BESSEL MODELS FOR REAL UNITARY GROUPS: THE TEMPERED CASE
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ABSTRACT. We prove the local Gan—Gross—Prasad conjecture for tempered L-packets of real uni-

tary groups. The proof is based on theta lifts and is very simple.
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1. INTRODUCTION

The goal of this paper is to prove the local Gan—Gross—Prasad (GGP) conjecture, as stated
in [ , Conjecture 17.3], for all tempered L-packets of real unitary groups U(n+2t+1) xU(n).
In the simplest case t = 0, the local GGP conjecture seeks to characterize the nonvanishing of the
space Homy,,) (7 ® 0, C) where 7 and o are irreducible representations of (not necessarily compact)
U(n + 1) and U(n) repsectively. When the unitary groups in question are indeed compact, the
characterization is given by Weyl’s celebrated branching rule [ , Section 18.2, p. 391]. In
this case, irreducible representations of compact unitary groups are all finite dimensional and are

parameterized by their highest weights. If 7 and the dual of o respectively have highest weights
ap > -2 anpt1, by > >by,

then Weyl’s branching rule states that Homy ) (7 ® 0, C) is at most one dimensional and it is one

dimensional precisely when
ap > by >az >bay > > by > anga.

In general when the unitary groups are not necessarily compact, it is also known that this Hom space
is at most one dimensional, cf. | ]. The local GGP conjecture rougly states that in each generic
Vogan L-packet of U(n + 1) x U(n), there is a unique pair (7, o) such that Homyy) (7 ®0,C) # 0,
and this pair can be specified by the local root numbers. We prove this conjecture for all tempered

L-packets. The precise definitions and the statement of the theorem will be given below in Section 2.
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In a subsequent paper | ], we will prove this conjecture for real unitary groups in general by
reducing it to the tempered case. The techniques used in these two papers are of rather different
nature, so we keep them as two separate ones.

The proof of the tempered case in this paper is remarkably simple, both conceptually and tech-
nically. Previously, Beuzart-Plessis [ ], following the strategy of Waldspurger, proved the
“multiplicity one in a Vogan packet” part of the local GGP conjecture for all tempered packets of
U(n+2t+1) x U(n) (and the full local GGP conjecture for tempered L-packets of p-adic unitary
groups). The argument is based on local trace formulae and is long and difficult, but has the ad-
vantage of being uniform for both real and p-adic groups. Our proof follows a completely different
approach and applies exclusively to real unitary groups. The proof is based on theta lifts. Via theta
lifts, He | | proved the local GGP conjecture for U(n + 1) x U(n) for square integrable repre-
sentations, and Gan-Ichino | ] studied the relation between U(n + 1) x U(n) and U(n) x U(n).
Part of our argument is inspired by their work. One notable point is that contrary to the usual ex-
pectations, our argument is not based on the results in | ] and it does not reduce the tempered
case to the square integrable case. An outline of the proof will be given after the precise statement
of the theorem. The reason why the method applies to real unitary groups but not p-adic ones will
be clear from the discussion there. Some ideas in the proof have other applications, e.g. studying
the local linear forms appearing in the Ichino-Tkeda’ conjecture [[110]. We will pursue these ideas
in later papers.

Notation and convention. Throughout this paper, we keep the following notation. Let ¢ : R —
C* be the additive character given by 1(z) = e~2™ and (z) = ¢***=%). By a character of C*
we mean a unitary character. If x is a character of C*, we put x(z) = x(2z). The character x
is called conjugate self-dual of sign +1 (resp. —1) if x|gx is trivial (resp. the sign character) or
equivalently x(z) = (z/+/2Z)™ for an even (resp. odd) integer m.

We denote by 1, the n x n identity matrix, and diag(z1,- - ,z,) the n x n diagonal matrix with
entries x1, -+, Tp-

If V is a hermitian or skew-hermitian space, the hermitian or skew-hermitian form on skew-
hermit(ian) form is denote by hy. If V' is hermitian of signature (n — ¢, q) then we define disc V' =

n(n—1
(1)

vector space V and hermitian form —ihy. We denote by L,; and L_; the positive and negative

~4. If V is skew-hermitian, then we let —¢V be the hermitian space with the underline

hermitian line respectively, i.e. the underline vector spaces are C and the hermitian forms are given
by h(z,y) = zy and h(z,y) = —z7 respectively.

Unless we explicitly mention the contrary, by a representation, we always mean a unitary
Casselman—Wallach representation of finite length (Frechet representation of moderate growth),
cf. | , Chapter XII|. The inner product on a representation is denoted by (—,—). Let 7 be
a representation. We denote by 7" the space of continuous linear functionals on 7 and it is given
the strong topology (uniform convergence on bounded subsets). The smooth dual of 7, i.e. the

subspace of smooth vectors in 7V, is identified with 7. By a tempered representation of a reductive
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group G, we mean a (unitary) representation whose matrix coefficients are in L2t¢(G/Z) for any

€ > 0 where Z stands for the center of G.
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2. RESTRICTIONS PROBLEMS

2.1. Langlands—Vogan packets. As explained in | , Section 8], a tempered L-parameter
¢ for a unitary group in n variables is an n-dimensional conjugate self-dual semisimple continuous

representation of C* of sign (—1)"~!. As C* is abelian we can write

(2.1) ¢ =m1p1 D - D Mmydr,

where my,--- ,my are integers, my + --- + myg = n, and ¢1, - - , ¢ are distinct characters of C*.

"=l means the following. If ¢; is conjugate

The parameter ¢ being conjugate self-dual of sign (—1)
self-dual of sign (—1)"~!, then m; is arbitrary. If ¢; is conjugate self-dual of sign (—1)", then m;
is even. If ¢; is not conjugate self-dual then there is an i’ so that qﬁf’_l = ¢y and m; = my. In
particular the number of conjugate self-dual characters of sign (—1)"~! (counting multiplicity) has
the same parity with n.

A component group Ay is defined for each ¢, cf. | , Section 4]. In our case it is isomorphic

n—1

to (Z/2Z)" where r is the number of distinct conjugate self-dual characters of sign (—1)"~" contained

n—1

in ¢. By relabeling we may assume that ¢; is self-dual of sign (—1) precisely when 1 < ¢ < r.
We then label elements in Ay as

r

(22) P z/2z)a;,

i=1
where a; is a symbol corresponding to ¢;. Without saying the contrary we will follow this convention
of labeling characters in the L-parameter.
Let V be a hermitian space of dimension n. To each ¢, the Langlands correspondence, cf. | ,
Section 9, 10], assigns a finite set H(‘; of irreducible tempered representations of U(V'), called the
L-packet attached to ¢. The Vogan packet attached to ¢, denoted by Ily, is the (disjoint) union of

all H(‘; as V ranges over all (isomorphism classes of) hermitian spaces of dimension 7,



To each representation 7 € Ilg there is a character ) : Ay — (1) attached to it and this defines a
bijection between Il and all characters of Ag. This bijection II, — Hom(A4, (1)) depends on the
choice of a (equivalence class of) Whittaker datum. When n is odd, we choose it to be the unique
Whittaker datum (up to equivalence) of U(V) where V is of signature (%4%, 251). When n is even
as explained in | , Section 10], this is equivalent to choosing a nontrivial additive character
of C which is trivial on R. Throughout this paper, we will take this additive character to be 17(:.
This choice agrees with the one used in | |, where the author picked the Whittaker datum
in his notation (cf. the last sentence of the paper), and the definition of t4 is in the middle of
p. 66 for odd unitary groups, and in the middle of p. 67 for even unitary groups (his notation is
[+
Let V' be the skew-hermitian space and V' = —iV’. The unitary groups U(V) and U(V') are
physically the same. The use of —i instead of i is compatible with the identifications in | ,
, ]. In [ , Subsection 1.1] and | , Subsection 3.1], the (skew-hermitian) uni-
tary group preserving skew-hermitian form idiag(1,, —1,) is identified with a unitary group of
signature (p,q). We have a similar Langlands correspondence for U(V’) as in the case of U(V).
The bijection between II; and Hom(Ag, (£1)) again depends on the choice of a Whittaker datum.
Following | , Section 12], we choose the Whittaker datum so that under the natural iden-
tification of U(V) and U(V’), a representation of U(V) and hence U(V’) correspond to the same

character of Ag.

Properties of the bijection I14 <+ Hom(Ay, (£1)) have been summarized in | , Theorem 2.1]
and | , Section 9, 10]. The most frequently used ones are recalled in the following proposi-
tion.

Proposition 2.1. We have the following assertions.

(1) [ , Theorem 2.1(5)] Suppose V.= X & Vo @Y where X,Y are isotropic lines, and
X @Y is a two dimensional split hermitian space perpendicular to Vy. Let P = M N be the
parabolic subgroup stabilizing X and M ~ C* x U(V}) be the Levi subgroup. Let my be an
irreducible tempered representation of U(Vy) whose Langlands—Vogan parameter is (¢o,n0),

n—1

and & a character of C* that is not conjugate self-dual of sign (—1)"~". Then the parabolic

induction
= Indg(v) &R my
is an irreducible tempered representation of U(V) whose Langlands—Vogan parameter is
(¢,m) where
p=po@EDET, Ay = Ay, n=no.

(2) [ , Theorem 2.1(8)] Suppose that 7 is an irreducible tempered representation of U(V)
with Langlands—Vogan parameter (¢,n), then ™ & det® has parameter (6 ® x*,n), where

Xi(2) = (2/2)" = (2/V22)*".



