BESSEL MODELS FOR UNITARY GROUPS AND SCHWARTZ HOMOLOGY
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ABSTRACT. We prove the local Gan—Gross—Prasad conjecture for generic L-packets of real unitary
groups. The proof is to reduce the conjecture to the tempered case which has been treated in our

previous paper.
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1. INTRODUCTION

The goal of this paper is to prove the local Gan—Gross—Prasad (GGP) conjecture for real unitary
groups U(n + 2t + 1) x U(n), as stated in [ , Theorem 17.3]. Previously in [Xuec] we proved
this conjecture under the assumption that the representations under consideration are all tempered.
In this paper we prove the conjecture in general by reducing it to the tempered case.

Besides the final result, one notable point is the systematic application of Schwartz analysis in
the argument. In particular, Schwartz induction | ], Borel’s lemma, and Schwartz homology
introduced in [C'S] are extensively used. The method in this paper should have applications to
other restriction problems.

In the setting of the local GGP conjecture for p-adic orthogonal groups, Moeglin and Wald-
spurger | | carried out a reduction process that reduces the conjecture in general to the
tempered case. This process was extended to the setting of p-adic unitary groups by Gan and
Ichino [ ]. Various techniques that are only available to p-adic groups, e.g. Jacquet modules,
Berstein’s second adjointess theorem and Bernstein—Zelevinsky derivatives, were used there. The

argument in this paper is quite different. The action of the center of the universal enveloping
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algebra is carefully analyzed and plays a definitive role in the argument. It is not clear whether
there is a uniform treatment for both p-adic and real cases.

We now give the precise statement of the theorem and an outline of the argument.

1.1. Generic packets. By a character of C*, we mean a unitary character. It is conjugate self-dual

if x is trivial on Rsg. Any conjugate self-dual character is of the form

_m
2

wm(z) = 2" (2Z)
for some integer m. It is of sign +1 (resp. —1) if m is even (resp. odd). If x is a character of

C* we put x°(z) = x(2). Put |z|c = 2Z. A quasi-character of C* is a continuous homomorphism

¢ : C* — C*. Any quasi-character can be written uniquely as
§=wmllt

for some m € Z and s € C. It is a character if s is purely imaginary. Put Re£ = Res.
Let ¢ and ¥© be additive characters of C given by

W(z) = 2™V 1(z42) WC(2) = p(v/—1z) = €272,

Let n be a positive integer. An L-parameter for unitary groups in n variables is a n-dimensional

continuous semisimple representation of C*. As C* is abelian, we can write

k a
(L) o =PeisioP (G0 ),
i=1 i=1
so that
o &1,--+, &, are distinct conjugate self-dual characters of C* of sign (—1)"~!, and ¢1,--- , ¢k
are positive integers;
® ki1, , Ekrq are (not necessarily distinct) quasi-characters that are not conjugate self-dual
characters of sign (—1)""! and Re {1 > 0;
en=cy+ -+c+2a.
The Vogan packet attached to ¢, denoted by Ily, is the (disjoint) union of all H(‘; as V ranges
over all (isomorphism classes of) hermitian spaces of dimension n,
m,= |J 1y
V: dimV=n
Each Hg is a finite set of irreducible representations of U(V'). Throughout this paper, by a repre-

sentation, we mean a smooth Fréchet representation of moderate growth. Put

k
¢ = P ciés,
=1

which is a limit of discrete series L-parameter of unitary groups in n — 2a variables. The packet
I can be constructed from the limit of discrete series L-packet Ily, as follows. First if V' does not

contain an isotropic subspace of dimension a, then H}; = (). Assume that V contains an isotopic
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subspace of dimension a, then let V) C V' be a hermitian space so that its orthogonal complement
is a split hermitian space of dimension 2a. We may take a parabolic subgroup P of U(V') so that
its Levi subgroup is isomorphic to (C*)* x U(V;). There is a finite set H};g of irreducible limit of

discrete series representations of U(Vp). Let us temporarily order g1, -+ , &k rq SO that
Re&gt1 > -+ 2 Reprer > 0=Reprav1 = -Rekta-

Then the parabolically induced representation

(1.2) dp") €41 @ -+ @ Eppa ® 0

has a unique irreducible Langlands quotient. Note that we have made used of the fact that the
characters £y 1q/41," -+ ,€kta are not conjugate self-dual of sign (—1)"~! so that the parabolic in-
duction of gt q/41 @+ ® Egyq @ Mo 1s irreducible by | ]. Then Hg is the collection of all these
Langlands quotients where my ranges over HZ‘;. In short, taking Langlands quotients of parabolic
inductions gives a bijection between H(‘; and H(‘;g.

The centralizer group A, is defined to be Ay, = (Z/2Z)*. We label elements in Ay = Ay, as

k

(1.3) P z/2z)a;,

i=1
where a; is a symbol corresponding to &. Without saying the contrary we will follow this convention
of labeling characters in the L-parameter. To each representation m € Il there is a character
n: Ay — (£1) attached to it and this defines a bijection between I, and all characters of Ag.

There is a similar bijection between Il and Ag,. The following diagram commutes

H¢0 > Hom(A¢0’<:|:1>) )

|

H¢ EEE—— HOIIl(A¢, <:|:1>)

where the left arrow is the bijection given by the parabolic induction as before. Depending on the
context, we refer to either ¢ or (¢,n) as the L-parameter of 7.

This bijection II, — Hom(Ag, (£1)) depends on the choice of an equivalence class of Whittaker
datum. When n is odd, we choose it to be the unique Whittaker datum (up to equivalence) of
U(2tL 221y When n is even as explained in | , Section 10], this is equivalent to choosing
an additive character of C which is trivial on R. Throughout this paper, we will take this additive
character to be ¥C.

We say that L-parameter ¢ is generic if II; contains a generic representation (with any fixed
Whittaker datum). It follows from | , Theorem 6.2, equivalence of (a) and (e)] that this is
equivalent to that

L (s, o, As(_l)n)
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is holomorphic at s = 1. The result | , Theorem 6.2] is stated for “large” representations, but it
is shown in | , Theorem 6.8.1] that a representation being large is equivalent to being generic.
If L(s, ¢, As(fl)n) is holomorphic at s = 1, then for each my € HVg, by | , Theorem 6.19],
the parabolic induction (1.2) is irreducible. Thus if ¢ as (1.1) is generic, then I, consists of
irreducible parabolically induced representations of the form (1.2), where 7 is a limit of discrete

series representation and ranges over Il .

1.2. Bessel models. Let t be a nonnegative integer. Let W C V be a pair of hermitian spaces of
dimensions n and n + 2t + 1 respectively. Let G = U(V) and H = U(W). We say that the pair
(W, V) is relevant if V = W @+ Z and we can find a basis

205 41y 2425 "t 5 Bt

of Z with
hv(zi,zj) = (—1)n5i7_j, 1,5 =0,£1,.--, %t.

Let P be the parabolic subgroup of G stabilizing the flag of isotropic subspaces
(z) C(zt,20-1) T C {25000 5 21),

Let N be the unipotent radical of P, and S = H x N which is a subgroup of G. We define a generic

character of N as follows. Let uw € N, we define a character

t—1
V(u) = w (— Tr(C/]R Z hv(z_i_l, U,ZZ)> .

i=0
As v is invariant under the conjugation action of H, it admits a unique extension to S which is
trivial on H. We denote this extension agin by v.
Let 7 and o be representations of G and H respectively. We denote by Homg (7 R0, v) the space

of continuous linear forms ¢ : 7 ® o — C with the property that
Um(h)v @ o(h)w) =v(h)l(v@w), forallhe S, venandweo.

Here o is viewed as a representation of S via the natural projection S — H. We define the

multiplicity
m(m, o) = dim Homg(7 & o, v/).

By | , | if 7 and o are irreducible then m(7w,0) < 1.

Ift =0, then S = H and v is trivial. Then Homg(m R0, v) is the space of H-invariant continuous
linear forms on m® 0. This Hom-space will be referred to as the spherical model. If W = 0 and
hence o is trivial, then G is quasi-split and v is a generic character of the unipotent radical of a
Borel subgroup. Then Homg(m ® o,v) is the space of Whittaker models on 7. Thus the Bessel

models “interpolate” the spherical model and the Whittaker model.
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Let m and o be irreducible representations of G and H respectively. Assume that they lie in
generic packets. Let (¢r,77) and (¢4,7s) be the parameters of m and o respectively. Write the

L-parameters

k a l b
(1.4) ¢r =P eixi o P (sz @ x;’;j) , o =P din; o P (HHj @ uf;;,l) :
i=1 i=1 j=1 J=1
as (1.1) and
k l
Ay, =P @/22)ai, Ay, = ED(Z/22)b;.
i=1 Jj=1

For any L-parameter ¢, the local root numbers € (QS, @ZJC) are defined, c.f. | ]

Theorem 1.1. Suppose that m and o correspond to nx : Ay, — (£1) and n, : Ay, — (£1)
respectively. Then m(mw,0) =1 if and only if

nr(a;) =€ (Xi@%ﬂ/}C), ns(b;) = € (¢F®M,zpc>,
foralli=1,--- kandj=1,--- 1.

This confirms | , Conjecture 17.3] for the unitary groups U(n + 2t + 1) x U(n). If 7 and

o are tempered, the theorem has been established in [Xue].

1.3. Outline of the proof. The proof consists of two steps. We first prove the case t = 0 and
then reduce the general case to it. As representations lying in a generic packet are irreducible
parabolically induced representations, it is not surprising that a large part of the argument is
devoted to the relation between parabolic inductions and multiplicities. Sections 2 and 3 explain
the machinery of Schwartz analysis and develop the necessary tools. Section 4 carries out the proof
of the case t = 0. Sections 5 and 6 are devoted to the reduction to the ¢t = 0 case.

Let us first consider the case t = 0. Here and below in this paper, following usual practice, we

often write the parabolic induction (1.2) as

Xk+1 X =+ * X Xk+a X T0,

when there is no confusion with the parabolic subgroup P. Similar notation applies to other
parabolic inductions.
Suppose the L-parameters of the representations m and o are given as in Theorem 1.1. Then we

may write
T = Xk+1 X =" X Xkda X T0, 0 = M1 X -+ X Uj4p X 00,

where 79 and o are limit of discrete series representations. We may write

] t; . .
Xk+i:wli|'|fclv )ul'f'j:wmj‘.ké? i=1,---,a, ]:17"'7b7
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where Iy, -+ ,lq, m1, -+ ,my are integers and s1,--- ,Sq,t1, - ,tp are complex numbers with non-

negative real parts. By relabeling we may assume that
Re (ll + 251) >--->Re (la + 2Sa), Re (—m1 + 2t1) >--->Re (—mb + th).

