prove our main theorem. By assumption, there is an f and
é1,¢2 € S(ky,) such that

I (f, 01 ® ¢2) # 0.

This in particular implies that there is an f and a Schwartz function on ¢° € S(k,, x k) such that

///f )O0,00,60 (9> T, y)dadydg # 0.

G (kn)?

For simplicity, we may assume that both f and ¢ are nonnegative. Since U is open dense in G X k,, X ky,
one can choose a sequence of functions f; ® ¢§ € S(U) such that pointwisely on U, one has

A fi(g)¢5 (2,y) = f(9)9°(z,y).

Moreover, one may assume that f; < f and ¢; < ¢°.
With this choice, one has

1£(9)¢°(x,y) — fi(9)¢7 (x,y)| < 2f(9)9°(x,y).

Therefore by Lebesgue dominant convergence theorem, one obtains

lli)nolo///fz w y @0,800@0(9)1‘ Y dxdydg = ///f ¢0,¢0,¢0(g7$,y)dxdydg.

G (kn)?

Thus for some ¢ sufficiently large, one must have

/// fi(g)gb?('rvy)osamsaoﬂbo(gaxay)dxdydg 7é O
G (kn)?

Moreover f; ® ¢; is supported in U.
Let gi) be the inverse Fourier transform of ¢;. Then gb takes the form

Z ¢; ® ;.
j=1
Let K be the support of f;. This is an open compact subset of G. Then there is a finite partition of K

K:UKQ,

with the properties that

(1) Each K; is open compact;
(2) For any fixed «, the set

Z¢?1 @ ¢ | (91,92) € Ka
J
consists of only one element.
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For each «, denote the element in the above set by ¢,.
Thus we have

:
Z// Fi@) 11, (9) [ D267 @) | (2,9)0044 00,60 (9. 2, y)dadydg # 0.
j

* G (kn)?

Therefore for some «, the integral is not zero. Let f(g) = fi(9) 1k, (g), and ¢ = ¢. We thus have proved
Theorem 7.1.1.

8. APPLICATION TO THE BESSEL PERIOD

8.1. The theta correspondences. In this section, we apply the results on the GGP conjecture for U(n) x
U(n) to the GGP conjecture for U(n + 1) x U(n) via theta correspondences.

First we recall some basic results of the theta correspondence, following the work of Howe | 1,
Kudla [ ], Moeglin—Vigneras—Waldspurger | ], Waldspurger | ] and the recent work
of Gan-Takeda [GT]. Assume we are in the local situation. We keep the notation from Section 2.1. Let W
and V be two Hermitian spaces over k. There is a Weil representation wy, ,, w,v of U(W) x U(V'). To simplify
notation, we shall drop the characters from the notations when there is no confusion. For any irreducible
admissible representation 7w of U(W)(k’), the maximal m-isotypic component of wyyy takes the form

X ei/l’H’W,V(ﬂ—)'

It is known that O, . w,v () is an admissible representation of U(V')(k) of finite length. Let 6y, ,, w,v (7) be
the maximal semisimple quotient of ©y ,, w,v (7). The Howe duality conjecture claims: the representation

0y . w,v (m) is irreducible and 7 ~ 7’ if and only if 8y ;. w,v (7) =~ 8y ,w,v (7). Howe | ] proved the
conjecture when k' is archimedean and Waldspurger | | proved it when &’ is local and the residue
characteristic of £’ is not two. Gan and Takeda [G'T] has recently proved that if |dim W — dim V| < 1, then

Howe’s duality conjecture holds even if the residue characteristic of &’ is two. We are only going to use theta
correspondence when |dim W — dim V| < 1 in the following.