(3) | , Theorem 2.1(6)] If 7 is an irreducible tempered representation U(V') with Langlands—
Vogan parameter (¢,n), then the smooth dual of m, which has been identified with 7, has

Langlands—Vogan parameter (¢¥,n") where
¢V =migy @ @mpey,  Agv = Ay, V(i) = (—1)" n(ay).

(4) [ , Section 10] Let w be an irreducible tempered representation of U(V'), where V' is
of signature (p,q) and m has Langlands—Vogan parameter (¢,n). Then
n(n—1)

n(ar+--+a) = (=1) 2 " =discV.

Given any nontrivial additive character ¢’ of C, one can define the root number €(¢,’). We only
record the following properties which will be used often and refer the readers to | , Section 5]

for a more detailed discussion. We have

(2.3) e(¢,9') = det p(—1)e(¢,9"),  e(¢,9")e(9”,9") =1,
If ¢/ is trivial on R, and ¢ is a character of C*, then

(2.4) (¢, 9) =e(p®EDET ).

We also note that the additive character ¢ satisfies the condition of being trivial on R.

2.2. Bessel models. Let t be a nonnegative integer. Let W C V be a pair of hermitian spaces of
dimensions n and n 4 2t + 1 respectively. We say that the pair (W, V) is relevant if V =W @&+ Z

and we can find a basis zg, 24,2 = 1,--- ,t of Z with
hv(zi,Zj) = (—1)n5i7_j, 1,5 =0,£1,.--, %t.

Note that this definition is slightly more restrictive than [ , Section 2|, where it is only
required that Z is split. To study the restriction problem and prove the local GGP conjecture, we

n+1

however only need to consider the case at hand, because if hy (zg, 20) = (—=1)""", we may consider

the restriction problem for the embedding of groups U(—W) C U(—V) instead.
Let P be the parabolic subgroup of U(V') stabilizing the flag of completely isotropic subspaces

<Zt> C <Zt,Zt_1> c---C <Zt,' . ,Zl>.

Let N be the unipotent radical of P, and H = U(W) x N which is a subgroup of U(V'). We define

a character of NV as follows. Let uw € N, we define a character

t—1
y(u) = w (Tr(C/R Z hv(z_z'_l, UZZ)> .

i=0
As v is invariant under the conjugation action of U(W), it admits a unique extension to H which
is trivial on U(W') which we still denote by v.



Let 7 and o be representations of U(V) and U(W) respectively. We denote by Homp (7 ® o, v)

the space of continuous linear forms £ : 7 ® o — C with the property that
lm(h)v @ o(h)w) =v(h)l(v@w), forallh€ H,vemand w € 0.

We put m(m, o) = dim Homp (7 & o, v). By | , ] if 7 and o are irreducible then m(7m, o) <
1.

Ift = 0, then H = U(W) and v is trivial. Then Homgyy)(m ® o, C) is the space of U(W)-invariant
continuous linear forms on & o.

Assume that 7 and o are irreducible and tempered. Let (¢, ;) and (¢s,7,) be the parameters

of m and o respectively. Write

G =mixX1 D D MpXk, Qo = N1p1 D -+ D nypy,

and
I8 S

Ay, = P(Z/2Z)a;, Ay, = PD(Z/2L)b;.

i=1 j=1
The following theorem is the main result of this paper. It confirms the local GGP conjecture for

real unitary groups [ , Conjecture 17.3].

Theorem 2.2. Assume that m and o are irreducible and tempered. Then m(w,o) = 1 if and only
if
77#(%’) = 6(Xi®¢0’7wc)7 770(63) = 6(¢7T®/J'j7w(c)7

foralli=1,---,randj=1,---,s.

2.3. Tempered intertwining. Let W C V be a relevant pair of hermitian spaces of dimensions n
and n+2t+1 respectively. Let m and o be tempered representations of U(V') and U(W) respectively.

In | , Section 7.2], an H x H bi-invariant continuous linear form
Lro: TRTRoRF — C

is defined. We remark that it is not required in this definition that 7 and o are irreducible. Assume
now that ¢ = 0. Then when restricted to 7 ® T ® 0 ® 7, the linear form L, is given by the more
familiar integration of matrix coefficients [I110]
(2.5) Lrolesd,v,0) = / (x(h)e, 'Y (o (), v')dh.

U(Ww)
The integral is absolutely convergent [I110]. In general if ¢ > 0, a regularization is needed in the
definition, cf. | , Section 7.1], but we will not need the expression of L, in this case.

Let us recall two results from | , Chapter 7] about L, . In the local trace formula approach,
these results need to be established before one can analyze the spectral side. It does not rely on
any local trace formula argument.

In general (any t), it follows from the definition that if L, , # 0, then m(w, o) # 0. The following

result is | , Theorem 7.2.1], which proves the converse.
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Proposition 2.3. If 7 and o are irreducible and tempered, then m(w, o) = 1 if and only if L » # 0.

Let Wi =V @ (z() with hy, (2, 24) = (—1)"1. Let X be the isotropic subspace of W spanned
by
(20 + 20,21, 5 2t),
and let @ be the parabolic subgroup of U(Wj) stabilizing X. The Levi subgroup M of @ is
isomorphic to GL¢11(C) x U(W). Let 7 be a tempered representation of GL;41(C) and we consider
the induced representation

(W1)7®0.

= Indg
We usually denote this induced representation by 7 x o.
The following proposition is | , Proposition 7.4.1]. Proposition 2.3 is deduced from it by an

argument using the Plancherel formula.

Proposition 2.4. For any tempered representation T, we have Ly s # 0 if and only if Ly, » # 0.
Proposition 2.3 and Proposition 2.4 reduce Theorem 2.2 to the case t = 0.

Corollary 2.5. Theorem 2.2 in the case t = 0 implies all other cases t > 0.

Proof. We keep the notation from Theorem 2.2. Let 7 be an irreducible principal series represen-
tation of GL;y1(C), induced from the character & ® -+ ® &1 of (CX)!! where &,--- &4 are
not conjugate self-dual. Then by Proposition 2.1(1), o is irreducible and the parameter of oy is
given by

bo, = DO DET B BENBEL Apy, = Apys N =To.
Therefore by (2.4) we have €(x; ® ¢o, , ¥*) = €(xi ® ¢, ¥*). By Proposition 2.3 and Proposition 2.4,
Theorem 2.2 for (7, o) follows from that for (o1, ). O

2.4. Outline of the proof. We now outline the proof of Theorem 2.2 when ¢ = 0. Assume that
¢ contains a conjugate self-dual character of sign (—1)" and ¢, contains b conjugate self-dual
character of sign (—1)"~! (counting multiplicity). Note that a has the same parity as n + 1 and b
has the same parity as n. Thus a + b is odd. The trick is to make an induction on a + b, not on
the size of the unitary group.

The base case is a + b = 1. In this case m and ¢ are both irreducible principal series representa-
tions. We have m(m, o) = 1 and 7, and 7, are both trivial characters. One in fact checks directly
in this case that L, is not identically zero. Theorem 2.2 thus holds when a + b = 1.

Now we assume a + b > 3 and proceed with induction. We should have either @ > 2 or b > 2.

Assume a > 2 first. The key observation is that, up to twists by characters of the form det® for
some integer k, m can be constructed by a composition of two theta lifts. More precisely we can
find the following data:

e a hermitian space Vj of dimension n — 1 and a skew-hermitian space V' of dimension n;
7



e an irreducible tempered representation of 7y of U(Vp) and an irreducible tempered repre-
sentation 7’ of U(V');

with the property that 7’ ®det” is the theta lift of 7y and 7 ®@det” is the theta lift of 7/ (the integers
k and k' depend on 7 and 7). In this case, via a familiar seesaw argument, Theorem 2.2 for (7, o)
are reduced to that of (og,m) where oo (up to twist) is an irreducible tempered representation in
the same Vogan packet as ¢. The L-parameters of oy contains b conjugate self-dual characters of
sign (—1)
(see the discussion of the relation between parameters and theta lifts in Section 3). Thus we are

n—1 n

and the L-parameter of 7y contains a — 2 conjugate self-dual characters of sign (—1)

done by induction.

Finally assume b > 2. Let W be the (orthogonal) direct sum of W and a hyperplane and let P
be the parabolic subgroup stabilizing an isotropic line in this hyperplane. Then the Levi subgroup
is isomorphic to C* x U(W'). We choose a character x that is not conjugate self-dual. Consider the
induced representation o7y = x xo. Then o7 is irreducible and the L-parameter contains b conjugate
self-dual characters of sign (—1)"~!. We then apply the result in the case a > 2 to (o1,7) and
prove Theorem 2.2 for (o1, 7). Using tempered intertwining, we see that Theorem 2.2 for (o1, ) is
equivalent to Theorem 2.2 for (7, 0). Then we are done.

The reason why the argument applies exclusively to real unitary groups is now clear. An L-
parameter of a real unitary group is a sum of characters and most of the representations (up
to twists) can be constructed via theta lifts from smaller unitary groups. Of course this is not
true for p-adic unitary groups. For similar reasons, the technique does not seem to work without

modification for the local GGP conjecture for orthogonal groups.

3. THETA LIFTS

3.1. Weil representations and theta lifts. Let V and V'’ be a hermitian space and a skew-
hermitian space of dimension n and n’ respectively. Then U(V) x U(V”) is a dual pair in Sp(2nn/, R)
in the sense of Howe. Let wy, be the Weil representation of Mp(2nn’, R) associated to the additive
character 1. The choice of ¢ agrees with the choices made in | , | by [lch, Lemma 7.10].
It also agrees with the choice made in | ], cf. | , p- 32]. In what follows the character v
is always fixed and will be suppressed from the notation when there is no confusion.