These numbers are related to the infinitesimal characters of 7 and 0. With this ordering, Re (I;+2s;)
is the largest among Re (I; +2s;)’s and hence Re (—l; — 2s1) is the smallest among Re (—I; £ 2s;)’s,
and Re (—my + 2t;) is the largest among Re (—m; & 2t;)’s and hence Re (m; — 2t1) is the smallest
among Re (m; £ 2s;)’s.

We distinguish two cases.

e Assume that Re (1 + 2s1) > Re (—my + 2t1) or b =0 first. We put

— !
T~ = Xkq2 X =** X Xkta X M0, 71 = |-|"F X Xp42 X -+ X Xgta X T0,

where s} € v/—1R is a generic purely imaginary number, i.e. it avoids countably many
values. Here 7~ is a representation of U(V_) where V_ is a subspace of V and V»! is a

hyperplane, and 7 is a representation of G. We prove that
(1.5) m(m,0) =m(o, 7" ) =m(m,o).

We will explain the idea of the proof of this below. The net effect of this procedure is to
replace the possibly nonunitary xx41 by a unitary one Hsll in 7.

e Assume that Re (I1 + 2s1) < Re(—m; + 2t1) or a = 0 now. We put
ot =" X pggr X X gy X 00, o1 = || X pge X X gy X 00,

where t) € v/—1R is a generic purely imaginary number. Here o™ is a representation of
U(W™) where W7 is a hermitian space containing W and W+ is a hyperplane, and oy is

a representation of H. We prove that
(1.6) m(r, o) =m(c™, ) =m(r, o1).
The net effect of this procedure is to replace the possibly nonunitary ;41 by a unitary one
|11 in o.
These procedures can be repeated. We order the numbers
Re(l; +2s;), i=1,---,a, Re(—m;+2t;), j=1,---,b

from the largest to the smallest and applies the above procedures to Xx+1,- - , Xk+as> Hi+1, " Hi+b
according to this order. The ultimate effect is that we replace these potentially nonunitary quasi-
characters by the unitary characters of the form |-|* with s € /—1R. More precisely we find generic
elements

sy shth, ot € VIR

so that we have



and
op = ||t x -+ x ||t x o0,
with
m(m, o) = m(ma, op).

The representations m, and o, are irreducible and tempered. Moreover in this process, the L-
parameters ¢, and ¢, are changed, while ¢, and ¢,,, the centralizers Ay and Ay, the characters
Nz and 1., and the root numbers appearing in Theorem 1.1 remain intact. Thus Theorem 1.1 for
(m,0) is reduced to that for (74, 0p) which has been established in [Xue]. This argument can be
packed into a slightly more souped-up version using a double induction on both a and b. But it
seems (to me) that the induction is rather involved and confusing. So we keep the argument as
above.

It remains to explain the proof of (1.5) and (1.6). This is the content of Proposition 4.3 and
is where the machinery of Schwartz analysis comes into the argument. By definition, Schwartz
homologies are derived functors of the H-coinvariance functor — — —p. Thus the continuous dual
of the zeroth homology

HS(Hn®o)=(1®0)y
is Homp (7 ® o, C). We now explain the proof of m(m, o) = m(o,7~) in (1.5) under the assumption
that Re (1 +2s1) > Re (—my + 2t1). All other equalities are proved in the same fashion. The point
is to study the restriction of m to H. Note that 7 is a parabolically induced representation, so this
restriction is studied via the usual orbit method. We may assume that W is isotropic, the case it
being anisotropic is much easier. Let W = Wy @+ (E @ F) where E and F are isotropic lines in W
and E @ F is a hyperplane. Let P_ be a parabolic subgroup of G stabilizing E. Its Levi subgroup
is isomorphic to C* x U(V_) and V_ is the orthogonal complement of E @ F' in V. We write 7 as

Ind§ Xep1 @7

where 7~ is an irreducible representation of U(V_). The intersection P_ N H is again a parabolic
subgroup of H. There are two H orbits on the flag variety P_\G, the open one and the closed one.
There is an H-stable closed subspace 7° of 7 consisting of all Schwartz sections in 7 over the open

orbit. We take the long exact sequence of the Schwartz homologies HS (H, —) associated to
0—=7°—=>nm—7/7°—=0
to obtain
- > HY(H,n/m°®0) = Hy (H,n°®0) = HS (H,mn®0) = Hy (H,7/7° & ) — 0.

By a version of Borel’s lemma, c.f. Proposition 2.5, the quotient 7/7° has an H-stable filtration

whose graded pieces are of the form

. 1., _ .
P =Indp gl 127 © (7 lmau ), G=0,1,2,- .
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1
Here the extra factor || comes from the comparison of the modulus character for P and P_ and
the factors ch all come from the “transverse derivatives” along the closed orbit. The infinitesimal

character of oV is

<—m1 + 2t —my + 2t —my — 2t —my1 — 2t1>

9 7"'3#%“17"'7”71—21); 9 T 2

where p; € ”T'H +Z,i=1,2,--- /b. Under the assumption that Re (I; + 2s1) > Re (—m + 2t1) we

have

lh+2 1 —my; £ 2t;
Re%+j>Re%, i=1,---,b, j=0,1,2,---.
Moreover as 7 lies in a generic packet, we have
lh+2s1+1 .  n+1
hiZatl,  gntl g

Thus the numbers + j do not appear in the infinitesimal character of oV. Then we can

1425141
2
construct an element z in the center of the universal enveloping algebra of H, annihilating p?, but
not o¥. A construction of this type is given in Section 3. It follows from a general vanishing result

of Schwartz homology, i.e. Corolloary 2.8, that
HY (H,p'®0) =0
for all . Then by taking inverse limit we conclude that
Hf (H,7T/7TO(§)O') =0
for all ¢ and hence the long exact sequence implies that
HS(H,m°®0) = HS (H,7R0).

Finally Frobenius reciprocity yields

~

HS(H,m°®0) = HS(U(V.),c®@77).

The desired equality
m(m, o) =m(o,m)

then follows.

The reason why we choose to work with Schwartz analysis instead of other (co)homology the-
ories is that we are able to describe the filtration on 7/7° in this context relatively easily. More
importantly, Theorem 1.1 only holds for Fréchet representations of moderate growth. The Theorem
would have been false had we worked in the other categories of representations, e.g. the category of
Harish-Chandra modules. This is a well-known phenomenon first observed by Kostant | ]. The
most suitable (co)homology theory for the category of Fréchet representations of moderate growth
is the Schwartz homology theory. To me Schwartz analysis provides us with the best framework in

studying restriction problems for parabolically induced representations.
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We end this long discussion by commenting briefly on the reduction of the general case to the
case t = 0. The argument is in the same spirit. The notation below is independent from the above
explanation for t = 0. Recall that we have a relevant pair of hermitian spaces W C V of dimension

n+1

n and n + 2t 4 1 respectively. Let z{, be an element with norm (—1) and we put

Wt =Ve(x), Y=Xea/x+z)

Then Y is a (t + 1)-dimensional isotropic subspace of W*. Let P be the parabolic subgroup of
U(W™) stabilizing Y. The Levi subgroup of P is isomorphic to GL4+1(C) x U(W). We choose an

irreducible principal series representation
St+1

TZH?CI X"'XH(C

of GL¢+1(C), and consider the parabolically induced representation

+ ~
ot = Indg(w )T®U
of UWT). We assume that s1,---,s,41 € C are complex numbers in general position, i.e.
(s1,---,8¢11) € CH*1 avoids the zeros of countably many nonzero polynomials functions. Again

there are two G-orbits on P\ U(W ), the open one and the closed one. Let 0° be the G-invariant
subspace of ot consisting of Schwartz sections over the open orbit. The same argument as in the

case t = 0 gives that
m(o™, ) = dim Homg(o™° &, C).

The difference is that Frobenius reciprocity does not immediately apply to this Hom space and
oT° admits a further filtration. This filtration is closely related to the R-stable filtration on 7
where R is the mirabolic subgroup of GL;11(C). Section 5 is devoted to the study of this filtration.
It is the counterpart in our context to the Bernstein—Zelevinski’s theory of derivatives for p-adic
general linear groups. In the case of p-adic general linear groups, this filtration is obtained from
the exactness and adjointness properties of various induction and Jacquet functors, which are not
available in our setting. We obtain the desired filtration by combining the Borel’s lemma and a trick
of applying the Fourier transform. Once this filtration is understood we can apply the machinery

of Schwartz analysis as before and eventually, via Frobenius reciprocity again, obtain that
dim Homg (o ™° &7, C) = m(nw, o).

Therefore Theorem 1.1 for (w,0) is reduced to that for (o, 7) which is in the case ¢ = 0. This

concludes the proof of Theorem 1.1.
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2. SCHWARTZ ANALYSIS

2.1. Schwartz induction. We work in the setting of almost linear Nash groups, i.e. a Nash
group which admits a Nash homomorphism to GL,(R) with finite kernel. We denote by gothic
letters the Lie algebra of the corresponding group, e.g. if G is a almost linear Nash group, then
g = Lie(G) stands for its Lie algebra, and gc its complexification. We denote by U (gc) the universal
enveloping algebra and Z(gc) its center. By a representation of G, we mean a Fréchet representation
of moderate growth, i.e. a Fréchet representation (m, V) of G so that for every seminorm ||-||; on

V, there is another seminorm ||-||2 on V, and some positive Nash function f on G so that

Im(g)vlls < f(g)llvll2, g€ GveV.

Let Smodg be the category of Fréchet representations of moderate growth of G.

In what follows, if V and W are topological vector spaces, we write V = W to indicate that they
are isomorphic as topological vector spaces.

Let G be an almost linear Nash group and H a Nash subgroup. Let (o,V) be a representation
of H. View V as the trivial representation of G and let S(G, V) (resp. C*°(G,V')) be the space of

Schwartz functions (resp. smooth functions) on G valued in V. Let I be the continuous map
(2.1) 1:8(G,V) > C=(G,V), fr (g - [ a(h)f(hlmdm) ,
H

where dph is the left invariant measure. Let ind$ V or ind% ¢ be the image of I. Under the quotient
topology of S(G, V) and the right translation of G, it is a Fréchet representation of moderate growth
of G and is called the Schwartz induction of (o, V). If H is a parabolic subgroup of G, then this is
the usual unnormalized parabolic induction.