Now assume that k/k’ is a quadratic extension of global fields and we are in the global situation as defined
in Section 1.2. We keep to notation of Section 2.2. Let V' and W be two Hermitian spaces over k. Recall
that we have defined the symplectic space Resy/p(V ® W) in Section 2.1. Let L C Resy /i (V @ W) be
a Lagrangian subspace. The Weil representation w.y , v,w is realized on the space of Schwartz functions
S(L(A")). The theta function is defined by

Opuw,v (g, h, o) = Z Wy, w,v (g, h)o(x),
zeL(k’)

where g € UW)(A'), h € U(V)(A") and ¢ € S(L(A")). Let 7 be an irreducible cuspidal automorphic
representation of U(W)(A’). The theta lift 6, , w v (7) of 7 is defined to be the span of the functions on
U(V)(A') of the form

Op v (0, 0)(9) = / o(h)0p,puw,v (g, h, @)dh
U(W)(K )\ U(W)(A)

where ¢ € 7 and ¢ € S(L(A")).

Proposition 8.1.1 (| , Proposition 1.2]). Assume |dim W —dim V| < 1. If 0y . w,v () is a cuspidal
representation of U(V)(A'), then it is irreducible and is isomorphic to the restricted tensor product ®.,0(m,).
Moreover, the theta lift of 01 ;-1 w,v (7) back to U(W)(A') is isomorphic to 7.

Remark 8.1.2. The proposition would be true without the condition |dim W —dim V| < 1 if the Howe duality
conjecture was proved in complete generality.

To proceed, we need to assume more properties of the weak base change than the previous sections. We
make the following hypothesis.
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Hypothesis BC: For any irreducible cuspidal automorphic representation 7 of U(W)(A'), its weak base
change BC(r) is isobaric. Moreover, for any character x : k*\A* — C*, we have

L(s,BC(m) ® x) = L(s,m X x),

where the right hand side is the L-function defined by the doubling method as in | ].
One of the most important question in the theory of theta lift is to determine whether 8y, ,, w,v (1) is zero
or not. When dim W = dim V, there is a local-global criterion as follows.

Proposition 8.1.3 (] , Theorem 10.1]). Suppose dimW = dimV and 7 is an irreducible cuspidal
automorphic representation of U(W)(A'). Assume that 0y, w,v(7) is a cuspidal automorphic representation
of U(V)(A'). Then 0y pw,v(m) is not zero if and only if

(1) For all the places v of k', the local theta lift 0y, n, w,.v,(Ty) is not zero;
(2) L(1/2,m x u™) # 0.

We need to understand the relation between the weak base change and the theta correspondence. This is
a weak version of a conjecture of Prasad | ]

Proposition 8.1.4. Assume Hypothesis BC.

(1) If dim W = dim V, then BC(0y , w,v (7)) = BC(m).
(2) If dimW = dimV — 1, then BC(6y uw,v (7)) = p~'BC(r) B pdim W,

Proof. By Hypothesis BC, the weak base change is isobaric. Therefore by the strong multiplicity one theo-
rem | ], we only need to check the proposition at the places v of k that is of degree one over k’. The
proposition then follows from [ , Théoreme 1]. O

8.2. GGP conjecture for U(n+1) x U(n). We are now in the global situation. Let V and W be a pair of
Hermitian spaces over k of dimension n + 1 and n respectively and W C V. Suppose V = W + E where FE
is an anisotropic line. Let my and my be irreducible cuspidal automorphic representations of U(V)(A’) and
U(W)(A') respectively. We are going to drop the subscripts ¢ and p for the Weil representation and theta
correspondence, and write simply wyw,v (resp. Ow,v) for wy, uw,v (resp. Oy pw,v).

The group U(W) embeds in U(V) via

L UMW) = UV), g (9 1).

This also gives an embedding U(W) — U(V) x U(W).

Let Wy be another Hermitian space of dimension n. It is worth noting that as representations of
(UW)(A) x UW)(A), wvw, = ww.w,®ww,, where wy, is the Weil representation of U(W)(A')
as defined in Section 2.1. Let L C Resy/(V ® Wp) be a Lagrangian subspace with the decomposition
L = L, + L; where L,, (resp. L;) is a Lagrangian subspace of Resy /5 (W ® W) (resp. Resy/p (Wp)). Then
if ¢ = ¢, ® ¢1 € S(L(A)) ® S(Ly(A)), then

GV,WO (L(g)a h, ¢) = QW,WO (ga h, ¢n)9W0 (ha ¢1)
Let 7y (resp. mw ) be an irreducible cuspidal automorphic representation of U(V)(A’) (resp. U(W)(A)).