By choosing a conjugate self-dual character yy of sign (—1)" (resp. Xy of sign (—1)") of C*,
we get a splitting U(V) — Mp(2nn/,R) (resp. U(V') — Mp(2nn/,R)), cf. | , Section 3.1].
We denote again by w the restriction of the Weil representation to U(V) x U(V’). We remark
that it is not a representation by our convention as it is not of finite length. It is a continuous
action of U(V) x U(V') on some Schwartz space and it is unitary. In particular the underline
space is a nuclear Frechet space. We will describe realizations of the Weil representation on mixed
models below. If V' = L, and we use a conjugate self-dual character u of sign (—1) to split the
metaplectic cover over U(V”), we denote the Weil representation of U(V’) by wy, ,. This is the Weil

representation that will appear in the Fourier—Jacobi model below.
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Let 7 be an irreducible representation of U(V') then U(V')-coinvariance (w@ﬁ)U(V) is denoted
by ©(m). It is a (not necessarily unitary) Casselman—Wallach representation of finite length of
U(V') and its maximal semisimple quotient 6(7) of ©(r) is irreducible, cf. | , Theorem 1A].
If dimV —dimV’ = 0,£1 and 7 is tempered, it is expected that ©(w) is itself irreducible and
hence unitary and ©(7) = 6(7). The analogous result for p-adic unitary groups holds by the work
of Gan and Ichino | , Appendix C]. A rigorous proof for real unitary groups is unfortunately
missing in the literature. If we had this, we would be able to prove Theorem 2.2 and Proposition 2.3
simultaneously by combining the seesaw argument in Subsection 3.4 below and the abstract seesaw
identity [ , Proposition 3.11], without appealing to the results of | , Chapter 7).

We are going to deal with several theta lifts at the same time, so we add various subscripts to
O(m) to distinguish them. When we need to specify them, for instance, we denote the above ()
by Ovv v xyrw(T)-

We now describe the realization of w on a mixed model following | , Section 7.4], and use it to
deduce an estimate of matrix coefficients of w. Though | | considers only the nonarchimedean
local fields, the formulae for the Weil representation presented there are valid for all local fields of
characteristic zero. Let s be the Witt index of V' and Vjy be the anisotropic kernel of V', dim V =
np = n — 2s. Choose basis {v;,v} | i =1,---,s} of V5 so that for all 4,5 =1,--- s,

(wg) = (0 0) = 0, (w0]) = s

Let P = M N be a minimal parabolic subgroup of U(V') stabilizing the flag
C{v1} ¢ C{v1,v2} C -+ C C{vy,- - ,vs}.

Then M ~ (C*)* x U(Vp) and we let A ~ (R-)® be the identity component of the maximal split
torus in M. Let Ap be the roots of A in N and

AT ={be Alla()| <1,Vae Ap} = {(br, - ,bs) |0 < by <-- < by <1}.

Similarly let 7 be the Witt index of V'’ and Vjj be the anisotropic kernel of V', dim V{j = n{, = n' —2r,
and we have a minimal parabolic subgroup P’ and the identity component of a maximal split torus
A’, and

At ={a= (a1, ,a,) | 0< a3 <+ <a <1},
To compare the notation with [ ], the spaces V and W in | ] isour V and V'. The dimensions
m and n in | | is our n and n' respectively. The Witt indices r and s in | ] is our s and r

respectively.

The Weil representation w is realized on the mixed model. Let us first fix a realization Spg of
the Weil representation wyy v, of U(Vg) x U(Vp). The Weil representation wyy 1 of U(Vy) x U(V)
is then realized on Sy = S(Vj*) ® Spo. Finally the Weil representation wyry of U(V') x U(V) is

realized on S = S(V") ® Sy. We view elements in S as Schwartz functions on V" x Vj* valued in
9



Spo- We do not need the fully detailed description of the action as in | , Section 7.4], but only
the following. Let a = (a1, ,a,) € AT, b= (b, -+ ,bs) € AT, and ¢ € S. Then

(31)  wyrv(a,b)e(z,w) = xv(ar - ap)xyr(br -+ bs)(ar -+ ap)"(by -+ bs)" "7 p(b™ " za, wb),

where z € V7 (resp. w € V§°) is viewed as a row vector with entries in V' (resp. Vj), and when
multiplied from the right, ¢ and b are viewed as diagonal matrices with entries ai,---,a, and
b1,- -+ ,bs respectively.

We fix an inner product on Spg. Then an inner product on § is given by
00 = [ (0w). ¢z w)dudu.
Vrxvye

This makes sense since ¢, ¢’ are Schwartz. Define a function on R+ by

1, r<1

T(x) =
a:fl, z>1

Lemma 3.1. There is a continuous seminorm v on S such that

(3.2) oy (b,a)p, &) < [T af TTor > T T] T (aib; v (0)v(4),
i=1 j=1

i=1j=1
where a = (a1, ,a,) € AT, b= (by, - ,bs) € AT.

Proof. This is a slightly refined estimate of the one given in the proof of | , Lemma D.1]. From
the explicit formula (3.1) we see that we only need to prove the following more general result. Let
m be an integer and take ¢, ¢ € S(R™) ® S0, viewed as Schwartz functions valued in Spo, and
A= (A1, , Am) € (Rsg)™. Then there is a seminorm v on S(R™) ® Spg such that

(3.3)

/ <¢()\1371, ) A’mmm,)v ¢<I’17 T ,xm)>dx1 o dxm‘ S H T()\Z_I)V(¢)V(¢/)
" i=1

By relabeling, we may assume that

M= Z2NZ21> N2 2 A

Make changes of variables x; — )\Z-_lxi, i = 1,---,1. The left hand side of (3.3) then becomes
(A1---N\) ! times

(3.4)

/ <¢(Zlf1, ce L, XY, >\l+1xl+1a o 7)\mxm)7 (b/(Al_lxla te 7)‘l_1xl7 Li41, ,l‘m)>dl’1 te dxm .
Choose positive polynomials functions p(z1,--- ,2;) and p'(x;41,- - , Ty ) such that

/ p(xla"' afEl)_lp/(fEH_l,"' 7$M)_1d$1"'d$m
is convergent. Then we have that (3.4) is bounded by the product of this integral and

sup |<p(:E1, e 7xl)¢(xla e, I, Al-i-lxl-i-la e 7)\m$m)a
(35) X1, Tm
p/(xl—i-la Tt 7"Bm)¢/(A1_1:B17 Tt JAl_l"thl-‘rlu e )xm)>’
10



The Cauchy—Schwartz inequality gives that

(35) < sup [[{p(z1,- - @)p(wr, -+ @ N isrs - Am@m) ||
L1, Tm
X sup Hp/(xl-i-h T 7xm)¢/()‘1_1$17 T ))‘l_lxh Li41y 7xm)>H7
"l"17... 7xm
where ||-|| is the norm induced by the inner product on Spp. Note that p does not contain the
variables xj11,- -+, z,, while p’ does not contain the variables x1,--- ,x;. Thus both sup terms are

independent of the \;’s. Both sup terms are continuous seminorms on S(R™) ® Soo by the definition
of the Frechet space structure of S(R™) & Sy and we can find another continuous seminorm v that

dominates them. The desired estimate (3.3) follows, since

HT()\i) =)t
i=1
by our assumption. O

We now deduce from Lemma 3.1 several convergence lemmas which we need later. First we fix

some notation and recall some standard estimates from | , Section 1.5] and [I110, Section 4]. Let
G be a real reductive group, we let Z¢ be the Harish-Chandra Xi function on G [ , Section 1.5].
We fix a logarithmic norm ¢ on G | , Section 1.2]. Fix a maximal connected split torus A of

G and a minimal parabolic subgroup Fy of G. Let Ap, be the set of roots of A in Py and
At ={ac Alla(a)| < 1,Ya € Ap,}.

Fix a maximal compact subgroup K of G such that we have the Cartan decomposition G = KATK.

For any f € L'(G) we have the following integration formula

(3.6) Lraa= [ ot [[  nakandde,

where ¢(a) is a nonnegative function on A™ satisfying
(3.7) pla) < C8p) (a)

where C' is a positive constant independent of a and ép, stands for the modulus character of F.
Let 7 be an irreducible tempered representation of G, and « be a matrix coefficient of w. Then
there is a constant A such that |a(g)| < AZ%(g) for all g € G. The result of | | is more precise.

There is a seminorm v on 7 such that

(3-8) [(m(g)v, o) < ES(g)v(v)r(v)), v €.

Moreover by | , Proposition 1.5.1] there are constants B,C” > 0 such that if a € AT we have
=6 (a) < C'2, (a)s(a)®.