We have the following geometric interpretation of Schwartz inductions. We define a right action
of Hon G xV by

(22) (g¢ U) ~h= (h_lgv U(h)_lv)v

and let V = H\(G x V) be the quotient of G x V' this H-action. It is a tempered (right) G-bundle
over H\G, c.f. [CS, Section 6.1]. By [C'S, Proposition 6.7],

indG V =TS(H\G,V)

where T'S(H\G, V) stands for the space of all Schwartz sections of V' in the sense of [('S, Defini-
tion 6.1].
We remark that left actions are used throughout in [C'S]. To be consistent with the usual con-

vention of parabolic inductions, we choose to use right actions of G on H\G. The fiber at 1 of the
bundle V is then the vector space V with a right H action. This right action and the representation
o is connected by

(2.3) o(h)yv=v-hL.
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The representation o will be referred to as the representation on V' that the bundle V gives rise to.

We recall several results from [C5].

Proposition 2.1 ([C'S, Proposition 7.1]). Schwartz induction is an exact functor from Smody to

Smodg.

This proposition will mostly be used implicitly and will be referred to as “exactness of Schwartz

induction”.

Proposition 2.2 ([C'S, Proposition 7.2]). Let H' be a closed Nash subgroup of H and V be a
representation of H'. Then
ind% (indf}, V) = ind$, V.

This proposition will be referred to as “induction by stages”.

Proposition 2.3 ([C'S, Proposition 7.4]). Let W and V' be representations of H and G respectively.

Assume that one of W and V' is nuclear. Then
indG(W & V|g) = (indG W) V.

Here ® stands for the completed tensor product of complete locally convex topological vector
spaces. In any completed tensor product appearing in this paper, at least one (most of the time
both) of the topological vector spaces will be nuclear and thus there is no ambiguity which tensor
product we use, c.f. | , Theorem 50.1(f)]. Moreover the completed tensor product of two

nuclear Fréchet spaces is again a nuclear Fréchet space.

Proposition 2.4 ([C'S, Proposition 6.6, Theorem 6.8]). Let V' be a representation of H. Then
((ind%(V @ 6m)) ® 05") ; = Vi,

where g and d¢g stand for the modulus characters of H and G respectively.

This proposition will be referred to as the “Frobenius reciprocity”.
2.2. Borel lemma. The classical Borel’s lemma asserts that the quotient
SR")/SR™\{0})
is isomorphic to the power series ring
Cllwy, -+ s xnl],

with the canonical quotient map S(R™) — Cl[x1,- - ,x,]] being given by taking the Taylor expan-
sion at origin.

Now let X be a Nash manifold. Assume that Z is a closed Nash submanifold. Let &/ be the open
complement of Z. Extension by zero gives a natural injective map I'S (U, £) — I'*(X, £). Put

IS(X,E) =TS(X,E)/TSU,E).
11



Let NV Zv{ /X be the complexification of the conormal bundle. This is a tempered bundle over Z in
the sense of [('S, Section 6.1]. Let £ be a tempered bundle over X. The following is the Borel’s

lemma in this setting.

Proposition 2.5 ([('S, Proposition 8.2, 8.3]). There is a decreasing filtration on TS(X,E), denoted
by Fg(‘){:(‘:)k; k=0,1,2,---, so that

PZ(X,€) = ImTE (X, E)/TE(X, ).
Moreover the graded pieces are isomorphic to
FS(Z,SymkNZ\g//X@)g’Z)y k=0,1,2,--,

If X is a G-Nash manifold, Z is stable under the action of G and £ is a tempered G-bundle, then
this filtration is stable under the action of G.

2.3. Schwartz homology. If V is a representation of G, we denote by Vi the G-coinvariance.

There are a number of equivalent ways to define it. According to [C'S, Theorem 1.7], one definition
is
Ve :v/Z(g—nv.
geG

The space Vg is given the quotient topology and is a locally convex topological space. Note that
the subspace » (g — 1)V might not be closed and thus Vi might not be Hausdorff.

If [ : V — C is a continuous G-invariant linear form, then it descends to a continuous linear form
on Vg and to the maximal Hausdorff quotient VGO. Conversely any continuous linear form of Vg
automatically factors through Vg and we obtain a continuous linear form on V by composing it
with the natural map V' — V. It follows that Homg (V, C) is the dual space of Vi or VGO. Therefore
if Homg (V, C) is finite dimensional, then so is V2 and

dim Homg (V, C) = dim V2.

A Schwartz homology theory Hf (G, —) has been introduced in [('S]. The functor V + Vg is a
right exact functor from Smodg to the category of locally convex topological vector spaces. The
Schwartz homology Hf (G, —) is the derived functor of V' — V. It can be calculated using strong

projective resolutions as follows. Let
=P =P =V =0

be a strong projective resolution of V in the sense of [(C'S, Definition 5.11], i.e. it is an exact
sequence in Smod¢, homomorphisms are strong and F;’s are relatively projective. Then HZS (G, V)

is the i-th homology of the complex
s — (Pl)G — (PO)G — 0.

The homologies HS (G, V) may or may not be Hausdorff. By [('S, Proposition 1.9], it is Hausdorff

when it is finite dimensional.
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Let

0=V —=Vo—=V3—=0

be a short exact sequence of representations of GG, then by [C'S, Corollary 7.8], we have a long exact
sequence

of locally convex (not necessarily Hausdorff) topological vector spaces.

Proposition 2.6 ([C'S, Theorem 7.5]). Let H be a closed Nash subgroup of G and V' a representation
of H. Then

HE (G, (indf(V @ 0n)) @ ') = H (H, V),
for all i > 0.

This proposition will be referred to as “Shapiro’s lemma”. It recovers Forbenius reciprocity when
1 =0.

Proposition 2.7. Let (m, V) and (o, W) be representations of G. Assume that both of them are
nuclear. Let X — X be the canonical anti-automorphism of U(gc) such that X=-XifXeg.
Assume that there is an element X € Z(gc) such that X acts on 7 as a constant Ay and X acts
on o as a constant Ao. If \1 # Ao, then

for alli > 0.

Proof. Let P_y =0, P_; =V and we inductively define P; to be S(G, K;_1) where K;_; stands for
the kernel of P,_1 — P;_9,1=0,1,2,---. Let P, — P;_1 be the composition

P =S(G,Ki—1) > Ki_1 — Py
where the first map is given by integration over G. By [CS, Proposition 5.4],

o= P> F—=-V =0

is a strong projective resolution where the maps are given by integration along G. We let P, be
the complex

o= P — Py — 0.
Since V' is nuclear, all P;’s are nuclear. As W is nuclear

S PLRW = Ph@W 5 VW =0

is a strong projective resolution of V.® W, c.f. Lemma 2.9 below. The element X € Z (g) gives a

morphism W — W and hence a morphism of the complexes

1QX :PoQW = P,@W.
13



It descends to a morphism of the complexes
(2.5) 19X : (P,@W)g — (P.@W)ge.

By assumption X acts as a scalar Ao on W, therefore it acts as as the scalar Ay on the complex
and hence on the homologies HY (G,V & W).

By [('S, Lemma 4.6], the element 1® X — X ® 1 acts trivially on the complex (Py ® W)g. Thus
on the one hand X ®1 acts on HY (G,V ® W) as a scalar Ag. On the other hand, X acts as a scalar
A1 on V. Since W is nuclear, the tensor functor — ® W is exact. It follows that H (G, — & W) are
the derived functors of (—® W)g. Therefore X ® 1 acts as a scalar \; on H (G, V ® W). Since
A1 # A2, we conclude that

HS (G, VW) =0.
This finishes the proof. O

We observe that if ¢ is irreducible and X acts on o by Ao, then X acts on ¢ by Ao. Thus we

have the following corollary.

Corollary 2.8. Assume in addition that o is irreducible in Proposition 2.7. If there is an element
X € Z(hc) so that X acts on w by A1 and acts on 0¥ by Ao with Ay # X2. Then

HS (G, m®0)=0
for all i > 0.

2.4. Remarks on linear algebra. We add some remarks regarding linear algebra. We begin with
the following well-known lemma on nuclear Fréchet spaces. It is so fundamental that we mostly
use it without reference. The cited reference also contains useful information on nuclear Fréchet

spaces and their duals.

Lemma 2.9 (] , Lemma A.3]). Let W be a nuclear Fréchet space and
0—=-Vi—=>Vo—=V3=0
be a short exact sequence of nuclear Fréchet spaces. Then
0= Vi@W = 12eW = V38W —0
is a short exact sequence of nuclear Fréchet spaces.
We will frequently use the following result. Again it is mostly used without reference.
Lemma 2.10. Let G be a Nash group and
0—->Vi—=>Vo—=>V3—0
be an exact sequence of representation of G. If

HZ(G,V3) =0
14



for all i, then HY (G, V1) = HP (G, Va) for all i.
Proof. Tt follows from the long exact sequence that
HP (G, V1) — HY (G, Va)

is a continuous isomorphism of vector spaces. It follows from [C'S, Lemma 8.6] that it is an open

map. Therefore it is an isomorphism of topological vector spaces. ]

Let I be some index set and V' be a Fréchet space with a descending filtration of closed subspaces
indexed by I. We say this filtration is complete if I is countable well-ordered and if the canonical
map

V- gn V/Vy
is an isomorphism of topological vector spaces. The successive quotient V,,/V,4, o € I, are called
the graded pieces. Here if @ € I we denote by a+ its successor. The filtration in Proposition 2.5

is complete.

Lemma 2.11. Let W be a closed subspace of V' and Z the quotient. Assume that W and Z admit

complete filtrations indexed by the countable well-ordered set I and J respectively,
Wo, acly Zg, pBel
Then V' admits a complete filtration indexed by I U J with graded pieces
Wo/Was, Zg/Zpy, a€l, pel
If V' is a representation of some Nash group G and W is G-stable, then the filtration is also G-stable.
Proof. The index set I U J is ordered so that it does not change the ordering in I and J and o > (3

ifael and § € J. Then I UJ is well-ordered. Let ¢ : V — Z be the natural map. The filtration

V,, indexed by v € I U J, given by
W, if v e J;
V, = . _
v (Z,), ifyel.

is a filtration with required graded pieces. It gives rise to an inverse system
Veirroo = V/Vg = V/V, — -
Moreover we extend the inverse system
e WWoy = W/Wy — oo = W/W,, =0

to
Weiiii 5 W/Wop = W/Wo =+ =5 W/Wyey=0—---—=0—0.

where the 0’s are indexed by J, and the inverse system

= Z)Zg - Z) 78— - — Z[Zg, =0
15



to
Ze:i =2 —Z— - = ZlZsg - Z]Zg— - — Z]Zg, =0,
where the Z’s are indexed by I. By these definitions we have an exact sequence of inverse systems
0> We =>Ve— Ze —0
where the index set is countable and W, satisfies the Mittag-Leffler condition. It follows that
0 — lim We — lim Ve — lim Z, — 0.

