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Abstract. We prove the local Gan–Gross–Prasad conjecture for generic L-packets of real unitary

groups. The proof is to reduce the conjecture to the tempered case which has been treated in our

previous paper.
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1. Introduction

The goal of this paper is to prove the local Gan–Gross–Prasad (GGP) conjecture for real unitary

groups U(n+ 2t+ 1)× U(n), as stated in [GGP12, Theorem 17.3]. Previously in [Xue] we proved

this conjecture under the assumption that the representations under consideration are all tempered.

In this paper we prove the conjecture in general by reducing it to the tempered case.

Besides the final result, one notable point is the systematic application of Schwartz analysis in

the argument. In particular, Schwartz induction [dC91], Borel’s lemma, and Schwartz homology

introduced in [CS] are extensively used. The method in this paper should have applications to

other restriction problems.

In the setting of the local GGP conjecture for p-adic orthogonal groups, Mœglin and Wald-

spurger [MW12] carried out a reduction process that reduces the conjecture in general to the

tempered case. This process was extended to the setting of p-adic unitary groups by Gan and

Ichino [GI16]. Various techniques that are only available to p-adic groups, e.g. Jacquet modules,

Berstein’s second adjointess theorem and Bernstein–Zelevinsky derivatives, were used there. The

argument in this paper is quite different. The action of the center of the universal enveloping
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algebra is carefully analyzed and plays a definitive role in the argument. It is not clear whether

there is a uniform treatment for both p-adic and real cases.

We now give the precise statement of the theorem and an outline of the argument.

1.1. Generic packets. By a character of C×, we mean a unitary character. It is conjugate self-dual

if χ is trivial on R>0. Any conjugate self-dual character is of the form

ωm(z) = zm(zz)−
m
2 .

for some integer m. It is of sign +1 (resp. −1) if m is even (resp. odd). If χ is a character of

C× we put χc(z) = χ(z). Put |z|C = zz. A quasi-character of C× is a continuous homomorphism

ξ : C× → C×. Any quasi-character can be written uniquely as

ξ = ωm|·|sC

for some m ∈ Z and s ∈ C. It is a character if s is purely imaginary. Put Re ξ = Re s.

Let ψ and ψC be additive characters of C given by

ψ(z) = e2π
√
−1(z+z), ψC(z) = ψ(

√
−1z) = e2π(z−z).

Let n be a positive integer. An L-parameter for unitary groups in n variables is a n-dimensional

continuous semisimple representation of C×. As C× is abelian, we can write

(1.1) φ =

k⊕
i=1

ciξi ⊕
a⊕
i=1

(
ξk+i ⊕ ξc,−1

k+i

)
,

so that

• ξ1, · · · , ξk are distinct conjugate self-dual characters of C× of sign (−1)n−1, and c1, · · · , ck
are positive integers;

• ξk+1, · · · , ξk+a are (not necessarily distinct) quasi-characters that are not conjugate self-dual

characters of sign (−1)n−1 and Re ξk+i ≥ 0;

• n = c1 + · · ·+ ck + 2a.

The Vogan packet attached to φ, denoted by Πφ, is the (disjoint) union of all ΠV
φ as V ranges

over all (isomorphism classes of) hermitian spaces of dimension n,

Πφ =
⋃

V : dimV=n

ΠV
φ .

Each ΠV
φ is a finite set of irreducible representations of U(V ). Throughout this paper, by a repre-

sentation, we mean a smooth Fréchet representation of moderate growth. Put

φ0 =

k⊕
i=1

ciξi,

which is a limit of discrete series L-parameter of unitary groups in n − 2a variables. The packet

Πφ can be constructed from the limit of discrete series L-packet Πφ0 as follows. First if V does not

contain an isotropic subspace of dimension a, then ΠV
φ = ∅. Assume that V contains an isotopic
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subspace of dimension a, then let V0 ⊂ V be a hermitian space so that its orthogonal complement

is a split hermitian space of dimension 2a. We may take a parabolic subgroup P of U(V ) so that

its Levi subgroup is isomorphic to (C×)a × U(V0). There is a finite set ΠV0
φ0

of irreducible limit of

discrete series representations of U(V0). Let us temporarily order ξk+1, · · · , ξk+a so that

Re ξk+1 ≥ · · · ≥ Re ξk+a′ > 0 = Re ξk+a′+1 = · · ·Re ξk+a.

Then the parabolically induced representation

(1.2) Ind
U(V )
P ξk+1 ⊗ · · · ⊗ ξk+a ⊗ π0

has a unique irreducible Langlands quotient. Note that we have made used of the fact that the

characters ξk+a′+1, · · · , ξk+a are not conjugate self-dual of sign (−1)n−1 so that the parabolic in-

duction of ξk+a′+1 ⊗ · · · ⊗ ξk+a ⊗ π0 is irreducible by [KS80]. Then ΠV
φ is the collection of all these

Langlands quotients where π0 ranges over ΠV0
φ0

. In short, taking Langlands quotients of parabolic

inductions gives a bijection between ΠV
φ and ΠV0

φ0
.

The centralizer group Aφ is defined to be Aφ0 = (Z/2Z)k. We label elements in Aφ = Aφ0 as

(1.3)
k⊕
i=1

(Z/2Z)ai,

where ai is a symbol corresponding to ξi. Without saying the contrary we will follow this convention

of labeling characters in the L-parameter. To each representation π ∈ Πφ there is a character

η : Aφ → 〈±1〉 attached to it and this defines a bijection between Πφ and all characters of Aφ.

There is a similar bijection between Πφ0 and Aφ0 . The following diagram commutes

Πφ0
//

��

Hom(Aφ0 , 〈±1〉)

Πφ
// Hom(Aφ, 〈±1〉)

,

where the left arrow is the bijection given by the parabolic induction as before. Depending on the

context, we refer to either φ or (φ, η) as the L-parameter of π.

This bijection Πφ → Hom(Aφ, 〈±1〉) depends on the choice of an equivalence class of Whittaker

datum. When n is odd, we choose it to be the unique Whittaker datum (up to equivalence) of

U(n+1
2 , n−1

2 ). When n is even as explained in [GGP12, Section 10], this is equivalent to choosing

an additive character of C which is trivial on R. Throughout this paper, we will take this additive

character to be ψC.

We say that L-parameter φ is generic if Πφ contains a generic representation (with any fixed

Whittaker datum). It follows from [Vog78, Theorem 6.2, equivalence of (a) and (e)] that this is

equivalent to that

L
(
s, φ,As(−1)n

)
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is holomorphic at s = 1. The result [Vog78, Theorem 6.2] is stated for “large” representations, but it

is shown in [Kos78, Theorem 6.8.1] that a representation being large is equivalent to being generic.

If L(s, φ,As(−1)n) is holomorphic at s = 1, then for each π0 ∈ ΠV0
φ0

, by [SV80, Theorem 6.19],

the parabolic induction (1.2) is irreducible. Thus if φ as (1.1) is generic, then Πφ consists of

irreducible parabolically induced representations of the form (1.2), where π0 is a limit of discrete

series representation and ranges over Πφ0 .

1.2. Bessel models. Let t be a nonnegative integer. Let W ⊂ V be a pair of hermitian spaces of

dimensions n and n + 2t + 1 respectively. Let G = U(V ) and H = U(W ). We say that the pair

(W,V ) is relevant if V = W ⊕⊥ Z and we can find a basis

z0, z±1, z±2, · · · , z±t

of Z with

hV (zi, zj) = (−1)nδi,−j , i, j = 0,±1, · · · ,±t.

Let P be the parabolic subgroup of G stabilizing the flag of isotropic subspaces

〈zt〉 ⊂ 〈zt, zt−1〉 ⊂ · · · ⊂ 〈zt, · · · , z1〉,

Let N be the unipotent radical of P , and S = HnN which is a subgroup of G. We define a generic

character of N as follows. Let u ∈ N , we define a character

ν(u) = ψ

(
−TrC/R

t−1∑
i=0

hV (z−i−1, uzi)

)
.

As ν is invariant under the conjugation action of H, it admits a unique extension to S which is

trivial on H. We denote this extension agin by ν.

Let π and σ be representations of G and H respectively. We denote by HomS(π ⊗̂σ, ν) the space

of continuous linear forms ` : π ⊗̂σ → C with the property that

`(π(h)v ⊗ σ(h)w) = ν(h)`(v ⊗ w), for all h ∈ S, v ∈ π and w ∈ σ.

Here σ is viewed as a representation of S via the natural projection S → H. We define the

multiplicity

m(π, σ) = dim HomS(π ⊗̂σ, ν).

By [SZ12,JSZ10] if π and σ are irreducible then m(π, σ) ≤ 1.

If t = 0, then S = H and ν is trivial. Then HomS(π ⊗̂σ, ν) is the space of H-invariant continuous

linear forms on π ⊗̂σ. This Hom-space will be referred to as the spherical model. If W = 0 and

hence σ is trivial, then G is quasi-split and ν is a generic character of the unipotent radical of a

Borel subgroup. Then HomS(π ⊗̂σ, ν) is the space of Whittaker models on π. Thus the Bessel

models “interpolate” the spherical model and the Whittaker model.
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Let π and σ be irreducible representations of G and H respectively. Assume that they lie in

generic packets. Let (φπ, ηπ) and (φσ, ησ) be the parameters of π and σ respectively. Write the

L-parameters

(1.4) φπ =

k⊕
i=1

ciχi ⊕
a⊕
i=1

(
χk+i ⊕ χc,−1

k+i

)
, φσ =

l⊕
j=1

diµj ⊕
b⊕

j=1

(
µl+j ⊕ µc,−1

l+j

)
,

as (1.1) and

Aφπ =
k⊕
i=1

(Z/2Z)ai, Aφσ =

l⊕
j=1

(Z/2Z)bj .

For any L-parameter φ, the local root numbers ε
(
φ, ψC) are defined, c.f. [GGP12].

Theorem 1.1. Suppose that π and σ correspond to ηπ : Aφπ → 〈±1〉 and ησ : Aφσ → 〈±1〉
respectively. Then m(π, σ) = 1 if and only if

ηπ(ai) = ε
(
χi ⊗ φσ, ψC

)
, ησ(bj) = ε

(
φπ ⊗ µj , ψC

)
,

for all i = 1, · · · , k and j = 1, · · · , l.

This confirms [GGP12, Conjecture 17.3] for the unitary groups U(n + 2t + 1) × U(n). If π and

σ are tempered, the theorem has been established in [Xue].

1.3. Outline of the proof. The proof consists of two steps. We first prove the case t = 0 and

then reduce the general case to it. As representations lying in a generic packet are irreducible

parabolically induced representations, it is not surprising that a large part of the argument is

devoted to the relation between parabolic inductions and multiplicities. Sections 2 and 3 explain

the machinery of Schwartz analysis and develop the necessary tools. Section 4 carries out the proof

of the case t = 0. Sections 5 and 6 are devoted to the reduction to the t = 0 case.

Let us first consider the case t = 0. Here and below in this paper, following usual practice, we

often write the parabolic induction (1.2) as

χk+1 × · · · × χk+a × π0,

when there is no confusion with the parabolic subgroup P . Similar notation applies to other

parabolic inductions.

Suppose the L-parameters of the representations π and σ are given as in Theorem 1.1. Then we

may write

π = χk+1 × · · · × χk+a × π0, σ = µl+1 × · · · × µl+b × σ0,

where π0 and σ0 are limit of discrete series representations. We may write

χk+i = ωli |·|
si
C , µl+j = ωmj |·|

tj
C , i = 1, · · · , a, j = 1, · · · , b,
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where l1, · · · , la,m1, · · · ,mb are integers and s1, · · · , sa, t1, · · · , tb are complex numbers with non-

negative real parts. By relabeling we may assume that

Re (l1 + 2s1) ≥ · · · ≥ Re (la + 2sa), Re (−m1 + 2t1) ≥ · · · ≥ Re (−mb + 2tb).

