ON THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR UNITARY
GROUPS: APPROXIMATING SMOOTH TRANSFER OF JACQUET-RALLIS
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ABSTRACT. Zhang | ] proved the global Gan—Gross—Prasad conjecture for U(n+1) x U(n)

under some local conditions. One of the conditions is that the unitary groups are split at the

archimedean places. We remove this assumption at the archimedean places in this paper.
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1. INTRODUCTION
In [ |, W. Zhang proved the global Gan—Gross—Prasad conjecture | , Conjec-

ture 26.1] for the unitary groups U(n + 1) x U(n) under some local conditions using a sim-
ple version of the Jacquet—Rallis relative trace formula. Zhang’s result requires (among other
things) that the unitary groups are split at all archimedean places. In this paper, we remove

this condition at the archimedean places.
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The Gan—Gross—Prasad conjecture. Let E/F be a quadratic extension of number fields and

W C V be a pair of hermitian spaces of dimension n and n + 1 over E respectively. Let U(WW)
and U(V) be the corresponding unitary groups. The embedding W C V induces an embedding
UW) c UV). Let G = U(V) x UW) and H = U(W). The group H is considered as a
subgroup of G via the diagonal embedding.

Let 7 be an irreducible cupspidal automorphic representation of G(Ar). Here by a cuspidal
automorphic representation, we mean a subrepresentation of the space of the cuspidal automor-
phic forms. We put

P(p) = o(h)dh, ¢em.

/H (F)\H(AF)
This is an H(Ap)-invariant continuous linear form on 7.

Let G' = ResE/F(GLnH x GL,). Let v a place of F. If v splits in E or the representation m,
is unramified, one can define a representation BC(m,) of G'(F},), called the local base change of
my. It follows from [ , Theorem 2.5.2] and | , Theorem 1.7.1] that we may associate
an isobaric automorphic representation II of G'(Ar) to 7 such that for almost all places v of
F, 11, ~ BC(m,). We call it the weak base change of m and denote it by BC(w). It follows
from | , Proposition 10.0.4] and [ , Corollary 3.3.2] that for all split places v of F,
IT, ~ BC(m,).

Let W’ C V' be another pair of hermitian spaces of dimension n and n + 1 respectively. We
say that W/ C V' is relevant if V/W ~ V’/W’ as one dimensional hermitian spaces. We shall
add the subscripts W and W’ to indicate the dependance on W or W’. For instance, we write
Gw for G and Gy for U(V') x U(W'). We fix an isomorphism for almost all places v of F
between Gy (F,) and Gy (F,). Let ©’ be an irreducible cuspidal automorphic representation of
Gw(Ap). We say that m and 7" are nearly equivalent if for almost all places we have 7, ~ .
By the strong multiplicity one theorem for GL,, if 7 and 7’ are nearly equivalent, their weak
base change must be the same. For 7/, we have an analogous Hyy(Ap)-invariant continuous
linear form P’ on 7.

We define the L-function

L(s,1I,St) = L(s, 41 x II,,),

where the right hand side is the Rankin—Selberg convolution of I, and IT,, if IT = I1,,4; X 1II,
and II; is an irreducible cuspidal automorphic representation of GL;(Ag), i = n,n + 1. The

main result of this paper is the following theorem.

Theorem 1.1. Let w be an irreducible cuspidal automorphic representation of G(Ar) and I1 be
its weak base change. Assume that there are two split places v1, vy of F, v1 being nonarchimedean,

such that m,, is supercuspidal and m,, is tempered. Then the following are equivalent.

(1) The central L-value does not vanish: L(%,11,St) # 0.



(2) There is a relevant pair of hermitian spaces W' C V' and an irreducible cuspidal auto-
morphic representation @' of Gy(Ap) that is nearly equivalent to m, such that the linear

form P’ on ' is not identically zero.

Remark 1.2. The recent work of Beuzart-Plessis [3]] allows us to further weaken the hypothesis
to that “there is a place v such that IL,, is supercuspidal” (v; need not be split and there is
no temperedness assumption at another place vy). This relies on the local spherical character
identity established in [BP].

The relative trace formulae approach. We now discuss the proof of Theorem 1.1. Jacquet—

Rallis | | proposed an approach based on the relative trace formulae. There are three major

ingredients in this relative trace formula.

(1) The fundamental lemma.
(2) The smooth transfer conjecture.

(3) The fine spectral expansion.

The fundamental lemma of Jacquet-Rallis was proved by Yun | | soon after | ]. The
fine spectral expansion seems to be a very difficult problem on its own. It is needed to remove
the condition that the representation is supercuspidal at some split place in Theorem 1.1. We
will not deal with this problem in this paper.

The main problem that we will focus on in this paper is the smooth transfer conjecture of
Jacquet—Rallis. This is a local problem. One of the main results in | ] is the proof of this
conjecture in the non-archimedean case and the case when the unitary groups are split. This
result leads to a simple version of the Jacquet—Rallis relative trace formula. With this simple
version of the relative trace formula, Zhang proved Theorem 1.1 in | | under the following

additional assumption.
All archimedean places of F' split in E.

The results and the techniques in [ | are significant breakthrough towards a solution of
the Gan—Gross—Prasad conjecture. However, for many arithmetic applications, the assumption
that E/F splits at all archimedean places seems too restrictive. The goal of this paper is to
remove this assumption. We have not succeeded in proving the smooth transfer conjecture of
Jacquet—Rallis. However, we are able to prove a weaker version of it which is sufficient to imply
Theorem 1.1. We briefly discuss our approach.

To II, we associate certain distribution Iri(f’) where f’ is a Schwartz test function on G'(Ap).
It has the property that L(%, I1, St) # 0 if and only if I1y is not identically zero. To each 7y that
is nearly equivalent to 7, we associate certain distribution Jr, (fw) where fy is a Schwartz
test function on Gy (Ap). It has the property that P’ is not identically zero on 7y if and only
if J,

e 18 not identically zero. Assume that f' = ®@f, and fy = ® fwr, are factorizable. We



say that f’ and the collection of test functions { fy»} where W’ runs over all hermitian spaces of
dimension n are smooth transfer of each other if for all places v of F, f; and { fy,} are smooth
transfer of each other, the later meaning that the regular semisimple orbital integrals of f, and
{fw .} coincide (see Section 2 for the definitions). The Jacquet—Rallis relative trace formula is
an identify
(1.1) In(f) =32 ey (fwr)

W' oy
where f’ and {fy} are smooth transfer of each other, the outer sum on the right hand side
runs over all hermitian spaces of dimension n and the inner sum runs over all automorphic
representations my of Gy (Ap) that are nearly equivalent to .

The smooth transfer conjecture of Jacquet—Rallis asserts that for any place v of F', the smooth
transfer of any f, (resp. {fw,}) exists. Zhang | ] proved this conjecture when E,/F, #
C/R. Our major innovation in this paper is the following. Assume that E,/F, = C/R. We
say that f} is transferable if its smooth transfer exists. For a fixed W, we say that fy, is
transferable if the collection { fyy,; 0} is transferable where 0 means that fy, = 0 if W' # W.

We prove the following statement.
(*) Every fl (resp. fw) can be approximated by transferable ones.

Here approximation means the approximation in the the space of Schwartz functions S(G'(F,))
(resp. S(Gw (Fy))). We refer the readers to Notation below for the explanation of convergence
in these spaces.

Being transferable is only a restriction on the nonsplit archimedean places. At other places,
all test functions are transferable. The result (*) is sufficient to imply Theorem 1.1. We sketch
the argument to prove that (1) implies (2). A more detailed proof is contained in Section 12.
Assume (1) of Theorem 1.1. Then we may choose a nice test function f’ (this is a condition
on f) where v is split in E, see | , Section 2.2] and Section 12 for some discussions) so
that Iri(f’) # 0. Fix a nonsplit archimedean place vg of F. It is not hard to show that Ir(f’)
is a continuous linear functional on S(G'(F,,)) if we fix all components of f' = ®f] other
than f; . Then we apply (*) to modify f" at the nonsplit archimdean places so that f’ is nice
and transferable and we still have Iri(f') # 0. It follows from [ | that the relative trace
formula (1.1) holds for nice test functions. Then we conclude that there is at least one nonzero
term on the right hand side. This proves (1) implies (2).

We remark that with the same technique, using approximating smooth transfer rather than
the actual smooth transfer, the assumption in | , Theorem 1.1.1] at the archimedean places
can also be removed.

Smooth transfer. We explain a little more details about the proof of (*). The proof is largely

inspired by | ]



We first recall how the smooth transfer conjecture was proved in the non-archimedean case
in [ ]. Let us introduce more notation. Let F be a local field and E = F X F or a quadratic
field extension of F'. Let V be an n dimensional hermitian space over £ and H = U(V). Let b
be the Lie algebra of H and ¥V = § x V. The group H acts on V by conjugating on h and on V'
in the natural way. For test functions on V), there are three H(F')-invariant Fourier transform,
namely the Fourier transform with respect to h, V' and the total space V, which we denote by
Fy, Fv and Fy respectively. The smooth transfer conjecture is first reduced to an analogous
statement on the Lie algebra, i.e. a transfer problem for test functions on V.

Now assume that F is non-archimedean. Then the space of test functions is C2°(V), the space
of compactly supported locally constant functions on V. Let V — V//H be the categorical
quotient (see below Notation for the explanation). The categorical quotient V//H is isomorphic
to the 2n-dimensional affine space over F. We let N/ C V be the nilpotent cone in V, namely
the inverse image of 0 € V//H. The smooth transfer conjecture is proved by induction on the

dimension of V. There are three major steps.

(1) If f € C(V\N), then we apply the induction hypothesis to show that the smooth
transfer of f exists. The point is that the orbital integral near a semisimple point that
is not in the nilpotent cone “looks like” an orbital integral of the same type with some
different hermitian space V'’ and dim V’ < dim V. The notion of the sliced representation
and semi-algebraic Luna slice are systematically used in this step.

(2) If f € C°(V) is transferable, then so is F.f where * = h,V or V. The main tool is a
local relative trace formula. The essential ingredient in this local relative trace formula
is the estimate of the upper bound of the orbital integrals.

(3) Any f € C°(V) can be written as

f=fA+f+fs+ fa+fo,

where f1, Fy fo, Fv f3, Fyfa € C°(V\N) and any regular semisimple orbital integrals of

fo vanish. This statement is deduced from the following fact.

(**) Let D be an H(F)-invariant distribution on V. If D and all its H(F')-invariant

Fourier transforms are supported in N, then D = 0.
This fact is proved in | , Theorem 6.2.1].