Since the filtration on W and Z are both complete, we have W — 1'£1W. and 7 — @Z. are

isomorphism of topological vector spaces. Therefore
V= 1&1 Ve

is an isomorphism of topological vector spaces by the snake lemma and the filtration on V is

complete. O

The situation we encounter in this paper is usually that we have a finite filtration on a Fréchet
space and each graded piece admits a complete filtration. Then applying the above lemma several
times we see that the whole vector space admits a complete filtration. In other words, to construct

a complete filtration on the vector space, it is enough to construct it on each graded piece.

Lemma 2.12. Let V be a nuclear Fréchet space with a complete filtration Vo, o € I. Let W be a

nuclear Fréchet space. Then
Va ® W, ael

is a complete filtration on V& W whose graded pieces are
Vo) Vay @ W.

Proof. The space V is nuclear Fréchet, so are all its graded pieces. We conclude from Lemma 2.9
that

Vo@W, ael

is indeed a filtration on V ® W with the graded pieces described in the lemma. It remains to prove
that the filtration is complete. Indeed by the Schwartz kernel theorem | , (50.17)], we have

(V/Va)@W = L(WY,V/V,), VW =LWY,V),
where WV stands for the strong dual of W and L stands for the continuous linear maps. Then
(2.6) VW =lm(V/V,)®W,

by the definition of the inverse limit. This proves the lemma. O
16



Proposition 2.13. Let G be a Nash group and V be a representation of G. Assume that V admits
a complete filtration V,, o € I. Assume that for some i, the Schwartz homologies H;?H(G7 V/Va)

are finite dimensional for all a. Then the canonical map
HY(G,V) = im HY (G, V/Vy),
is a continuous isomorphism of vector spaces.

Proof. Thisis | , Proposition 13.2.3], with cochain complexes K3 in | , Proposition 13.2.3]

replaced by chain complexes P, o where
Pyoe—V/Voy—0
is a strong projective resolution. Recall that a inverse system
o 3 Upy = Uy = -
satisfies the Mittag-Leffler condition if for any « € I there is some S > « so that the image of
U, — Uy
are the same for all v > 8. We note that the system
e Vi Var =V Vy — -
satisfies the Mittag-Leffler condition since the maps are all surjective. The system
o= HE2 (G V) Vas) = HE (G V] V) — -

also satisfies the Mittag-Leffler condition as they are all finite dimensional by assumption. The

proof of | , Proposition 13.2.3] can now be copied word by word. [l

Corollary 2.14. Let G be a Nash group and V, W be representations of G. Assume that V and

W are both nuclear. Assume that V admits a complete filtration V,, o € I, and

HS(Gv (Va/Va+) ®W) =0

(]

fora € I. Then
HE(G,VRW) =0.

Proof. As W and V are nuclear Fréchet space, by Lemma 2.12,
Va®@W, acl
is a complete filtration on V ® W whose graded pieces are
Vo /Var @W, «a €l

Moreover

HE (G, (V/Va) @ W) =0,
17



for all i and all « € I by the usual dimension shifting argument via the long exact sequence (2.4).

The we obtain the corollary from Proposition 2.13. g

Lemma 2.15. Let G be a Nash group and H be a closed Nash subgroup. Let V be a representation
of H that admits an H-stable complete filtration V,, o € I. Assume that V is nuclear. Then

ind% V,, acl
18 a G-stable complete filtration on ind% V' whose graded pieces are
ind% Vo/Vay, acl.

Proof. We only need to show that the filtration indg V, is complete, all other assertions follow from
Proposition 2.1, i.e. Schwartz induction is an exact functor.

By [CS, Proposition 6.5], Schwartz induction has the following equivalent interpretation. Let H
act on S(G,V) by

h-flg)=h-f(h7'g), feS(G,V), heHged,
then
ind% V = (S(G,V) @ d5")m,

where ¢y is the modulus character of H. Since V is a nuclear Fréchet space, so is S(G,V). We

have
S(G,V)=8(G)8V =8(G)&® (lmV/V,) = lim (S(G) & (V/Va)) = lim S(G, V/Va)

by Lemma 2.12. Note that S(G,V/V,) ® 5;11, as a representation of H, is relatively projective
by [('S, Proposition 5.2]. Therefore all Schwartz homologies of S(G, V/V,) ® 65" vanish except for
the zeroth homology. By Proposition 2.13, we conclude that

(S(G,V) @0y ) n = (ImS(G,V/Va) @ 6') ;= lim ((S(G,V/Va) ® 65 )

is a continuous isomorphism of vector spaces. All spaces involved are Fréchet spaces by [CS,

Theorem 5.9], so by the open mapping theorem, this is an isomorphism of topological spaces. Thus
e . e
indz; V' = lim (ind% V/Va) .

This proves the lemma. ]

3. ACTION OF THE UNIVERSAL ENVELOPING ALGEBRA

We recall some results on the action of the universal enveloping algebra on parabolically induced
representations. It is well-known that parabolic induction preserves infinitesimal characters. In
our later applications the inducing data usually do not have infinitesimal characters. We will
however construct elements in the center of universal enveloping algebra which annihilate these
parabolic induced representations. This construction will be used repeatedly later. Together with

Corollary 2.8, they provide the key tools of deducing vanishing results of Schwartz homologies.
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3.1. Complex general linear groups. Let us first consider the character w;|-|¢ of C*. The Lie
algebra of C* is C and its complexification is identified with C & C where the Lie algebra of C* is a
Lie subalgebra consisting of (x, —). View the character w;|-|¢ as a one dimensional representation.
Direct computation shows that the complexified Lie algebra C ¢ C acts as follows. The element
(1,—1) acts as multiplication by 2u and (y/—1,1/—1) acts as multiplication by y/—1I. Thus the
infinitesimal character of this representation is

l4+2u | —2u
2 7 2

>6C@Q

if we naturally identify the dual space of C ® C with itself.
Let L = Resc/r GL;(C) and | = Lie(L). Let T be the diagonal torus and t = Lie(7T) the Lie
algebra. We identify I¢ with gl,(C) @ gl,,(C) so that [ is a Lie subalgebra consisting of matrices

(X, —w. Xw,), X € Myyr(C)

where w, is the anti-diagonal matrix whose anti-diagonal entries are all 1’s. The complexified

Cartan subalgebra ¢ consists of
a b1
; ’ al)"'vaTubl)"'vbre(C'
ar b,

The Weyl group is isomorphic to &, x &, and the two factors acts by permuting the a;’s and b;’s
respectively. By the Harish-Chandra isomorphism, Z(I¢) is isomorphic to

C[wh e 7x7’]6T ®C[y17 e 7y7']6r'

Let ly,---,l, be integers and sy, --,s, be complex numbers. We consider the principal series

representation
T = wll"‘(%l X oo X wlr"‘%r7
induced from the usual upper triangular Borel subgroup.
Let A =C* x---xC* be the diagonal torus. In the above choice of coordinates, the infinitesimal
character of the character wy, || ® -+ @ wy, || of A is

(ll + 257 I, +2s, 1, —2s, 1 — 281>

1
(3 ) 2 Y 9y 2 9 2 ) ) 2

It is well-known that parabolic induction preserves infinitesimal characters. Thus the infinitesimal
character of 7 is an &, x G,-orbit of (3.1) in C?", where two &,’s act as permuting the first r
coordinates and the last r coordinates respectively.

Let £ be an irreducible finite dimensional representation of L. Let A(§) be the set of all weights
appearing in &. Then A(€) is a finite subset of C?", stable under the action of &, x &,. The

representation 7 ® £ itself might not admit an infinitesimal character if dim& > 2. But by | ,
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Corollary 5.6], it has a finite length filtration whose graded pieces have infinitesimal characters and

all possible infinitesimal characters are of the form

(3.2)
li +2s I, +2s I, —2s l1 —2s

(cla"'ac’l‘7d17“'7dr):<1 2 1 al;"',r 2 T+ar’%+b1’...71 2 l—i—bT.),
where (a‘la"' 7a7“7bla"' 7b7") € A(g)

Let

p(mlf" y Lry Y1, 0 7y7’) S C[mlf" y Lry Y1, 0 7yr]6TX6T

be a polynomial, symmetric in z1,---,z, and yp,--- ,y, respectively. Then by | , Theo-
rem 5.1], the element in Z(I¢) given by
(33) o = H (p(xla s Ly Y1, 0 ayr) _p(clv"' aCT‘adlv"' adT‘))a

(a1, ,ar,b1, ,br)EA(E)

where (¢, ,¢p,dy, -+ ,d,) is given by (3.2), annihilates 7 ® &.

3.2. Parabolic inductions. Let us consider the following setup.

Let V be a hermitian space of dimension n and V{; a subspace whose orthogonal complement
has a basis

V41, 5 Udrpy
where

hv(vi,v,j) = (523
Put X = (v1,-++,v,) and XV = (v_1, -+ ,v_).
Let G = U(V). Let P = MU be the parabolic subgroup of G stabilizing X. Here and below

the notation P = MU always mean that M is a Levi subgroup and U is the unipotent
radical. Then

M ~ GL,(C) x U(Vp)
where we have identified GL(X) with GL,(C) using the basis vy, - ,v, of X. We write
L = Resc/r GL;(C).

Let ly,---,l. € Z and s1,--- ,s, € C. Let 7 be the principal series representation
whHSl X X werST7

induced from the usual upper triangular Borel subgroup.

Let £ be a finite dimensional representation of L.

Let o be a representation of U(V})), not necessarily irreducible.
Let

7 = Ind% ((T®§)<§JJ)

be a representation of G.
20



Let us choose a basis e, -+, e,_ot of V so that the matrix representing the hermitian form of

1
Vo is < P . ) where (p, q) is the signature of U(Vp). We use the basis
—lq

U1, ,Upy€1, " ,€n-2t, Uy -+ , V-1

of V to realize G and its subgroups as matrix groups. Under this basis P corresponds to the blocked
upper triangular matrices.