These numbers are related to the infinitesimal characters of π and σ. With this ordering, Re (l1+2s1)

is the largest among Re (li± 2si)’s and hence Re (−l1− 2s1) is the smallest among Re (−li± 2si)’s,

and Re (−m1 + 2t1) is the largest among Re (−mj ± 2tj)’s and hence Re (m1 − 2t1) is the smallest

among Re (mi ± 2si)’s.

We distinguish two cases.

• Assume that Re (l1 + 2s1) ≥ Re (−m1 + 2t1) or b = 0 first. We put

π− = χk+2 × · · · × χk+a × π0, π1 = |·|s′1 × χk+2 × · · · × χk+a × π0,

where s′1 ∈
√
−1R is a generic purely imaginary number, i.e. it avoids countably many

values. Here π− is a representation of U(V−) where V− is a subspace of V and V ⊥− is a

hyperplane, and π1 is a representation of G. We prove that

(1.5) m(π, σ) = m(σ, π−) = m(π1, σ).

We will explain the idea of the proof of this below. The net effect of this procedure is to

replace the possibly nonunitary χk+1 by a unitary one |·|s′1 in π.

• Assume that Re (l1 + 2s1) < Re (−m1 + 2t1) or a = 0 now. We put

σ+ = |·|t′1 × µl+1 × · · · × µl+b × σ0, σ1 = |·|t′1 × µl+2 × · · · × µl+b × σ0,

where t′1 ∈
√
−1R is a generic purely imaginary number. Here σ+ is a representation of

U(W+) where W+ is a hermitian space containing W and W⊥ is a hyperplane, and σ1 is

a representation of H. We prove that

(1.6) m(π, σ) = m(σ+, π) = m(π, σ1).

The net effect of this procedure is to replace the possibly nonunitary µl+1 by a unitary one

|·|t′1 in σ.

These procedures can be repeated. We order the numbers

Re (li + 2si), i = 1, · · · , a, Re (−mj + 2tj), j = 1, · · · , b

from the largest to the smallest and applies the above procedures to χk+1, · · · , χk+a, µl+1, · · · , µl+b
according to this order. The ultimate effect is that we replace these potentially nonunitary quasi-

characters by the unitary characters of the form |·|s with s ∈
√
−1R. More precisely we find generic

elements

s′1, · · · , s′a, t′1, · · · , t′b ∈
√
−1R

so that we have

πa = |·|s′1 × · · · × |·|s′a × π0,
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and

σb = |·|t′1 × · · · × |·|t′b × σ0,

with

m(π, σ) = m(πa, σb).

The representations πa and σb are irreducible and tempered. Moreover in this process, the L-

parameters φπ and φσ are changed, while φπ0 and φσ0 , the centralizers Aφπ and Aφσ , the characters

ηπ and ησ, and the root numbers appearing in Theorem 1.1 remain intact. Thus Theorem 1.1 for

(π, σ) is reduced to that for (πa, σb) which has been established in [Xue]. This argument can be

packed into a slightly more souped-up version using a double induction on both a and b. But it

seems (to me) that the induction is rather involved and confusing. So we keep the argument as

above.

It remains to explain the proof of (1.5) and (1.6). This is the content of Proposition 4.3 and

is where the machinery of Schwartz analysis comes into the argument. By definition, Schwartz

homologies are derived functors of the H-coinvariance functor − → −H . Thus the continuous dual

of the zeroth homology

HS0 (H,π ⊗̂σ) = (π ⊗̂σ)H

is HomH(π ⊗̂σ,C). We now explain the proof of m(π, σ) = m(σ, π−) in (1.5) under the assumption

that Re (l1 + 2s1) ≥ Re (−m1 + 2t1). All other equalities are proved in the same fashion. The point

is to study the restriction of π to H. Note that π is a parabolically induced representation, so this

restriction is studied via the usual orbit method. We may assume that W is isotropic, the case it

being anisotropic is much easier. Let W = W0⊕⊥ (E ⊕F ) where E and F are isotropic lines in W

and E ⊕ F is a hyperplane. Let P− be a parabolic subgroup of G stabilizing E. Its Levi subgroup

is isomorphic to C× ×U(V−) and V− is the orthogonal complement of E ⊕ F in V . We write π as

IndGP− χk+1 ⊗ π−

where π− is an irreducible representation of U(V−). The intersection P− ∩H is again a parabolic

subgroup of H. There are two H orbits on the flag variety P−\G, the open one and the closed one.

There is an H-stable closed subspace π◦ of π consisting of all Schwartz sections in π over the open

orbit. We take the long exact sequence of the Schwartz homologies HSi (H,−) associated to

0→ π◦ → π → π/π◦ → 0

to obtain

· · · → HS1 (H,π/π◦ ⊗̂σ)→ HS0 (H,π◦ ⊗̂σ)→ HS0 (H,π ⊗̂σ)→ HS0 (H,π/π◦ ⊗̂σ)→ 0.

By a version of Borel’s lemma, c.f. Proposition 2.5, the quotient π/π◦ has an H-stable filtration

whose graded pieces are of the form

ρj = IndHP−∩H χk+1|·|
1
2

+j

C ⊗ (π−|H∩U(V−)), j = 0, 1, 2, · · · .
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Here the extra factor |·|
1
2
C comes from the comparison of the modulus character for P and P− and

the factors |·|jC all come from the “transverse derivatives” along the closed orbit. The infinitesimal

character of σ∨ is(
−m1 + 2t1

2
, · · · , −mb + 2tb

2
;µ1, · · · , µn−2b;

−mb − 2tb
2

, · · · , −m1 − 2t1
2

)
,

where µi ∈ n+1
2 + Z, i = 1, 2, · · · , b. Under the assumption that Re (l1 + 2s1) ≥ Re (−m1 + 2t1) we

have

Re
l1 + 2s1 + 1

2
+ j > Re

−mi ± 2ti
2

, i = 1, · · · , b, j = 0, 1, 2, · · · .

Moreover as π lies in a generic packet, we have

l1 + 2s1 + 1

2
+ j 6∈ n+ 1

2
+ Z.

Thus the numbers l1+2s1+1
2 + j do not appear in the infinitesimal character of σ∨. Then we can

construct an element z in the center of the universal enveloping algebra of H, annihilating ρj , but

not σ∨. A construction of this type is given in Section 3. It follows from a general vanishing result

of Schwartz homology, i.e. Corolloary 2.8, that

HSi
(
H, ρj ⊗̂σ

)
= 0

for all i. Then by taking inverse limit we conclude that

HSi
(
H,π/π◦ ⊗̂σ

)
= 0

for all i and hence the long exact sequence implies that

HS0 (H,π◦ ⊗̂σ) = HS0 (H,π ⊗̂σ).

Finally Frobenius reciprocity yields

HS0 (H,π◦ ⊗̂σ) = HS0 (U(V−), σ ⊗̂π−).

The desired equality

m(π, σ) = m(σ, π−)

then follows.

The reason why we choose to work with Schwartz analysis instead of other (co)homology the-

ories is that we are able to describe the filtration on π/π◦ in this context relatively easily. More

importantly, Theorem 1.1 only holds for Fréchet representations of moderate growth. The Theorem

would have been false had we worked in the other categories of representations, e.g. the category of

Harish-Chandra modules. This is a well-known phenomenon first observed by Kostant [Kos78]. The

most suitable (co)homology theory for the category of Fréchet representations of moderate growth

is the Schwartz homology theory. To me Schwartz analysis provides us with the best framework in

studying restriction problems for parabolically induced representations.
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We end this long discussion by commenting briefly on the reduction of the general case to the

case t = 0. The argument is in the same spirit. The notation below is independent from the above

explanation for t = 0. Recall that we have a relevant pair of hermitian spaces W ⊂ V of dimension

n and n+ 2t+ 1 respectively. Let z′0 be an element with norm (−1)n+1 and we put

W+ = V ⊕⊥ 〈z′0〉, Y = X ⊕ 〈z0 + z′0〉.

Then Y is a (t + 1)-dimensional isotropic subspace of W+. Let P be the parabolic subgroup of

U(W+) stabilizing Y . The Levi subgroup of P is isomorphic to GLt+1(C)× U(W ). We choose an

irreducible principal series representation

τ = |·|s1C × · · · × |·|
st+1

C

of GLt+1(C), and consider the parabolically induced representation

σ+ = Ind
U(W+)
P τ ⊗̂σ

of U(W+). We assume that s1, · · · , st+1 ∈ C are complex numbers in general position, i.e.

(s1, · · · , st+1) ∈ Ct+1 avoids the zeros of countably many nonzero polynomials functions. Again

there are two G-orbits on P\U(W+), the open one and the closed one. Let σ+,◦ be the G-invariant

subspace of σ+ consisting of Schwartz sections over the open orbit. The same argument as in the

case t = 0 gives that

m(σ+, π) = dim HomG(σ+,◦ ⊗̂π,C).

The difference is that Frobenius reciprocity does not immediately apply to this Hom space and

σ+,◦ admits a further filtration. This filtration is closely related to the R-stable filtration on τ

where R is the mirabolic subgroup of GLt+1(C). Section 5 is devoted to the study of this filtration.

It is the counterpart in our context to the Bernstein–Zelevinski’s theory of derivatives for p-adic

general linear groups. In the case of p-adic general linear groups, this filtration is obtained from

the exactness and adjointness properties of various induction and Jacquet functors, which are not

available in our setting. We obtain the desired filtration by combining the Borel’s lemma and a trick

of applying the Fourier transform. Once this filtration is understood we can apply the machinery

of Schwartz analysis as before and eventually, via Frobenius reciprocity again, obtain that

dim HomG(σ+,◦ ⊗̂π,C) = m(π, σ).

Therefore Theorem 1.1 for (π, σ) is reduced to that for (σ+, π) which is in the case t = 0. This

concludes the proof of Theorem 1.1.
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2. Schwartz analysis

2.1. Schwartz induction. We work in the setting of almost linear Nash groups, i.e. a Nash

group which admits a Nash homomorphism to GLn(R) with finite kernel. We denote by gothic

letters the Lie algebra of the corresponding group, e.g. if G is a almost linear Nash group, then

g = Lie(G) stands for its Lie algebra, and gC its complexification. We denote by U(gC) the universal

enveloping algebra and Z(gC) its center. By a representation of G, we mean a Fréchet representation

of moderate growth, i.e. a Fréchet representation (π, V ) of G so that for every seminorm ‖·‖1 on

V , there is another seminorm ‖·‖2 on V , and some positive Nash function f on G so that

‖π(g)v‖1 ≤ f(g)‖v‖2, g ∈ G, v ∈ V.

Let SmodG be the category of Fréchet representations of moderate growth of G.

In what follows, if V and W are topological vector spaces, we write V = W to indicate that they

are isomorphic as topological vector spaces.

Let G be an almost linear Nash group and H a Nash subgroup. Let (σ, V ) be a representation

of H. View V as the trivial representation of G and let S(G,V ) (resp. C∞(G,V )) be the space of

Schwartz functions (resp. smooth functions) on G valued in V . Let I be the continuous map

(2.1) I : S(G,V )→ C∞(G,V ), f 7→
(
g 7→

∫
H
σ(h)f(h−1g)dLh

)
,

where dLh is the left invariant measure. Let indGH V or indGH σ be the image of I. Under the quotient

topology of S(G,V ) and the right translation of G, it is a Fréchet representation of moderate growth

of G and is called the Schwartz induction of (σ, V ). If H is a parabolic subgroup of G, then this is

the usual unnormalized parabolic induction.

We have the following geometric interpretation of Schwartz inductions. We define a right action

of H on G× V by

(2.2) (g, v) · h = (h−1g, σ(h)−1v),

and let V = H\(G× V ) be the quotient of G× V this H-action. It is a tempered (right) G-bundle

over H\G, c.f. [CS, Section 6.1]. By [CS, Proposition 6.7],

indGH V = ΓS(H\G,V)

where ΓS(H\G,V) stands for the space of all Schwartz sections of V in the sense of [CS, Defini-

tion 6.1].