We now come back to our setup of unitary groups U(V') and U(V’). We keep the notation prior

to Lemma 3.1.
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Lemma 3.2. Assume that n > n'. Let © be an irreducible tempered representation of U(V'). Take

v,v' €’ and ¢, ¢’ € S. Then there are continuous seminorms vy on ' and vs on S such that

(3.9)

/ 170,07 (w(g, 1), )| < v (o) (o Yis()s(d):
u(v’)

Proof. To shorten notation, we write w(g), g € U(V"), instead of w(g, 1). We write a = (a1, - ,a,) €

AT, and we have
,
_ 2/ —4i+2
dp(a) = H a; .
i=1

Let us fix a maximal compact subgroup K of U(V’) such that we have the Cartan decomposition
U(V') = KATK. By the integration formula (3.6), the estimate (3.7) and (3.8) and Lemma 3.1,
the left hand side of (3.9) is bounded by

/ ﬁ a;%(%l%iﬁ)(l - zT:log a;)P ﬁ ald*ay---d*a,
0

<a1<-<ar<1, 4 i=1 i=1
~ ~ 1—1\, N ~ 1—1\ 4t /
x /K /K (e () 0) 5 (K= )0 )i (w0 (k) )P (w (K1) )k,

where B is a positive constant, d*a; = a;ldai is a multiplicative measure on R~g, and 7, (resp.
Us) is a continuous seminorm on 7 (resp. S). The first term simplifies to

r

T
— / ) —
/ | |a? 2=l E log a;)Bd*ay - --d*a,.
0<a1<-+<ar<1;4 i—1

Since n > n’, it is absolutely convergent. Since K is compact, the second term is bounded by
(vol K)? sup Tr (7 (k)v) sup s(w(k)e) sup v (w(k~")v') sup vs(w(k™")¢").
keK keK keK keK

Each sup term defines a continuous seminorm on the corresponding space by the uniform bound-

edness principle | , Theorem 33.1]. The desired estimate (3.9) then follows. O

Lemma 3.3. Assume V = L1 is a positive hermitian line. Let ©' and o’ be irreducible tempered
representations of U(V'), and v,v' € @', e,e’ € o'. Let ¢,¢' € S. Then there are seminorms v,

Vgr, and vs on ', o' and S respectively, such that
/U(V’)<7T/(h>v,v/> <U/(h)67 d)m’dh S Vgt (U)Vﬂ-/ (’U/)I/U/(E)VO./ (6/)V8(¢)VS(¢/)~

Proof. The argument is very similar to the previous lemma, so we will be brief. Using the integration
formula (3.6), and applying the estimates (3.7), (3.8), Lemma 3.1, the left hand side of the desired
inequality is bounded by the product of

T
/ a1~~ar(1—Zlogai)Banl'--anr
0<a1<--<ar<1 i=1
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and
sup Ur (7' (k)v) sup s (7' (k)v') sup T (0’ (k)e) sup v (0" (k)e') sup vs(w' (k) ¢) sup vs(w'(k)¢'),
keK keK keK keK keK keK
where B is a positive constant and v.’s are various continuous seminorms. The convergence of the
first integral is clear. The sup terms are continuous seminorms again by the uniform boundedness

principle. ([l

In the following proposition, if ¢ is a representation, by a dense subspace of matrix coefficients
of o, we mean a space of functions generated by (o (h)e,e’), where e € U and ¢’ € U’ and U, U’ are

dense subspaces of o.

Proposition 3.4. Assume eithern =n' orn=n'+1. Let 7’ be an irreducible tempered represen-
tation of U(V'). Take v,v' € 7’ and ¢,¢' € S.
(1) The linear form

wits.) = [ TG0 el )64

continuously extends to a linear form on © @7’ @w ®w. It is not identically zero if and

only if Oy v (7") # 0.
(2) Assume Oy y (') # 0. The function

hes [ TG 0wl b6 6)dg
uv)

defines a (possibly zero) matriz coefficient of 6y v (n'). When v,v' range over a dense
subspace of @', and ¢, ¢’ range over a dense subspace of S, functions of this form generate

a dense subspace of matriz coefficients of Oy v (7).

Proof. The absolute convergence and continuity follow from Lemma 3.2. The nonvanishing is quite
subtle. If n' = n, it is proved in [ , Proposition 5.2]; if n’ = n + 1 it is proved in | ,
Proposition 11.5]. This proves the first assertion.

For the second assertion, the integral indeed defines some hermitian form on Oy y (7"). The
semi-positivity of this hermitian form follows from | , Theorem 1.1]. It then defines an inner
product on Oy (7")/K where K is the kernel of it. Therefore ©y v (7')/K must be semisimple,
and thus coincides with the 0y~ (7). The positivity of this pairing on Oy v (7')/K needs some
explanation. In fact it follows from the following general fact. If U is a vector space and ¢ is a
nonzero semipositive definite hermitian form, and L the kernel of it, then ¢ descends to an inner
product on U/L. To see this, if there is an « ¢ L such that ¢(x,x) = 0, then take some y € U with
q(z,y) # 0 and consider q(ax 4y, ax +y) for some a € C, which equals ¢(y,y) + 2Re ag(z, y). Since
a is arbitrary and ¢(x,y) # 0, it cannot be nonnegative for all a.

Finally we fix a surjective homomorphism p : 7/ ® w — Oy v(n'). The integral in the lemma

takes the form (Oy- v (7")p(v, ), p(v', ¢')), where this (—, —) is an inner product on 6y (7’). The
13



last assertion of the lemma then follows from the surjectivity of p and the density of 7/ ® w in
T Rw. g

3.2. Parameters of theta lifts. Let © be an irreducible tempered representation of U(V') with
the parameter (¢, 7). In the case n’ —n = 0,1, the parameters of theta lifts can be described. We
fix xy and yy- to split the metaplectic cover over U(V') and U(V”) respectively.

Let us write the parameter of 7 as

(3.10) ¢ =mip1 D O My,

where ¢1,--- , ¢, are self-dual characters of sign (—1)""! while ¢, 41, , ¢ are not. Then A, =
" _1(Z/)2Z)a; as in (2.2).
We first consider the equal rank case n = n/. There exists a unique skew-hermitian space V’
with dim V' = n so that Oy,y v, v, (7) # 0. Put

(3.11) 0(¢) = ¢ Xy xv-

Then Ov,v' yy x\s (m) € g4y and it corresponds to the character 0(n) : Ap — (£1) given by
(3.12) 0(n)(ai) = e(¢i ® x3", ¥C)m(as).
The discriminants of V' and V' are related by

disc V disc(—iV") = (¢ @ xy*, ¥C).

These results were proved by Paul and were stated in [ , Theorem 6.1] in a different language.
We will make a translation after Lemma 3.5 for readers’ convenience.

We now consider the almost equal rank situation. Put

(3.13) 0(¢) = (¢ ® Xy xv7) ® XV

There are two cases. If ¢ does not contain yy, there are exactly two skew-hermitian spaces V’/ with

dim V' = n/ = n + 1 such that Ov,v' xv xy () is nonzero. We have
V/
9V7V'7XV7XV/ (71') S H6(¢>)> A9(¢) = A¢ D (Z/QZ)CLV/,
where the extra copy of Z/27Z comes from yy+. The representation Ov.v' xv xvr (m) corresponds to

the character 6(n) : Ag(s) — (1) such that

(3.14) O(mla, =n, 0(m)(ay) =nlar) - -n(ar)(—l)wfq_

where —iV” is of signature (p,q). In this case theta lift defines a bijection

Vl
Mo J o M,
disc(—iV’)=¢
14



where e = +1 is a fixed sign and V' ranges over all (isomorphism classes of) skew-hermitian spaces
with disc(—iV’) = e. If ¢ contains xy, then there is a unique V' such that Oy,y7 \. v, (7) # 0, and
it corresponds to (0(¢),0(n)) where

(3.15) Aggy = Apy 0(n) = 1.
In this case theta lift defines a bijection
H¢ d H@(@.

These results are due to Paul | ]. It is again not stated in this language in | . We will
make the translation after Lemma 3.5.
One direct consequence of this description of the parameters is the following lemma. It is easy

but is crucial to our argument.

Lemma 3.5. Assume n’ =n+ 1. Let ©’ be an irreducible tempered representation of U(V') with
Langlands—Vogan parameter (¢qr,np). Assume that ¢ contains at least one conjugate self-dual

n'—1

character of sign (—1) . Then there is an integer k, a hermitian space V with dimV = n, and

an irreducible tempered representation m of U(V') so that
Ovv xv xyr (m)=7"® det® .

Proof. By assumption we have ¢ = x' @ ¢ where X'(2) = (z/v22Z)™ and m has the same
parity with n(= n’ — 1). Suppose that x1» = (z/v/2Z)”. Then v has the same parity with m
(and with n). Let y; be the character x.(z) = (2/Z)¥. Then there is an integer k such that
X' ® xr = Xxv, and hence by Proposition 2.1(2) the L-parameter of 7’ ® det® contains the character
Xvr. Put ¢ = ¢) @ xi ® va‘_/,l. Then ¢ is an L-parameter of unitary groups in n-variables,
and Ag is a subgroup of index at most two of Ay ,. Let 7 = n/|a,. Then the representation 7
with the Langlands—Vogan parameter (¢, n) is an irreducible tempered representation of U(V') with
(7) = 7’ @ det® by (3.13) and (3.14). O

dim V' =n, and Ov,v7 y\, x,

So far we considered only the theta lifts from U(V) to U(V'). We can also consider the theta
lifts from U(V’) to U(V). As groups we have identifications U(V') = U(—iV’) and U(V) = U(EV).
Moreover V! @ V = (=iV') ® (iV) as skew-hermitian spaces so the Weil representation does not
change. Moreover we picked the Whittaker datum so that under the Langlands—Vogan parametriza-
tion a representation of U(—iV’) (resp. U(iV)) and hence U(V’) (resp. U(V)) correspond to the
same Langlands—Vogan parameter. Therefore the results described above do not change.