Let T be the diagonal torus of G and t = Lie(T") which consists of diagonal matrices

a

an

with the properties that a; € C, a; = —azpy1—i, ¢ = 1,--- ,r and a,4; € vV—1R, j =1,--- ,n —2r.
The complexification t¢ is an n-dimensional vector space consisting of diagonal matrices and the

Weyl group acts by permuting these entries. Then Z(gc) is identified as usual with

C['Ila e ’xn]Gn
where G,, acts by permuting the z;’s.
From the proof of [ , Proposition 8.22], we have
(3.4) Z(gc) C ucU(gc) @ U(me),

where we recall that P = MU, m = Lie(M) and u = Lie(U). Define u : Z(gc) — U(mg) to be
the projection to the U(mc) component. Then the image of p lies in Z(mc) and thus p gives a

well-defined algebra homomorphism
p: Z(gc) = Z(me).

Moreover by | , (8.34)] this algebra homomorphism is compatible with the Harish-Chandra

isomorphism. More precisely Harish-Chandra isomorphism gives
Z(Q(C) = (C[SUl, e 7xn]6n) Z(m((:) =~ (C[.’IT]_, e 7xn]6r><6n72r><6ra

where in the second isomorphism the three groups &,., G,,_2, and &, act as permuting x1,--- , x,,
and y41, - , Tn_r, and Tp_p41, - , T2, respectively. The homomorphism p is then given by the
natural inclusion

Clzy, -, 255" = Clay, - - -, 2y XGn—2rX6r,
We have constructed in (3.3) for every

&,.x6
p(xlu”' s Lpy Tp—r41, """ 71‘71) S (C[J:lu"' s Lpy Tp—r41, " °° 71"71] " T;

an element « in Z(mc) that annihilates 7 ® €. Let us put

(3.5) z= H v a.
VEGH/Gr XS p_2r XSy
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Then z gives rise to an element in Z(gc).
Lemma 3.1. The element z constructed in (3.5) annihilates .

Proof. Let us first observe that p(z) annihilates 7 ® £. Indeed we can write

z=72a, z’:H'yoa,
¥#1

where v # 1 means that «y is not the coset represented by 1. Note that both 2’ and « are invariant
under the action of &, X &,,_2, X &,, and thus are elements in Z(mc). So p(z) is the product of
« and another element in Z(m¢), and hence annihilates 7 ® £ because « does so.

Let f be an element in 7. Since X - f(1) = 0 for all X € uc, we conclude that X - f(1) = 0 for
all X € ucl(gc). It follows from (3.4) that if z € Z(gc), then

(z- )(1) = p(z) - (f(1)),
for all f € . As z € Z(gc), for all g € G we have
z- flg) =7(g)(z- /)A) =z (w(g)f)(1) = pu(z) - (v(9)f)(1) =0
for all f € w and g € G. Thus z annihilates 7. O
Lemma 3.2. Choose the polynomial p as
r1t+x2+ -+ Ty

Let z be the element constructed as in (3.5) from p. Let 7' be an irreducible representation of G

and z acts on @ by a constant X\. Then X\ is a nonconstant polynomial function in si,--- , ;.

Proof. The element z constructed in (3.5) with this choice of the p is of the form

11 11

Ue@n/G’rxeanT‘XG’l‘ ((ll )t »aT’blv'" 7b7‘)€A(£)

l1+2s1 ly 4+ 2s,
xa(1)+ +x0(r)_T_"'_T_al_ — Qp
For any fixed value of z1,--- ,z,, it is clearly a nonconstant polynomial in s1,--- , s,. ]

4. SPHERICAL MODELS
The goal of this section is to prove Theorem 1.1 in the case t = 0.

4.1. A filtration on parabolic induction. Let us consider the following setup.

e Let W C V be a relevant pair of hermitian space of dimensions n and n + 1 respectively.
Recall that this means that V/W is a line of sign (—1)".

e Assume that W is isotropic. Choose a decomposition W = Wy @+ (E @ F) where E and F
are isotropic lines and F @ F' is a hyperplane perpendicular to Wy.

e Let L be a line of sign (—1)" in E@® F. Put Vo = Wy @+ L.
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e We have

WoCVoCWCYV,

and each successive inclusion gives a relevant pair of hermitian spaces of codimension one.
e Put G=U(V), H=UW), Go =U(Vp), and Hy = U(Wp).
o Let P C G and Q = MgpUg C H be the respective parabolic subgroups stabilizing .
The Levi subgroup Mg of @ is isomorphic to C* x Hy where we identify GL(E) with C*

naturally.

We have an embedding of flag varieties
Z=Q\H - X =P\G.

There are two H-orbits in &X', the closed orbit Z consisting of all isotropic lines contained in W.
Its complement U is the open orbit which consists of all isotropic lines not contained in W.

The complexified conormal bundle N %/ X is a tempered H-bundle over Z. To describe it, we only
need to describe the fiber of it over the point [E] of Z represented by E C W, as a representation
of @. We remind the readers that G acts on X" from the right and thus the fiber over [E] is a vector
space with a right ) action. The representation of ) that this bundle gives rise to and this right

action are connected by (2.3).

Lemma 4.1. The fiber of over [E] of the N’g/x is the two dimensional representation of Q) where
Ug and U(Wy) acts trivially and C* acts as

z
Z .
z
Proof. Let us first show that that Ug acts trivially. We take a basis of Wy

€1, " ,€En-2,

a nonzero vector ey of L with (eg, eg) = 1, a nonzero element f; of E and a nonzero element f_; of
F so that (f1, f-1) = 1. In terms of the basis

fi.et,- - en—2,€0, f-1

of V' we write elements in U(V') as matrices. Then U(W) consists of elements of the form

1 , @€ Mgy _1yxn-1(C), blceC"! deC.
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Let ‘Up be the unipotent radical of the opposite parabolic subgroup of P. Then P\P'Up is the
open cell in the flag variety X. Take

1 o 0 ¢t
1n—2 v 0 1n—2 t
g 10 Q a; 1 P
1 %3333* 0 z* 1

Here v € C" 2, t,x € C, and v*, x* are the corresponding elements which make g and u lie in U(V).

Elementary computation gives that the zg and

1

* Tn—2
_x
1+%mx*t 1

* * x 1

represent the same point on X. Taking derivative at x = 0 of —%— . with respect to x yields that

1+%wm
the right action of g on the conormal space at the point [E] € Z is trivial.
The action of U(Wy) being trivial is straightforward. From the coordinates above we see that

this right action of C* is given by that

1n—2

z—l

-1
z z
acts as < ) . Then by (2.3) the representation on this vector space is given by ( ) U
Z Z

Let mp be an irreducible representation of Gy and x a character of C*. Consider the parabolic

induction
7 = IndG (x| ® o).

Let ° be H-invariant subspace consisting of Schwartz sections over /. Then as representations of

H we have
(4.1) m° =~ indgj, mo.

By Proposition 2.5, the quotient 7z = 7/7° has a decreasing complete filtration 7z, k =

0,1,2,---, whose graded pieces, as representations of H, are direct sums of
+E1 )
(4.2) Indg (XWZj—k|‘|?(L; 2 ® 7T0H0> , j=0,--- k.

3
The factors wyj_|-|¢ all come from symmetric powers of the complexified conormal bundle. The
1

extra factor |-|¢ comes from the comparison of the modulus characters of P and Q.
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4.2. Induction and multiplicity. Let o be a representation of H of the form
t

(4.3) Indgj, (wm1|~\fcl ® @ Wy | ¢ ® ab) :

where

e W, C W be a hermitian space so that its orthogonal complement is a split hermitian space
of dimension 2b,

e (Qy is a parabolic subgroup of H so that its Levi component is isomorphic to (C*)? x U(W}),

e my,---,myp €Z and t1,--- ,t, are complex numbers with nonnegative real parts,

e 0} is an irreducible limit of discrete series representation of U(W}).
Let
p = Indgy (wil|& ® po),
where [ € Z, u € C with Reu > 0 and pg is a representation of Hy.

Lemma 4.2. If either | + 2u or | — 2u does not equal to any —m; £2t;, i =1,---,b, and if | + 2u
(and hence | — 2u) is not an integer with the same parity as n+ 1, then

HY(H,p®0o) =0
for all i.

Proof. We will construct an element z € Z(hc) so that it annihilates p but not ¢V. We then
conclude by Corollary 2.8.
Let choose the Cartan subgroup t of h and identify Z(hc) with

(C[l'l, U a'In]Gna

as in Subsection 3.2. The infinitesimal character of ¢V is

—m1 + 2t —my + 2t —my — 2t —mq — 2t
f?"'af;ub“'vun—?b; 9 T 2 ’
where (@1, -+, in—2p) is the infinitesimal character of o}/. In particular p; € ”TH + Z.

Let m be the Lie algebra of Mg. We apply the construction in Subsection 3.2 and in particu-

lar (3.5) to the current situation, i.e. r =1, 7 = w;|-|*, £ being trivial. Take the polynomial p there

to be either p(xy1,--- ,x,) = x1 or p(x1, - ,Ty) = . Then we conclude that
n n
14+ 2u [ —2u
21—g<$z— 9 >, Zz—i[[l(xz— 9 >

both being in Z(h¢), annihilate p. Let us prove that at least one of them does not annihilate o".

First we note that
|+ 2u
5 7 g

for any j, as u; € "TH + Z. If both 21 and 29 annihilate oV, we have

[+ 2u —m,; £ 2t;

2 2
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for some 7, and
[ —2u  —mj+ 2t

2 2
for some j. But at least one of them does not happen by the assumptions of the lemma. O

Put
™= IndIGD (le% & 7'('0) .
and assume that [ 4+ 2u (and hence [ — 2u) is not an integer having the same parity with n + 1.

Proposition 4.3. Assume that | + 2u is not an integer with the same parity as n. Assume that

for any nonnegative integer j, either

l+2u+2j+1#—m;£2¢t;, i=1,---,b
or

l—2u—2j—1#—-m;£2t;, i=1,---,b.
Then

m(m, o) =m(o,m).