We remark that left actions are used throughout in [CS]. To be consistent with the usual con-

vention of parabolic inductions, we choose to use right actions of G on H\G. The fiber at 1 of the

bundle V is then the vector space V with a right H action. This right action and the representation

σ is connected by

(2.3) σ(h)v = v · h−1.
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The representation σ will be referred to as the representation on V that the bundle V gives rise to.

We recall several results from [CS].

Proposition 2.1 ([CS, Proposition 7.1]). Schwartz induction is an exact functor from SmodH to

SmodG.

This proposition will mostly be used implicitly and will be referred to as “exactness of Schwartz

induction”.

Proposition 2.2 ([CS, Proposition 7.2]). Let H ′ be a closed Nash subgroup of H and V be a

representation of H ′. Then

indGH
(
indHH′ V

)
= indGH′ V.

This proposition will be referred to as “induction by stages”.

Proposition 2.3 ([CS, Proposition 7.4]). Let W and V be representations of H and G respectively.

Assume that one of W and V is nuclear. Then

indGH(W ⊗̂V |H) = (indGHW ) ⊗̂V.

Here ⊗̂ stands for the completed tensor product of complete locally convex topological vector

spaces. In any completed tensor product appearing in this paper, at least one (most of the time

both) of the topological vector spaces will be nuclear and thus there is no ambiguity which tensor

product we use, c.f. [Trè06, Theorem 50.1(f)]. Moreover the completed tensor product of two

nuclear Fréchet spaces is again a nuclear Fréchet space.

Proposition 2.4 ([CS, Proposition 6.6, Theorem 6.8]). Let V be a representation of H. Then(
(indGH(V ⊗ δH))⊗ δ−1

G

)
G

= VH ,

where δH and δG stand for the modulus characters of H and G respectively.

This proposition will be referred to as the “Frobenius reciprocity”.

2.2. Borel lemma. The classical Borel’s lemma asserts that the quotient

S(Rn)/S(Rn\{0})

is isomorphic to the power series ring

C[[x1, · · · , xn]],

with the canonical quotient map S(Rn)→ C[[x1, · · · , xn]] being given by taking the Taylor expan-

sion at origin.

Now let X be a Nash manifold. Assume that Z is a closed Nash submanifold. Let U be the open

complement of Z. Extension by zero gives a natural injective map ΓS(U , E)→ ΓS(X , E). Put

ΓSZ(X , E) = ΓS(X , E)/ΓS(U , E).
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Let N∨Z/X be the complexification of the conormal bundle. This is a tempered bundle over Z in

the sense of [CS, Section 6.1]. Let E be a tempered bundle over X . The following is the Borel’s

lemma in this setting.

Proposition 2.5 ([CS, Proposition 8.2, 8.3]). There is a decreasing filtration on ΓSZ(X , E), denoted

by ΓSZ(X , E)k, k = 0, 1, 2, · · · , so that

ΓSZ(X , E) = lim←−ΓSZ(X , E)/ΓSZ(X , E)k.

Moreover the graded pieces are isomorphic to

ΓS(Z,SymkN∨Z/X ⊗ E|Z), k = 0, 1, 2, · · · ,

If X is a G-Nash manifold, Z is stable under the action of G and E is a tempered G-bundle, then

this filtration is stable under the action of G.

2.3. Schwartz homology. If V is a representation of G, we denote by VG the G-coinvariance.

There are a number of equivalent ways to define it. According to [CS, Theorem 1.7], one definition

is

VG = V
/∑
g∈G

(g − 1)V.

The space VG is given the quotient topology and is a locally convex topological space. Note that

the subspace
∑

g∈G(g − 1)V might not be closed and thus VG might not be Hausdorff.

If l : V → C is a continuous G-invariant linear form, then it descends to a continuous linear form

on VG and to the maximal Hausdorff quotient V 0
G. Conversely any continuous linear form of VG

automatically factors through V 0
G and we obtain a continuous linear form on V by composing it

with the natural map V → VG. It follows that HomG(V,C) is the dual space of VG or V 0
G. Therefore

if HomG(V,C) is finite dimensional, then so is V 0
G and

dim HomG(V,C) = dimV 0
G.

A Schwartz homology theory HSi (G,−) has been introduced in [CS]. The functor V 7→ VG is a

right exact functor from SmodG to the category of locally convex topological vector spaces. The

Schwartz homology HSi (G,−) is the derived functor of V 7→ VG. It can be calculated using strong

projective resolutions as follows. Let

· · · → P1 → P0 → V → 0

be a strong projective resolution of V in the sense of [CS, Definition 5.11], i.e. it is an exact

sequence in SmodG, homomorphisms are strong and Pi’s are relatively projective. Then HSi (G,V )

is the i-th homology of the complex

· · · → (P1)G → (P0)G → 0.

The homologies HSi (G,V ) may or may not be Hausdorff. By [CS, Proposition 1.9], it is Hausdorff

when it is finite dimensional.
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Let

0→ V1 → V2 → V3 → 0

be a short exact sequence of representations of G, then by [CS, Corollary 7.8], we have a long exact

sequence

(2.4) · · · → HSi+1(G,V3)→ HSi (G,V1)→ HSi (G,V2)→ HSi (G,V3)→ HSi−1(G,V1)→ · · · ,

of locally convex (not necessarily Hausdorff) topological vector spaces.

Proposition 2.6 ([CS, Theorem 7.5]). Let H be a closed Nash subgroup of G and V a representation

of H. Then

HSi (G, (indGH(V ⊗ δH))⊗ δ−1
G ) = HSi (H,V ),

for all i ≥ 0.

This proposition will be referred to as “Shapiro’s lemma”. It recovers Forbenius reciprocity when

i = 0.

Proposition 2.7. Let (π, V ) and (σ,W ) be representations of G. Assume that both of them are

nuclear. Let X 7→ X̌ be the canonical anti-automorphism of U(gC) such that X̌ = −X if X ∈ g.

Assume that there is an element X ∈ Z(gC) such that X acts on π as a constant λ1 and X̌ acts

on σ as a constant λ2. If λ1 6= λ2, then

HSi (G, π ⊗̂σ) = 0

for all i ≥ 0.

Proof. Let P−2 = 0, P−1 = V and we inductively define Pi to be S(G,Ki−1) where Ki−1 stands for

the kernel of Pi−1 → Pi−2, i = 0, 1, 2, · · · . Let Pi → Pi−1 be the composition

Pi = S(G,Ki−1)→ Ki−1 → Pi−1

where the first map is given by integration over G. By [CS, Proposition 5.4],

· · · → P1 → P0 → V → 0

is a strong projective resolution where the maps are given by integration along G. We let P• be

the complex

· · · → P1 → P0 → 0.

Since V is nuclear, all Pi’s are nuclear. As W is nuclear

· · · → P1 ⊗̂W → P0 ⊗̂W → V ⊗̂W → 0

is a strong projective resolution of V ⊗̂W , c.f. Lemma 2.9 below. The element X̌ ∈ Z(g) gives a

morphism W →W and hence a morphism of the complexes

1⊗ X̌ : P• ⊗̂W → P• ⊗̂W.
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It descends to a morphism of the complexes

(2.5) 1⊗ X̌ : (P• ⊗̂W )G → (P• ⊗̂W )G.

By assumption X̌ acts as a scalar λ2 on W , therefore it acts as as the scalar λ2 on the complex

and hence on the homologies HSi (G,V ⊗̂W ).

By [CS, Lemma 4.6], the element 1⊗ X̌ −X ⊗ 1 acts trivially on the complex (P• ⊗̂W )G. Thus

on the one hand X⊗1 acts on HSi (G,V ⊗̂W ) as a scalar λ2. On the other hand, X acts as a scalar

λ1 on V . Since W is nuclear, the tensor functor −⊗̂W is exact. It follows that HSi (G,−⊗̂W ) are

the derived functors of (−⊗̂W )G. Therefore X ⊗ 1 acts as a scalar λ1 on HSi (G,V ⊗̂W ). Since

λ1 6= λ2, we conclude that

HSi (G,V ⊗̂W ) = 0.

This finishes the proof. �

We observe that if σ is irreducible and X̌ acts on σ by λ2, then X acts on σ∨ by λ2. Thus we

have the following corollary.

Corollary 2.8. Assume in addition that σ is irreducible in Proposition 2.7. If there is an element

X ∈ Z(hC) so that X acts on π by λ1 and acts on σ∨ by λ2 with λ1 6= λ2. Then

HSi (G, π ⊗̂σ) = 0

for all i ≥ 0.

2.4. Remarks on linear algebra. We add some remarks regarding linear algebra. We begin with

the following well-known lemma on nuclear Fréchet spaces. It is so fundamental that we mostly

use it without reference. The cited reference also contains useful information on nuclear Fréchet

spaces and their duals.

Lemma 2.9 ([CHM00, Lemma A.3]). Let W be a nuclear Fréchet space and

0→ V1 → V2 → V3 → 0

be a short exact sequence of nuclear Fréchet spaces. Then

0→ V1 ⊗̂W → V2 ⊗̂W → V3 ⊗̂W → 0

is a short exact sequence of nuclear Fréchet spaces.

We will frequently use the following result. Again it is mostly used without reference.

Lemma 2.10. Let G be a Nash group and

0→ V1 → V2 → V3 → 0

be an exact sequence of representation of G. If

HSi (G,V3) = 0
14



for all i, then HSi (G,V1) = HSi (G,V2) for all i.

Proof. It follows from the long exact sequence that

HSi (G,V1)→ HSi (G,V2)

is a continuous isomorphism of vector spaces. It follows from [CS, Lemma 8.6] that it is an open

map. Therefore it is an isomorphism of topological vector spaces. �

Let I be some index set and V be a Fréchet space with a descending filtration of closed subspaces

indexed by I. We say this filtration is complete if I is countable well-ordered and if the canonical

map

V → lim←−V/Vα
is an isomorphism of topological vector spaces. The successive quotient Vα/Vα+, α ∈ I, are called

the graded pieces. Here if α ∈ I we denote by α+ its successor. The filtration in Proposition 2.5

is complete.

Lemma 2.11. Let W be a closed subspace of V and Z the quotient. Assume that W and Z admit

complete filtrations indexed by the countable well-ordered set I and J respectively,

Wα, α ∈ I; Zβ, β ∈ J.

Then V admits a complete filtration indexed by I ∪ J with graded pieces

Wα/Wα+, Zβ/Zβ+, α ∈ I, β ∈ J.

If V is a representation of some Nash group G and W is G-stable, then the filtration is also G-stable.

Proof. The index set I ∪ J is ordered so that it does not change the ordering in I and J and α > β

if α ∈ I and β ∈ J . Then I ∪ J is well-ordered. Let ϕ : V → Z be the natural map. The filtration

Vγ , indexed by γ ∈ I ∪ J , given by

Vγ =

Wγ , if γ ∈ J ;

ϕ−1(Zγ), if γ ∈ I.

is a filtration with required graded pieces. It gives rise to an inverse system

V• : · · · → V/Vγ+ → V/Vγ → · · · .

Moreover we extend the inverse system

· · · →W/Wα+ →W/Wα → · · · →W/Wα0 = 0

to

W• : · · · →W/Wα+ →W/Wα → · · · →W/Wα0 = 0→ · · · → 0→ 0.

where the 0’s are indexed by J , and the inverse system

· · · → Z/Zβ+ → Z/Zβ → · · · → Z/Zβ0 = 0
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to

Z• : · · · → Z → Z → · · · → Z/Zβ+ → Z/Zβ → · · · → Z/Zβ0 = 0,

where the Z’s are indexed by I. By these definitions we have an exact sequence of inverse systems

0→W• → V• → Z• → 0

where the index set is countable and W• satisfies the Mittag-Leffler condition. It follows that

0→ lim←−W• → lim←−V• → lim←−Z• → 0.

Since the filtration on W and Z are both complete, we have W → lim←−W• and Z → lim←−Z• are

isomorphism of topological vector spaces. Therefore

V → lim←−V•

is an isomorphism of topological vector spaces by the snake lemma and the filtration on V is

complete. �

The situation we encounter in this paper is usually that we have a finite filtration on a Fréchet

space and each graded piece admits a complete filtration. Then applying the above lemma several

times we see that the whole vector space admits a complete filtration. In other words, to construct

a complete filtration on the vector space, it is enough to construct it on each graded piece.