Theorem 8.2.1. Assume the hypothesis BC as in Section 8.1. Assume the following conditions.

(1) All the archimedean places v of k' split in k;

(2) There is a Hermitian space Wy, and irreducible cuspidal automorphic representaions myw, and ow,
of U(Wy)(A'), such that wy is the theta lift of mo and ww is the theta lift of og.

(3) There are two split places v1 and vy of k', such that the local components of Ty, v, and ow, v,
(i=1,2) are all supercuspidal.

The following are equivalent.

(1) L(3,BC(nyv) x BC(mw)) # 0.
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(2) There is a relevant pair W C V' of Hermitian spaces, and an irreducible cuspidal automorphic
representation wy (resp. mwy) of UW')(A') (resp. U(V')(A")), which is nearly equivalent to mwy
(resp. v ), such that the period integral

ow(9)ev:(g)dg # 0,
U(W) (k")\ U(W")(A)

for some oy € T and pyr € Ty

Proof. First of all, let us note the relation between the L-function in (1) and the L-function in Theorem 1.1.1.
From | , Theorem 9.1], one sees that the L-function of my

L(s, BC(mw) @ i)
is holomorphic and nonzero at s = % By Proposition 8.1.4,
L (s,BC(mv) x BC(mw)) = L (s, BC(mw,) x BC(ow,) ® u~') L(s, BC(mw) @ u™).
Therefore
L (;,BC(’/Tv) X BC(W[/V)> #0
is equivalent to

L @ BC(mmy) x BC(oms) & ul) 20,

Let us prove (1) implies (2). Assume (1). We apply Theorem 1.1.1. There is a Hermitian space W{, and
irreducible automorphic representations my; and oy of U(W()(A'), which are nearly equivalent to my, and
ow, respectively, such that the Fourier-Jacobi period

Py (9) oy, (9)0wy (9,1, dwy)dg
U(Wg)()\ U(Wg)(A)
is not identically zero. Since L(3, BC(my) ® pu™) # 0, one sees that there is a Hermitian space W', such that
mw; is the theta lift of some automorphic representation 7y of U(W’)(A’). Therefore we can take Py (9)
to be of the form

P (M)W wi (g, by pw,w)dh.
UW")(K)\UW) (A7)
From the seesaw identity one gets

Poy, () P (90w, s (95 by Pn)dg | Owy (1, h, ¢1)dh
U(Wg) (k)\ U(Wg)(A7) U (W) (k)\ U(W’)(A)
- [ el | P @evle by | do
UMW) (K)\ U(W") (A7) U (Wg) (K)\ U(Wg)(A7)

where W’ C V' is a relevant pair of W C V and ¢ = ¢,, ® ¢1. The change of order of integration is justified
since ¢w and @y are cusp forms and the theta series is of moderate growth.

This particularly shows that the theta lift of oy, to U(V')(A’) is nonzero. Denote this theta lift by .
It follows from Proposition 8.1.4 that the representations my (resp. mw/) and my (resp. mw ) are nearly
equivalent. This proves (2).

Now let us prove that (2) implies (1). We use only the fact that 7y is the theta lift of oy,. So without
loss of generality, one may assume that W/ = W and V/ = V. Then there are choices of py € 7y and
py € my such that

Prw (g)W‘NV (g)dg 7£ 0.

UMW) (ED\UW)(A")
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Since 7y is the theta lift of oy, , one can take

Pry = QWO,V(QOUWO s OWo,v)-

Moreover, one can take ¢w, v = ¢n ® ¢1 with ¢, € S(L,(A")) and ¢; € S(L(A")). Then by the seesaw
argument again, one has

o (1) / o (9)0wwo (9, by 6n)dg | Owe (1, by 61)dh £ 0.
U(Wo)(k")\ U(Wo)(A") U(W)(k)\ U(W) (A7)

In particular, the inner integral does not vanish. This shows that the theta lift 6y, (m1) # 0. This theta
lift is 7y, by Proposition 8.1.1. Applying Theorem 1.1.1,

2
This proves (1). O

L (1,BC(7TWO) x BC(ow,) ® ,u1> #0.