Proof. Let m° be the subspace of Schwartz sections in 7 over the open H-orbit. By (4.2), the
quotient 7z = 7/7° has an H-stable complete filtration 7z, k = 0,1,2,---, whose graded pieces

are
1+k

pl = ndll (wzj,km_,wT ®7rOyHO) =01,k k=01,2 -
By assumption we have either
I+2j—k+Qu+1+k)=1+2u+2j+1#—-m; £2t;, i=1,---,b.
or
I+2j—k—Q2u+1+k)=1—-2u+2(j—k)—1#-m;£2t;, i=1,---,b.
Then by Lemma 4.2, for allt=0,1,2,---, k=0,1,---,and j =0,1,--- , k, we have
(4.4) HP(H,pl.&0) = 0.
It follows that
HP (Hnz/nz,@0) =0
for all k. As mz /77 and o are all nuclear Fréchet spaces, by Corollary 2.14, we have
HY(H,mz&0) =0, i=0,1,2,---.
Therefore we conclude that
HY(H,m®0) = H? (H,m°®0), i=0,1,---

As in (4.1) we have

o o inAH
7 =~ indg, mo.
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Therefore by Propositions 2.3 and Shapiro’s lemma we conclude
HS(H,7° & 0) = HS (H, mdl, (m 8(0],)) = HE (Go,m0 &),
for all ¢ > 0. In particular when ¢ = 0, we conclude that
(T®0)g = (0 @m0)a,
and so are their maximal Hausdorff quotient. It follows that
m(m, o) = m(o,m).
This proves the proposition. ]

4.3. Spherical models. Let m be an irreducible representation of G and assume that 7 lies in a

generic packet. Then 7 can be written as an irreducible parabolic induction

(4.5) iy 2 -+ ¢y, [ x o,
where

oy, 0, €7,

® 51, ,8, € C with nonnegative real part,

wy, |-|¢ is not conjugate self-dual of sign (—1)",

V., C V is a hermitian subspace such that VaL is a split hermitian space of dimension 2a,

e 7 is a limit of discrete series representation of U(V,).

Lemma 4.4. Assume that 7 is an irreducible representation of G that lies in a generic packet as

above. Then l; = 2s; is not an integer having same parity with n for anyi=1,--- ,a.

Proof. The L-parameter ¢, of 7 is
a
Py EB (wi,||E ® wi|1c%)
i=1

where ¢, is the L-parameter of my. We recall that 114 is a generic packet if and only if
L (5,6, ASCD™)

is holomorphic at s = 1 (note dim V' = n + 1). This Asai L-function is a product of

a
H Ly (s 4 2s;,sgnt " Lp(s — 2s;, sgnlitnth)
i=1

and some other local L-functions. Recall that

s s 1
La(s) =730 (5). Lalson) =m0 (251,

2
and the poles of I'(s) are at s =0,—1,—2,---. Thus if [; + n + 1 is even, then

1 1
Lr(1+ 23i,sgnli+”+1)LR(1 — 254, sgnli+”+1) =717 (2 + 8i> T (2 — si> .
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It is holomorphic precisely when s; ¢ % + Z. Similarly if [; +n + 1 is odd, then
Lr(1+ 2s;,sgnt ™) Lp(1 — 25, sgn’ ) = 2720 (14 5,) T (1 — s5) .

It is holomorphic precisely when s; is a nonzero integer. Moreover s; cannot be zero in this case
since otherwise wy,|-|** would be a conjugate self-dual character of sign (—1)". This proves the

lemma. O

Let o be an irreducible representation of H lying in a generic packet. We can then write o as a
parabolic induction

o :(,um1|-|§tc1 X oo X wmb|-|fcb X 00,

where
® My, 7mb€Z>
e t1,--- ,tp € C with nonnegative real part,

. meHfCZ is not conjugate self-dual of sign (—1)""!,

e W, C W is a hermitian subspace such that T/VbL is a split hermitian space of dimension 2b,

e 0y is a limit of discrete series representation of U(W}).

In this case we have

m(n, o) = dim Homy (7 ® o, C).

Proof of Theorem 1.1 assuming t = 0. Recall that Theorem 1.1 says that m(m, o) = 1 if and only
if the L-parameters of m and o are given as in the theorem. The strategy is to make use of
Proposition 4.3 repeatedly to replace the characters wy,|-|¥’s and wy,|-|"’s by unitary characters.
Then we are reduced to the tempered case proved in [Xuec].

By relabeling, we may assume that

l; +2s; > Re liv1 + 2511

R
Ty 7 2

t1=1,---,a—-1

and
my + 7 Z Re mi4+1 + H—l’
2 2
If a = b =0, then we are in the tempered case so the theorem is proved.

Re i1=1,---,b—1.

Assume that

l 2 - 2t
o 1+2 S1 > Re m12—|— 1’

or b=0. Then l; +2s1 +2j+ 1> —m; +2t; for all i = 1,--- ,b and all nonnegative integer j (this

R

is a vacuum statement if b = 0). This is because by our ordering, —m; + 2¢; has the maximal real
part among —m; £ 2¢;’s, ¢ = 1,--- ,b. Moreover [; + 2s; is not an integer having the same parity

with n by Lemma 4.4. Thus the conditions in Proposition 4.3 are verified. Put
T = wp |2 X - X wy, |-]** % .

Then by Proposition 4.3, we have

m(m, o) =m(o,m ).
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Choose 8] € v/—1R such that Im s} # 0, +Imt;, i =1,--- ,b, and
7= % X w2 X - X wy, |5 x .
still lies in the generic packet. The conditions in Proposition 4.3 are verified again and we conclude
m(my,0) =m(o, ).

The net effect is that we replace a possibly nonunitary character wy, |-|*' by a unitary character

Hsll. We can of course repeat this process for wy,|-|¢, i =1,2,--- , ¢, as long as
li + 2s; —mq + 2t
Rel_; zZRe 12+ 17 1=1,2,-- ¢

or b= 0. The net effect is that we replace by wy,|-|& by |-|¢, i = 1,2, ,c, where s € /=1R is a

generic purely imaginary number. Put

= "|<scl X ...chz' x Wli+1|'|fci+1 X oo Xwp g xme, i=1,2,--+ ,c
We have
m(m, o) =m(ry,0) = =m(me0),
Suppose now that we have
let1+ 25 —my + 2t
Re letl “+1 _ Re 1 1’
2 2
or we are in the case either ¢ =0 or a = 0. The case ¢ = 0 or a = 0 simply means that we have
l1+2s —my + 2t
Re % < Re %

or a = 0 to begin with, and thus did not implement the procedures as described above. We let
7. = m if this is the case.
Let us choose ¢} € v/—1R so that

ty#+s, i=1,---,¢c, t)#+Ims;, i=c+1,---,a,

and

O'T = |‘t/1 X wm1’.|t1 X oo X wmb|.|tb X 0p.

Applying Proposition 4.3 to Jf and 7, by our choice of t| we have

m(o],7) = m(r, o).
Let us put
a1 = |11 X Wiy |2 X -+ X Wiy | X 0.
By assumption we have
— 2t —lep1 —2
Re mi > 1 < Re c+1 > Sc+1’

or a = 0. It follows that

mp—2t —2j—1< —l; £2s;, i=c+1,---,a,
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for all nonnegative integer j. This is because by our ordering, the real part of —l.41 — 25,41 is the

smallest among all —I; £ 2s;’s, i = ¢+ 1,--- ,a. Moreover by our choice of s/, .-, s., we have

m1—2t1—2j—17$:t2s;, 1=1,---,c,

as their imaginary parts are different. Finally mq + 2t; is not an integer of the same parity as n—+1

since o lies in a generic packet. Thus applying Proposition 4.3 as before, we obtain
m(o],m) = m(me, 01).

The net effect of this process is to replace a possibly nonunitary character wy,, |-|'* by a unitary one

|-|'1. We may repeat this process for Wny |8+ ,wdede as long as
ley1+2s —m; +2t;
Re%<Re#, i=1,--,d.

The net effect is that we replace wmi]-% by ]-]fé, i=1,---,d, where t; € v/—1R is a generic purely
imaginary number. Put

t t; tita t
op = |-|¢ X X ¢ X Wi |l X X wmy || ¢ X oo

We have
m(7me,0) = m(me,01) = -+ = m(ne, 04).

Suppose that we have
ley1 + 25041 > Re —Mg41 + 225d-|—1.
2 2
Then we can switch back to 7. and make modifications of it in the same way as to 7. We do the

Re

modification to 7. until we are not able to, and then switch to ¢4 and make modifications to it in
the same way as 0. We keep repeating this process and switching back and forth between 7 and
o. The process terminates after a + b steps and the ultimate effect is that we find generic purely

imaginary numbers
sy st ot € VIR
so that we have
Ta = |51 x - X | x w9, o= |1 x - x||% x 50,
with
m(m,0) = m(ng, op).

Since 7, and o} are both tempered, Theorem 1.1 holds for (m,,0p). Theorem 1.1 then holds for

(m,0) as
Apy = Apryr  Ag, = Ago,
and
N = Mres Mo = Moy,
This proves Theorem 1.1 when ¢ = 0. ([l
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5. RESTRICTIONS TO THE MIRABOLIC SUBGROUPS

In goal of this section is to study the restriction of the principal series representations of GL;41(C)
to the mirabolic subgroup. This will be used in reducing Theorem 1.1 to the case t = 0. Even
though we work with GL;11(C) the same method and conclusions also hold for GL;;(R) with only

minor modifications.

5.1. The mirabolic subgroup stable filtration. Let us first fix some notation.

e Put Gy = GL(C), B, the upper triangular Borel subgroup of G;. We take the convention
that Gg is the trivial group.

o Let Pt = MUy +—k be the (upper triangular) parabolic subgroup of G corresponding
to the partition (k,1,1,---,1).

o Let Ry, = GrUgi—i be the subgroup of P ;. Then R;_1; is the usual mirabolic
subgroup of Gj.

® (D, be the intersection of the parabolic subgroup of G4y corresponding to the partition
(a,b,¢) and the mirabolic subgroup. Let L, . be the subgroup of Q. consisting of

“diagonal blocks”, i.e. the subgroup consisting of elements of the form

g1
92 , 91 €Gq, g2€ Gy, g3€ Re_11
g3

e Recall that ¢ : C — C* is the additive character z +— e2™V=IRez and et Y Ugy—ip — C*

be a generic character of the form

-1
Y (u) =1 (Z Ui,i+1> .
i—k

We observe that 1;_j, extends to a character of Ry ;_j, as it is invariant under the conjugation

action of G. This character is again denoted by ;.

Let s1,-++,st01 € C*. We consider the principal series representation
151 St+1 __ - th+1 s1+5 sp+152 Si41—%
7= s x P = mdF R T @ | Q0|

of G¢y1. For our purposes it is more convenient to use unnormalized inductions.