Lemma 2.12. Let V be a nuclear Fréchet space with a complete filtration Vα, α ∈ I. Let W be a

nuclear Fréchet space. Then

Vα ⊗̂W, α ∈ I

is a complete filtration on V ⊗̂W whose graded pieces are

Vα/Vα+ ⊗̂W.

Proof. The space V is nuclear Fréchet, so are all its graded pieces. We conclude from Lemma 2.9

that

Vα ⊗̂W, α ∈ I

is indeed a filtration on V ⊗̂W with the graded pieces described in the lemma. It remains to prove

that the filtration is complete. Indeed by the Schwartz kernel theorem [Trè06, (50.17)], we have

(V/Vα) ⊗̂W = L(W∨, V/Vα), V ⊗̂W = L(W∨, V ),

where W∨ stands for the strong dual of W and L stands for the continuous linear maps. Then

(2.6) V ⊗̂W = lim←−(V/Vα) ⊗̂W,

by the definition of the inverse limit. This proves the lemma. �
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Proposition 2.13. Let G be a Nash group and V be a representation of G. Assume that V admits

a complete filtration Vα, α ∈ I. Assume that for some i, the Schwartz homologies HSi+1(G,V/Vα)

are finite dimensional for all α. Then the canonical map

HSi (G,V )→ lim←−H
S
i (G,V/Vα),

is a continuous isomorphism of vector spaces.

Proof. This is [Gro61, Proposition 13.2.3], with cochain complexesK•α in [Gro61, Proposition 13.2.3]

replaced by chain complexes Pα,• where

Pα,• → V/Vα → 0

is a strong projective resolution. Recall that a inverse system

· · · → Uα+ → Uα → · · ·

satisfies the Mittag-Leffler condition if for any α ∈ I there is some β ≥ α so that the image of

Uγ → Uα

are the same for all γ ≥ β. We note that the system

· · · → V/Vα+ → V/Vα → · · ·

satisfies the Mittag-Leffler condition since the maps are all surjective. The system

· · · → HSi+1(G,V/Vα+)→ HSi+1(G,V/Vα)→ · · ·

also satisfies the Mittag-Leffler condition as they are all finite dimensional by assumption. The

proof of [Gro61, Proposition 13.2.3] can now be copied word by word. �

Corollary 2.14. Let G be a Nash group and V , W be representations of G. Assume that V and

W are both nuclear. Assume that V admits a complete filtration Vα, α ∈ I, and

HSi (G, (Vα/Vα+) ⊗̂W ) = 0

for α ∈ I. Then

HSi (G,V ⊗̂W ) = 0.

Proof. As W and V are nuclear Fréchet space, by Lemma 2.12,

Vα ⊗̂W, α ∈ I

is a complete filtration on V ⊗̂W whose graded pieces are

Vα/Vα+ ⊗̂W, α ∈ I.

Moreover

HSi (G, (V/Vα) ⊗̂W ) = 0,
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for all i and all α ∈ I by the usual dimension shifting argument via the long exact sequence (2.4).

The we obtain the corollary from Proposition 2.13. �

Lemma 2.15. Let G be a Nash group and H be a closed Nash subgroup. Let V be a representation

of H that admits an H-stable complete filtration Vα, α ∈ I. Assume that V is nuclear. Then

indGH Vα, α ∈ I

is a G-stable complete filtration on indGH V whose graded pieces are

indGH Vα/Vα+, α ∈ I.

Proof. We only need to show that the filtration indGH Vα is complete, all other assertions follow from

Proposition 2.1, i.e. Schwartz induction is an exact functor.

By [CS, Proposition 6.5], Schwartz induction has the following equivalent interpretation. Let H

act on S(G,V ) by

h · f(g) = h · f(h−1g), f ∈ S(G,V ), h ∈ H, g ∈ G,

then

indGH V = (S(G,V )⊗ δ−1
H )H ,

where δH is the modulus character of H. Since V is a nuclear Fréchet space, so is S(G,V ). We

have

S(G,V ) = S(G) ⊗̂V = S(G) ⊗̂
(
lim←−V/Vα

)
= lim←−

(
S(G) ⊗̂ (V/Vα)

)
= lim←−S(G,V/Vα)

by Lemma 2.12. Note that S(G,V/Vα) ⊗ δ−1
H , as a representation of H, is relatively projective

by [CS, Proposition 5.2]. Therefore all Schwartz homologies of S(G,V/Vα)⊗ δ−1
H vanish except for

the zeroth homology. By Proposition 2.13, we conclude that

(S(G,V )⊗ δ−1
H )H =

(
lim←−S(G,V/Vα)⊗ δ−1

H

)
H
→ lim←−

(
(S(G,V/Vα)⊗ δ−1

H )H
)

is a continuous isomorphism of vector spaces. All spaces involved are Fréchet spaces by [CS,

Theorem 5.9], so by the open mapping theorem, this is an isomorphism of topological spaces. Thus

indGH V = lim←−
(
indGH V/Vα

)
.

This proves the lemma. �

3. Action of the universal enveloping algebra

We recall some results on the action of the universal enveloping algebra on parabolically induced

representations. It is well-known that parabolic induction preserves infinitesimal characters. In

our later applications the inducing data usually do not have infinitesimal characters. We will

however construct elements in the center of universal enveloping algebra which annihilate these

parabolic induced representations. This construction will be used repeatedly later. Together with

Corollary 2.8, they provide the key tools of deducing vanishing results of Schwartz homologies.
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3.1. Complex general linear groups. Let us first consider the character ωl|·|uC of C×. The Lie

algebra of C× is C and its complexification is identified with C⊕C where the Lie algebra of C× is a

Lie subalgebra consisting of (x,−x). View the character ωl|·|uC as a one dimensional representation.

Direct computation shows that the complexified Lie algebra C ⊕ C acts as follows. The element

(1,−1) acts as multiplication by 2u and (
√
−1,
√
−1) acts as multiplication by

√
−1l. Thus the

infinitesimal character of this representation is(
l + 2u

2
,
l − 2u

2

)
∈ C⊕ C,

if we naturally identify the dual space of C⊕ C with itself.

Let L = ResC/R GLr(C) and l = Lie(L). Let T be the diagonal torus and t = Lie(T ) the Lie

algebra. We identify lC with gln(C)⊕ gln(C) so that l is a Lie subalgebra consisting of matrices

(X,−wrtXwr), X ∈Mr×r(C)

where wr is the anti-diagonal matrix whose anti-diagonal entries are all 1’s. The complexified

Cartan subalgebra tC consists of

a1

. . .

ar

 ,


b1

. . .

br


 , a1, · · · , ar, b1, · · · , br ∈ C.

The Weyl group is isomorphic to Sr ×Sr and the two factors acts by permuting the ai’s and bi’s

respectively. By the Harish-Chandra isomorphism, Z(lC) is isomorphic to

C[x1, · · · , xr]Sr ⊗ C[y1, · · · , yr]Sr .

Let l1, · · · , lr be integers and s1, · · · , sr be complex numbers. We consider the principal series

representation

τ = ωl1 |·|
s1
C × · · · × ωlr |·|

sr
C ,

induced from the usual upper triangular Borel subgroup.

Let A = C××· · ·×C× be the diagonal torus. In the above choice of coordinates, the infinitesimal

character of the character ωl1 |·|
s1
C ⊗ · · · ⊗ ωlr |·|

sr
C of A is

(3.1)

(
l1 + 2s1

2
, · · · , lr + 2sr

2
,
lr − 2sr

2
, · · · , l1 − 2s1

2

)
.

It is well-known that parabolic induction preserves infinitesimal characters. Thus the infinitesimal

character of τ is an Sr × Sr-orbit of (3.1) in C2r, where two Sr’s act as permuting the first r

coordinates and the last r coordinates respectively.

Let ξ be an irreducible finite dimensional representation of L. Let ∆(ξ) be the set of all weights

appearing in ξ. Then ∆(ξ) is a finite subset of C2r, stable under the action of Sr × Sr. The

representation τ ⊗ ξ itself might not admit an infinitesimal character if dim ξ ≥ 2. But by [Kos75,
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Corollary 5.6], it has a finite length filtration whose graded pieces have infinitesimal characters and

all possible infinitesimal characters are of the form

(3.2)

(c1, · · · , cr, d1, · · · , dr) =

(
l1 + 2s1

2
+ a1, · · · ,

lr + 2sr
2

+ ar,
lr − 2sr

2
+ b1, · · · ,

l1 − 2s1

2
+ br

)
,

where (a1, · · · , ar, b1, · · · , br) ∈ ∆(ξ).

Let

p(x1, · · · , xr, y1, · · · , yr) ∈ C[x1, · · · , xr, y1, · · · , yr]Sr×Sr

be a polynomial, symmetric in x1, · · · , xr and y1, · · · , yr respectively. Then by [Kos75, Theo-

rem 5.1], the element in Z(lC) given by

(3.3) α =
∏

(a1,··· ,ar,b1,··· ,br)∈∆(ξ)

(p(x1, · · · , xr, y1, · · · , yr)− p(c1, · · · , cr, d1, · · · , dr)),

where (c1, · · · , cr, d1, · · · , dr) is given by (3.2), annihilates τ ⊗ ξ.

3.2. Parabolic inductions. Let us consider the following setup.

• Let V be a hermitian space of dimension n and V0 a subspace whose orthogonal complement

has a basis

v±1, · · · , v±r,

where

hV (vi, v−j) = δij .

• Put X = 〈v1, · · · , vr〉 and X∨ = 〈v−1, · · · , v−r〉.
• Let G = U(V ). Let P = MU be the parabolic subgroup of G stabilizing X. Here and below

the notation P = MU always mean that M is a Levi subgroup and U is the unipotent

radical. Then

M ' GLr(C)×U(V0)

where we have identified GL(X) with GLr(C) using the basis v1, · · · , vr of X. We write

L = ResC/R GLr(C).

• Let l1, · · · , lr ∈ Z and s1, · · · , sr ∈ C. Let τ be the principal series representation

ωl1 |·|s1 × · · · × ωlr |·|sr ,

induced from the usual upper triangular Borel subgroup.

• Let ξ be a finite dimensional representation of L.

• Let σ be a representation of U(V0), not necessarily irreducible.

• Let

π = IndGP
(
(τ ⊗ ξ) ⊗̂σ

)
be a representation of G.
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Let us choose a basis e1, · · · , en−2t of V0 so that the matrix representing the hermitian form of

V0 is

(
1p

−1q

)
where (p, q) is the signature of U(V0). We use the basis

v1, · · · , vr, e1, · · · , en−2t, v−r, · · · , v−1

of V to realize G and its subgroups as matrix groups. Under this basis P corresponds to the blocked

upper triangular matrices.

Let T be the diagonal torus of G and t = Lie(T ) which consists of diagonal matrices
a1

. . .

an


with the properties that ai ∈ C, ai = −a2n+1−i, i = 1, · · · , r and ar+j ∈

√
−1R, j = 1, · · · , n− 2r.

The complexification tC is an n-dimensional vector space consisting of diagonal matrices and the

Weyl group acts by permuting these entries. Then Z(gC) is identified as usual with

C[x1, · · · , xn]Sn

where Sn acts by permuting the xi’s.

From the proof of [Kna01, Proposition 8.22], we have

(3.4) Z(gC) ⊂ uCU(gC)⊕ U(mC),

where we recall that P = MU , m = Lie(M) and u = Lie(U). Define µ : Z(gC) → U(mC) to be

the projection to the U(mC) component. Then the image of µ lies in Z(mC) and thus µ gives a

well-defined algebra homomorphism

µ : Z(gC)→ Z(mC).