The rest of the subsection is devoted to the translation of Paul’s results into the language of
Langlands—Vogan parametrization. This material will not be used in the proof of the main theorems.
Tempered representations are irreducible parabolic inductions from limit of discrete series represen-
tations. By the Langlands—Vogan parameters of parabolic inductions, cf. Proposition 2.1(1), and

the induction principle of theta lifts, cf. | , Theorem 4.6.4], the crux of the matter is the case
15



when ¢ is an L-parameter of limit of discrete series representations. Assume from now on that this
is the case. Then ¢;’s are all conjugate self-dual characters of sign (—1)"~!, in the expression (3.10).

In | , |, theta lifts are viewed as correspondences between genuine representations

P S T

of covers over unitary groups. Let U(V) and U(V’) be the inverse image of U(V) and U(V’) in
Mp(2nn',R). Then by [ , Section 1.2], we have

——

U(V) ={(g,2) € U(V) x C* | (det g)”" = 2%}

where 1/ is an integer with the same parity as n’. Different choices of v/ give isomorphic groups,

and do not affect the result of theta lifts on the covers. However the choice of v/ does affects how

—

the identifications of representations of U(V') and U(V') are made. There is a genuine character of

6(\/1/) given by
det? : 6(‘7) —=C*, (g,2) — 2.

Thus there is a natural identification of irreducible representations of U(V') and those of U(V') given

/

by 7 <> m ® det ™z . This choice is made so that the relation (3.16) below holds. Similarly we have

—_—~—

U(V") ={(g,2) € U(V') x C* | (det g)" = 2°}

where v is an integer with the same parity as n. Thus there is a natural identification of irreducible

—_—~—

representations of U(V’) and those of U(V’) given by @/ <+ n’ @ det 2. The result of | ] in

the setting of covers of unitary groups is the following. If 7 is an irreducible genuine representation

—_~— —_~—

—— is a genuine

of U(V), then the maximal semisimple quotient the U(V')-coinvariant (w@%)U "%

P

irreducible representation of U(V’). We denote it by 9/;_‘;(%)
Suppose that the splitting characters xy and xy- are respectively of the form

/

Let m be an irreducible representation of U(V'). Then by | , Proposition 3.5] we have
(3.16) QVaV/,vaxvl (m) ® det™2 = 9/\;_‘;(7[' ® det*%).
Strictly speaking (3.16) is not explicitly stated in | |, but the calculation in the proof gives it.

Limit of discrete series representations of U(V') are parameterized by the pair (A, ¥) in | ,
|. Here

)\:()‘17"' 7>\1)"'>‘k5"' ))‘k;)‘la"' 7)‘17"')\]€)"' 7)\k)

P Pr q1 dk

with
° )\Z-EZ+”T_1,and)\1>)\2>~-->)\k;

® pi,q; >0, (pi,q:) # (0,0), and |p; — ¢;| < 1;

e (p,q) is the signature of V, where p=p1 + -+ pr, ¢ =q1 + - - - + ¢,
16



and ¥ is a set of positive root (of the diagonal Cartan subalgebra) in gl,(C) = Lie(U(V)) ® C
satisfying certain properties. The set ¥ can be specified by a real diagonal matrix in gl,(C). The
conditions ¥ needs to satisfy are stated explicitly in [Ich, End of Section 3].

Genuine limit of discrete series representations of [/I(\V) are parameterized in the same way,
except that A;’s are required to be in Z + 1 (resp. in Z) if n’ — n is even (resp. odd). If 7 is a
limit of discrete series representation of U(V') with the parameter (A, ¥), then the representation

—

T® det*% of U(V) has the parameter (\ — %, U) where A — ”7, means subtracting "7, from each
entry of \.

For limit of discrete series representations, the Langlands—Vogan parametrization (¢,n) and the
parametrization (A, ) are linked as follows. This follows from | , Théoréme 1.1] and has been
worked out in concrete terms in [Ich, Section 5.3.1]. Write the L-parameter ¢ as x1® x2® - - ® Xn,
where x;(z) = (2/v2Z)"". We may order these characters so that x; > ks > --- > k,,. Define

an elementary abelian 2-group
A(J; = (Z)2Z)e1 © (Z)2Z)es @ - - © (Z./27)ey,

where e; corresponds to ;. Then Hom(Ag, (+1)) is identified with a subgroup of Hom(A;f, (£1))
consisting of characters n with the property that n(e;) = n(e;) if k; = k;. Let ) be a character of
Ay and put

(1,0), if nles) = (1)1
(031)7 if 77(61'): (_1)i'

If 7 is a representation of U(V) with Langlands—Vogan parameter (¢,n), then its parameter in

(pi»@i) =

terms of (A, ¥) is given by

1
)\:5((/4/17“'7’%11“'7/4/”7”'7HTL;H17“.7"€17“'7’%”7“'7’%”)_'_(]//7“'71//))7
p1 Pn q1 qn n

and the set V¥ is given by the diagonal matrix

dlag(Il,"' sy Lly 3 Tpy - 3 Ty XLy " 3 L1y 3 Tpy -t a$n)7

P1 Pn a1 an
with 1 > 29 > - > xy,.

Finally we can make the translation of the results of Paul. Consider the equal rank case n = n’
first. In this case k;’s are odd integers. Suppose that we have k1 > -+ > Kk > 0> Kjp1 > -+ > Ky,
The parameter (A, ¥) of 7 is as described above. The parameter of the representation 7 ® det_%/
of IT(\V/’) is then (X, ¥) where

1

5(517"'7H17"'7517"'7"£l7/<"’l+17"'7/il+17"'7’%717"'7/{"’71;
——— ——
p1 ygi Pi+1 Pn
K’lv"'a’%la"')K'la"'7"/”'l7’il+15”')K'l-‘rla"'y"{nf"7K'n)-
—_—— —— — 4 ~
q1 qi qi+1 an
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By | , Theorem 6.1], the theta lift m(w ® det*%) is a limit of discrete series representation

—_——

of U(V') and the parameter is given by (I'\,T'W), where

~ 1
'\ = 5("":17"' yR1, R, s R Ri4+1, 0 5 Ri4+1,° s Bny 00 5 Rnj
—_——— -~ —_———
p1 DL qi+1 dn
Ril, "y Kl, Kl SR, R4, K41, s Rn,y o )Kn)u
—_——— —_————
q1 q Pi+1 Pn
and 'V is given by the diagonal matrix
diag(xlv'” s Ly XLy XL 41y 5T 41, s Tpy 0 5 Tnys
p1 DL qi+1 dn
Lyt 3Ty 5Ty 3 LTy 5 L1y 5 Tpy - 7$n)'
q1 qi Pi+1 Pn
The definition of T'W¥ in [ , Section 5.2, (5.2.4b)] is given explicitly in terms of the roots, which
is equivalent to our description here. Then by the relation (3.16) we conclude that Oy vy, v (7)
is (I'A,T'V) where
1
F)\Zf((ﬁh'” y K1, Ry s R Ri41, 0 5 Ri41,° s Bny 00 5 Rnj
2 —e—— ———
p1 DL qi+1 dn
Rly " 3R, 5Ky KL Ri41, 0 s Ri41," - s Bny -0 ,/in)‘i‘(l/,"' >1/) )
~~ SN——
q1 qi Pi+1 Pn n

Now consider the representation with the Langland—Vogan parameter (6(¢),6(n)). The L-parameter
is of the form x| @ x4 ® -+ @ x, where x}(z) = (z/V2z)"". By the relation (3.12), we have

0(n)(ei) = e(xi @ X", ¥E)n(es)-

By definition y; ® X‘_/l is the character z — (z/v/2Z)". Then by | , Proposition 2.1]
and (2.3), we have

e +1, ki >0,ie 1 <1<
€(X2 ® X\_/ 7w(c) = . .
-1, k;<0,ie. l4+1<i<n.
By the definition of (p;, ¢;), the effect of multiplying e(x; ® X;17W) to n(e;) is equivalent to
keeping (pi,q;) intact when 1 < ¢ < [ and swapping (p;,¢;) when | +1 < ¢ < n. Comparing
this with (A, T'¥), we conclude that the Langlands-Vogan parameter of 6y, (m) is precisely
(0(¢),0(n)), which is what we are after.

Let us move to the almost equal rank case n’ = n+ 1. In this case k;’s are all even integers. We

7XV7X,V

assume u, v are integers with |u —v| <1 and K41 = -+ = Ky, , = 0 and hence

u+v

k1> 2k 20==02 Kjytvt1 =+ 2 En.
18



/

As in the equal rank case, the parameter (X, U) of the representation m ® det™ 7 is

~ 1
A= 7('%17"' YR,y Ryt 7"’%707"' 707%l+u+’u+17"' y Rlduto+1, " yRns "0, Bnj
2 e — e e’ N e
p1 D u Pi+u+v+1 Pn
Ri, "y K1, ", K[, 7’€l707"' 707’il+u+v+17"‘ y Kldutov+1, " y Byt 7’€n)7
—_——— —_———— ——
Q1 a v Qtutv+1 qn

and the set ¥ is again given by the diagonal matrix

dlag(xla”'yxly"'7$n7"'7$n;$17"'7$17”'axna"'axn)y
~- N———
p1 Pn q1 qn

with z1 > o > -+ > x,,. We distinguish two cases.