Now assume that F' is archimedean. One would like to prove the smooth transfer conjecture
along the same line as in the non-archimedean case. Then the space of test function should
be replaced by S(V), the Schwartz space over V. Steps (1) and (2) above can be proved by
roughly the same technique as in the non-archimedean case. The fact that we are dealing with
Schwartz functions brings in some technical difficulties at various points. But this is not a serious

problem. The major difficulty appears in Step (3). The fact (**) also holds in the archimedean



case. However, (**) is not sufficient to imply the conclusion in Step (3), but only a weaker

version of it, namely,

(***) Any f € S(V) can be approzimated by functions of the form f1 + fo+ fs+ fa+ fo, where
J1. Fofo, Fv fz, Fyfa € SWV\N) and any regular semisimple orbital integrals of fo vanish.

We have not succeeded in proving Step (3) in the archimedean case, nor the smooth transfer

*#%) is sufficient. Like the non-archimedean

conjecture. However, to prove (*), the statement (
case, we again use induction. The difference is that we have a weaker induction hypothesis
in Step (1) and need to prove a weaker statement. Thus our proof of (*) is divided into the

following steps.

(1) Reduce the statement (*) to the Lie algebra. This is done in Section 3.
(2) We prove Step (2) above. This is done in Section 4 to Section 9.
(3) We use induction and the fact (***) to prove the Lie algebra version of (*). This is done

in Sections 10 and 11.
Notation. Below we list some notation that will be used through out this paper.

— We usually use capital letters G, H etc. to denote groups and use the corresponding
Gothic letters g, b etc. to denote their Lie algebras.

— Let F be a field. Then we use F), (resp. F™) to denote the space of row (resp. column)
vectors with n entries. We put e = e, = (0,---,0,1) € F,,. We write diag|g1,--- ,g,] for
the blocked diagonal matrix with diagonal blocks g1, - - , g;.

— Let F be field and x : F'* — C* be a character. We often identify y with a character of
GL,,(F), by composing it with the determinant map.

— Let F be a local field of characteristic zero and X an algebraic variety over F'. Then X
is endowed with the Zariski topology and X (F) is endowed with the analytic topology.
In particular, if F' is non-archimedean, then X (F) is an l-space in the sense of | ].
If F =R and X is smooth, then X (F') is a Nash manifold | . If F =C, then X (F)
is a complex analytic space.

— We make use of the notion of categorical quotients. Let X = Spec A be an affine variety
over a field F' of characteristic zero and H a reductive group acting on X. Let v € X (F)
and h € H(F). The action of h on 7 is usually written as 7". Let Y C X(F) and
U C H(F). We denote by YU the set {4 | v € Y, h € U}. The element 7 is called
semisimple if the orbit of v is Zariski closed. If F' is a local field, this is equivalent
to that the orbit is a closed subset of X (F') in the analytic topology. The element
~ is called regular if its stabilizer is of minimal dimension. We denote by X.s the
locus of regular semisimple elements in X. This is an Zariski open subset of X. Let

A be the ring of invariant functions on X. The categorical quotient is a morphism



q: X — X//H = Spec A" . It parameterizes semisimple orbits in X. We usually simply
call X//H the categorical quotient. We write (X//H);s for the regular semisimple
locus. This is an Zariski open subset of X//H. Suppose that F is a local field. An open
subset 2 C X (F) is called saturated if there is an open subset U C (X//H)(F') so that
Q=q¢YU).

— We make use of the notion of Schwartz functions systematically. Over a non-archimedean
local field, if M is an l-space, then the Schwartz space S(M) = C°(M), the space of
compactly supported and locally constant functions on M. Over an archimedean local
field, we choose to work in the setting of Schwartz functions on Nash manifolds | ].
Let M be a Nash manifold and we denote by S(M) the space of Schwartz functions
on M. These are smooth functions f on M so that sup,c,,|Df(z)| is finite for any
Nash differential operator D. For any Nash differential operator D on M, we define a

seminorm ||-||p on S(M) by
Iflp = sup|[Df(z)].
xeM

Then under the seminorms {||-||p}p, S(M) is a Fréchet space | , Corollary 4.1.2]
and contains C°(M) as a dense subspace. Suppose that {g,} is a sequence of Schwartz
functions on M. We denote by g, = f if g, converges to f in S(M). More concretely,
gn = f means that Dg, converges to D f uniformly for any Nash differential operator
D on M.

Remarks on the measures. All integrals in this paper depend on the measures that we choose.

However, as we are dealing with the nonvanishing problem, the choice of the measure usually
does not matter. Thus unless otherwise specified at certain places (e.g. Kloosterman integrals),
we assume that we have fixed a measure on each space over which we are integrating. On the
groups, we always fix a Haar measure. On vector spaces over the archimedean local fields, we

always take the Lebesgue measure.

Acknowledgement. The author thanks W. Zhang and R. Beuzart-Plessis for many helpful discus-
sions. The author thanks S. Zhang for the interest in this work and the constant support. The
author would also like to thank the anonymous referee for very careful reading of the manuscript

and many useful comments.

2. ORBITAL INTEGRALS AND THE SMOOTH TRANSFER CONJECTURE OF JACQUET—RALLIS

In this section, we define the orbital integrals and recall the smooth transfer conjecture of
Jacquet—Rallis.

Let F be a local field of characteristic zero and E an quadratic étale algebra over F. Let n
be the quadratic character of F'* associated to E//F by the local class field theory.



We start from the general linear side. We shall always consider GL,, as a subgroup of GL,4+1
via the embedding h — diag[h,1]. Let S,y; be the subvariety of Resg/p GLp41 consisting
of matrices satisfying gg = 1. The group GL,, acts on S,4+1 by conjugation. Let o be the

composition of maps

GLy1+1(F) X GLy(FE) — GLp41(E) = Spt1(F),
where the first map is given by (gni1,9n) = g5, 'gns1 and the second map is given by g — gg—'.
Note that by the Hilbert Satz 90, the map o is surjective. Any element v € S, +1(F) is of the
form v = t£ ' where t € GLy 11 (E).
We fix a character u : E* — C* so that u|px = n. We view it as a character of GL,,(E) by

composing it with the determinant map. We define a map
0 : S(GLp+1(F) x GL,(E)) = S(Sp+1(F))

as follows. Let f' € S(GLy+1(E) X GL,(E)). Then we put
s = [ [ fgth g th)dndg.
GLn(E) J L1 (F)

Lemma 2.1. The map o is continuous and surjective. Moreover, the inverse image of any

dense subset L of S(Sp+1(F)) is dense in S(GLp41(E) x GL,(E)).

Proof. We only need to prove the lemma when F' is archimedean. The continuity of & is clear.
The surjectivity of o follows from | , Theorem B.2.4]. The last statement of the lemma

follows from the Banach Open Mapping Theorem. O

Let f' € 8(Sn4+1(F)) be a Schwartz test function and v € S,+1(F) be a regular semisimple

element. We define

OC.£)= [ b yhyn(h)a.
GLn (F)
Lemma 2.2. For any regular semisimple vy € Sy4+1(F), the linear functional

fr=00u1), f € S(Snu(F))

1S continuous.

GLn (F)

Proof. Since « is regular semisimple, its orbit ~ in S,41(F) is a closed algebraic subset.

In particular, if F' is archimedean, it is a closed Nash submanifold. The restriction map
S(Sp41(F)) = Sy 1)

is thus continuous. The continuity of O(v, f’) then follows. O



We fix a transfer factor Q2 as follows:

Q(v) = p((dety) D2 det (e, ey, eq%, -+ er™), 7 € Sps1(F).

Now we treat the unitary group side. Let V be an n + 1 dimensional hermitian space over F
and W C V an n dimensional subspace that admits an orthogonal decomposition V =W & Evg
where v is an anisotropic vector in V. We may assume that (vg,v9) = 1 where (—,—) is
the hermitian form on V. Another pair of hermitian spaces W’ C V' of dimension n and n + 1
respectively will be called relevant if it admits the orthogonal decomposition V' = W’ @ Evg. Let
U(V) and U(WW) be the corresponding unitary groups. We always consider U(WW) as a subgroup
of U(V) via the embedding induced by W C V. Then U(W) acts on U(V') by conjugation.

For § = (8,41,0,) € U(V)(F) x UW)(F), we put 7(8) = d,410,,* € U(V)(F). We define a
map of functions 7 : S(U(V)(F) x UW)(F)) — S(U(V)(F)) as

AN@ = [ foh
UW)(F)
We sometimes denote this map by Ty to emphasize the dependance on the space W.

Lemma 2.3. The map T is continuous and surjective. Moreover, the inverse image of any
dense subset L of S(U(V)(F)) is a dense subset of S(U(V)(F) x UW)(F)).

Proof. This can be proved in the same way as Lemma 2.1. We omit the details. ([

Let f € S(U(V)(F)) be a Schwartz function and § € U(V)(F) be a regular semisimple

element. We define

0, f) = / f(h=16h)dh.
U(W)(F)

Lemma 2.4. For any regular semisimple § € U(V)(F), the linear functional
f=00,f), feSUWV)F))
18 coOntinuous.

Proof. This can be proved in the same way as Lemma 2.2. We omit the details. U

Choose a basis of W and we obtain a basis of V' by adding vg. Then U(V) is realized as
a subgroup of Resg/p GLpy1. We say that v € S,,41(F) and 6 € U(V)(F) match if they are
conjugate by an element in GL,(E) (both considered as elements in GL,11(£)). This notion
depends only on the orbits of v and § under the action of GL,(F') and U(W)(F') respectively.
Thus we also say that the orbit of v and the orbit of 6 match in this case. The matching of
orbits defines a bijection between regular semisimple orbits in .S, 11 (F") and the disjoint union of
regular semisimple orbits in all U(V)(F') where V= W& Evg and W ranges over all isomorphism

classes of hermitian spaces of dimension n. Let f' € S(Syp+1(F)) and {fw} be a collection of



functions with fyr € S(U(V)(F)) and W ranges over all isomorphism classes of hermitian spaces
of dimension n and V =W @ Evy. We say that f’ and {f} are smooth transfer of each other
if for all matching regular semisimple v € S,4+1(F) and § € U(V)(F), we have

QY)O(y, f') = O, fw).

If f" € S(GLy41(F) x GLy(E)) and fiy € S(U(V)(F) x U(W)(F)) where W ranges over all
isomorphism classes and V. = W & Evg, we say that f’ and the collection {fy} are smooth
transfer of each other if &(f’) and the collection {7y (fi)} are smooth transfer of each other.
We say that " € S(Sp4+1(F)) (resp. {fw}) is transferable if its smooth transfer exists. For
a fixed W, we say that fiy € S(U(V)(F)) is transferable if the collection {fu,0,---,0} is
transferable. Here 0 means the fy» = 0 if W’ # W. We say that f € S(GL,+1(F) x GL,(E))
is transferable if o(f’) is transferable. For a fixed W, we say that fir € S(U(V)(F) x U(W)(F))
is transferable if the collection {7w (fw),0,---,0} is transferable. Here 0 means the fy» = 0 if
W' £ W.

Conjecture 2.5. Any test function f' € S(Sp41(F)) (resp. f € S(U(V)(F))) is transferable.
Theorem 2.6. If E/F # C/R, then Conjecture 2.5 holds.