Moreover by [Kna01, (8.34)] this algebra homomorphism is compatible with the Harish-Chandra

isomorphism. More precisely Harish-Chandra isomorphism gives

Z(gC) ' C[x1, · · · , xn]Sn , Z(mC) ' C[x1, · · · , xn]Sr×Sn−2r×Sr ,

where in the second isomorphism the three groups Sr, Sn−2r and Sr act as permuting x1, · · · , xr,
and xr+1, · · · , xn−r, and xn−r+1, · · · , x2n respectively. The homomorphism µ is then given by the

natural inclusion

C[x1, · · · , xn]Sn → C[x1, · · · , xn]Sr×Sn−2r×Sr .

We have constructed in (3.3) for every

p(x1, · · · , xr, xn−r+1, · · · , xn) ∈ C[x1, · · · , xr, xn−r+1, · · · , xn]Sr×Sr ,

an element α in Z(mC) that annihilates τ ⊗ ξ. Let us put

(3.5) z =
∏

γ∈Sn/Sr×Sn−2r×Sr

γ · α.
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Then z gives rise to an element in Z(gC).

Lemma 3.1. The element z constructed in (3.5) annihilates π.

Proof. Let us first observe that µ(z) annihilates τ ⊗ ξ. Indeed we can write

z = z′α, z′ =
∏
γ 6=1

γ · α,

where γ 6= 1 means that γ is not the coset represented by 1. Note that both z′ and α are invariant

under the action of Sr ×Sn−2r ×Sr, and thus are elements in Z(mC). So µ(z) is the product of

α and another element in Z(mC), and hence annihilates τ ⊗ ξ because α does so.

Let f be an element in π. Since X · f(1) = 0 for all X ∈ uC, we conclude that X · f(1) = 0 for

all X ∈ uCU(gC). It follows from (3.4) that if z ∈ Z(gC), then

(z · f)(1) = µ(z) · (f(1)),

for all f ∈ π. As z ∈ Z(gC), for all g ∈ G we have

z · f(g) = π(g)(z · f)(1) = z · (π(g)f)(1) = µ(z) · (π(g)f)(1) = 0

for all f ∈ π and g ∈ G. Thus z annihilates π. �

Lemma 3.2. Choose the polynomial p as

x1 + x2 + · · ·+ xr.

Let z be the element constructed as in (3.5) from p. Let π′ be an irreducible representation of G

and z acts on π′ by a constant λ. Then λ is a nonconstant polynomial function in s1, · · · , sr.

Proof. The element z constructed in (3.5) with this choice of the p is of the form∏
σ∈Sn/Sr×Sn−2r×Sr

∏
(a1,··· ,ar,b1,··· ,br)∈∆(ξ)(

xσ(1) + · · ·+ xσ(r) −
l1 + 2s1

2
− · · · − lr + 2sr

2
− a1 − · · · − ar

)
.

For any fixed value of x1, · · · , xn, it is clearly a nonconstant polynomial in s1, · · · , sr. �

4. Spherical models

The goal of this section is to prove Theorem 1.1 in the case t = 0.

4.1. A filtration on parabolic induction. Let us consider the following setup.

• Let W ⊂ V be a relevant pair of hermitian space of dimensions n and n + 1 respectively.

Recall that this means that V/W is a line of sign (−1)n.

• Assume that W is isotropic. Choose a decomposition W = W0⊕⊥ (E ⊕F ) where E and F

are isotropic lines and E ⊕ F is a hyperplane perpendicular to W0.

• Let L be a line of sign (−1)n in E ⊕ F . Put V0 = W0 ⊕⊥ L.
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• We have

W0 ⊂ V0 ⊂W ⊂ V,

and each successive inclusion gives a relevant pair of hermitian spaces of codimension one.

• Put G = U(V ), H = U(W ), G0 = U(V0), and H0 = U(W0).

• Let P ⊂ G and Q = MQUQ ⊂ H be the respective parabolic subgroups stabilizing E.

The Levi subgroup MQ of Q is isomorphic to C× ×H0 where we identify GL(E) with C×

naturally.

We have an embedding of flag varieties

Z = Q\H → X = P\G.

There are two H-orbits in X , the closed orbit Z consisting of all isotropic lines contained in W .

Its complement U is the open orbit which consists of all isotropic lines not contained in W .

The complexified conormal bundle N∨Z/X is a tempered H-bundle over Z. To describe it, we only

need to describe the fiber of it over the point [E] of Z represented by E ⊂ W , as a representation

of Q. We remind the readers that G acts on X from the right and thus the fiber over [E] is a vector

space with a right Q action. The representation of Q that this bundle gives rise to and this right

action are connected by (2.3).

Lemma 4.1. The fiber of over [E] of the N∨Z/X is the two dimensional representation of Q where

UQ and U(W0) acts trivially and C× acts as

z 7→

(
z

z

)
.

Proof. Let us first show that that UQ acts trivially. We take a basis of W0

e1, · · · , en−2,

a nonzero vector e0 of L with 〈e0, e0〉 = 1, a nonzero element f1 of E and a nonzero element f−1 of

F so that 〈f1, f−1〉 = 1. In terms of the basis

f1, e1, · · · , en−2, e0, f−1

of V we write elements in U(V ) as matrices. Then U(W ) consists of elements of the forma b

1

c d

 , a ∈M(n−1)×(n−1)(C), b, tc ∈ Cn−1, d ∈ C.
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Let tUP be the unipotent radical of the opposite parabolic subgroup of P . Then P\P tUP is the

open cell in the flag variety X . Take

g =


1 v∗ 0 t

1n−2 v

1 0

1

 ∈ UQ, x =


1

0 1n−2

x 1
1
2xx

∗ 0 x∗ 1

 ∈ tUP .

Here v ∈ Cn−2, t, x ∈ C, and v∗, x∗ are the corresponding elements which make g and u lie in U(V ).

Elementary computation gives that the xg and
1

∗ 1n−2

x
1+ 1

2
xx∗t

1

∗ ∗ ∗ 1


represent the same point on X . Taking derivative at x = 0 of x

1+ 1
2
xx∗t

with respect to x yields that

the right action of g on the conormal space at the point [E] ∈ Z is trivial.

The action of U(W0) being trivial is straightforward. From the coordinates above we see that

this right action of C× is given by that z 1n−2

z−1



acts as

(
z

z

)−1

. Then by (2.3) the representation on this vector space is given by

(
z

z

)
. �

Let π0 be an irreducible representation of G0 and χ a character of C×. Consider the parabolic

induction

π = IndGP (χ|·|uC ⊗ π0).

Let π◦ be H-invariant subspace consisting of Schwartz sections over U . Then as representations of

H we have

(4.1) π◦ ' indHG0
π0.

By Proposition 2.5, the quotient πZ = π/π◦ has a decreasing complete filtration πZ,k, k =

0, 1, 2, · · · , whose graded pieces, as representations of H, are direct sums of

(4.2) IndHQ

(
χω2j−k|·|

u+ k+1
2

C ⊗ π0|H0

)
, j = 0, · · · , k.

The factors ω2j−k|·|
k
2
C all come from symmetric powers of the complexified conormal bundle. The

extra factor |·|
1
2
C comes from the comparison of the modulus characters of P and Q.
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4.2. Induction and multiplicity. Let σ be a representation of H of the form

(4.3) IndHQb

(
ωm1 |·|

t1
C ⊗ · · · ⊗ ωmb |·|

tb
C ⊗ σb

)
,

where

• Wb ⊂W be a hermitian space so that its orthogonal complement is a split hermitian space

of dimension 2b,

• Qb is a parabolic subgroup of H so that its Levi component is isomorphic to (C×)b×U(Wb),

• m1, · · · ,mb ∈ Z and t1, · · · , tb are complex numbers with nonnegative real parts,

• σb is an irreducible limit of discrete series representation of U(Wb).

Let

ρ = IndHQ (ωl|·|uC ⊗ ρ0) ,

where l ∈ Z, u ∈ C with Reu ≥ 0 and ρ0 is a representation of H0.

Lemma 4.2. If either l+ 2u or l− 2u does not equal to any −mi ± 2ti, i = 1, · · · , b, and if l+ 2u

(and hence l − 2u) is not an integer with the same parity as n+ 1, then

HSi (H, ρ ⊗̂σ) = 0

for all i.

Proof. We will construct an element z ∈ Z(hC) so that it annihilates ρ but not σ∨. We then

conclude by Corollary 2.8.

Let choose the Cartan subgroup t of h and identify Z(hC) with

C[x1, · · · , xn]Sn ,

as in Subsection 3.2. The infinitesimal character of σ∨ is(
−m1 + 2t1

2
, · · · , −mb + 2tb

2
;µ1, · · · , µn−2b;

−mb − 2tb
2

, · · · , −m1 − 2t1
2

)
,

where (µ1, · · · , µn−2b) is the infinitesimal character of σ∨b . In particular µi ∈ n+1
2 + Z.

Let m be the Lie algebra of MQ. We apply the construction in Subsection 3.2 and in particu-

lar (3.5) to the current situation, i.e. r = 1, τ = ωl|·|u, ξ being trivial. Take the polynomial p there

to be either p(x1, · · · , xn) = x1 or p(x1, · · · , xn) = xn. Then we conclude that

z1 =

n∏
i=1

(
xi −

l + 2u

2

)
, z2 =

n∏
i=1

(
xi −

l − 2u

2

)
both being in Z(hC), annihilate ρ. Let us prove that at least one of them does not annihilate σ∨.

First we note that
l ± 2u

2
6= µj

for any j, as µj ∈ n+1
2 + Z. If both z1 and z2 annihilate σ∨, we have

l + 2u

2
=
−mi ± 2ti

2
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for some i, and
l − 2u

2
=
−mj ± 2tj

2
for some j. But at least one of them does not happen by the assumptions of the lemma. �

Put

π = IndGP (ωl|·|uC ⊗ π0) .

and assume that l + 2u (and hence l − 2u) is not an integer having the same parity with n+ 1.

Proposition 4.3. Assume that l + 2u is not an integer with the same parity as n. Assume that

for any nonnegative integer j, either

l + 2u+ 2j + 1 6= −mi ± 2ti, i = 1, · · · , b

or

l − 2u− 2j − 1 6= −mi ± 2ti, i = 1, · · · , b.

Then

m(π, σ) = m(σ, π0).

Proof. Let π◦ be the subspace of Schwartz sections in π over the open H-orbit. By (4.2), the

quotient πZ = π/π◦ has an H-stable complete filtration πZ,k, k = 0, 1, 2, · · · , whose graded pieces

are

ρjk = IndHQ

(
ω2j−k+l|·|u+ 1+k

2 ⊗ π0|H0

)
, j = 0, 1, · · · , k, k = 0, 1, 2, · · · .

By assumption we have either

l + 2j − k + (2u+ 1 + k) = l + 2u+ 2j + 1 6= −mi ± 2ti, i = 1, · · · , b.

or

l + 2j − k − (2u+ 1 + k) = l − 2u+ 2(j − k)− 1 6= −mi ± 2ti, i = 1, · · · , b.

Then by Lemma 4.2, for all i = 0, 1, 2, · · · , k = 0, 1, · · · , and j = 0, 1, · · · , k, we have

(4.4) HSi (H, ρjk ⊗̂σ) = 0.

It follows that

HSi
(
H,πZ/πZ,k ⊗̂σ

)
= 0

for all k. As πZ/πZ,k and σ are all nuclear Fréchet spaces, by Corollary 2.14, we have

HSi (H,πZ ⊗̂σ) = 0, i = 0, 1, 2, · · · .

Therefore we conclude that

HSi (H,π ⊗̂σ) = HSi (H,π◦ ⊗̂σ), i = 0, 1, · · ·

As in (4.1) we have

π◦ ' indHG0
π0.
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Therefore by Propositions 2.3 and Shapiro’s lemma we conclude

HSi (H,π◦ ⊗̂σ) = HSi (H, indHG0
(π0 ⊗̂(σ|G0))) = HSi (G0, π0 ⊗̂σ),

for all i ≥ 0. In particular when i = 0, we conclude that

(π ⊗̂σ)H = (σ ⊗̂π0)G0

and so are their maximal Hausdorff quotient. It follows that

m(π, σ) = m(σ, π0).