REFERENCES

[Ber] J. Bernstein, Notes of lectures on Representations of p-adic Groups, available at http://www.math.tau.ac.il/
~bernstei/Unpublished_texts/unpublished_texts/Bernstein93new-harv.lect.from-chic.pdf. 122
[BP] R. Beuzart-Plessis, La conjecture locale de Gross-Prasad pour les représentations tempérées des groupes unitaires,
available at http://arxiv.org/abs/1205.2987v2. 12, 6
[DM1978] J. Dixmier and P. Malliavin, Factorisations de fonctions et de vecteurs indéfiniment différentiables, Bull. Sci.
Math. (2) 102 (1978), no. 4, 307-330 (French, with English summary). MR517765 (80f:22005) 17
[GGP2012] W. T. Gan, B. H. Gross, and D. Prasad, Symplectic local root numbers, central critical L-values, and restriction
problems in the representation theory of classical groups, Astérisque 346 (2012). MR3052279 11, 2, 3, 6, 31
[GI2014] W. T. Gan and A. Ichino, Formal degrees and local theta correspondence, Invent. Math. 195 (2014), no. 3, 509-672,
DOI 10.1007/s00222-013-0460-5. MR3166215 131
, The Gross-Prasad conjecture and local theta correspondence, available at http://www.math.nus.edu.sg/
~matgwt/GP-theta.pdf. preprint. 12, 6
[GT] W. T. Gan and S. Takeda, On the Howe duality conjecture in classical theta correspondence, available at http:
//arxiv.org/abs/1405.2626v2. preprint. 136
[GJR2001] S. Gelbart, H. Jacquet, and J. Rogawski, Generic representations for the unitary group in three variables, Israel
J. Math. 126 (2001), 173-237, DOI 10.1007/BF02784154. MR1882037 (2003k:11081) 125
[GRS1993] S. Gelbart, J. Rogawski, and D. Soudry, On periods of cusp forms and algebraic cycles for U(3), Israel J. Math.
83 (1993), no. 1-2, 213-252, DOI 10.1007/BF02764643. MR1239723 (95a:11047) 136
[HKS1996] M. Harris, S. S. Kudla, and W. J. Sweet, Theta dichotomy for unitary groups, J. Amer. Math. Soc. 9 (1996), no. 4,
941-1004, DOI 10.1090/S0894-0347-96-00198-1. MR1327161 (96m:11041) 15, 14
[HL2004] M. Harris and J.-P. Labesse, Conditional base change for unitary groups, Asian J. Math. 8 (2004), no. 4, 653—-683.
MR2127943 (2006g:11098) 12
[How1989] R. Howe, Transcending classical invariant theory, J. Amer. Math. Soc. 2 (1989), no. 3, 535-552, DOI
10.2307/1990942. MR985172 (90k:22016) 136
[I12010] A. Ichino and T. Ikeda, On the periods of automorphic forms on special orthogonal groups and the Gross-
Prasad conjecture, Geom. Funct. Anal. 19 (2010), no. 5, 1378-1425, DOI 10.1007/s00039-009-0040-4. MR2585578
(2011a:11100) 131
[IZ] A. Ichino and W. Zhang, Spherical characters for a strongly tempered pair [appendiz to [Zha]]. To appear in Ann.
Math. 130, 32
[Jac2009] H. Jacquet, Archimedean Rankin-Selberg integrals, Automorphic forms and L-functions II. Local aspects, Contemp.
Math., vol. 489, Amer. Math. Soc., Providence, RI, 2009, pp. 57-172. MR2533003 (2011a:11103) 128
[JPSS1983] H. Jacquet, I. I. Piatetskii-Shapiro, and J. A. Shalika, Rankin-Selberg convolutions, Amer. J. Math. 105 (1983),
no. 2, 367-464, DOI 10.2307/2374264. MR701565 (85g:11044) 12, 9, 25
[JR2011] H. Jacquet and S. Rallis, On the Gross—Prasad congecture for unitary groups, On certain L-functions, Clay Math.
Proc., vol. 13, Amer. Math. Soc., Providence, RI, 2011, pp. 205-264. MR2767518 (2012d:22026) 11
[JS1981] H. Jacquet and J. A. Shalika, On Euler products and the classification of automorphic forms. II, Amer. J. Math.
103 (1981), no. 4, 777-815, DOI 10.2307/2374050. MR623137 (82m:10050b) 137
[Kud1986] S.S. Kudla, On the local theta-correspondence, Invent. Math. 83 (1986), no. 2, 229-255, DOI 10.1007/BF01388961.
MR&818351 (87¢:22037) 136
[Liu] Y. Liu, Relative trace formulae toward Bessel and FourierJacobi periods on unitary groups, Manuscripta Mathe-
matica, DOI 10.1007/s00229-014-0666-x, (to appear in print). 11, 2, 4, 15, 16, 18, 19, 20
[Min2008] A. Minguez, Correspondance de Howe explicite: paires duales de type II, Ann. Sci. Ec. Norm. Supér. (4) 41 (2008),
no. 5, 717-741 (French, with English and French summaries). MR2504432 (2010h:22024) 137