This is one of the main results of | ]-

The following is the main technical result of this paper.

Theorem 2.7. Let E/F = C/R. The set of transferable functions in S(Sp+1(F)) is dense.
Similarly, the set of transferable functions in S(U(V)(F)) is dense.

This will be proved in the next section.

Corollary 2.8. Let E/F = C/R. Any f' € S(GL,4+1(F) x GL,,(F)) can be approzimated by
transferable functions. Similarly, any fw € S(UV)(F) x UW)(F)) can be approzimated by

transferable ones.

Proof. This follows from Theorem 2.7 and Lemma 2.1 and 2.3. U

3. ORBITAL INTEGRALS AND THE SMOOTH TRANSFER ON THE LIE ALGEBRA

We introduce in this section a Lie algebra analogue of the Jacquet—Rallis smooth transfer
conjecture. We keep the notations from the previous section.

We start from the general linear group side. Let 5,11 be the “Lie algebra” of S;,11(F'), namely

Spi1 ={X € M1 (E) | X + X =0}.

10



We view s,,41 as an algebraic variety over F'. The group GL,, acts on s,41 by conjugation. Let
"€ S(sp+1(F)) be a Schwartz function and v € s,41(F) a regular semisimple element. We
define

Ot f)= [ b yhyn(h)a.
GLn (F)
Similarly to the group case, the integral is absolutely convergent and the linear functional
"= O(v, f) is continuous.

We now consider the unitary group side. We choose a basis of V' so that the hermitian form

on V is given by a matrix 5. Let u(V') be the Lie algebra of U(V'), namely,
w(V) = {X € My (E) | X + X5 =0},

We view u(V) as an algebraic variety over F' and U(W) acts on it by conjugation. Let fy €
S(uw(V)(F)) be a Schwartz function and § € u(V')(F') be a regular semisimple element. We define

O(y, fiw) = / S (b1 6h)dh.
U(W)(F)

Similarly to the group case, the linear functional fy — O(7, fir) is continuous.
We fix a transfer factor w on 6,41 (F) as follows. Fix an element 7 € F* so that E = F(\/7).
Then we define

w(y) = n(det(e, ev/v/7,- -+, e(y/vV/T)")).
The matching of orbits and the smooth transfer conjecture maybe formulated in terms of
the categorical quotients. The categorical quotients s,,41// GL,, and u(V')// U(W) are naturally

identified and are isomorphic to the 2n + 1-dimensional affine space, c.f. | , Section 3.

Denote this quotient by . The canonical morphism ¢ : §,+1 — $,+1// GL,, is given by
v (TrAly, endlte), i=1,---,n+1,j=1,---,n
Similarly the canonical morphism g : u(V) — u(V)// U(W) are given by the morphism
5 (Tr A%, (8, w0)), i=1,---,n+1, j=1,---,n,

where (—, —) stands for the hermitian form on V. We say that v € s,,41(F) and § € u(V)(F)
match if their images in Q(F) coincide. Similar to the group case, the matching of regular
semisimple orbits defines a bijection between the regular semisimple orbits in s,41(F) and
disjoint union of regular semisimple orbits in u(V')(F') where where W runs over all isomorphism

classes of hermitian spaces of dimension n and V =W & FEuvyg, i.e.
5n+1( )rs/ GL <—> Hu rs/U )( )7

where the subscript rs stands for the subset of regular semisimple elements.

11



Let f' € S(sp+1(F)) and fyr € S(uw(V)(F)) be Schwartz test functions. We say that f’ and
the collection {fy} are smooth transfer of each other if for all matching regular semisimple
orbits v € 5,41 (F) and 6 € u(V)(F'), we have

w()O(v, ') = O(9, fw).

We say that f’ (resp. {fw}) is transferable if its smooth transfer exists. For a fixed W, we
say that the smooth transfer of fyr € S(u(V)(F)) exists if we can find a collection of functions
{fw;0,---,0} which is transferable. Here 0 means the fy» =0 if W' # W.

Conjecture 3.1. All test functions ' € S(s,41(F)) (resp. f € S(W(V)(F))) are transferable.
Theorem 3.2. If E/F # C/R, then Conjecture 3.1 holds.

Again this is proved in [ .
Theorem 3.3. Assume that E/F = C/R. Then the set of transferable functions in S(s,+1(F))
(resp. S(W(V')(F))) is dense.

This will be proved in Section 11.
For the rest of this section, we will take E/F = C/R.

Lemma 3.4. Suppose that f' and {fw} are smooth transfer of each other. Let o € S(Q(R)) be
a Schwartz function. Let o =ao q and for each hermitian space W let aywy = o qw. Then
flol € S(sn41(R)) and fiyasy € Su(V)(R)). Moreover, f'a’ and { fyraw} are smooth transfer

of each other.

Proof. Since « is a Schwartz function, the functions o and ayy are tempered functions in the
sense of | , Definition 4.2.1]. It follows from | , Proposition 4.2.1] that f’&’ and fyaw
are Schwartz functions. Let v € s,41(R) and 6 € u(V)(R) be matching regular semisimple
orbits. Then ¢(v) = qw (5). We have

O fay = [ F(h e (h )k = ala(:)00. ).
GLn(R)
Similarly for O(6, fwaw) = al(qw (6))O(6, fw). The lemma then follows. O

Lemma 3.5. Let f € S(s,+1(R)). Then the function
7= 00 f)
is smooth on Qs(R). Similar result holds in the unitary case.

Proof. Suppose that g is a regular semisimple point and U C @Q,s(R) be a small Nash neigh-
bourhood of 7g in Q(R). We may assume that f € S(¢g~'(U)). Since ¢~} (U) — U is a GL,(R)
principal homogeneous space and the orbital integral is the integration along the fibers, the

resulting function on U is smooth. ([
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Lemma 3.6. Let g € S(Qrs(R)) be a Schwartz function on the reqular semisimple locus in Q(R).
Then there is a Schwartz function on ¢~ '(supp g) so that g = O(-, f).

Proof. Let U be a small open connected set in Q.s(R). We may assume that g is supported in U.
Then ¢~ }(U) — U is a principal homogeneous space and the orbital integral is the integration
along the fibers. The lemma then follows from | , Theorem B.2.4]. ]

We show that Theorem 3.3 implies Theorem 2.7.

Proof of Theorem 2.7 assuming Theorem 3.3. We will prove it in the general linear case, the
unitary case is similar and requires only minor modification of the notation. We only need to
prove that any f € C>°(S,+1(R)) can be approximated by transferable functions.
Let v € I and
D, ={g € M4 | det(v — g) = 0}.
Then by | , Lemma3.4], for £ € C!, the morphism
ag : Mpi1\D1 = GLpy1 \Dy, x5 —€£(1+2)(1—2)7!

induces an H (R)-equivariant Nash diffeomorphism s,,1(R)\D1 — Sp41(R)\D¢. Therefore com-
position with ag gives a topological isomorphism between S(s,41(R)\D1) and S(S,+1(R)\Dyg).
Moreover, we can choose finitely many &,---,& € C! so that S,1(R)\Dg, (i = 1,---,7)
form an open cover of S,,11(R). Then by the Partition of Unity, we may assume that f €
C2°(Sn+1(R)\Dg) for some & € C'. Thus we may choose a sequence of transferable functions
gn € S(sp+1(R)) so that g, = f o ag.

The set g(supp(f o a¢)) is compact in Q(R) = (s,41//H)(R). Moreover, Dy is the inverse
image of a hypersurface, denoted by C, in (). Therefore we may choose a smooth function
v € CX(Q(R)) so that v takes value one on g(supp(f o a¢)) and suppy N C(R) = 0. Let
¥ =~vogq. It is a tempered function on s,11(R) that is supported in s,4+1(R)\D;. Then g, =
9n Y € S(sp+1(R)\D1). It is still transferable by Lemma 3.4. Moreover g, = (foag)y = foag.
Let g/, = gn o agl € S(Sn+1(R)\D¢). Then g, = f. Since the transfer factors  and w are
compatible with the map a¢ by | , Lemma 3.5] (in a precise sense as described there), the

function ¢/, is transferable. O

4. SETUP

We set up some notation and convention that will be kept till the last but one section. Unless

otherwise stated, we assume that E/F = C/R. We consider two cases.

— General linear case. We put H = GL,,, h =gl,,, W =R, x R" and V = § x W. The
group H = GL,, acts on V via

(X, u,v)" = (W' Xh,uh, h " ).

13



Let A(X,u,v) = det(uXv)o<; j<n—1. Then (X,u,v) is regular semisimple if and only
if A(X,u,v) # 0. We let D(X) be the discriminant of X, namely

n(n—1)

D(X)=(-1)" 7 J[—N)%
1<j
where A1, --- , A, are all the eigenvalues of X. We define a bilinear form on V by

(X1,u1,v1), (X2, u2,v2))y = Tr X1 Xo + u1v2 + uguy.

This bilinear form is H-invariant. The subspaces h and W are H-invariant and they are
orthogonal under this bilinear form. We say that an element (X, u,v) is strongly regular
semisimple if X, (u,v) and (X, u,v) are all regular semisimple under the action of H.
More concretely this means that D(X) # 0, A(X,u,v) # 0 and uv # 0. Sometime for
simplicity, we write elements in V as (X, w) where X € gl,,(R) and w € W = R,, x R™.
Unitary case. Let W be a hermitian space of dimension n over E and (—,—) be the
hermitian form on W. Let H = U(W) the unitary group and h = u(WW) the Lie algebra
of H. We put V = u(W) x W. The group H = U(W) acts on V via

(X, w)" = (W Xh,h " tw).

Let A(X,w) = det((X*w, X/w))o<i j<n—1. Then (X, w) is regular semisimple if and only
if A(X,w) # 0. We let D(X) be the discriminant of X, namely
n(n—1)
DX)=(-1)" = [[v—-A)%
1<j

where Ay,---, A, are all the eigenvalues of X. We define a bilinear form on V by
(X1,w1), (X2, w2))y = Tr X1 Xo + (w1, wa) + (wa, w1).

This bilinear form is H-invariant. The subspaces u(W) and W are H-invariant and
they are orthogonal under this bilinear form. We say that an element (X, w) is strongly
regular semisimple if X, w and (X,w) are all regular semisimple under the action of
H. More concretely, this means that D(X) # 0, A(X,w) # 0 and (w,w) # 0. We
sometimes write Vyy and Hy for V and H to emphasize the dependance on W.

In either case, if f € S(V) is a Schwartz function and v € V is a regular semisimple element,

then we may define the orbital integral O(v, f). Moreover, the categorical quotient V//H in

both cases are naturally identified in a similar way as in Section 3. We fix a transfer factor in

the general linear case by w(X,u,v) = n(det(u,uX, - ,uX""1)). We may define the notion of

smooth transfer of test functions and the notion of transferable functions. As in [ ], this

transfer problem is equivalent to the one described in Section 3. Thus we will not distinguish

these two transfer problems.