This proves the proposition. �

4.3. Spherical models. Let π be an irreducible representation of G and assume that π lies in a

generic packet. Then π can be written as an irreducible parabolic induction

(4.5) ωl1 |·|
s1
C × · · · × ωla |·|

sa
C × π0,

where

• l1, · · · , la ∈ Z,

• s1, · · · , sa ∈ C with nonnegative real part,

• ωli |·|
si
C is not conjugate self-dual of sign (−1)n,

• Va ⊂ V is a hermitian subspace such that V ⊥a is a split hermitian space of dimension 2a,

• π0 is a limit of discrete series representation of U(Va).

Lemma 4.4. Assume that π is an irreducible representation of G that lies in a generic packet as

above. Then li ± 2si is not an integer having same parity with n for any i = 1, · · · , a.

Proof. The L-parameter φπ of π is

φπ0 ⊕
a⊕
i=1

(
ωli |·|

si
C ⊕ ωli |·|

−si
C
)
,

where φπ0 is the L-parameter of π0. We recall that Πφπ is a generic packet if and only if

L
(
s, φπ,As(−1)n+1

)
is holomorphic at s = 1 (note dimV = n+ 1). This Asai L-function is a product of

a∏
i=1

LR(s+ 2si, sgnli+n+1)LR(s− 2si, sgnli+n+1)

and some other local L-functions. Recall that

LR(s) = π−
s
2 Γ
(s

2

)
, LR(s, η) = π−

s+1
2 Γ

(
s+ 1

2

)
,

and the poles of Γ(s) are at s = 0,−1,−2, · · · . Thus if li + n+ 1 is even, then

LR(1 + 2si, sgnli+n+1)LR(1− 2si, sgnli+n+1) = π−1Γ

(
1

2
+ si

)
Γ

(
1

2
− si

)
.
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It is holomorphic precisely when si 6∈ 1
2 + Z. Similarly if li + n+ 1 is odd, then

LR(1 + 2si, sgnli+n+1)LR(1− 2si, sgnli+n+1) = π−2Γ (1 + si) Γ (1− si) .

It is holomorphic precisely when si is a nonzero integer. Moreover si cannot be zero in this case

since otherwise ωli |·|si would be a conjugate self-dual character of sign (−1)n. This proves the

lemma. �

Let σ be an irreducible representation of H lying in a generic packet. We can then write σ as a

parabolic induction

σ = ωm1 |·|
t1
C × · · · × ωmb |·|

tb
C × σ0,

where

• m1, · · · ,mb ∈ Z,

• t1, · · · , tb ∈ C with nonnegative real part,

• ωmi |·|
ti
C is not conjugate self-dual of sign (−1)n−1,

• Wb ⊂W is a hermitian subspace such that W⊥b is a split hermitian space of dimension 2b,

• σ0 is a limit of discrete series representation of U(Wb).

In this case we have

m(π, σ) = dim HomH(π ⊗̂σ,C).

Proof of Theorem 1.1 assuming t = 0. Recall that Theorem 1.1 says that m(π, σ) = 1 if and only

if the L-parameters of π and σ are given as in the theorem. The strategy is to make use of

Proposition 4.3 repeatedly to replace the characters ωli |·|si ’s and ωmi |·|ti ’s by unitary characters.

Then we are reduced to the tempered case proved in [Xue].

By relabeling, we may assume that

Re
li + 2si

2
≥ Re

li+1 + 2si+1

2
, i = 1, · · · , a− 1

and

Re
−mi + 2ti

2
≥ Re

−mi+1 + 2ti+1

2
, i = 1, · · · , b− 1.

If a = b = 0, then we are in the tempered case so the theorem is proved.

Assume that

Re
l1 + 2s1

2
≥ Re

−m1 + 2t1
2

,

or b = 0. Then l1 + 2s1 + 2j + 1 > −mi ± 2ti for all i = 1, · · · , b and all nonnegative integer j (this

is a vacuum statement if b = 0). This is because by our ordering, −m1 + 2t1 has the maximal real

part among −mi ± 2ti’s, i = 1, · · · , b. Moreover l1 + 2s1 is not an integer having the same parity

with n by Lemma 4.4. Thus the conditions in Proposition 4.3 are verified. Put

π−1 = ωl2 |·|s2 × · · · × ωla |·|sa × π0.

Then by Proposition 4.3, we have

m(π, σ) = m(σ, π−1 ).
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Choose s′1 ∈
√
−1R such that Im s′1 6= 0,±Im ti, i = 1, · · · , b, and

π1 = |·|s′1 × ωl2 |·|s2 × · · · × ωla |·|sa × π0.

still lies in the generic packet. The conditions in Proposition 4.3 are verified again and we conclude

m(π1, σ) = m(σ, π−1 ).

The net effect is that we replace a possibly nonunitary character ωl1 |·|s1 by a unitary character

|·|s′1 . We can of course repeat this process for ωli |·|
si
C , i = 1, 2, · · · , c, as long as

Re
li + 2si

2
≥ Re

−m1 + 2t1
2

, i = 1, 2, · · · , c,

or b = 0. The net effect is that we replace by ωli |·|
si
C by |·|s

′
i
C , i = 1, 2, · · · , c, where s′i ∈

√
−1R is a

generic purely imaginary number. Put

πi = |·|s
′
1
C × · · · |·|

s′i
C × ωli+1

|·|si+1

C × · · · × ωla |·|
sa
C × π0, i = 1, 2, · · · , c.

We have

m(π, σ) = m(π1, σ) = · · · = m(πc, σ),

Suppose now that we have

Re
lc+1 + 2sc+1

2
< Re

−m1 + 2t1
2

,

or we are in the case either c = 0 or a = 0. The case c = 0 or a = 0 simply means that we have

Re
l1 + 2s1

2
< Re

−m1 + 2t1
2

or a = 0 to begin with, and thus did not implement the procedures as described above. We let

πc = π if this is the case.

Let us choose t′1 ∈
√
−1R so that

t′1 6= ±s′i, i = 1, · · · , c, t′1 6= ±Im si, i = c+ 1, · · · , a,

and

σ+
1 = |·|t′1 × ωm1 |·|t1 × · · · × ωmb |·|

tb × σ0.

Applying Proposition 4.3 to σ+
1 and π, by our choice of t′1 we have

m(σ+
1 , π) = m(π, σ).

Let us put

σ1 = |·|t′1 × ωm2 |·|t2 × · · · × ωmb |·|
tb × σ0.

By assumption we have

Re
m1 − 2t1

2
< Re

−lc+1 − 2sc+1

2
,

or a = 0. It follows that

m1 − 2t1 − 2j − 1 < −li ± 2si, i = c+ 1, · · · , a,
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for all nonnegative integer j. This is because by our ordering, the real part of −lc+1 − 2sc+1 is the

smallest among all −li ± 2si’s, i = c+ 1, · · · , a. Moreover by our choice of s′1, · · · , s′c, we have

m1 − 2t1 − 2j − 1 6= ±2s′i, i = 1, · · · , c,

as their imaginary parts are different. Finally m1 + 2t1 is not an integer of the same parity as n+ 1

since σ lies in a generic packet. Thus applying Proposition 4.3 as before, we obtain

m(σ+
1 , πc) = m(πc, σ1).

The net effect of this process is to replace a possibly nonunitary character ωm1 |·|t1 by a unitary one

|·|t′1 . We may repeat this process for ωm1 |·|
t1
C , · · · , ωmd |·|

td
C as long as

Re
lc+1 + 2sc+1

2
< Re

−mi + 2ti
2

, i = 1, · · · , d.

The net effect is that we replace ωmi |·|
ti
C by |·|t

′
i
C , i = 1, · · · , d, where t′i ∈

√
−1R is a generic purely

imaginary number. Put

σi = |·|t
′
1
C × · · · × |·|

t′i
C × ωmi+1 |·|

ti+1

C × · · · × ωmb |·|
tb
C × σ0.

We have

m(πc, σ) = m(πc, σ1) = · · · = m(πc, σd).

Suppose that we have

Re
lc+1 + 2sc+1

2
≥ Re

−md+1 + 2td+1

2
.

Then we can switch back to πc and make modifications of it in the same way as to π. We do the

modification to πc until we are not able to, and then switch to σd and make modifications to it in

the same way as σ. We keep repeating this process and switching back and forth between π and

σ. The process terminates after a + b steps and the ultimate effect is that we find generic purely

imaginary numbers

s′1, · · · , s′a, t′1, · · · , t′b ∈
√
−1R

so that we have

πa = |·|s′1 × · · · × |·|s′a × π0, σb = |·|t′1 × · · · × |·|t′b × σ0,

with

m(π, σ) = m(πa, σb).

Since πa and σb are both tempered, Theorem 1.1 holds for (πa, σb). Theorem 1.1 then holds for

(π, σ) as

Aφπ = Aφπa , Aφσ = Aφσb ,

and

ηπ = ηπa , ησ = ησb .

This proves Theorem 1.1 when t = 0. �
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5. Restrictions to the mirabolic subgroups

In goal of this section is to study the restriction of the principal series representations of GLt+1(C)

to the mirabolic subgroup. This will be used in reducing Theorem 1.1 to the case t = 0. Even

though we work with GLt+1(C) the same method and conclusions also hold for GLt+1(R) with only

minor modifications.

5.1. The mirabolic subgroup stable filtration. Let us first fix some notation.

• Put Gt = GLt(C), Bt the upper triangular Borel subgroup of Gt. We take the convention

that G0 is the trivial group.

• Let Pk,t−k = Mk,t−kUk,t−k be the (upper triangular) parabolic subgroup of Gt corresponding

to the partition (k, 1, 1, · · · , 1).

• Let Rk,t−k = GkUk,t−k be the subgroup of Pk,t−k. Then Rt−1,1 is the usual mirabolic

subgroup of Gt.

• Qa,b,c be the intersection of the parabolic subgroup of Ga+b+c corresponding to the partition

(a, b, c) and the mirabolic subgroup. Let La,b,c be the subgroup of Qa,b,c consisting of

“diagonal blocks”, i.e. the subgroup consisting of elements of the formg1

g2

g3

 , g1 ∈ Ga, g2 ∈ Gb, g3 ∈ Rc−1,1

• Recall that ψ : C→ C× is the additive character z 7→ e2π
√
−1Re z and let ψt−k : Uk,t−k → C×

be a generic character of the form

ψt−k(u) = ψ

(
t−1∑
i=k

ui,i+1

)
.

We observe that ψt−k extends to a character of Rk,t−k as it is invariant under the conjugation

action of Gk. This character is again denoted by ψt−k.

Let s1, · · · , st+1 ∈ C×. We consider the principal series representation

τ = |·|s1C × · · · × |·|
st+1

C = ind
Gt+1

Bt+1
|·|s1+ t

2
C ⊗ |·|s2+ t−2

2
C ⊗ · · · ⊗ |·|st+1− t2

C

of Gt+1. For our purposes it is more convenient to use unnormalized inductions.

Proposition 5.1. As a representation of Rt,1, the representation τ has a subrepresentation iso-

morphic to

ind
Rt,1
Nt+1

ψt

The quotient admits an Rt,1-stable complete filtration whose graded pieces are of the shape

ind
Rt,1
Qa,b,c

τa ⊗̂ τb ⊗̂ τc
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where a + b + c = t + 1, a + b 6= 0, τa is a representation of Ga, τb is a representation of Gb and

τc is a representation of Rc,1, which are described below. The representation τa ⊗̂ τb ⊗̂ τc of La,b,c is

naturally viewed as a representation of Qa,b,c.

• The representation τa is of the form

indGaBa ωl1 |·|
si1+k1
C ⊗ · · · ⊗ ωla |·|

sia+ka
C ,

where 1 ≤ i1, · · · , ia ≤ t+ 1 are integers, l1, · · · , la ∈ Z and k1, · · · , ka ∈ 1
2Z.

• The representation τb is τ ′b⊗ ρ where τ ′b is a representation of the same form as τa and ρ is

a finite dimensional representation of Gb.