First assume that u = v = 0, i.e. ¢ does not contain yy. By | , Theorem 3.4(c)], there are
two hermitian spaces V' such that m(ﬂ' ®det_%) # 0, and the parameters are given respectively
by

~ 1
F)\Zi(’ilv"'a"/”'la"'7’@5"'7/{lvovﬁl+1a"'7’{"l+la"',K/TH”'7’671;
N—— ~ —_——
p1 D Qt1 an
Rl 5 Rl 5 Ry s KL R, 5 RI41, 0 s By o 7K’TL)7
—_———
q1 qi Pi+1 Pn
. / .
Fql:dlag(l’h"' y Lyt 5y Ly XX L1y L1 3Ty " 5 Tps
N—_—— ——
p1 Y44 qi+1 qn
L1y " 3 T1y " 3Ty 3 XL, L)1y 3 L1 Ty " " 7'1;71)7
———— —_———— —~
q1 qi Pi+1 Pn
and
~ 1
'\ = 5('%17"' sy R, 5 Rl s R R, 5 BRI, 3 Bns o0 RS
N—_—— —_—— ~ 7
p1 Y44 qi+1 dn
’117”’7l€17"'7’117"'7Hl707’£l+17"'7’£l+17”'7l€n7"'7’£n)7
—_——— —_———— —/ — —_————
q1 qi Pi+1 Pn
F\Il:diag(xla"'7$17"'7xla"'7$l7$l+17"'7xl+1"'7xn7"'7xn;
—_——— —_——— ~
p1 P qi+1 dn
/
Lly 3Tl 3Ly 3T T 3 T41y " 3 T)4+1 Ty 7xn)a
—_—— ———
a a Pit1 P

Here in both cases, we have 1 > x9 > -2y > 2/ > 241 > -+ > x,,. Again the description of T'W
is explicitly in terms of roots in | , Definition 3.1], which is equivalent to our description. The

representation 5‘/71//(77 ® det™7) @ det2 of U(V’) then has parameter

1
F)\Zi(("fl"“7’%17"'7Hl7"'7Hl707Hl+17"'7’l€l+17"'7’%’n7"'7/€n;
—_——— —_—— —
p1 P qi+1 dn
K/la"'7K15"',I{lv"'a'y”'lv’{'l-‘rla"')K’l-‘rla"'7/{na"'7’in)+(ya"'7y)))
—_—— —— ~
q1 qi Pi+1 Pn n+1
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and

1
F)\Zg((ﬁlv"' s R, 5 Ry 3 R RI41, 0 5 Ri41,° " s Bny st 5 Rnj
N—_—— —_——

P1 12 Q41 Gn
Ela”'7ﬁ17"'7’£l)"'7’11707’€l+17"'7’£l+1)"'7’£n7"'7’€n)+(y7"'7y))7
~— —_— Y ~~

q1 q Pi+1 Pn n+1

respectively and I'V = I'U. Now consider the representation of U(V’) whose Langlands—Vogan
parametrization is given by (6(¢),0(n)). We have §(¢) = x| @ --- & x/,,, where

(z/Vzz)" T, 1<i<l
X; = 4 (2/Vzz)", i=1+1
(

2/V2Z)H Y 42 <i<n

D

Therefore the fact that 6(n) = n is equivalent to that we are swapping p; and ¢; when i >

[ + 1 in the parameters. The fact that 0(n)(ay/) = n(ai)- -'n(ar)(—l)nm;l)_q is equivalent to
0(n)(ar + -+ ar + ays) = disc V', cf. Proposition 2.1(4) (recall that V’ is of signature (p, q) and
dim V' =n +1).

Now assume that v + v > 1, i.e. ¢ contains yy. We make use of [ , Theorem 3.4(b)].

‘Ae(w

In this case there is a unique V' such that 9/‘;;(77 ®det™2) # 0. If u > v or if u = v and

(Pi+1,q1+1) = (0,1), the parameter of G/V\\;(w ® det*%) is

~ 1
')A = 7(“1)"' YR, 5 Ryt aﬁlaoy"' aoaﬁl—i-u—i—v—‘rlv"' s Rlduto+1s """ s Bnst 0 5 Bnj
2 e — e e’ N
p1 P u ql+utv+1 qn
R1, K1, K, 7Rl707"' 707"€l+u+v+1a“' s Kldutov+1," 0 s Bny oot 7Hn)7
——— ——— ——
Q1 qa v+1 Dltutv+1 Pn
v = dlag( L1y 5T Tldutvr " s Litutv) Tlduto+1s " 5 Tlduto+l " 5 Tny 00 5 T
———
p1 Plt+u+v Qi+u+v+1 qn
/
T1, 3T, Thputos s Tltutos T s Tlbutotls s lbutotl 0 Tny o0 5 Tn).
—_———
q1 ql+u+v Pl+u+v+1 Pn

If u<worifu=wvand (pt1,q+1) = (1,0), the parameter of 6/‘_/\\;(71' ® det™7) is
~ 1

F)\Zf(/ih'”v"{/la”'7517'”7’%l707"'707"£l+u+v+17”'7/€l+u+v+17"'7"£n7'”7’%n;
2 —— ———— ——
D1 D u+1 Ql4utv+1 qn
Rl R, 5 Ry a’%boa"' 707’%l+u+v+17"' s Rldutv+1, " s Rnyt e a'%n)a
—_—— N— N — ~
q1 q v Pl+u+v+1 Pn
Fm:dia (x PR x PR ;L' .« .. x m/x PEEETY x e l' PR x‘
g 1, s L1y s Ll+u+vsy sy Ll+utvy Ly Ll+utv+1s y Ll+utv+1 s bny s Lmy
—_———
p1 Pl4u+v Q+ut+v+1 dn
L1y 53Ty Tldutvs * oy Lldutvy Llduto+1y " s Llduto+ly " " s Tny =" ° ,xn)v
. ——
q1 A+u+v Pl+u+tv+1 Pn
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In both cases we have x1 > 9 > -+ > Ty ys0 > T > Tjpyivs1 > -+ > Ty, As in the previous

case, translating these results from U(V’) to U(V') gives the desired Langlands—Vogan parameter.

3.3. Fourier—Jacobi models. We will need an auxiliary model in our proof of Theorem 2.2. Let
V' be a skew-hermitian space of dimension n. Let 7’ and ¢’ be representations of U(V’). Let u be a
conjugate self-dual character of C* of sign (—1), e.g. we may take u(z) = 2(22)7%. Let wy, ,, be the
Weil representation of U(V”) (see Subsection 3.1). We denote by Homy (7' ® o' ® @y, C) the
space of continuous U(V”’)-invariant linear forms on 7’ @ o/ ®wy,,, and by m(r’,0’) its dimension.
If 7" and ¢’ are irreducible, then m(7’,0’) <1 by | ].

Define a linear form

~— ~

Lot ot apyu T@T®0’ ©o’ Q Wy éww,u - C,

(v,0',e,€,p,¢") — /U(V/)<7T'(h)v,v'><0’(h)e,e’><w¢7u(h)¢, ¢)dh.

(3.17)

By Lemma 3.3 the integral is absolutely convergent and the linear form indeed extends continuously
to the completed tensor product.
Assume that 7’/ and ¢’ are both irreducible and tempered. Let (¢, 7,/) and (¢,7,7n,7) be the

parameters of 7’ and o’ respectively. Let us write

¢w’:m1X1@"'®kak7 (ﬁG/:nl,Ul@"'@nl/J/la

and
T S

Ay = P(Z/2L)ai, Ay, = P(Z/22)b;,

i=1 j=1

following the convention in (2.2).

Proposition 3.6. Assume that 7’ and o' are irreducible and tempered. Then Ly 5y, # 0 if and

only if

N (@) = €(Xi @ b @ 1 UC),  nor(by) = €(dprr @ pj @ =t YC).

This proposition will be proved along with Theorem 2.2 later. The local GGP conjecture
for U(n) x U(n) [ , Conjecture 17.3] is a similar statement with £, ,» # 0 replaced by
m(n’,0’) = 1. Since L, # 0 clearly implies m(n’,o’) # 0, Proposition 3.6 proves half of this
conjecture. There are two possible ways to prove m(n’,0’) =1 if and only if £,/ ,» # 0. One is to
mimic the argument of | , Chapter 7]. The other is to use theta lift. If we had ©(7) = 6(7) for
irreducible tempered representations in the almost equal rank situation, we would have an explicit
relation between m(7’,¢’) and m(mw, o) when 7’ (resp. o) and 7 (resp. o) are connected via theta
lifts, cf. | , Proposition 3.11]. In this way we can prove L/ oy , # 0 if and only if m(7’,0’) =1

along with Theorem 2.2 and Proposition 3.6.
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3.4. Seesaw. We now explain the relation between the tempered intertwining maps (2.5) and (3.17)
via theta lifts. We consider a hermitian space V and a skew-hermitian space V' and the Weil

representation of U(V') x U(V’). We fix the following choice of characters.
e We fix the additive character ¢ in the definition of theta lifts. We let u(z) = z(z?)_% be a

conjugate self-dual character of C* of sign (—1).
e If dimV = dim V'’ = n, then we use

n

xv =p"  xv=p"
o IfdimV =dimV’£1=n=41, then we use

xv =p" oy = pt D"

o If V =Ly, dimV’' = n, then we use

xv=u" xvr=ptn

With these choices of the characters, the Weil representation of U(V') x U(V”) is denoted by wy y.
Let 7’ be an irreducible representation of U(V’). We denote by 6y (n’) the theta lift of 7’ to
U(V). Recall also that we have the Weil representation wy ,, of U(V’).