14



5. UPPER BOUNDS OF ORBITAL INTEGRALS

We begin with some lemmas on Schwartz functions.

Lemma 5.1. Let M be a Nash manifold and f € S(M). Then there is a Schwartz function
g € S(M) such that |f| < g.

Proof. By | , Theorem A.1.1], there are Schwartz functions fl(i), fzi) eS(M),i=1,---,n,
so that f =", fl(i) -fQ(i). Then g = %ZZ(|f1(l)|2 + |f2(i)\2) does the job. O

Lemma 5.2. Let M and N be Nash manifolds and f € S(M x N). Then there are nonnegative
Schwartz functions fi € S(M) and fa € S(N) such that |f(m,n)| < fi(m)fa(n).

Proof. Applying | , Theorem A.1.1] to the natural projection map M x N — M, we see
that S(M x N) = S(M)S(M x N), where the right hand side means multiplication of functions
and a Schwartz function on M is considered as a function on M x N via pullback. Similarly,
S(M x N) = S(N)S(M x N). Therefore S(M x N) = S(M)S(N)S(M x N), namely given
f € S(M xN), there are Schwartz functions oy; € S(M), 8; € S(N),vi € S(MxN),i=1,--- ,k
such that

Zaz n)yi(m,n).

There is a constant C' such that |y;(m,n)| < C for all i. By Lemma 5.1, we may find Schwartz
functions f; € S(M) and fo € S(IN) that are nonnegative, such that |a;| < fi and || < fa
for all ¢ (find such a function for each individual i and then take the sum of them). Then we

conclude that
f(m,n)| < Z\az n)yi(m,n)| < kCfi(m) fa(n).

As kC'fy is again a nonnegative Schwartz function, the lemma follows. O

Lemma 5.3. Let D = R, C or a quaternion algebra over R and T be an elliptic torus in D*. Let
f,g € S(D) be Schwartz functions and a,b,c € D*. Then there are constants C1,Ca,C3 > 0,
depending on f and g only, so that

C1 — Cayloglv(be)|, |v(be)| <1

(a7t 1) g(cta)dt| < ,
Cs|v(be)| 71, lv(be)| > 1

where dt is the multiplicative measure on T and v : D — R 1is the reduced norm.
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Proof. Assume that |v(bec)| < 1. We have

/ f<a-1t—1b>g<cm>dt\ <suplf15uplg] [, 1y-1yc,
[v(cta)|<1

—i—/ ]f(altlb)g(cta)|dt+/ |f(a 't b)g(cta)|dt.
lv(a=1t—1b)|>1

|v(cta)|>1

The second and third terms are bounded by some constants depending on f and g only. In fact,
there is a large integer r and a constant C’ such that |f(¢)] < C'|v(t)|™"

/ |f(a_1t_1b)g(cta)|dt < C'suplg| lv(t)|~"dt.
[v(a=tt=1b)[>1 lv(t)|>1

Similarly for the third term. The first term is bounded by —C sup|f|sup|g|log |v(bc)| where C
is a positive constant independent of f, g and a,b,c. This proves the lemma when |v(bc)| < 1.

Now assume that |v(be)| > 1. Without loss of generality, we may assume that |v(a=1b)| > 1.
Then

/ f(a_lt_lb)g(cta)dt‘ < suplf| / lg(cta)|dt + / £~ 1b)g(cta)|dt.
T DI a-1b) DIl a-1b)

We treat two terms separately. Since g is a Schwartz function, there is an integer k and a
constant Cy so that |g(cta)| < Cy|v(cta)|™*. The first term is then bounded by

Cy sup|f| lv(cta)|Fdt.
lv(®)|=]v(a=1b)|

We may choose k to be large enough so that

/ w(cta)|*dt < / (1) ~Fdt < Colw(be) Y,
(Ol lvta=8)] W (©) 2 )

for some constant Cy. We now treat the second term. As both f and g are Schwartz functions,

we may find large integers k and r and a constant C3 so that
|[f(@™t7 0)g(cta)| < Cslv(a™"¢710)[F|v(cta) |7 = Calu(t)]"|v(a™"b)|F v (ca) 7.
We may choose r so that
/ (B dt < Caly(a™ D)
lv(t)|<|v(a=1b)|

for some constant Cy. This proves that there is a constant C5 so that the second term is bounded
by Cs|v(be)| L. O

We retain the notation and settings from Section 4.

Lemma 5.4. Let T' C H be a Cartan subgroup.
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(1) Suppose that we are in the general linear case. Let fa, f3 € S(h). Then there are
constants C > 0 depending only on fa and fs and r > 0 depending only on n, so that
for any h,61,92 € H(R), we have

/ | fo(h=Y716)) f5 (5ath)|dt < C - max{1, [log|det 310}
T(R)

(2) Suppose that we are in the unitary case. Let fo € S(W™) be a Schwartz function. Then
there is an r > 0 depending only on n and a constant C depending only on fo so that
for all h € HR) and all § = (w1, ,w,) € W™ such that A = det(w;, wj)1< j<n # 0,
we have

/ |fo(h~1t710)|dt < C - max{1, [log|A||}".
T(R)

Proof. We prove this in the general linear case. The unitary case is similar. Let t be the Lie
algebra of T'. It is a Cartan subalgebra of h. We may identify t with [];_, E; where E; is either
R or C. Then T = [[;_, E. Let n; be the degree of E; over R, then > n;, = n. Let P be
the parabolic subgroup of H associated to the partition Y n; = n with the Levi decomposition
P = MN. Let p = m ®n be the Lie algebra of P where m and n are Lie algebras of M
and N respectively. We usually write M = [[;_; M; and m = ®f_;m; where m; is the Lie
algebra of M;. Note that M; is either isomorphic to R* if n; = 1 or GLy(R) if n; = 2. We
may assume that EiX C M; hence F; C m;. Then T is an elliptic torus in M. Fix a maximal
compact subgroup K of H(R), e.g. the orthogonal group. We have the Iwasawa decomposition
H=NMK or H= KMN. We may write h = nmk, d; = nymi1k, and ds = kamaono. Then
h=1t716, = k~'m~'n~Ynimik,. Since f, is a Schwartz function on b, there is nonnegative
Schwartz function go € S(h) such that |f(k1 Xk2)| < g2(X) for all ki, k2 € K and X € h. Thus

\f(k‘*lm*ln*ltmmlkl)] < gg(mflnfltnlml).

1

Now m~'tm, is the Levi component of m~!n~1tn;m; with respect to the decomposition p =

m @ n. Therefore by Lemma 5.2, we may find a nonnegative Schwartz function f; € S(m) so
that
g2(m™ " nymy) < fh(m~ttmy).
In conclusion, we have
|fo(hH7160)| < fo(m™ ).
Similarly, we may find a Schwartz function f; € S(m) so that |f3(d2th)| < f5(matm). We now

write t = (t(i)) e T where t) € E and similarly for m, mi, ms. By Lemma 5.2, we may assume
that f5 and f} are of the form [[;_, f2(i) and [[;_, éi) respectively where fQ(i), f:,Ei) € S(m;). Then

/T(R)|f2(h—1t—151)f3(52th)ydt gH/EX fQ(z‘)(m(i),—lt(z‘),—lmgi))féz’)(mg’)t(z’)m(z‘))dt(i)
=1 i
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By Lemma 5.3, for i = 1,--- e, there are constants C1,C2,C5 > 0 that depend on f) and f}
only, so that

, C1 — Cs loglv mOm , v mOm (i) <1
#5) m OO0 D (e @)t < o vl e )
Ef Calv(my my”)| 7, w(mPmi) > 1

where v : M; — R is the reduced norm, i.e. the identity map if M; ~ R* and the determinant
map if M GL2(R). We may label M; so that for i =1,--- s (resp. i =s+1,--- ,e) we have
]V(mgZ m2 )| <1 (resp. > 1). Let

A=[[wmPm), B= T lvm{’md)
=1 i=s+1

Fori=1,--- s, there is a constant C4 so that
Cy — Cs log|u(mg m2 )| < Cy(1 —logA).

It is not hard to check that the function a(z) = x(1+ |log z|)* is increasing when z € (0,e!=%)U
(1,00) and decreasing in (e!7%,1) and a(1) = 1. Tt follows that there is a constant Cj so that
A(1 —log A)* < C5AB(1 + |log AB|)*. Therefore (Cy(1 —log A))*B~1 < C5C5(1 + |log ABJ).

The lemma then follows easily. O

Lemma 5.5. Let f € S(V). There are constants C > 0 and r > 0 that depend only on f, such

that for all strongly reqular semisimple (X, w) € V, we have
O((X,w), f)] < C - max{1, [log| A(X, w)[[}" - max{1, | D(X)["2}.

Proof. We prove this in the general linear case. The unitary case is similar and easier.

By definition, we have

0((X,u,v), f)| = /H(R)f(h‘th,uh, h=tv)n(h)dh g/H(R)\f(h‘th,uh,h‘lv)|dh.

The map V — gl,, x gl,, x gl,, given by (X, u,v) — (X, d1,2) where
01 (XZ ) n—1 € ol,, 09 = (uXi)i:07...7n_1 € gl,,

is a closed embedding of Nash manifolds. Therefore by | , Theorem 4.6.1], there is a
Schwartz function f € S((gl,(R))?), such that

f(Xvu’U) = f(Xv(Sla(SZ)'

By Lemma 5.2, we need to prove that for any f1, fo, f3 € S(gl,,(R)), there are constants C > 0
and r > 0, depending on f1, fo and f3 only, so that for all strongly regular semisimple (X, u,v) €

18



V, we have
/H VX R 00 )i < € {1, gl ACK, w7} - ma{1, [DOO] )

We choose a (finite) complete set of representatives of Cartan subalgebras t of h up to H-

conjugacy. We may assume that X € t is regular and let T" be the stabilizer of X. Then

/ |f1(h1Xh)f2(h151)f3(52h)|dh:/
H(R)

(B XR) / o (h™1161) fa(Gath) | dtdh.
T(R)\H(R) T(R)

It follows from Lemma 5.4 that there is a constant C’ so that
/ | f1(h " X h) fo(h™161) f3(82h)|dh < C" - max{1, [log| A(X, w)||"} - / | f1(h~ X R)|dh.
H(R) T(R)\H(R)

By the bound of Harish-Chandra of the (usual) orbital integral, the integral on the right hand
side of the above inequality is bounded by a constant times max{1, |D(X )|_%} Since there are

only finitely many t, we may choose a uniform constant. This completes the proof. U

Lemma 5.6. Let p(z) € Rzy,---,2,] be a homogeneous polynomial and g € S(R™) be a

Schwartz function. Then there is a constant € > 0 so that

/ ()]~ |g(2)|dz < oo.
Rn

Proof. Firstly, by Lemma | , Lemma 4.3, Remark 12], there is an ¢ > 0, such that |p(z)|~¢

is locally integrable everywhere. This in particular implies that

/ Ip()|da < oo,
%<||x|\<1

where ||-|| is the Euclidean norm on R™. Suppose that the degree of p(x) is d, then

1

/ O p(@)] (e da = 251G / 1p(@)]~Jg(27+2) de.
21 <||z]| <29+ 5<llzll<1

We fix a large integer 7. Then there is a constant C' such that if j > 1 and 1 < [lz[| < 1, we
have |g(27+1z)| < C-277UHD|[z||=" < C' - 2777, Then

/ Ip(a)|~“lg(@)|dz < € - 26+D-G+Dders / Ip(a)]~<da.
27 <||z|| <2941

1
1<all<1

We may choose a sufficiently large r so that

7 2+ Dder o
Jj=z1
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Then

/ 1p()] |9 (2)]dz

s/”x”<2| @l latalias + Y [ ()] lg )]z

]>1 J<||Cl?||<2j+1
< suplg| [p(z)| e + Y € - 20D Ui / Ip(z)| e
[lz]]<2 i>1 1<lz)<1

<oQ.