• The representation τc is isomorphic to

ind
Rc−1,1

Nc
ψc−1

The proof occupies the rest of this section.

5.2. Filtration by the support. Let X = Bt+1\Gt+1 be the usual flag variety. The (right) action

of Rt,1 on X has t+ 1 orbit, Z0 = U ,Z1, · · · ,Zt. We have Z0 = U is open, and (as Nash manifolds)

codimZi = 2i, Zi+1 ⊂ Zi.

They are represented by η0, η1, · · · , ηt respectively with

ηi =

(
1i

wt+1−i

)1i

wt−i

1

 ,

where wi is an i× i matrix whose antidiagonal entries are 1’s and zero elsewhere. Elements of the

group η−1
i Bt+1ηi take the shape (

A tu

v d

)
where A ∈ Bt, u = (∗, · · · , ∗, 0, · · · , 0) where last t − i entries being zero, v = (0, · · · , 0, ∗, · · · , ∗)
where first i entries being zero, and d ∈ C. Therefore elements in Si = η−1

i Bt+1ηi ∩Rt,1 are of the

form (
A tu

1

)
,

where A ∈ Bt, u = (∗, · · · , ∗, 0, · · · , 0) where last t− i entries being zero.

We denote by νi the right action of Si on Ci (row vectors) given by first projecting to the upper

left i× i block and multiply on Ci from the right.

Lemma 5.2. The representation of Si on the fiber of the complexified conormal bundle over the

point Bt+1ηi ∈ X is isomorphic to νi.
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The proof is similar to Lemma 4.1 and we omit the details. Again recall that the representation

of Si and the right action of Si on the fiber over Bt+1ηi ∈ X are connected by (2.3). Eventually

we will only need the fact that this is a finite dimensional representation of Si.

It follows that the complexified conormal bundle N∨i = N∨Zi/X has a filtration

N∨i = N∨,0i ⊃ N∨,1i ⊃ · · · ⊃ N∨,i−1
i ⊃ N∨,ii = 0

so that the fiber of N∨,ji /N∨,j+1
i at Bt+1ηi gives rise two a two dimension representation of Si of

the form

g 7→

(
zj

zj

)
,

where zj is the j-th diagonal element of g ∈ Si. It is important that the unipotent part of Si acts

trivially on these graded pieces though not on the whole fiber.

Let τi be the subspace consisting of Schwartz sections over X\Zi. This gives rise to an Rt,1-stable

filtration

τ = τt+1 ⊃ τt ⊃ · · · ⊃ τ0 = 0

Lemma 5.3. The successive quotient τi/τi−1 has an Rt,1-stable complete filtration whose graded

pieces are all of the form

ind
Rt,1
Si

ωl1 |·|
s1+ t

2
+k1

C ⊗ · · · ⊗ ωli |·|
si+

t−2i+2
2

+ki
C ⊗ |·|si+2+ t−2i−2

2
C ⊗ · · · ⊗ |·|st+1− t2

C

where li’s are integers and ki’s are nonnegative integers or half integers.

Proof. This is just the application of Proposition 2.5 to the current situation. �

5.3. Fourier transform. The bottom piece τ1 of this filtration admits a further Rt,1-stable filtra-

tion. Note that S0 is isomorphic to Bt. We have

τ1 = ind
Rt,1
Bt
|·|s2+ t−2

2
C ⊗ · · · ⊗ |·|st+1− t2

C .

Observe that the Rt,1-variety Bt\Rt,1 is naturally isomorphic to Bt\Gt×Ct as (right) Rt,1-varieties

where

• Ut,1 is identified with Ct (column vectors) and acts on Bt\Gt trivially and on Ct by trans-

lation,

• Gt acts on Bt\Gt by right multiplication and on Ct by inverse left multiplication.

It follows that the representation τ1 is realized on(
indGtBt |·|

s2+ t−2
2

C ⊗ · · · ⊗ |·|st+1− t2
C

)
⊗̂ S(Ct),

where

• Ut,1 acts on indGtBt |·|
s2+ t−2

2 ⊗ · · · ⊗ |·|st+1− t2 trivially and on S(Ct) by translation,

• g ∈ Gt acts on the component indGtBt |·|
s2+ t−2

2 ⊗ · · · ⊗ |·|st+1− t2 as usual and on S(Ct) as

g · φ(x) = φ(g−1x).
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Concretely a Schwartz section f over Bt\Rt,1 is viewed as an element in this realization via

(g, u) 7→ f

((
g

1

)(
1t u

1

))
.

We may take a Fourier transform φ 7→ φ̂ of S(Ct) with respect to the character ψ. The Fourier

transform is given by

φ̂(y) =

∫
Cn
φ(x)ψ(txy)dx

where dx is the seld-dual measure. We also note that for g ∈ Gt and φ ∈ S(Ct) we have

(5.1) ĝ · φ(y) = |det g|φ̂(tgy).

Thus we conclude that τ1 can also be realized as follows. The space is(
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

)
⊗̂ S(Ct),

but the group Ut,1 acts on S(Ct) as

(5.2)

(
1t b

1

)
· φ(u) = ψ(tbu)φ(u),

and g ∈ Gt acts on S(Ct) as

(5.3) g · φ(u) = φ(tgu).

Note that we have absorbed the factor |det g| in (5.1) into the induced representation.

The subspace S(Ct\{0}) is stable under these actions. Recall from Subsection 2.2 that the

classical Borel’s lemma asserts that the quotient

S(Ct)/S(Ct\{0})

is isomorphic to C[[x1, · · · , xt, y1, · · · , yt]] where zi = xi +
√
−1yi, i = 1, · · · , t are the usual coor-

dinates of Ct. The map

S(Ct)→ C[[x1, · · · , xt, y1, · · · , yt]]

is just mapping a Schwartz function on Ct to its Taylor expansion at 0. The space of formal power

series C[[x1, · · · , xt, y1, · · · , yt]] admits complete filtration by the degree, and the graded pieces are

given by homogeneous polynomials of a fixed degree. This filtration is Rt,1-stable. The unipotent

radical Ut,1 acts trivially on these graded pieces, though its action on the whole space of formal

power series is not. The action of Gt on C[[x1, · · · , xt, y1, · · · , yt]] is given again by the formula (5.3).

The topological vector spaces under consideration are all nuclear Fréchet spaces. Therefore by

Lemma 2.12 we conclude that(
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

)
⊗̂ S(Ct)

has an Rt,1-stable subspace(
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

)
⊗̂ S(Ct\{0})
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whose quotient has an Rt,1-stable complete filtration with the graded pieces isomorphic to(
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

)
⊗̂ ρi, i = 0, 1, 2, · · · ,

where ρi is the representation of Gt on the degree i homogeneous polynomials via the formula (5.3).

The unipotent part Ut,1 acts trivially on these graded pieces, though not trivially on the whole

quotient. We will only need the fact that ρi’s are finite dimensional representations of Gt.

Let us observe that S(Cn\{0}) with the actions given by (5.2) and (5.3) is isomorphic to

ind
Rt,1
Rt−1,1Ut,1

ψ1,

as representations of Rt,1. Indeed given φ ∈ S(Cn\{0}), we define

f

((
1t u

1

)(
g

1

))
= ψ(tuet)φ(tget)

where et = t(0, · · · , 0, 1) ∈ Ct. Then f ∈ ind
Rt,1
Rt−1,1Ut,1

ψ1 and the map φ 7→ f defines an Rt,1-

equivariant map

S(Ct\{0})→ ind
Rt,1
Rt−1,1Ut,1

ψ1.

Conversely given f ∈ ind
Rt,1
Rt−1,1Ut,1

ψ1, we put

φ(u) = f

((
g

1

))
,

where g ∈ Gt is any element with tget = u. The invariance property of f ensures that this definition

is independent of the choice of g. The map f 7→ φ then defines an Rt,1-equivariant map

ind
Rt,1
Rt−1,1Ut,1

ψ1 → S(Ct\{0}).

These two maps are inverse to each other by definition.

With this observation, we have that(
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1+ t−2

2

)
⊗̂ S(Cn\{0})

is isomorphic (
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

)
⊗̂
(

ind
Rt,1
Rt−1,1Ut,1

ψ1

)
,

where Ut,1 acts trivially on the first factor. Applying Proposition 2.3, we conclude that this is

further isomorphic to

ind
Rt,1
Rt−1,1Ut,1

((
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

) ∣∣∣
Rt−1,1

⊗ ψ1

)
,

as representations of Rt,1.

We summarize the discussion in this subsection in the following lemma.
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Lemma 5.4. The representation τ1 of Rt,1 has a subrepresentation which is isomorphic to

ind
Rt,1
Rt−1,1Ut,1

((
indGtBt |·|

s2+ t
2 ⊗ · · · ⊗ |·|st+1− t−2

2

) ∣∣∣
Rt−1,1

⊗ ψ1

)
and the quotient admits an Rt,1-stable complete filtration whose graded pieces are(

indGtBt |·|
s2+ t

2 ⊗ · · · ⊗ |·|st+1− t−2
2

)
⊗̂ ρj , j = 0, 1, 2, · · · ,

where ρj is a finite dimensional representation of Gt. The unipotent part Ut,1 acts trivially on these

graded pieces.

5.4. Proof of Proposition 5.1. We prove Proposition 5.1 by induction on t.

In view of Lemma 5.3, it is enough to prove that

(5.4) ind
Rt,1
Si

ωl1 |·|s1+ t
2

+k1 ⊗ · · · ⊗ ωli |·|
si+

t−2i+2
2

+ki ⊗ |·|si+2+ t−2i−2
2 ⊗ · · · ⊗ |·|st+1− t2

has a filtration whose graded pieces are of the form described in Proposition 5.1. Note that the

representation with i = 0 is the subrepresentation. By induction by stages, the representation (5.4)

can be written as

ind
Rt,1
Qi,0,t+1−i

τi ⊗̂ τt+1−i

where

τi = indGiBi ωl1 |·|
s1+ t

2
+k1 ⊗ · · · ⊗ ωli |·|

si+
t−2i+2

2
+ki ,

and

τt+1−i = ind
Rt−i,1
Bt−i

|·|si+2+ t−2i−2
2 ⊗ · · · ⊗ |·|st+1− t2 .

By induction by stages, it is enough to prove that τt+1−i has an Rt−i,1-stable filtration whose graded

pieces are as described in Proposition 5.1.

Apply Lemma 5.4 to the representation τt+1−i, we conclude that τt+1−i has a subrepresentation

isomorphic to

(5.5) ind
Rt−i,1
Rt−i−1,1Ut−i,1

((
ind

Gt−i
Bt−i
|·|si+2+ t−2i

2 ⊗ · · · ⊗ |·|st+1− t−2
2

) ∣∣∣
Rt−i−1,1

⊗ ψ1

)
,

and the quotient has an Rt−i,1-stable complete filtration whose graded pieces are isomorphic to

(5.6)
(

ind
Gt−i
Bt−i
|·|si+2+ t−2i

2 ⊗ · · · ⊗ |·|st+1− t−2
2

)
⊗ ρt−i

where ρt−i is a finite dimensional representation of Gt−i and the unipotent part Ut−i,1 acts trivially.

The representations (5.6) is of the form described in Proposition 5.1.

It remains to treat the representation (5.5). Apply the induction hypothesis to(
ind

Gt−i
Bt−i
|·|si+2+ t−2i

2 ⊗ · · · ⊗ |·|st+1− t−2
2

) ∣∣∣
Rt−i−1,1

we conclude that this representation has an Rt−i−1,1-stable filtration whose graded pieces of the

form

ind
Rt−i−1,1

Qa,b,c
τa ⊗̂ τb ⊗̂ τc
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where a + b + c = t − i and τa, τb, τc are as described in Proposition 5.1. In particular τc is a

representation of Rc−1,1 of the form

ind
Rt−1,1

Nc
ψc−1,

and the piece with a = b = 0 and c = t − i is the subrepresentation. Plug this back into the

representation (5.5) we obtain

ind
Rt−i,1
Rt−i−1,1Ut−i,1

((
ind

Rt−i−1,1

Qa,b,c
τa ⊗̂ τb ⊗̂

(
ind

Rc−1,1

Nc
ψc−1

))
⊗ ψ1

)
.