Let us consider the following setup. Let W C V be a relevant pair of hermitian spaces of
dimensions n and n + 1 respectively. Let L = W+ = L_1yn. Let V' be a skew-hermitian space of
dimension n. Let ' be an irreducible tempered representation of U(V’) and m = Oy y (7). Let
o be an irreducible tempered representation of U(W). The next two lemmas exploit the following

seesaw diagram.
U(V’) x u(v") U(v)

ey

UV U(W) x U(L)

Lemma 3.7. Let o/ be a matriz coefficient of n’, B be a matriz coefficient of o, and ¢, ¢ € S.

Then the integral
[ @B ete. ). ¢) dhdg
Uw) JU(V)

1s absolutely convergent.

Proof. Let us first record a simple calculus fact from which the lemma will eventually be deduced.
Fact. Let r1,--- ,ry and B be real numbers, and 1 +---+7; > 0 for any 1 < ¢ < N. The

N B
/ R A E logz; | d*zq---d*an
0<z1<-<zN<1 i=1

Now back to the proof of the lemma. Fix minimal parabolic subgroups P C @ of U(W) and

integral

is convergent.

U(V) respectively. Let s be the split rank of U(W) and we fix maximal connected split tori
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Aw ~ (Rsp)® € Ay of U(W) and U(V) contained in P and @ respectively. As the notation before

Lemma 3.1, we have
Afy ={(b1,-- ,bs) EAw [0 < by < - < by <1}

Fix a maximal compact subgroup K of U(W) such that we have the Cartan decomposition U(W) =
KA K. Similarly assume the split rank of U(V”) is 7, we have a minimal parabolic subgroup P’
of U(V’), a maximal connected split torus A" ~ (R)" of U(V') contained in P’,

At ={(ay,--,a,) €A |0<a; <---<a, <1}

Fix a maximal compact subgroup K’ of U(V’) such that we have the Cartan decomposition U(V") =
K'AYK'.

Using the integration formula (3.6), the estimates (3.7), (3.8) and Lemma 3.1, we are reduced to
prove that for any B > 0, the integral

Ty L0 S [0 Sty

0<br < <bs<1 =1 Jj=1

r

H ntl H by HH Y (aib; “ap - d%a,d¥by - d%bs

i=1 i=1j=1

is convergent. This simplifies to

S
2t B 2j—1— 2r \B
//)<a1< <ar<1Ha 1_Zlogaz Hb _Zlogbj)
b <bs<1 i= =1
(3.18) 0<b1 <-<bs<1 i= J
HH Y(a:b; ') ?d*ay - - d*apd by - - d*Ds.
i=1j5=1
Let (p1,--- ,ps+1) be a (s + 1)-tuple of non-negative integers with p; + -+ + psy1 = r. Define

Spi - to be the region in A" x A% defined by the inequalities

yPs+1
0<a1§"'§ap1gblgap1+1§"'§ap1+p2§b2
S tee S Apy+-+ps S bs S Apy+-4ps+1 S L S ap1+...+ps+1 S 1.

It is thus
enough to show that the integral (3.18), with the domain of integration replaced by Sy, ... 5., is

The domain of integration is a finite union of the regions of the form Sy, .. 5 ..

convergent. Elementary computation gives that when a;’s and b;’s are in this region, we have

-1\ _ -1 -2
H T (aibj ) _(apl-l-l T aPH-Pz) ’ (aP1+P2+1 T ap1+p2+p3)

j:17"'75
—s  pr—P1  pT—P1—P2 r—p1——P
(ap1++pg+1ar) bl b2 bS S,

We now check that the integration over Sy, ... satisfies the condition of the fact that we have

"Ps+1
recorded at the beginning of the proof. The sum of the exponents of the terms up to ap, 4...4p,+¢
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(0<t<pp1)is
244+ F20pr+ -k +t)—2p —4pg — - —2(1— 1)p; — 21t
+ 12 —2rl4+20r—p) -+ 20r—p1— - — ).
Here the first line is the sum of the exponents of a; and the second is the sum of the exponents of
b;. It simplifies to
(pr+-Fp+t—0>+ @1+ +p+t)>0.
Similarly the sum of the exponents of the terms up to b; (I > 1) is
244+ +2p1 4+ o) —2p2 —dp3s— - = 2(l - 1)py
P2 =20+ 2(r—p1)+ - 2(r—p1— - — ).

Here again the first line is the sum of the exponents of a; and the second is the sum of the exponents

of b;. It simplifies to
(pr+-+p—D+ @1+ +p)>0.

The convergence of the integral (3.18) is thus proved. O
Lemma 3.8. We have L # 0 if and only if o' = Oy () #0 and L, 7 p-nn -on # 0.
Proof. Consider the Weil representation wyy+ of U(V) x U(V’). By | , Lemma 2.8] we have

wy v luw)xuv) = wwvr @ W,y

Let ¢, QSI € ww,v and ¢, SO/ S A Then

(wyyi (9, h)¢ @@, ¢ @ ¢') = (wwyi(g, h)d, ') (wrv (h)p, )

if g€ U(W) and h € U(V’).
Let o/(h) be a matrix coefficient of /. Then by Proposition 3.4 the function

9 [ o B errlg 600, @b g€ UY)

is a matrix coefficient of 7, and when o’ varies over all matrix coefficients of ©’ and ¢, @', ¢, ¢’
vary over all elements in wyyy and wy, v+ respectively, the matrix coefficients of this form generate
a dense subspace of all matrix coefficients of m. It follows the continuity of L , that if L, # 0,

then we can choose o, ¢, ¢, ¢, ¢, and a matrix coefficient 3 of o such that

/ B(9) (/ o/ (h){ww,v (g, h)o, &) (wrvr () w’)dh) dg # 0.
uw) uv)

As 7’ and o are both tempered, the double is absolutely convergent by Lemma 3.7.
We can then switch the order of integration and integrate over U(W) first. Then by Proposi-

tion 3.4 again the integral

h'—>/ 9){ww,y(g,h)9,¢")dg



defines a nonzero matrix coefficient of ¢/ = (7). In particular o’ # 0. Denote this matrix coefficient
by v(h). We conclude that

| @ en (e 20,
0

Note that as a representation of U(V’), wr v is isomorphic to wy,, if n is even and to Wy, =
wy-1 -1 if nis odd (note that the splitting characters are different in these two cases). Therefore
Lo o7 p=nn y-om 7 0.

Reversing the argument gives the converse implication. O

Now let V'’ be a skew-hermitian space of dimension n, and let Vi C Wy be a relevant pair of
hermitian spaces of dimension n — 1 and n respectively. Let 7’ and ¢’ be irreducible tempered
representations of U(V”). Assume that there is an irreducible tempered representation 7y of U(Vp)

so that ' = QVO,V’ (7T0). Let gy = 0V/7W0 (?)
Lemma 3.9. We have L ;1 y-vm ,-vn 7 0 if and only if o9 # 0 and Lagx, 7 0.

We omit the proof of this lemma, which exploits the following seesaw diagram and is exactly the

same as that of Lemma 3.8.

UV’ xU(v’) U(Wo)

>

U U(Vo) x U(V5")

4. PROOF OF THE MAIN THEOREM

4.1. Setup. We prove Theorem 2.2 in the case t = 0 and Proposition 3.6 in this section. Let us
recall the setup.
U(n+1) x U(n).

e We have a relavant pair of hermitian spaces W C V of dimensions n and n + 1 respectively.
e Let m and o be irreducible tempered representations of U(V') and U(W) respectively. The

parameters of m and o are (¢, 7r) and (ds, 1, ) respectively.
U(n) x U(n).
e We have a skew-hermitian space V' of dimension n.
e We fix the character p(z) = z(zE)fé of C*. We have a Weil representation wy , of U(V").
e Let 7' and o’ be irreducible tempered representations of U(V”). The parameters of 7’/ and
o' are (¢, np) and (dyr, my) Tespectively.
Assume that ¢, contains a conjugate self-dual characters of sign (—1)" and ¢, contains b con-
jugate self-dual characters of sign (—1)"~! (both counting multiplicity). We prove by induction on

a+ b= N. Note that a (resp. b) has the same parity as n + 1 (resp. n), and thus N is odd.
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The base case is a + b = 1. In this case m and o are both irreducible (tempered) principal series
representations. More precisely assume that W C V' are split relevant hermitian spaces, i.e. the
signature of them are either (p,p), (p + 1,p) or (p,p — 1), (p,p) respectively. Let By = ToUs be a
Borel subgroup of U(V') with Us the unipotent radical and 75 a maximal torus. Let By = ThU;
be a Borel subgroup of U(W) with U; the unipotent radical and 77 a maximal torus. We fix the

following data.

e Assume that dimV = 2p + 1. Let x1,--- , X, be characters of C*, xo be a character of C!
and x be a character of 75 ~ (C*)? x C! given by x1 ® -+ ® xp ® x0. Let p1,--+,pp be
characters of C* and p be a character of 71 ~ (C*)P given by p11 ® -+ ® pp.

o Assume that dimV = 2p. Let x1,---,Xp be characters of C* and x be a character of
Ty ~ (C*)P given by x1 ® - - - ® xp. Let p1, -+, p—1 be characters of C*, pg be a character

of C!, and p be a character of T} given by p1 ® -+ ® pp—1 ® po.

V) (W)

U
X and o = ImdB1

In both cases let m = Indg
U(W) respectively.

4 be principal series representations of U(V') and

Lemma 4.1. We have Ly, # 0. In particular, if T and o are both irreducible, then Theorem 2.2
holds for (m,o).