Lemma 5.7. Let g € S(h) be a Schwartz function. Then there is an € > 0, such that
[IDEO1 3 g(x)jax < .
b

Proof. This can be proved by the same method as Lemma 5.6. We only need to make use of the
following facts.
— D(X) is a homogeneous polynomial in entries of X.
— There is an € > 0 such that |D(X )|_%_E is locally integrable everywhere. This is a
theorem of Harish-Chandra.
O

Lemma 5.8. Let f € S(V).
(1) Let g € S(V), then the function (X,w) — O((X,w), f)g(X,w) is absolutely integrable
on V.
(2) Suppose X € b is reqular semisimple and g € S(W'), then the function w — O((X,w), f)g(w)
s absolutely integrable on W .
(3) Suppose that w € W is reqular semisimple and g € S(h), then the function X —
O((X,w), f)g(X) is absolutely integrable on b.

Proof. The second and third statements follow from Lemma 5.6 and Lemma 5.7 respectively.

To prove the first statement, it is enough to prove that
/ max{1, | D(X)|"% } max{1, [log| A (X, w)][}"|g(X, w) dX dw < oo.
v

It follows from Young’s inequality that for any e€; > 0, we have
DEOI72 ) log| A, w) || e
1+¢€ (1—|—61)61_1

It follows from Lemma 5.7 that we may choose a suitable ¢; so that

|D(X)| "% |log| A (X, w)||” <

D)
/ T lg(X,w)|dXdw < oo.
€1
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It follows from Lemma 5.6 that for any €; we have chosen, we have

log A (X, w)| |70+
/|og\ (X, w)| L 1g(X, w)|dX dw < oo.
1%

(1+e)et

This proves the first statement of the lemma. O

6. A LOCAL RELATIVE TRACE FORMULA

In this section, we prove a local relative trace formula. This is the archimedean analogue
of | , Theorem 4.6].

Let ¢ : R — C* be a nontrivial additive character. Let Vo = V,h or W and Vol be its
orthogonal complement. If f € S(V), then we define its partial Fourier transform with respect
to Vo by

~

fly,z) = s FW 0% )y, y eV, 2 €V

Here and below in this section, we usually write an element in V as (y, z) according to the
decomposition V = Vy @ V&'.

Theorem 6.1. Let f1, fo € S(V). Fiz a reqular semisimple element z € Vy-. Define

T(flaf2) = O((yaz)afl)fQ(ya Z)dy

Vo

Then
T(fr. f2) = T(f1. J2).

Recall that ™~ stands for the partial Fourier transform respect to V.

Proof. We will prove the theorem in the unitary case. The general linear case is similar.

Since z is regular semisimple, by Lemma 5.8, the double integrals

/ / 142 2)") Faly, 2)dhdy, / / F (5, 2)) foly, 2)dhdy
Vo JH Vo JH

are absolutely convergent. Thus we may change the order of integrations. Since the Fourier

transform preserves the L?-norm of Schwartz functions, we have

/ £1((W: 2)") Faly, 2)dydh = / 7 (5, 2)") falys 2)dydh.
H JYVy H JVy

The theorem then follows. [l
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7. KLOOSTERMAN INTEGRALS

We gather in this section some lemmas on Kloosterman integrals.

Fix the nontrivial additive character 1(z) = €™ ~1% of R and let ¥¢(z) = ¥(z + 2) be a
nontrivial additive character of C. We remind the readers that the measures on R and C are
the usual Lebesgue measures.

Let a € R* and C > 0 Define

dx
a) = z + ax Hn(x)—
Wo(a) /a|c_l<m<cw< +az ) (a)

x|

It is not hard to see, via integration by parts, that for a fixed a € R* the limit
lim V¥
J, Yol

exists. We denote this limit by ¥(a) and call it the Kloosterman integral. Note that if a < 0,

then ¥(a) = 0. This can be seen by making the change of variable z + ax 1.

Now let @ > 0 and a = bb where b € C. We define

o(a) = [ ve(uban,

where C! stands for the set of complex numbers of norm one. The measure du is chosen so that
for any f € C°(C*), we have

dz o dudr
ez [ =

If a <0, then we set ®(a) = 0. We call it the twisted Kloosterman integral.

Lemma 7.1. There is a positive constant o that is independent of C € R U {0}, so that if
la| > 1, then

1 1
We(a)| < alal™%, |®(a)] < a3,
Proof. We prove the lemma for U. The same proof with simple modifications also applies to
.

We only need to consider the case a > 1 since if a < —1, then ¥¢(a) = 0. If a > 1, then we
let b = y/a and make the change of variable x — xb. Then

/—Ib(zdtz— dx
Uel(a) :/ 2V 1b(zt 1)77(90)—.
C—1lb<|z|<Cb~1 |z|

It is enough to show that there are constants A and « that are independent of C', such that

“1ydx 1
/ 627r\/71b(:r+z ) < a]b]iﬁ,
1<z<C T
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if b > A. Denote this integral by I. Suppose that C' — C~! < b=1/2. Then

1] < / dz < 26712,
l<z<C

Assume that C — C~! > b=1/2. We split the integral into two parts

I:/ 627r\/1b(:r+z_1)dx+/ 627r\/71b(:r+z_1)d£
O<z—z—l<b=1/2 €T b—1/2<g—z-1<C—-C—1! T

Denote these integrals by I; and I respectively. Then we have |I;| < 2b='/2. We make the

change of variable t = 2 + 2! in 5. Then

27/ —1bt de
€ 2 1/2°
Vb l+4<t<C+C—1 (t —4)
By integration by parts, we have

e2mV/=1bt oyt
= (2%\/—711))71 (

I, =

Q2mv/ =Tt tdt
(t2 _ 4)3/2 ’

It is not hard to see that both terms in the parentheses are bounded by 2b'/2. The lemma then

_|._
V2 T1 ) Traciccro

follows when a > 1. O

Lemma 7.2. There are positive constants 1 and Po that are independent of C € RU {o0} so
that

[We(a)| < Balloglal] + Ba.

Proof. By the previous lemma, we may assume that |a| < 1. Suppose that C' < 1, then

d da
We(a)] < / o / < 2floglal|.
la|C-1<|z|<C T al<el<1 |71

Now suppose that C' > 1. Then we break the defining integral of ¥¢(a) as

la|C—1<|z|<]al la|<|z|<1 1<|z|<C

The first and the last integrals are equal, which can be seen via the change of variable z — az ™.

It is then enough to prove that there is a constant fy that is independent of C, so that

/ e27n/j(x+ax )d$ < Bo.
l<z<C T

Denote this integral by I. By integration by parts, we have
27/ —1(z+az~! /11
(27T _1)I _ e T/ —1(x+azx~1) )C +/ 6271_\/_71(3:_’_0‘3;71)27( —lax + leE
x l<z<C

1 x2

It is clear that both terms are bounded by a constant that is independent of C'. Here we have
used the fact that |a| < 1. The lemma then follows. O

Lemma 7.3. For all a > 0, we have ¥(a) = v/—1®(a).
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Proof. 1t is enough to prove that the Mellin transform of both sides are equal. Recall that if f

is a smooth function on R+, then its Mellin transform is given by

o0 dz
/ F@lel

if the integral is convergent and if x < 0, then we set f(x) = 0.
Suppose that 0 < Rs < i. Then by Lemma 7.1 and 7.2 and the Lebesgue dominated

convergence theorem, we have

0 dz da
1\ sd = lim / / Y(x 4+ ax” " )n(x)|al®
| vt = dim, wioteec el G

Making the change of variable a — ax, we have

| v@las = gim /| RO da wwmmfj

— la]  C—c lal Jizj<c
= 2y/—1sinms(2m) 2T (s)%.

Here we have made use of the integral formula

@ oy 1 y/=TIns 2
lim ™Vl gy = o3 (2m)"*°T'(s), O0<Rs<1.

C—oo 0

We now compute the Mellin transform of ®(a). If 0 < Rs < i, then the defining integral of
the Mellin transform of ®(a) is absolutely convergent and we have

o0 d o0 d o0 d
/ ®(a)|al®— a :/ @b@(ua%)a‘qdu—a = 2/ 1/1@(u7’)r23dul.
a 0 [k a 0 ok

o |al r

where in the second equality we have made a change of variable r = a. The double integral is
only convergent as an iterated integral. By the choice of the measure du, it equals

C
d
lim 2/ wc(ur)r%du—r = lim 2/ Ve (2)|22)° 7 1dz = 2sinws(2m) 72T (s)2.
0o Jct r |2z|<C?

C—oo C—o0

Here we have made use of the integral formula

I~ 1
lim // eV (12 42y edy = sinws(2m) TF0(s)2, 0 < Rs < =.
C—o0 J Jp21y2<02 2

The lemma then follows. ([

For later use, we need to generalize the definition of Kloosterman integrals. Let F’ = RP x C?
with p +2¢ = m and E' = F/ ®g C ~ C™. There is an obvious norm map N : F’* — R* and
the character ) extends to a quadratic character ' of F/ by no N. Let a € C*, then we define

vE(a) :/ velz +az )2
la|C-1<|2|<C |22
and set ¥C(a) = ®%(a) = limc_o ¥C(a). In particular, ¥€(a) = ®%(a). One may show, using

similar methods as above, that this limit exists. Similarly, if |a| > 1, then [¥E(a)| is bounded
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by a\a\_% and if |a| < 1, then |U&(a)| is bounded by £i|loglal| + B2 where o, B1 and B are

constants which are independent of C'. Then we define the Kloosterman integral
, P q
U (a1, apiapyn, - aprg) = [ @) [T 9% (apsy)-
i=1 j=1

Similar we define the twisted Kloosterman integral
P q

oF (a1, s ap;api1, - Apiq) = H ®(a;) H ‘I)C(ap—i-j)-
i=1 j=1

Then U = /=1 &,
8. THE MINIMAL CASE

We study Conjecture 3.1 in the case n = 1 in this section.
Proposition 8.1. Conjecture 3.1 holds when n = 1.