By induction by stages again we conclude that this is isomorphic to

ind
Rt−i,1
Qa,b,c+1

(
τa ⊗̂ τb ⊗̂

(
ind

Rc,1
Nc+1

ψc

))
.

This is of the form described in Proposition 5.1.

We finally note that the graded piece with i = 0, a = b = 0 and c = t + 1 appears as the

subrepresentation in every step. Therefore it is the subrepresentation of τ . This finishes the proof

of Proposition 5.1.

6. Bessel models

6.1. Induction and multiplicity. Let t be a nonnegative integer. We consider the following

setup.

• Let W ⊂ V be a relevant pair of hermitian spaces of dimensions n and n+2t+1 respectively.

Recall that this means W⊥ has a basis

z0, z±1, · · · , z±t,

with

hV (zi, zj) = (−1)nδi,−j , i, j = 0,±1, · · · ,±t.

• Let

X = 〈z1, · · · , zt〉, X∨ = 〈z−1, · · · , z−t〉.

• Let z′0 be an element of norm (−1)n+1 and W+ = V ⊕⊥ 〈z′0〉. Then V ⊂ W+ is a relevant

pair of codimension one.

• Put zt+1 = z0 + z′0 and z−t−1 = z0 − z′0. Put

Y = X ⊕ 〈zt+1〉, Y ∨ = X∨ ⊕ 〈z−t−1〉.

Then W+ = W ⊕ Y ⊕ Y ∨.

• Put G = U(V ), H = U(W ) and H+ = U(W+).

• Let P = MU be the parabolic subgroup of H+ stabilizing the isotropic subspace Y of W+.

The Levi subgroup M is isomorphic to GLt+1(C)×U(W ).

Let s1, · · · , st+1 be complex numbers. We say that they are in general position, if (s1, · · · , st+1) ∈
Ct+1 does not lie in the set of zeros of countably many polynomial functions. The goal of this section

is to prove the following proposition.
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Proposition 6.1. Let s1, · · · , st+1 ∈ C be complex numbers in general position. Let

τ = |·|s1C × · · · × |·|
st+1

C

be a principal series representation of GLt+1(C). Put

σ+ = IndH
+

P τ ⊗̂σ.

Then

m(σ+, π) = m(π, σ).

The hyperplanes in Ct+1 that (s1, · · · , st+1) has to avoid depends on π and σ. They can be made

explicit from the argument below. However it seems that the explicit description is rather messy

and is not absolutely necessary so we will not try to describe it.

This proposition implies Theorem 1.1.

Proof of Theorem 1.1 assuming Proposition 6.1. We have already proved Theorem 1.1 in the case

t = 0. Thus the theorem holds for (σ+, π). Theorem 1.1 then holds for (π, σ) as

Aφσ+ = Aφσ , ησ+ = ησ.

This finishes the proof of Theorem 1.1. �

Proposition 6.1 strengthens the main theorem of [JSZ10] which asserts that

m(π, σ) ≤ m(σ+, π).

This inequality is sufficient to reduce the multiplicity one theorem for Bessel models in general

to the case t = 0. The proof in [JSZ10] is analytic. A nonzero element in HomG(σ+ ⊗̂π,C) is

constructed from a nonzero element in HomS(π ⊗̂σ, ν), using an explicit integral. This integral is

closely related to the integral representation of the tensor product L-function for unitary groups.

Our argument is very different and is representation-theoretic in nature.

The rest of this section is devoted to the proof of Proposition 6.1.

6.2. Closed orbit. If W is anistropic then G acts transitively on P\H+. We assume that W is

isotropic in this subsection. In this case, there are two G-orbits in the flag variety X = P\H+.

The closed orbit Z consists of all (t + 1)-dimensional isotropic subspaces of W+ contained in V .

Its complement, the open orbit U , consists of all (t+ 1)-dimensional isotropic subspaces of W+ not

contained in V . In the later case, the intersection with V is t-dimensional.

Let σ+,◦ be the subspace of σ+ consisting of Schwartz sections over U . The goal of this subsection

is to study the filtration on σ+/σ+,◦. The argument is very similar to that in Subsection 4.1 where

we treated the same problem with t = 0. So we will be brief.

Let w1, w−1 be an isotropic vector in W , hW (w1, w−1) = 1, and W0 = 〈w1, w−1〉⊥, V0 = W0⊕〈z0〉.
Let Y ′ = X ⊕ 〈w1〉. Then Y ′ is a (t + 1)-dimensional isotropic subspace of W+ contain in V and

thus gives rise to a point [Y ′] in the closed orbit in X . Let η ∈ H+ be an element with Y · η = Y ′

38



(recall that H+ acts on X from the right). Then P\PηG is the closed orbit in X . We also have

W · η = W0 ⊕ 〈z0, z
′
0〉 and thus η−1 U(W )η = U(W0 ⊕ 〈z0, z

′
0〉), η−1 U(W )η ∩G = U(V0). Let

Q = η−1Pη ∩G = MQUQ

be the parabolic subgroup of G stabilizing Y ′ ⊂ V . It Levi subgroup MQ is isomorphic to

GLt+1(C) × U(V0) where we have naturally identified GL(Y ′) with GLt+1(C). Let ησ be the

representation of η−1 U(W )η by ησ(g) = σ(ηgη−1).

Lemma 6.2. The codimension of Z in X is 2(t + 1) (as Nash manifolds). The complexified

conormal bundle N∨Z/X gives rise to a representation of Q on its fiber over [Y ′], where UQ and

U(V0) acts trivially and GLt+1(C) acts as

g 7→

(
g

g

)
.

The proof of this lemma is essentially the same as Lemma 4.1 and we omit the details. We denote

the representation of GLt+1(C) in the lemma by ρ. This is a finite dimensional representation of

ResC/R GLt+1(C).

Applying Proposition 2.5, we conclude that σ+
Z = σ+/σ+,◦ has a complete decreasing filtration

σ+
Z,k and the graded pieces are given by

σkZ = indGQ

((
|det|

1
2 τ ⊗ Symk ρ

)
⊗̂
(
ησ|U(V0)

))
.

Lemma 6.3. Suppose that s1, · · · , st+1 are in general position, then

m(σ+, π) = dim HomG(σ+,◦ ⊗̂π,C).

Proof. By Corollary 2.14, as in the proof of Proposition 4.3, it is enough to prove that if s1, · · · , st+1

are in general position, then

(6.1) HSi

(
G, σkZ ⊗̂π

)
= 0

for all i and k.

We have constructed elements in Z(gC) in Subsection 3.2, c.f. (3.5), that annihilates σkZ . Let zG

be the one of them given in Lemma 3.2. Since π is irreducible, the element zG acts on π∨ by a

constant λπ which is a nonzero polynomial function in s1, · · · , st+1. Thus if (s1, · · · , st+1) avoids

the zeros of this polynomial, we have λπ 6= 0 and thus obtain the desired vanishing (6.1) for this k

from Corollary 2.8. Since there are only countably many k’s, we conclude that if s1, · · · , st+1 are

in general position, then we have (6.1) for all k. �

6.3. Open orbit. If W is isotropic, by Lemma 6.3, it remains to study

HomG(σ+,◦ ⊗̂π,C).
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If W is anisotropic, we have H+ = PG and to unify notation we simply write σ+,◦ = σ+. We have

σ+,◦ = indGP∩G

((
τ |·|

n+t+1
2 ⊗̂σ

) ∣∣∣
P∩G

)
.

By [GGP12, Lemma 15.2] (the archimedean case is explicitly excluded in this section, but this

lemma carries over without trouble), the intersection P ∩G can be describe as follows.

• Let w1, · · · , wn be a basis of W . We use the basis

zt, · · · , z1, w1, · · · , wn, z0, z−1, · · · , z−t

of V . We realize U(V ) as a matrix group using this basis.

• Let V − = W ⊕X⊕X∨ be the subspace of V and U(V −) is a subgroup of U(V ). Let UX be

the unipotent radical of parabolic subgroup of U(V −) stabilizing X. View it as a subgroup

of G.

• Let R be the mirabolic subgroup of GL(X ⊕ 〈z0〉) = GLt+1(C).

• Then P ∩G is isomorphic to a semi-direct product

P ∩G = UX o (R×H).

Therefore we have

π+,◦ = indGUXo(R×H)(τ |·|
n+t+1

2 )|R ⊗̂σ.

We now apply Proposition 5.1 and follow the notation there. The mirabolic subgroup R is

denoted by Rt,1 there. Recall that we identify GL(X ⊕ 〈z0〉) with GLt+1(C) using the basis

zt, · · · , z1, z0,

and the mirabolic subgroup consists of elements fixing z0. The representation (τ |·|
n+t+1

2 )|R has a

subrepresentation isomorphic to

indRNt+1
ψt

and the quotient has an R-stable complete filtration whose graded pieces are of the form

indRQa,b,c τa ⊗̂ τb ⊗ τc,

where τa, τb, τc are as described in Proposition 5.1 and a+ b ≥ 1. Since σ is irreducible and hence

nuclear, we conclude by Lemma 2.12 and 2.15 that σ+,◦ has a subrepresentation isomorphic to

indGUXo(R×H)

(
indRNt+1

ψt ⊗̂σ
)
,

and the quotient has a complete filtration whose graded pieces are of the form

indGUXo(R×H)

((
indRQa,b,c τa ⊗̂ τb ⊗̂ τc

)
⊗̂σ
)
.

If a ≥ 1, we let Xa ⊂ X be the isotropic subspace of V spanned

zt, · · · , zt−a+1,
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and Pa = MaUa be the parabolic subgroup of G stabilizing Xa. We have

Ma = GLa(C)×U(Va)

where Va is the subspace of V spanned by

zt−a, · · · , z1, w1, · · · , wn, z0, z−1, · · · , z−t+a.

Let

σa = ind
U(Va)
Qa,b,c∩U(Va)(τb ⊗̂ τc) ⊗̂σ.

Then by induction by stages,

indGUXo(R×H)

((
indRQa,b,c τa ⊗̂ τb ⊗̂ τc

)
⊗̂σ
)
.

is a (unnormalized) parabolic induction

indGMaUa τa ⊗̂σa.

The rest of the argument is the same as Lemma 6.3. We have constructed in Subsection 3.2 an

element in Z(gC) which annihilates indGMaUa τa ⊗̂σa. It acts on π∨ by a constant which depends

polynomially on s1, · · · , st+1. There are only countably many graded pieces. It follows that when

s1, · · · , st+1 is in general position, this constant is not zero. Therefore

(6.2) HSi

(
G, indGUXo(R×H)

((
indRQa,b,c τa ⊗̂ τb ⊗̂ τc

)
⊗̂σ
)
⊗̂π
)

= 0

for all i if a ≥ 1.

If a = 0 then b ≥ 1. In this case one can prove similarly, using the fact that there are only

countably many irreducible finite dimensional representation of GLb(C), that (6.2) holds for all i if

b ≥ 1.

We now finish the proof of Proposition 6.1. It follows from (6.2) and Lemma 2.14 that

HomG(σ+,◦ ⊗̂π,C) = HomG

(
indGUXo(R×H)

(
indRNt+1

ψt ⊗̂σ
)
⊗̂π,C

)
.

Note that UX o (Nt+1×H) is the Bessel subgroup S of G and ψt is precisely the generic character

appearing in the Bessel model. Recall that in the definition of the Bessel model, the character ψt

is has a unique extension to S which is trivial on H. This extension was denoted by ν there. By

induction by stages we have

indGUXo(R×H)

(
indRNt+1

ψt ⊗̂σ
)

= indGS ν ⊗ σ.

Finally by Frobenius reciprocity we obtain

HomG(σ+,◦ ⊗̂π,C) = HomS(π ⊗̂σ ⊗ ν,C) = HomS(π ⊗̂σ, ν).

This finishes the proof of Proposition 6.1.
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