39

(GI]



 http://www.math.tau.ac.il/~bernstei/Unpublished_texts/unpublished_texts/Bernstein93new-harv.lect.from-chic.pdf
 http://www.math.tau.ac.il/~bernstei/Unpublished_texts/unpublished_texts/Bernstein93new-harv.lect.from-chic.pdf
http://arxiv.org/abs/1205.2987v2
http://www.ams.org/mathscinet-getitem?mr=517765
http://www.ams.org/mathscinet-getitem?mr=517765
http://www.ams.org/mathscinet-getitem?mr=3052279
http://www.ams.org/mathscinet-getitem?mr=3166215
http://www.math.nus.edu.sg/~matgwt/GP-theta.pdf
http://www.math.nus.edu.sg/~matgwt/GP-theta.pdf
http://arxiv.org/abs/1405.2626v2
http://arxiv.org/abs/1405.2626v2
http://www.ams.org/mathscinet-getitem?mr=1882037
http://www.ams.org/mathscinet-getitem?mr=1882037
http://www.ams.org/mathscinet-getitem?mr=1239723
http://www.ams.org/mathscinet-getitem?mr=1239723
http://www.ams.org/mathscinet-getitem?mr=1327161
http://www.ams.org/mathscinet-getitem?mr=1327161
http://www.ams.org/mathscinet-getitem?mr=2127943
http://www.ams.org/mathscinet-getitem?mr=2127943
http://www.ams.org/mathscinet-getitem?mr=985172
http://www.ams.org/mathscinet-getitem?mr=985172
http://www.ams.org/mathscinet-getitem?mr=2585578
http://www.ams.org/mathscinet-getitem?mr=2585578
http://www.ams.org/mathscinet-getitem?mr=2533003
http://www.ams.org/mathscinet-getitem?mr=2533003
http://www.ams.org/mathscinet-getitem?mr=701565
http://www.ams.org/mathscinet-getitem?mr=701565
http://www.ams.org/mathscinet-getitem?mr=2767518
http://www.ams.org/mathscinet-getitem?mr=2767518
http://www.ams.org/mathscinet-getitem?mr=623137
http://www.ams.org/mathscinet-getitem?mr=623137
http://www.ams.org/mathscinet-getitem?mr=818351
http://www.ams.org/mathscinet-getitem?mr=818351
http://www.ams.org/mathscinet-getitem?mr=2504432
http://www.ams.org/mathscinet-getitem?mr=2504432

[MVW1987]
[Pra2000]
[Ram]