Proof. We prove L, # 0 by induction on dimV = n + 1. The base case n = 0, dimV =1 is
trivial. Assume now that dimV > 2. Let Vj C W be relevant hermitian spaces, dimVy = n — 1,
then U(V}) is quasi-split. Let 7y be the principal series representation of U(Vy) defined as follows.
By conjugating the Borel subgroup Bs suitably, we may assume that By = B N U(V}) is a Borel
subgroup of U(Vp) and To = T'N U(Vp) a maximal torus. Let xo be the character of Ty given by
X1® @ Xp—1®@x0ifdimV =2p+1and by x1 ® - ® xp—1 if dimV = 2p. Let mg = Indggvo)@
be a principal series representation of U(Vp). Then m = x,, % mp. By the induction hypothesis we
have L; , # 0. Then Proposition 2.4 implies that L, , # 0.

Assume that m and o are irreducible, i.e. none of x;’s, ¢ # 0, are conjugate self-dual of sign
(—1)4mV=1 and none of y;’s, j # 0 are conjugate self-dual of sign (—1)3W=L If dim V = 2p + 1,
then Ay = 7/27 and Ay, = {1}. If dimV = 2p, then A, = {1} and Ay = Z/2Z. In both cases
Nr and 7, are trivial characters. We thus have m(7, o) = 1 and 0, and 7, are both trivial characters.
This follows from our choice of the Whittaker datum in the Langlands—Vogan parametrization, as

we picked the Whittaker data for U(%EL, 221) if n is odd. Therefore Theorem 2.2 holds. O

From now on let us assume that a + b = N > 3 and Theorem 2.2 has been proved for all (7, 0)

with a + b < N. This induction hypothesis is in effect throughout this section.

4.2. The case a > 2. We first look at the Fourier-Jacobi model. Assume that ¢,/ (resp. ¢,/) con-

n—1 (

tains a’ (resp. V') conjugate self-dual characters of sign (—1) again both counting multiplicity).

Lemma 4.2. Assume that o’ + b < N and o' > 1. Then Proposition 3.6 holds for (7’,d").
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Proof. We will be dealing with various theta lifts. We fix the choice of characters to split the
metaplectic cover as in Subsection 3.4.

Note first that L o4, and the local root numbers in Proposition 3.6 will not change if 7’/
and o’ are replaced by 7 ® det® and ¢’ ® det™* respectively for all integers k. It follows that
Proposition 3.6 holds for (7/,¢’) if and only if it holds for (7’ @ det®, o’ ® det™¥). Because of the
assumption @’ > 1, by Lemma 3.5, we may assume that there is a hermitian space Vj of dimension
n — 1 and an irreducible tempered representation my of U(Vp) so that 7’ = 6y, v/(m). The cases
n being even or odd differ slightly in notation. We will treat the case n being even and leave the

case n being odd to the interested reader.

Assume that n is even. Put Wy = Vo @ L_; and o9 = Oy (¢/). By Lemma 3.9 we have
Lyt oy 7 0 if and only if o¢ # 0 and Lag, -, # 0.
Let us now compute the parameters. Since 7’ = 6y, y/(mg), by (3.13) and our choice of the

n+1

splitting characters in Subsection 3.4, the parameter ¢, contains p"7". We write

Gr =max1 D D MeXk,  Gor =T1p1 D - B Mgy

where
o y; = pu*, i =1,--- r with «; distinct odd integers, o, = n + 1, and x;, ¢ > r, are not
conjugate self-dual of sign (—1)""1;
o i = ,wBJ‘, i = 1,---,s, with §; distinct odd integers, and p;, j > s, are not conjugate
self-dual of sign (—1)"1;
Then
r S
Ay, =P (z/22)ai, Ay, = @D(Z/22)b;.
i=1 Jj=1

By (3.13), we have
¢7r0 = mlMal_l PP mr_l'uoﬁ"—l_l fas) (mT' _ 1)Mar_1 @D *

and

¢a’0 = TLl/L_’Bl e @ns,u_ﬁs P x.

where * consists of characters that are not conjugate self-dual of sign (—1)"

in ¢n, and of sign
(—=1)" ! in ¢,, respectively.

Assume L/ 51y, # 0. Then og # 0 and Lz -, # 0 and hence L, 7 # 0. We distinguish two
cases: m, > 1 and m, = 1.

Assume first that m, > 1. Then A, , = Ay, and Ay , = Ay, . By the induction hypothesis we

have
777ro (al) = %(al) = €(¢UO ® :U’_ai—‘rl) Tr[}(c)v 770'0 (b]) = E(Qbﬁ ® :U‘_ﬂj)w(c)'

Here the first equality 1, = 77 follows from Proposition 2.1(3). Therefore again by (3.15) we have

nﬂ'(a‘i) = 7771'0(@7:) = €(¢0'0 ® M_Oéﬁ_lv ¢C) = 6(¢U' ® Mai_law)a i = 17 e, T
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and

Mo (b7) = =g (b)e( ™7 YC) = —e(dry @ ™, YC)e(u™7 4C) = €(p @ p 71, 4C).

Here the minus sign is a result of 7z5(b;) = —74,(b;) which again follows from Proposition 2.1(3).
The last equality follows from the fact that ¢ = (¢r, @ ) ® ™! by (3.13) and the identity

(it YO e(u P Y€)= pfitn(—1) = -1,

where the first equality follows from (2.3) and the second follows from the fact that 3; is odd and
n is even. This proves that the parameters of 7/ and ¢’ are as described in Proposition 3.6 when
m, > 1.

Now assume that m, = 1. Then

r—1 s
Ay, = EP(Z/)22)as, Ay, = Ay, = D(Z/22)D;.
i=1 j=1
The values 0, (a;), ¢ = 1,--- ,r — 1 and 7,/(b;), j = 1,---,s can be computed in the same way

as in the case m, > 1. It remains to compute 7,/(a,). Let us temporarily assume that the

. . . vl . . nln=1)

signature of Wy is (p, ¢) and the signature of —iV" is (p’,¢'). Then disc(—iV’) = (=1)" 2z ¢ and
n(nfl)_

disc Wy = (—1)~ 2z ~9. By (3.14) and Proposition 2.1(4), we have

e(pr @ p ", ) = disc Wy dise(—iV') = (—=1)77 9.
We also have
e (@r) = (@1 + -+ @ro1 + an)img(ar + -+ ap_1) = (=1)2 77 (=1)(E7D=07D = (—1)=7 9,
It follows that
M (ar) = (b7 © p~",9%) = (9o @ ", YC).
This proves the parameters of 7’ and ¢’ are as described in Proposition 3.6 if m, = 1.

The converse implication can be proved by reversing this argument. [l
Lemma 4.3. Theorem 2.2 holds for (w,0) if a > 2.

Proof. We again note first that Theorem 2.2 holds for (7, ¢) if and only if it holds for (7 ® det®, o ®
det ™" ) for any k. Thus we may assume that there is a skew-hermitian space V' of dimension n and
an irreducible tempered representation 7’ such that © = 6y (7’). By Proposition 2.3, m(m, o) = 1
is equivalent to L , # 0. Thus we are reduced to prove Theorem 2.2 with the condition m(w,0) =1
replaced L, # 0. Let 0/ = Oyv/(7). By Lemma 3.8, L, # 0 if and only if 0/ = Oy (7) # 0 and
ﬁﬂ/7?’w(,1)n7 e # 0. Assume that ¢, and ¢, contains a’ and b’ conjugate self-dual characters
of sign (—1)"~! respectively. Then by (3.10) and (3.13), we have ' = a —1 > 1 and ¥/ = b,
a'+b = N —1 < N. Therefore Proposition 3.6 holds for (7’,0’) by Lemma 4.2. The rest of the
argument is to deduce Theorem 2.2 for (7, 0) from Proposition 3.6 for (7', ¢’). This does not differ

much from Lemma 4.2 and we omit the details. O
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4.3. The case b > 2.
Lemma 4.4. Theorem 2.2 holds for (w,o) if b > 2.

Proof. Let x be any character of C* that is not conjugate self-dual of sign (—1)"~!. Let W; =
W@t (21, 2_1) where 211 are isotropic vectors with hyy, (21, 2_1) = 1. Let 01 = x x o be the induced
representation of U(W7). Then oy is irreducible and tempered, and we have ¢y, = ¢5 & x & x>},
Ay, = Ap, and 15, =1,. Note that ¢,, contains b conjugate self-dual characters of sign (—1)n+L
¢ contains a conjugate self-dual characters of sign (—1)".

Assume that m(m,0) = 1. Then m(o1,m) = 1 by Proposition 2.4. Now apply Lemma 4.3 to
(01, m), we conclude that the parameters of o1 and 7 are as specified in Theorem 2.2. It then follows
that the parameters of m and o are as specified in Theorem 2.2.

Let us now assume the parameters of 7 and ¢ are given as Theorem 2.2. Then by our construction
the parameters of o7 and 7 are given as in Theorem 2.2. It follows from Lemma 4.3 that m(oq,7) =
1. Then m(m,0) =1 by Proposition 2.3 and 2.4. O

4.4. End of the proof. We now prove Theorem 2.2 and Proposition 3.6. As a + b > 3, we have
either a > 2 or b > 2. So we conclude by either Lemma 4.3 or 4.4. This completes the induction
and proves Theorem 2.2. Proposition 3.6 then follows from Theorem 2.2 by a similar argument of

Lemma 4.2.
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