Proposition 5.1. As a representation of Ry 1, the representation T has a subrepresentation iso-
morphic to
Ri1

iIldNH_1 7,/115
The quotient admits an Ry 1-stable complete filtration whose graded pieces are of the shape
indgi’;C Ta ®Tp & Te
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where a+b+c=t+1,a+b+#0, 7, is a representation of G,, Ty is a representation of Gy and
Tc 15 a representation of R. 1, which are described below. The representation 7, R 7y R Te of Lap is

naturally viewed as a representation of Qg p.c.

e The representation 1, is of the form

. 1Ga si; +k1 Sig+ka
indg? wy, |- @ @wy [T
where 1 <y, -+ ,ig <t+1 are integers, l1,--- ,lo € Z and ky,--- ,kq € %Z.

o The representation T, is T, ® p where T, is a representation of the same form as 7, and p is
a finite dimensional representation of Gy.

o The representation 7. is isomorphic to
indjy " ey
The proof occupies the rest of this section.

5.2. Filtration by the support. Let X = B;;1\Gty1 be the usual flag variety. The (right) action
of Ryp on X hast+1 orbit, Zy =U, 21, -+, Z;. We have Zy = U is open, and (as Nash manifolds)

codim Z; = 2i, Zj.1 C Z;.

They are represented by 7,71, - - - , 7 respectively with

1;
1 .
‘ W—4 )
Wt+1—14 1

where w; is an 7 X ¢ matrix whose antidiagonal entries are 1’s and zero elsewhere. Elements of the

()

i

group 17, 1Bt+1m take the shape

where A € By, u = (*,--+ ,%,0,---,0) where last t — i entries being zero, v = (0,--- ,0,%,--- %)
where first ¢ entries being zero, and d € C. Therefore elements in S; = n;” 1Bt+mi N Ry,1 are of the
form
Aty
")
where A € By, uw = (%,--- ,%,0,---,0) where last ¢ — i entries being zero.

We denote by v; the right action of S; on C? (row vectors) given by first projecting to the upper
left 4 x 4 block and multiply on C* from the right.

Lemma 5.2. The representation of S; on the fiber of the complexified conormal bundle over the

point Byy1n; € X is isomorphic to v;.
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The proof is similar to Lemma 4.1 and we omit the details. Again recall that the representation
of S; and the right action of S; on the fiber over B;yin; € X are connected by (2.3). Eventually
we will only need the fact that this is a finite dimensional representation of S;.

It follows that the complexified conormal bundle N;¥ = Z Jx has a filtration
MV :MV,O > J\/;;V,l 5.0 ./\[i\/,i—l S A/;\/,i -0

so that the fiber of j\/;-v’j //\/iv’j +oat Byy1m; gives rise two a two dimension representation of S; of

.
g |7 :
zj

where z; is the j-th diagonal element of g € S;. It is important that the unipotent part of S; acts

the form

trivially on these graded pieces though not on the whole fiber.
Let 7; be the subspace consisting of Schwartz sections over X'\ Z;. This gives rise to an R; 1-stable
filtration
T=Ti41 Ot D--- D719 =0

Lemma 5.3. The successive quotient 7;/7;—1 has an Ry1-stable complete filtration whose graded

pieces are all of the form

+itk i+ 4k ipot+ =22
indg" wy g 2 @ @uw e 2 e ET @@t
where l;’s are integers and k;’s are nonnegative integers or half integers.
Proof. This is just the application of Proposition 2.5 to the current situation. g

5.3. Fourier transform. The bottom piece 7 of this filtration admits a further R; ;-stable filtra-
tion. Note that Sy is isomorphic to B;. We have

St+1—

det - ]82+

® - ® | c
Observe that the Ry 1-variety B\ Ry 1 is naturally isomorphic to B;\G x C! as (right) Ry i-varieties
where

e U;; is identified with C* (column vectors) and acts on B;\G; trivially and on C' by trans-
lation,

e G acts on B;\G; by right multiplication and on C! by inverse left multiplication.

It follows that the representation 7 is realized on
(detl lc @ ) 38(C,

where
e U, acts on indgz HSTF% ® -+ ® |-|*+172 trivially and on S(C!) by translation,
e g € Gy acts on the component indg:HS'ﬁ% ® -+ ®|[**+172 as usual and on S(C!) as

g-o(x) =¢(g ).
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Concretely a Schwartz section f over By\ Ry is viewed as an element in this realization via

(1))

We may take a Fourier transform ¢ — ngS of S(C?) with respect to the character v. The Fourier

transform is given by
Hly) = / $(x)P(ley)da
(Cn

where dz is the seld-dual measure. We also note that for g € G; and ¢ € S(C!) we have

(5.1) - d(y) = |det g|6('gy).

Thus we conclude that 7 can also be realized as follows. The space is

t—2

(ndG+ -0 1= ) B S(C)

but the group Uz acts on S(C!) as

(52 (“ b) - 9lu) = ¥ (b)),
and g € Gy acts on S(C?) as

(5.3) g d(u) = ¢(*gu).
Note that we have absorbed the factor |det g| in (5.1) into the induced representation.
The subspace S(C'\{0}) is stable under these actions. Recall from Subsection 2.2 that the

classical Borel’s lemma asserts that the quotient
S(Ch)/s(Cc\{o})

is isomorphic to C[[z1, -+ ,z¢,y1, -+ , )] where z; = x; + /—1y;, i = 1,--- |t are the usual coor-
dinates of C!. The map
S((Ct) - C[[xlv s Tty Y1, 7yt]]

is just mapping a Schwartz function on C! to its Taylor expansion at 0. The space of formal power
series C[[x1, -+ ,x¢, Y1, -+, Y]] admits complete filtration by the degree, and the graded pieces are
given by homogeneous polynomials of a fixed degree. This filtration is Ry -stable. The unipotent
radical U acts trivially on these graded pieces, though its action on the whole space of formal
power series is not. The action of G on C[[z1, -+ ,x¢,y1, -+ ,y¢]] is given again by the formula (5.3).

The topological vector spaces under consideration are all nuclear Fréchet spaces. Therefore by

Lemma 2.12 we conclude that
(indg§|-|52+% ® - ® |,|St+1_%> ®S(CH
has an R;1-stable subspace

(indgﬂ-\sﬁé R ® Hsm‘%) ®S(C\{0})
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whose quotient has an Ry 1-stable complete filtration with the graded pieces isomorphic to
t—2

<indgz|.‘52+% Q@ | [FH T2 >®Pi7 1=0,1,2,---,

where p; is the representation of G on the degree i homogeneous polynomials via the formula (5.3).
The unipotent part U;; acts trivially on these graded pieces, though not trivially on the whole
quotient. We will only need the fact that p;’s are finite dimensional representations of G,.

Let us observe that S(C™\{0}) with the actions given by (5.2) and (5.3) is isomorphic to

. 1R
lnthfl,lUt,l 1/)17

as representations of Ry ;. Indeed given ¢ € S(C™\{0}), we define

1; u g o ¢
() ) =t

where e; = *(0,---,0,1) € C'. Then f € indﬁifl v,, Y1 and the map ¢ — f defines an Ry -

equivariant map
.. 1R
S(ch{o}) - 1ndRZfL1Ut71 P1.

. . Riq
Conversely given f € ind Ri-1.1Us Y1, we put

where g € G is any element with ‘ge; = u. The invariance property of f ensures that this definition

is independent of the choice of g. The map f — ¢ then defines an R; 1-equivariant map

Ri1

indf! - S(C\{0}).

These two maps are inverse to each other by definition.
With this observation, we have that

(il 1245 @@ |t ) @S(Cm (o))
is isomorphic
—2 ~
(indgzl-l”’L% R ® stl—tT) & (indngmUm Ql)l) )

where Uy acts trivially on the first factor. Applying Proposition 2.3, we conclude that this is

further isomorphic to

—2
indngmUm ((indgz’.’32+§ R ® H&t-ﬂ*%)

® )
Ri_1,1 wl)

as representations of Ry 1.

We summarize the discussion in this subsection in the following lemma.
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Lemma 5.4. The representation 71 of Ry1 has a subrepresentation which is isomorphic to

&
Ri—11 ¢1>

and the quotient admits an Ry 1-stable complete filtration whose graded pieces are

ind -G t 2
deZjllet’l <<1nd32]~|32+2 Q- @[+ )

t t—2\ ~ .
(ind%iHsﬁ_i - ® HSH_l_T) ®pj7 J = 0> 17 27 T
where pj is a finite dimensional representation of Gy. The unipotent part Uy 1 acts trivially on these

graded pieces.

5.4. Proof of Proposition 5.1. We prove Proposition 5.1 by induction on t.
In view of Lemma 5.3, it is enough to prove that

t—2 t—2i—2

(5-4) indg"! wp, | @ @y TR R g [t TR @@ |

has a filtration whose graded pieces are of the form described in Proposition 5.1. Note that the
representation with ¢ = 0 is the subrepresentation. By induction by stages, the representation (5.4)

can be written as

indgz;,tﬂﬂ' i @ Tt+1—i
where
T = indgz wll|.‘51+%+k1 ® - ® wli"|si+t*22i+z+/,€i7
and

Ttt1—i = imdg:’1 ]'|si+2+t72§72 ® - @[3,

By induction by stages, it is enough to prove that 7,41_; has an R;_; 1-stable filtration whose graded
pieces are as described in Proposition 5.1.
Apply Lemma 5.4 to the representation 7y41_;, we conclude that 741_; has a subrepresentation

isomorphic to

(5.5) indgz::fmmﬂ.’l <(indg2_j]'|si+2+t22i R ® Hstﬂf%)

® P ’
Ri_i—11 v >

and the quotient has an R;_; 1-stable complete filtration whose graded pieces are isomorphic to
(5.6) (ind%:ﬂ-ﬁ’*ﬁ%m R ® Hst“_%) ® pr—i

where p;_; is a finite dimensional representation of G;_; and the unipotent part U;_; 1 acts trivially.
The representations (5.6) is of the form described in Proposition 5.1.