[RS]
[Sun2012]

[SZ2012]
[SV]

[Wal1990]

[Yam2014]
[Yun2011]

[Zha]

C. Mceeglin, M.-F. Vignéras, and J.-L.. Waldspurger, Correspondances de Howe sur un corps p-adique, Lecture
Notes in Mathematics, vol. 1291, Springer-Verlag, Berlin, 1987 (French). MR1041060 (91f:11040) 136

D. Prasad, Theta correspondence for wunitary groups, Pacific J. Math. 194 (2000), no. 2, 427-438, DOI
10.2140/pjm.2000.194.427. MR1760791 (2001¢:22020) 137

D. Ramakrishinan, A theorem on GL(n) a la Tchebotarev, available at http://www.math.caltech.edu/~dinakar/
papers/tchebGL(n)-DR.pdf. preprint. 124

S. Rallis and G. Schiffman, Multiplicity one conjectures, available at arXiv:0705.2168. preprint. 115

B. Sun, Multiplicity one theorems for Fourier-Jacobi models, Amer. J. Math. 134 (2012), no. 6, 1655-1678, DOL
10.1353/ajm.2012.0044. MR2999291 12, 6, 25

B. Sun and C.-B. Zhu, Multiplicity one theorems: the Archimedean case, Ann. of Math. (2) 175 (2012), no. 1,
23-44, DOI 10.4007/annals.2012.175.1.2. MR2874638 16, 25

Y. Sakellaridis and A. Venkatesh, Periods and harmonic analysis on spherical varieties, available at arXiv:1203.
0039. preprint. 130

J.-L. Waldspurger, Démonstration d’une conjecture de dualité de Howe dans le cas p-adique, p # 2, Festschrift in
honor of I. I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part I (Ramat Aviv, 1989), Israel Math.
Conlf. Proc., vol. 2, Weizmann, Jerusalem, 1990, pp. 267-324 (French). MR1159105 (93h:22035) 136

S. Yamana, L-functions and theta correspondence for classical groups, Invent. Math. 196 (2014), no. 3, 651-732,
DOI 10.1007/s00222-013-0476-x. MR3211043 137, 38

Z. Yun, The fundamental lemma of Jacquet and Rallis, Duke Math. J. 156 (2011), no. 2, 167227, DOI
10.1215/00127094-2010-210. With an appendix by Julia Gordon. MR2769216 (2012b:22009) 11

W. Zhang, Fourier transform and global Gan-Gross-Prasad conjecture for unitary groups. To appear in Ann.
Math. 11, 2, 3, 17, 18, 28, 39

DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, NEW YORK, NY, 10027
E-mail address: xuehang@math.columbia.edu

40


http://www.ams.org/mathscinet-getitem?mr=1041060
http://www.ams.org/mathscinet-getitem?mr=1041060
http://www.ams.org/mathscinet-getitem?mr=1760791
http://www.ams.org/mathscinet-getitem?mr=1760791
http://www.math.caltech.edu/~dinakar/papers/tchebGL(n)-DR.pdf
http://www.math.caltech.edu/~dinakar/papers/tchebGL(n)-DR.pdf
arXiv:0705.2168
http://www.ams.org/mathscinet-getitem?mr=2999291
http://www.ams.org/mathscinet-getitem?mr=2874638
arXiv:1203.0039
arXiv:1203.0039
http://www.ams.org/mathscinet-getitem?mr=1159105
http://www.ams.org/mathscinet-getitem?mr=1159105
http://www.ams.org/mathscinet-getitem?mr=3211043
http://www.ams.org/mathscinet-getitem?mr=2769216
http://www.ams.org/mathscinet-getitem?mr=2769216

	1. Introduction
	2. Weil representations of the unitary groups
	3. Relative trace formula on the general linear group
	4. Relative trace formula on the unitary groups
	5. Comparison of two relative trace formulae
	6. Proof of Theorem 1.1.1
	7. Proof of Proposition 6.1.2
	8. Application to the Bessel period
	References