Proof. This is proved by Jacquet in | | using the relative Shalika germ expansion. U

In the general linear case, we have V = Rx R xR and H = R* which acts on V via (g, x,y)! =
(g,xt,yt1). The element (g, z,y) is regular semisimple if and only if zy # 0. The transfer factor
is w(g,z,y) = n(x). The inner product on V is given by ((g,z,y), (¢, 2",y )y = g9’ + xy/ + 2'y.
Let f € S(V) and fbe the Fourier transform of f with respect to the second and third variable.
Let k(x,y;2',9') = n(xy)¥(zyx'y’) be a function on R? x R? where ¥ is the Kloosterman integral

in Section 7.

Lemma 8.2. Let the notation be as above. Then for all (x,y) with zy # 0, we have

~

w(g,2,y)0((g,z,y), ):/RQf(gﬂ:’,y')w(g7wﬁy’)ﬂ(wjy;xﬁy’)dm'dy'-

Proof. By definition, we have

~

O((g,z,y), f)
—/RX ( - f(g,w’,y’)z/;(m’yt—i—xy’t1)dx’dy’> n(t)—
T ’o / 1—1 ﬁ 13,0
—Clggo/RQf(g,x ') (Ll<|t|<c¢($ yt +zy't” " )n(t) |t|> dz’dy

= lim/ flg, 2",y n(z'y) / ¢(t—|—xm'yy’t_1)n(t)@ dz’dy’
C—o0 JR2 C—1a'y|<|t|<Clz'y| ‘t‘

Here in the second identity we may changed the order of integration because the double integral
is absolutely convergent as f is a Schwartz function and the integral over ¢ is in a compact

region. It follows from Lemma 7.1 and 7.2 that the inner integral is essentially bounded by
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log|zz'yy/| when |za'yy’| is small and by |zz'yy/|~*/* when |za’yy/| is large. The lemma then

follows from Lebesgue dominated convergence theorem. ([l

In the unitary case, we have that W is a one dimension hermitian space over E with the
hermitian form (—, —) and V = u(W) x W. The group U(W) is commutative and acts on V via
(g,w)* = (g,uw). The element (g, w) is regular semisimple if and only if w # 0. For f € S(V)
we denote by fits Fourier transform with respect to W. We define a function on W x W by

rw (w,w') = &((w, w') (w, w')) where ® is the twisted Kloosterman integral in Section 7.

Lemma 8.3. Let the notation be as above. Then for any (g, w) with w # 0, we have
O(gw).7) = [ (g )y (w, w)d
w

Proof. This can be proved in the same way as Lemma 8.2. In fact, this is easier since the

integrals are absolutely convergent. O

Lemma 8.4. In either the general linear case or the unitary case, if f € S(V) is transferable,

then so s f

Proof. Suppose that the function f € S(R x R x R) and the collection {fy} where fi €
S(u(W) x W) match. Then by Lemma 8.2, 8.3 and Lemma 7.3, we have

w(g,z,9)0((g,2,y), ) = V—1n(zy)O(V—1g,w), fw),

if (g, z,y) and (v/—1g,w) match, i.e. xy = (w,w). Here we have implicitly identified u(W') with
v/ —1R by identifying an element in u(W) with its eigenvalue. Note that n({(w,w)) = n(disc W).
Therefore f and {v/—1n(disc W)j/";v} match. This proves the lemma. O

9. FOURIER TRANSFORMS PRESERVE SMOOTH TRANSFER

Let Vy be an H-invariant subspace of ¥V and Vd‘ be its orthogonal complement. Recall that
if f € S(V), then we denote by ]?its partial Fourier transform with respect to V3. The goal of

this section is to prove the following theorem.
Theorem 9.1. Suppose that f € S(V) is transferable. Then so is f.
We set up some notation before we delve into the proof of the theorem. We shall write

fe{fw} resp. (X,u,v) < (Xw,ww)

to indicated that the test function f on the general linear group side and the the collection
of test functions {fy} on the unitary group side match (resp. the regular semisimple orbits
(X, u,v) and (Xw,wy ) match). In both the general linear case and the unitary case, we denote
by F, (resp. Fp, resp. F.) the Fourier transform with respect to V, (resp. b, resp. W). Put
Up = \/jl_n(n_l)/ ®. We consider the following three statements.
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- Ap: If f < {fw}, then v 1 Fof < {n(disc W)"F, fw}.
~ Bp: If f < {fw}, then v, Fpf « {n(disc W)L F, fw}.
— Cp: If f < {fw}, then /=1 "F.f < {n(disc W)F.fw}.

Lemma 9.2. B, +C,, = A,.
Proof. This is clear since F, = Fp o F.. U
Lemma 9.3. A,,_1 = B,.

Proof. To simplify notation, we put f = Fpf. Suppose first that we are in the general linear
case. Let O"((X,u,v), f) = w(X,u,v)O((X,u,v), f). We make use of Theorem 6.1 and argue

as in | , Lemma 4.18] to get
/ O"((X,u,v), )O"(X,§)dq(X / O"((X,u,v), fHO"(X, g)dg(X),

where
— (u,v) € R, x R™ and wv # 0, up to the action of GL,(R), we may assume that (u,v) =
(e,d'e) where d = uv € RX.
-q:gl, > Q = gl,//GL,_1 is the categorical quotient where GL,_;1 acts on @ by
conjugation;

— the measure dg(X) is chosen so that for any g € S(gl,,(R)), we have

_ h
/ng) oA = /Q(R) </GLM<R> o )dh> A0

- g€S8(gl,(R)) and O"(X, g) (resp. O"(X,7)) is the GL,,_1(R) orbital integral of g (resp.
¢) multiplied by the transfer factor (for the GL,,_1(R) orbital integral). One should note
that g = Fgg.

Similarly in the unitary group case, using Theorem 6.1 again, we have
o, OCws ), fr)O X i) () = [ O ww), ) Ok, waw (Xoe),
QR Q(R
where the terms are defined in a similar way as in the general linear case, except that the
stabilizer Hyy,,,, of wy replaces GL,_1. Note that we have identified the categorical quotient
of gl,, // GLyp—1 with u(W)//H,,, as before.
Suppose that f < {fw}. We would like to prove that for all matching strongly regular

semisimple orbits (X9, u% v°) <+ (X7, w)),), we have
(9.1) O"((X°,u,0°), v f) = O((X Yy, W), )

This implies that the same equality holds for all regular semisimple orbits since orbital integrals

are smooth at regular semisimple orbits and strongly regular semisimple orbits are dense.
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Suppose that for some matching (X°,u®,v%) +» (X7}, w),), the identity (9.1) does not hold.
Then we may choose a smooth function v(q) on Qs(R) which is supported in a small neigh-
bourhood of ¢(X°) = gw (X{),) so that supp~y is contained in the image of U(W)(R) and

/Q (O, 1)~ O(Xow, ), )@ a() 0.

Since suppy C Qis(R), we may find g and gy so that O"(X,g9) = O(Xw,gw) = v(q(X)).
Therefore g and {gw;0,---,0} match. Then we have

[ oM. F)O" (X, g)da(X) # [ 0K ww). Fa)OCX, 9w (X

QR) QR)

Therefore
Q(R) QR)

This contradicts the statement A,,_1. We have thus proved Vn]?<—> {fv\v} O

Lemma 9.4. The statement C,, holds.

Proof. To simplify notation, we put f: Fef. We have shown that C7 holds in Lemma 8.4.
Suppose that we are in the general linear case. Let (X,u,v) € V be a strongly regular
semisimple element. Let F’ = R[X] be the subalgebra of gl, generated by X and E' =
F' ®g C. Let H' be the stabilizer of X in GL,. We may identify F’ with R? x C" by
sending X to (A1, -+, Ap; 1, , py) Where (Ai,---, Apsp1, [, -+, fyy fir) are all the eigen-
values of X, Aj,---,\, € R and py,---,p, are imaginary. Then H' =~ Respr/p GL1. Then
as in | , Lemma 4.19], R,, (resp. R"™) is a free rank one module over F’ and one may
define a F’'-linear pairing R, x R” — F’ which we denote by (—,—). It satisfies the prop-
erty that Trp r(Au,v) = ulv for all X € F', u € R,, v € R*". We define a function
k(w0 w0 = n(N(W/, ) 8F (W, 0")(u”,v') on R, x R® x R, x R”, where ¥ is the
Kloosterman sum defined at the end of Section 7 and N : F’* — R* is the norm map. Let
q: R, xR" = @Q = (R, x R")//H'. This is a one dimensional affine space over F’'. Let
f € S(V) be a Schwartz functions. Then we may argue in the same way as | , Lemma 4.20]

to conclude that

O"((X,u,v), A) =(=1)" /Q( )O"((X, u' "), fre (u, v, v")dg(u, ).
I
Suppose that we are in the unitary case. Let (Xy, wy) € Vi be a strongly regular semisimple
element and fyr € S(Vy) be a Schwartz functions. Suppose that (X, wyy) and (X, u, v) match.
Then C[Xw| ~ E' = F'®g C as an C-algebra. The space W is a free rank one hermitian module
over E'. As in the general linear case, we may define a E’-linear pairing W x W — E’ which we
denote by (—, —). Define a function sy g (w', w”) = @F/(NE//F/(w', w"))) on W x W where &
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is the twisted Kloosterman sum defined at the end of Section 7 and Ny /g is the norm map. Let
Hy;, be the stabilizer of Xy in U(W). Let qw : W — Q = W//Hj;, be the categorical quotient.
Note that the categorical quotient W//Hj;, and (R, x R")//H" are identified. Let fur € S(Vw).
Then similar to the general linear case, we have
O((Xw, ww), fv) —/Q(F/)O((XW,wW),fW)HW,F'(wW,wl)dQW'(w/)-

For strongly regular (X,u,v), we have N(u,v)|D(X)| = A(X,u,v). Indeed, both sides are
invariant under the action of H, thus we may assume that X is blocked diagonal with the
diagonal blocks are either 1 x 1 or 2 x 2. The identity then follows by an easy computation.
Moreover n(A(X, u,v)) = n(disc W) as (X, u,v) and (X, wy ) match. Therefore V=1 "f and
{n(disc W)fv\v} match by Lemma 7.3. This proves C,,. O

Proof of Theorem 9.1. Theorem 9.1 now follows from Lemma 9.2, 9.3 and 9.4. O

10. GEOMETRIC PREPARATIONS

We recall the notion of the sliced representations. Let x be a semisimple point in V and H,
its stabilizer in H. Let N be the normal space of Hx at x. Then H, acts on N and we call
it the sliced representation at x. In the unitary case, we sometimes write Ny and Hy, to
emphasize the dependance on W. The sliced representation takes the same shape as that of
V. In the general linear case, the map N(R) — (N//H,)(R) is surjective. We refer the readers
to | , Appendix B] for an explicit description of the sliced representations.