It remains to treat the representation (5.5). Apply the induction hypothesis to

(mdG oo o o)

Ri_i—11
we conclude that this representation has an R;_;_; i-stable filtration whose graded pieces of the

form



where a + b+ ¢ = t — ¢ and 74,7, 7. are as described in Proposition 5.1. In particular 7. is a
representation of R._1 1 of the form

indy ™ o1,
and the piece with @ = b = 0 and ¢ = t — ¢ is the subrepresentation. Plug this back into the

representation (5.5) we obtain

gy, (g B @ (i v )) @),

a,b,c
By induction by stages again we conclude that this is isomorphic to
. Ry = =S Rc,
min,b,jH (Ta QTR (mchil Tbc)) )
This is of the form described in Proposition 5.1.
We finally note that the graded piece with ¢ = 0, a = b = 0 and ¢ = ¢t + 1 appears as the
subrepresentation in every step. Therefore it is the subrepresentation of 7. This finishes the proof

of Proposition 5.1.

6. BESSEL MODELS

6.1. Induction and multiplicity. Let ¢ be a nonnegative integer. We consider the following
setup.

e Let W C V be a relevant pair of hermitian spaces of dimensions n and n+2t+1 respectively.
Recall that this means W+ has a basis

205 241, 5 2t
with
hv (2, 25) = (=1)",—j, 4,5 =0,%1,--- £t
o Let
X =z, ,z), XV =(21,"",2.4).
e Let 2 be an element of norm (—1)"*! and W+ = V @1 (2). Then V C W is a relevant

pair of codimension one.

e Put 241 =20+ 2} and z_;_1 = zp — 2. Put
Y=Xo® <Zt+1>, yvV=XxV (&) <Z—t—1>-

Then WH=WaYaYV.

e Put G=U(V), H=UW) and H" = UW™).

e Let P = MU be the parabolic subgroup of HT stabilizing the isotropic subspace Y of WT.
The Levi subgroup M is isomorphic to GL;11(C) x U(W).

Let s1,- -, $¢+1 be complex numbers. We say that they are in general position, if (s1,- -, $i4+1) €
C**! does not lie in the set of zeros of countably many polynomial functions. The goal of this section

is to prove the following proposition.
37



Proposition 6.1. Let s1, -, 8141 € C be complex numbers in general position. Let

T:H(C X"'XH(SCH—I

be a principal series representation of GLyy1(C). Put
ot = Indg+ T®o.

Then

m(ot,7) =m(r,0).

The hyperplanes in C**! that (s1,--- ,s;,1) has to avoid depends on 7 and 0. They can be made
explicit from the argument below. However it seems that the explicit description is rather messy
and is not absolutely necessary so we will not try to describe it.

This proposition implies Theorem 1.1.

Proof of Theorem 1.1 assuming Proposition 6.1. We have already proved Theorem 1.1 in the case
t = 0. Thus the theorem holds for (o*, 7). Theorem 1.1 then holds for (w,0) as

A¢U+ = A¢a7 Not+ = No-
This finishes the proof of Theorem 1.1. O

Proposition 6.1 strengthens the main theorem of | | which asserts that

m(m, o) <m(ot, 7).

This inequality is sufficient to reduce the multiplicity one theorem for Bessel models in general
to the case ¢ = 0. The proof in [ ] is analytic. A nonzero element in Homg(ot &7, C) is
constructed from a nonzero element in Homg (7 o, v), using an explicit integral. This integral is
closely related to the integral representation of the tensor product L-function for unitary groups.
Our argument is very different and is representation-theoretic in nature.

The rest of this section is devoted to the proof of Proposition 6.1.

6.2. Closed orbit. If W is anistropic then G acts transitively on P\H*. We assume that W is
isotropic in this subsection. In this case, there are two G-orbits in the flag variety X = P\H™.
The closed orbit Z consists of all (¢ 4+ 1)-dimensional isotropic subspaces of W+ contained in V.
Its complement, the open orbit U, consists of all (¢ + 1)-dimensional isotropic subspaces of W not
contained in V. In the later case, the intersection with V is t-dimensional.

Let o° be the subspace of o consisting of Schwartz sections over U. The goal of this subsection
is to study the filtration on ot /o °. The argument is very similar to that in Subsection 4.1 where
we treated the same problem with t = 0. So we will be brief.

Let w1, w_; be an isotropic vector in W, hyy (wy, w_1) = 1, and Wy = (w1, w_1)*, Vo = Wo®{(20).
Let Y = X & (wy). Then Y is a (¢ + 1)-dimensional isotropic subspace of W™ contain in V' and

thus gives rise to a point [Y’] in the closed orbit in X. Let n € H' be an element with Y - =Y’
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(recall that H' acts on X from the right). Then P\PnG is the closed orbit in X. We also have
W -n =Wy (20, 24) and thus n= UW)n = UWo ® (20, 24)), 1 UW)nN G = U(Vp). Let

Q=n"'PnnG = MuUg

be the parabolic subgroup of G stabilizing Y/ C V. It Levi subgroup Mg is isomorphic to
GL¢+1(C) x U(Vp) where we have naturally identified GL(Y”') with GL;41(C). Let "o be the
representation of n~t U(W)n by "0(g) = o(ngn™1).

Lemma 6.2. The codimension of Z in X is 2(t + 1) (as Nash manifolds). The complezified
conormal bundle N%//X gives rise to a representation of Q on its fiber over [Y'], where Ug and
U(W) acts trivially and GLiy1(C) acts as

()

The proof of this lemma is essentially the same as Lemma 4.1 and we omit the details. We denote
the representation of GL;4+1(C) in the lemma by p. This is a finite dimensional representation of
Resc/r GL111(C).

Applying Proposition 2.5, we conclude that a} = 017 /o™° has a complete decreasing filtration

0} . and the graded pieces are given by
: 1 ~
ok = 1ndg <<|det|27' ® Sym” p) ® (nU|U(V0))> .
Lemma 6.3. Suppose that s1,- -+ ,Si+1 are in general position, then
+ — ] +,0 2
m(o™", ) = dimHomg(c™° @ m, C).

Proof. By Corollary 2.14, as in the proof of Proposition 4.3, it is enough to prove that if s1,- -+, $441

are in general position, then
(6.1) H? (G,Ué} ®7T> =0

for all ¢ and k.

We have constructed elements in Z(gc) in Subsection 3.2, c.f. (3.5), that annihilates o%. Let z¢
be the one of them given in Lemma 3.2. Since 7 is irreducible, the element zg acts on 7 by a
constant A; which is a nonzero polynomial function in sy, ,s;41. Thus if (s1,- -, s¢41) avoids
the zeros of this polynomial, we have A\; # 0 and thus obtain the desired vanishing (6.1) for this k
from Corollary 2.8. Since there are only countably many k’s, we conclude that if sy, -+, s41 are

in general position, then we have (6.1) for all k. O

6.3. Open orbit. If W is isotropic, by Lemma 6.3, it remains to study

Homg(o™° @, C).
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If W is anisotropic, we have H™ = PG and to unify notation we simply write 07° = . We have

. ntt+l ~
o™° =ind% ((7’|| 2 ®a)

PnG) ’
By [ , Lemma 15.2] (the archimedean case is explicitly excluded in this section, but this

lemma carries over without trouble), the intersection P N G can be describe as follows.

e Let wy, -+ ,w, be a basis of W. We use the basis
Byt 521, WLyttt , Wn,y 20,8150 52—t

of V. We realize U(V') as a matrix group using this basis.

o Let V- =W d X ® X" be the subspace of V and U(V ™) is a subgroup of U(V). Let Ux be
the unipotent radical of parabolic subgroup of U(V ™) stabilizing X. View it as a subgroup
of G.

e Let R be the mirabolic subgroup of GL(X & (z0)) = GL:11(C).

e Then PN G is isomorphic to a semi-direct product
PNG=Ux x(RxH).

Therefore we have

0 s G n+t+1 o~
o_lndexl(RxH)(TH > )r®o.

at

We now apply Proposition 5.1 and follow the notation there. The mirabolic subgroup R is
denoted by Ry there. Recall that we identify GL(X & (z0)) with GL¢y1(C) using the basis

Rty 5 Rl 20y

n 1
and the mirabolic subgroup consists of elements fixing zp. The representation (7|-| Ea )|r has a

subrepresentation isomorphic to
R
indy, “ Uy

and the quotient has an R-stable complete filtration whose graded pieces are of the form
indga,b,c Ta® T @ Te,

where 7,4, 7, T. are as described in Proposition 5.1 and a 4+ b > 1. Since o is irreducible and hence

nuclear, we conclude by Lemma 2.12 and 2.15 that ¢™° has a subrepresentation isomorphic to
3G IR P~
lndUXx(RxH) (mdNthl P ® 0) )
and the quotient has a complete filtration whose graded pieces are of the form
indgxx(RxH) ((indga,bm T ® Ty ® Tc) ® a) )
If a > 1, we let X, C X be the isotropic subspace of V' spanned

2ty Bt—a+tls
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and P, = M,U, be the parabolic subgroup of G stabilizing X,. We have
M, = GL,(C) x U(V,)

where V, is the subspace of V' spanned by

Zt—ay 't 3R, W1, ,Wn,yR0,2—1y """ y R—t+a-
Let
. JU(V) = =
Oy = 1nan,b,ch(Va) (Th ®Tc) R 0.

Then by induction by stages,
indgx w(Rx H) ((indga’b’c Ta®Tp® Tc) ® a) .
is a (unnormalized) parabolic induction
indf/faUa Ta ® 0q.

The rest of the argument is the same as Lemma 6.3. We have constructed in Subsection 3.2 an

element in Z(gc) which annihilates ind]\G4aUa Ta ®04. It acts on 7 by a constant which depends

polynomially on si,--- ,s¢41. There are only countably many graded pieces. It follows that when
S1,- - ,S¢4+1 is in general position, this constant is not zero. Therefore
(6.2) P (G ind ) (145, @7 87) Bo) Br) =0

for all i if a > 1.

If a = 0 then b > 1. In this case one can prove similarly, using the fact that there are only
countably many irreducible finite dimensional representation of GL(C), that (6.2) holds for all 7 if
b>1.

We now finish the proof of Proposition 6.1. It follows from (6.2) and Lemma 2.14 that

Homg(o™° & ,C) = Homg (indgxx(RxH) (indj}\z;t+1 Py ® U) R, (C) .

Note that Ux x (Ny41 x H) is the Bessel subgroup S of G and )y is precisely the generic character
appearing in the Bessel model. Recall that in the definition of the Bessel model, the character v
is has a unique extension to S which is trivial on H. This extension was denoted by v there. By

induction by stages we have
inng w(Rx H) (indﬁt+1 0 ® O') =ind§v®o.
Finally by Frobenius reciprocity we obtain
Homg(o7° ® 7, C) = Homg(r ® 0 @ 7,C) = Homg(7 @ o, v).

This finishes the proof of Proposition 6.1.
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