We recall the notion of étale and semi-algebraic Luna slices. In general, suppose that G is a
reductive group and X — Y is an G-equivariant morphism of affine schemes. Then we say that
X — Y is strongly étale if the induced morphism X//G' — Y//G is étale and X ~ Y <y, X//G.
It follows that X — Y is also étale.

By an étale Luna slice at x, we mean an H,-invariant locally closed subvariety Z of V),
containing z, together with an H,-equivariant strongly étale morphism ¢ : Z — N with ¢(x) =0
and a strongly étale morphism ¢ : (Z x H)//H, — V induced by the H-action on V. This can

be summarized in the following diagram.

(Z x H)//Hy —— v

| |

N//H, Z//Hy V//H
]
N z

By a semi-algebraic slice of V at x, we mean a quintuple (U, p, v, S, N) where
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— N is the sliced representation at x.

— U is an H(R)-invariant Nash neighbourhood of z in V.

— pis an H(R)-equivariant semi-algebraic retraction p : U — H(R)z and S = p~!(x).

— 1 is an H,(R)-equivariant semi-algebraic embedding S — N(R) with saturated image
and ¥ (x) = 0.

A semi-algebraic slice can be summarized in the following diagram.

Sx HR) —> S —> N |

|

H(R)z U 1%

where the vertical arrow is an H,(R) principal homogeneous space.

An explicit construction of étale Luna slices at any semisimple element x € V has been given

in [ , Appendix B]. From this we may construct semi-algebraic slices at z. We describe
this construction here following | , Appendix A].
Let Z be an étale Luna slice at x as in [ , Appendix B] and 7z : Z — Z//H, be the

categorical quotient. By definition, the morphisms Z//H, — V//H and Z//H, — N//H, are
both étale. Therefore we may choose a sufficiently small Nash neighbourhood S’ of 7z (z) in
(Z//Hy)(R), so that the above two morphisms send S’ Nash diffeomorphically to its image. Let
S C Z(R) be the inverse image of S under the natural map Z(R) — (Z//H,)(R). Let ¢ = ¢|s.
Let U’ be the inverse image of S" in ((Z x H)//H,)(R).
Let p' : U — (H,\H)(R) be the natural H(R)-invariant map. Let U” = U'Np’~'(H,(R)\H(R))

and U = ¢(U") C V. Note that ¢|y~ is a homeomorphism from U” to U. Let p = p’ o (¢|yn) L.
Then (U, p,, S, N) is the desired semi-algebraic Luna slice at x.

11. THE SET OF TRANSFERABLE FUNCTIONS IS DENSE

The goal of this section is to prove Theorem 3.3.

Let N be the nilpotent cone in V), i.e. the inverse image of 0 € Q.
Proposition 11.1. The subspace
S(WV\N) + th(V\N) + FwSWV\N) + ALSOWV\N) + SV

is dense in S(V), where F, stands for the Fourier transform with respect to * and S(V)nun 1S
intersection of the kernels of all the (H,n)-invariant distributions. By a distribution we mean a

continuous linear functional on S(V). A distribution D is called (H,n)-invariant if D* = n(h)D.

Proof. This follows from | , Theorem 6.2.1] for the case n = 1. As remarked by | ,

Theorem 4.22], the same argument works in the case 7 is nontrivial quadratic. ([
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Proof of Theorem 3.3. We prove this by induction on dim W. The case dim W = 1 has been
proved in Proposition 8.1. Assume that the theorem holds for all dim W < n. We would like to
show that the theorem holds for dim W = n.

The elements in S(V)yun are clearly transferable. Moreover, C2°(V\N) is dense in S(V\N).
By Theorem 9.1 and Proposition 11.1, it is enough to show that any f € C(V\N) can be
approximated by transferable functions.

Let € V\N be a semisimple element. We make use of the semi-algebraic slice (U, p, v, S, N)
at x constructed in Section 10. In the following, without saying to the contrary, the subset,
neighbourhoods, etc. are all semi-algebraic, e.g. a subset means a semi-algebraic subset. We
write ¢ : V(R) — (V//H)(R) and ¢ : N(R) — (N//H;)(R) for the natural maps. By construc-
tion, ¥(S) is a saturated subsets, i.e. we can find an open subset S’ C (N//H,)(R) such that
S = (qz o) ~1(S"). Let us fix a relatively compact open subset ¥’ of S’ such that its closure is
also contained in §’. Put Q' = (g, o) 1(¥'), Q = ¢; ' (X') = (). Then QF® is an open
H (R)-invariant neighbourhood of = in V. As x ranges over all semisimple elements in V\N, the
neighbourhoods "H®) form an open cover of V\N. Then by the Partition of Unity, we may
assume that supp f C QH®) so that f e CO(QUHR),

Since the image of Q' in (N//H;)(R) is relatively compact by construction, by | ,
Lemma 3.10], we may find a compact subset C' of H,(R)\H(R) such that H,(R)C contains
{he HR) | Q" nsupp f # 0}. Let C' > C be an open subset of H,(R)\H(R) whose closure is
also compact and « € C°(H(R)) be a function so that the function

g— a(hg)dh
H.(R)

takes value one on C' and zero outside C’. Define a function f, on Q as
9= [ 1w ENalenlons. 2 e
H(R)

Then f, € C°(2). We may view f, as a function on N(R) via extension by zero.
If y € Q' is regular semisimple and z = ¥(y) € Q, then O(y, f) = O(z, fz). In fact,

Oz 1) = / )f man = [ . /H . (9)n(hg)dgdh

/ fly ( / (R)a(hlg)dh> dg.

If g € H,(R)C, then the inner integral equals one. If g & H,(R)C, then for any y, y9 & supp f.
Thus O(z, fz) = O(y, f). If y & QH®) then O(y, f) = 0. If z ¢ Q, then O(z, f,) = 0.

By the explicit description of the sliced representations | , Appendix B], the sliced rep-
resentations are products of lower dimensional representations which are of the same shape as

V. Therefore we may speak of the smooth transfer and transferable functions for the sliced
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representations. In the general linear case, by [ , Lemma 3.15], we may assume that for
any regular semisimple y € S and z = ¥(y), the transfer factor at y is a nonzero constant times
the transfer factor of the sliced representation at z.

We apply the induction hypothesis to f,. Then we can find a sequence of transferable functions
gn € S(N(R)), so that g, = fr. The set g,(supp f;) is compact and is contained in g, (2).
Therefore, we may find an open and relatively compact subset ¥ of (N//H;)(R) such that it
contains g, (supp f5) and its closure is contained in ¥'. Let v be a function on (N//H)(R) which
takes value one on ¢, (supp f,) and vanishes outside ¥. Let ¥ = 7 o g, be a function on N(R).
Then |7 < 1 and suppy C Q. Therefore g,y € S(?) and ¢g,7 = f.7 = f- Moreover, g,7 is
also transferable by Lemma 3.4. Thus we may replace g, by g,7 and assume that g, € S(2) in
the first place. We view g,, as a Schwartz function on N (R) via extension by zero.

We now fix a 8 € C°(H(R)) such that

mmﬁwmmﬂhzl
Define a function f,, € S(U) by

0" = [ @Bl g, v e S he HR).
H,(R)
Note that f,, € S(UH®)). Then if y € S is regular semisimple and z = 1(y), then

_ h _ P —1
QMM—Lwh@MWM—Lw/mﬂAWM’MW@M

- / 9n(27)n(g)dg = O(z, gn).
Ha(R)

If y ¢ CH®R) then O(y, f,) = 0. If 2 € Q, then O(z, g,) = 0.

Claim: f, is transferable.

We prove this in the general linear case. The unitary case is similar. Consider y —
w(y)O(y, frn) as a function on Vis(R)/H(R). Denote this function by ¢. Then ¢ vanishes out-
side a compact subset of (V//H)(R). In fact, ¢ vanishes outside ¢(€') in (V//H)(R) which is
relatively compact. Let 3y’ € U be regular semisimple and 3" = ¢(y'). Without loss of generality,
we may assume that ¢’ € S. Up to some fixed constant which depends only on z (coming from
the transfer factor), ¢(y") = w(¥)OW, fn) = w(W(Y)OW(Y'),gn). Since g, is transferable
(for the sliced representation), by [ , Proposition 3.16], ¢|,) is an orbital integral on the
unitary group side. More precisely, by the explicit description of the étale and semi-algebraic
Luna slices in [ , Appendix B], for each hermitian space W, we may find a semisimple
element zy € Vi and construct a semi-algebraic Luna slice (Uw, pw, Yw, Sw, Nw) at zy, and
a test function gy € S(Nw ), such that g, and {gw} are smooth transfer of each other (for the
sliced representation). Moreover, the image of S in (N//H;)(R) and the union of the images of
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Sw in (Nw//Hg,, )(R) are identified under the natural isomorphism N//H, ~ Ny //H, . We
may construct fiy € S(Upy) from gy in the same way as from g, to f,. Then it is clear that
Plgn (") equals the O(zw, fw) if 3" is the image of 2y in Viy (R)ws/Hw (R). If o & q(2'),
then ¢(y”) = 0. It then follows from | , Proposition 3.8] that ¢ is an orbital integral on
the unitary group side. This proves the claim.

We note that the sequence { f,,} is convergent in S(V(R)). In fact, the map H(R)xS — U is an
H,(R)-principal homogeneous space and is submersive. The sequence § ® (g, o) is convergent
in S(H(R) x S) and f,, is obtained from 5 ® (g, o ¥) by integrating along the fiber. The map
“integrating along the fibers” is a continuous map from S(H(R) x S) to S(U). It follows that
fn is convergent in S(U). Therefore it is convergent in S(V(R)). Suppose that f, = ffor some
f eS(U) C S(V(R)). Note that f, € S(UHT®) for all n. Therefore f € S(QVH®),

We claim that for any regular semisimple y € V(R), we have O(y, f) = O(y, f) Ify ¢ QHR),
then both orbital integrals vanish. If y € QH®) then we may assume that y € Q. By
construction, on the one hand, we have O(y, f) = O(¥(y), fz). On the other hand, since

f+— O(y, f) is a continuous linear functional, we have

Oy, ) = lim O(y, fa) = lim O((y),90) = OW (), f).

n—oo

This proves the claim.

Finally, let f] = fn — f+ f. Then fl, = f and f], is transferable since all regular semisimple
orbital integrals of f — ]? vanish. This completes the induction and finishes the proof of the
Theorem. O

12. THE RELATIVE TRACE FORMULAE OF JACQUET—RALLIS

In this section, we prove Theorem 1.1 using a simple version of Jacquet—Rallis relative trace
formulae. The argument is essentially the same as | , Section 2]. We will highlight the use
of Theorem 2.7 and only sketch the arguments that are identical to | ].

We recall some notations and settings from Theorem 1.1. Let E/F be a quadratic extension
of number fields and W C V be a pair of hermitian spaces of dimension n and n+ 1 respectively.
Let U(W) and U(V) be the corresponding unitary groups. The embedding W C V induces
an embedding U(W) C U(V). We shall always consider U(W) as a subgroup of U(V') via this
embedding. We take this convention for other relevant pairs of hermitian spaces. Recall that
W’ c V' is called relevant if V/W and V'/W’ are isomorphic as one dimensional hermitian
spaces. Let G = U(V) x U(W) and H = U(W). The group H is considered as a subgroup of G
via the diagonal embedding.

Let 7 be an irreducible cuspidal automorphic representation of G(Ap) and ¢ € w. Here by a

cuspidal automorphic representation, we mean a subrepresentation of the space of the cuspidal
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automorphic forms. We put

P(p) = ¢(h)dh, ¢em.

/H(F)\H(AF)

This is an H(Ap)-invariant continuous linear form on 7. Let f € S(G(AFr)), we define
Jx(f) =Y _ P(x(f)e)P(p).
)

where the summation runs over an orthonormal basis of 7. We may assume that each ¢ appearing
in the sum is K-finite where K is a fixed maximal compact subgroup of G(Ap). This sum is
absolutely convergent.

We would like to define a local analogue of J;. For this, let us be slightly more careful about
the local components of m, especially at the archimedean places. We have the decomposition
7 = ®'m,. If v is a non-archimedean place, then 7, is an irreducible admissible representation
of G(F,) that is realized on some Hilbert space H,. If v is archimedean, then 7, is a continuous
representation of G(F),) that is realized on some Hilbert spaces H, with the norm ||-||. Let H°
be the space of smooth vectors in H,. Then H;° is a Casselman-Wallach representation of
G(F,) in the sense of | |, namely a smooth Fréchet representation of moderate growth. The
topology on HS° is induced by the collection of semi-norms v +— || X.v|| where X ranges over a
(countable) basis of the complexified universal enveloping algebra of the Lie algebra of G(Fy,). It
is finer than the topology induced from H,. The Schwartz space S(G(F},)) acts on HS°. There is
an orthonormal basis of H, consisting of K, finite vectors where K, is a fixed maximal compact
subgroup of G(F}). A continuous linear functional on H{° will simply be called a continuous
linear functional on .

Suppose that P is not identically zero. Let v be a place of F. Then the space of H(F,)
invariant continuous linear functional on m, is one dimensional, c.f. | , ]. Fix such a

linear functional ¢, # 0. Let f] € S(G(Fy)). Put

I, (fo) = Z Lo (o (fo) o)l (o),

where the sum runs over an orthonormal basis of m,. We may assume that each ¢, in the sum
is K, finite where K, is a fixed maximal compact subgroup of G(F,). We also normalize, so
that if 7, is unramifed and ¢, is a G(op,)-fixed vector of norm one, then ¢,(y,) = 1. The
convergence of this sum will be proved below. Then if f = ®@f, € S(G(AF)) is factorizable,

there is a constant C such that

Jr(f) = CH I, (fo)-

Let G’ = Resg / r(GLpu41 X GLy,). The group GL, is considered as a subgroup of GL,41 via
the embedding g + diag[g, 1]. Put Hj = Resg,p GLy, Hy = GLy41 X GL,,. The group Hj is
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considered as a subgroup of G’ by the diagonal embedding while H) embeds in G’ in the obvious
way. Let Z H, be the center of Hjy. Let n be the quadratic character of A} associated to the
extension E/F via the global class field theory. We extend it to a character of Hj(Ap) in the
following way. Let h = (hp11, hy) € Hy(Ap). Put

n(det hp+1), n odd;

n(h) =
n(det hy,), n even.

Let IT = BC(7) be the weak base change of m. Assume that II is cuspidal. This will be the
case in the setting of Theorem 1.1. Let f’ € S(G'(Ar)) and we define

In(f") = Z / ey TR /Z o()n(h)dh,

g (AR H (F)\Hj(Ar)

where the sum is over an orthonormal basis of II. We may assume that each ¢ in the sum is
K'-finite where K’ is a fixed maximal compact subgroup of G'(Ap). This sum is absolutely
convergent.

Fix a nontrivial additive character ¥ = ®1, : F\Arp — C*. We recall the Rankin—Selberg
convolution. Let N’ = Resg/p N} 1 X N, be the standard upper triangular unipotent subgroup
of G'. We extend v to a generic character of N'(Ap) which we still denote by ¢. Let v be a
place of F' and A\, be a 1,-Whittaker functional on II,. We fix a A, for each place v so that we

have a decomposition
| ewpiman =T ne). e=sp e
N'(AF) U
For any ¢, € m,, we put Wy, (9) = A\ (I1y(9)¢w). Let Wr, = {W,, | ¢, € II,} be the Whittaker
model of II,,. Define

o1
Zse) = | o Wen(Wldeth=San,
1 v

This integral is absolutely convergent for Rs > 0 and has a meromorphic continuation to the

whole complex plane. Let r be the order of poles of L(s,II,,St) at s = % and we put

Algpu) = lim (s = )" Z(s,00).

1
53

This defines a nonzero continuous linear functional on m, when v is archimedean, c.f. | ,
Theorem 2.3].

Suppose now that the linear form

o Bp) = / @(h)n(h)dh
Zyyy () Hy(F)\Hy(Ap)
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is not identically zero. By the uniqueness theorem of | ] or the explicit computation
in [ , Section 2], we fix a nonzero continuous (H,(F), n,)-invariant linear functional j,
on II, for each place v, such that 8 = ®8,. Let f] € S(G'(F,)) and we define

In, (£)) = > AL, (£1)0)Bu(00),
P

where the sum runs over an orthonormal basis of II,. We may assume that each ¢, in the
sum is K] finite where K] is a fixed maximal compact subgroup of G'(F,). The convergence
of this sum will be proved below. Then there is a constant C’ such that for all factorizable
f'=afl € S(G'(Ar)), we have

In(f) = C' ][ In, (f))-

Lemma 12.1. Assume that v is archimedean. The defining sum of Iy, is absolutely convergent.

The linear functional

is continuous. Similar results hold for Jr, .

Proof. For simplicity, we drop the subscripts v in the proof of the lemma. Let us consider the
case Iry. The case of J; can be proved in the same way. Suppose that II is realized on some
Hilbert space H with a norm ||-|| and let H*° be the space of smooth vectors in H. Since A and
B are both continuous (with respect to the topology on H°), there is a constant C' > 0 such
that

IAII(f)p)B(e)] < C x TI(f)ell,

for all p € H>®. By | , Lemma 8.1.1], there is a continuous seminorm p on S(G'(F)) so
that

DIl < p(f),
®

where ¢ ranges over an orthonormal basis and each ¢ is K'-finite. The absolute convergence

and continuity then follow. O

We say that the decomposable test functions f' € S(G'(Ar)) and {fw}w where fiy €
S(Gw(Ap)) and W runs over all hermitian spaces of dimension n are smooth transfer of each
other if for all places v of F, the test functions f; and { fy,} are smooth transfer of each other.
We say that a test function [’ = ®f] € S(G'(Ap)) (resp. f = ®f, € S(Gw(AR)) for a fixed
W) is transferable if f] (resp. f,) is transferable for all v.

Proposition 12.2. Suppose that Iy is not identically zero. Then there is a transferable test
function function f' € S(G'(Ar)) so that I(f") # 0. Similar assertion holds for J;.
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Proof. This follows from Theorem 2.7 and Lemma 12.1. O

We now record the following relative trace identity from | , Proposition 2.11]. We note
that since our test functions are not necessarily compactly supported, there are some additional
difficulties in establishing this relative trace identity. These difficulties are solved by Beuzart-
Plessis [BP, Appendix A].

Proposition 12.3. Let f' and {fw} be decomposable test functions. Let m be an irreducible
cuspidal automorphic representation of Gy (Ap) such that it is supercuspidal at some split place
vo of F. Suppose that ' and {fw} are nice test functions and satisfy the conditions of | ,
Proposition 2.10]. We are not going to record all the conditions. Suffices to say is that it is a
collection of conditions on f}, and { fw,} where v is split. The actual conditions will not bother

us. Assume that f' and {fw} are smooth transfer of each other. Then

(12.1) In(f) =D e (fw),

W mw
where the outer sum on the right hand runs over all hermitian spaces of dimension n and the
inner sum runs over all automorphic representations my of Gw (Afp) that are nearly equivalent

to .

Proposition 12.4. We keep the assumptions from Theorem 1.1. Then if P is not identically
zero on w, then L(%,HjSt) % 0 and there is an ¢ € I so that

/ o(h)n(det h)dh £ 0.
Zy(Ap)Hy(F)\H5(AF)

In particular, in Theorem 1.1, (2) implies (1).

Proof. Tt suffices to prove that there is an ' € S(G'(Ap)) so that Iy (f") # 0.

Let f = ®f, € S(G(AF)). Wesay that f is of positive type if thereis a f1 = ®f1, € S(G(AF))
so that f = f1 * ff where f{(g) = fi(g™'). Then if f is of positive, then J,(f) > 0.

By assumption, the linear form P is not identically zero on w. Then we may choose an
fo = ®f2, € S(G(Ap)) that is of positive type and Jr(f2) > 0 and for any 7y that is nearly

equivalent to m, we have Jr,, (f2) > 0. In particular,

(12'2) ZJWW(fQ) 7é 0.
W
We then modify fo at the places v; and v as in | , Proof of Proposition 2.13] so that fs is

a nice test function and satisfies the conditions of Proposition 12.3.
The only problem is that fo might not be transferable. Now we make use of Theorem 2.7 to

modify fo at the nonsplit archimedean places so that f, is transferable and we still have (12.2).
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Let f' € S(G'(Ar)) be the smooth transfer of {f2,0,---,0}. The relative trace identity (12.1)

reduces to

In(f') =) Jmw (f2) # 0.
w
This proves the proposition. O

Proposition 12.5. We keep the assumptions from Theorem 1.1. There is an ¢ € Il so that

/ o (hyn(h)dh + 0.

Za(Ap)Hy(F)\H3(AF)

Proof. The proof is identical to | , Theorem 1.4]. The only difference is that we make use
of Proposition 12.4 instead of | , Proposition 2.13]. We omit the details. O

Proof of Theorem 1.1. The implication (2) = (1) is proved in Proposition 12.4. We now prove
(1) = (2). Assume assertion (1) of Theorem 1.1. By Proposition 12.5, this implies that there is
a test function [’ € S(G'(Ar)) such that Ity (f') # 0.

We may modify f’' at the places v; and vy (note that they are split in E) as in | ,
Section 2.7] so that f is nice and Ii(f’) # 0. We then make use of Theorem 2.7 to modify f’
at the nonsplit archimedean places v so that f’ is transferable and I1j(f’) # 0. Then we apply
Proposition 12.3 to conclude that the right hand side of (12.1) is not zero. Therefore there is at
least one W’ and 7y that is nearly equivalent to 7, so that Jr, 18 not identically zero. This

completes the proof of Theorem 1.1. O
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