FOURIER-JACOBI MODELS FOR REAL UNITARY GROUPS
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ABSTRACT. We prove the local Gan—Gross—Prasad conjecture for Fourier—Jacobi models of real
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1. INTRODUCTION

The goal of this paper is to prove the local Gan-Gross—Prasad (GGP) conjecture for Fourier—
Jacobi models on real unitary groups. This completes the proof of | , Conjecture 17.3] for
unitary groups in all cases. In the simplest situation, i.e. unitary group are all compact, the Fourier—
Jacobi model essentially describes the restriction of the Weil representation of the metaplectic group
Mp,,, (R) to a maximal compact subgroup, which is a very classical subject of representation theory

and classical invariant theory.

1.1. Generic packets. By a character of C*, we mean a unitary character. It is conjugate self-dual

if x is trivial on R-g. Any conjugate self-dual character is of the form
() = 2™(22) 72

for some integer m. It is of sign +1 (resp. —1) if m is even (resp. odd). If x is a character of
C* we put x¢(z) = x(2). Put |z|c = 2Z. A quasi-character of C* is a continuous homomorphism
x : C* — C*. Any quasi-character can be written uniquely as x = &,|-|¢ for some m € Z and
s € C. It is a character if s is purely imaginary. Put Re y = Res.

We fix the additive character ¥ of R by () = e~ >™*. Let ¢¢ and ¥© be additive characters of
C given by

ve(z) = VIR gle) = (V1) = 2169,

1



Let n be a positive integer. An L-parameter for unitary groups in n variables is an n-dimensional

continuous semisimple representation of C*. As C* is abelian, we can write

k a
(L1) o=Pesie@ (snogs),
=1 =1
such that

o &1,--+ &, are distinct conjugate self-dual characters of C* of sign (—1)""!, and ¢1,--- , ¢
are positive integers;
® ki1, 4 Ekrq are (not necessarily distinct) quasi-characters that are not conjugate self-dual
characters of sign (—1)"! and Re&,; >0 fori=1,2,--- ,a;
en=cy+--+4c+ 2a.
The Vogan packet attached to ¢, denoted by Ily4, is the (disjoint) union of all HZ as V ranges
over all (isomorphism classes of ) skew-hermitian spaces of dimension n,
m,= | J 1y
V: dimV=n
Each H(‘; is a finite set of irreducible representations of U(V'). Then convention of what we mean
by a “representation” will be discussed in Subsection 1.4. Here in this and the next subsection of
the introduction, a representation of U(V') means an admissible smooth Fréchet representation of

moderate growth, cf. | |. Put

k
¢ = P i,
i=1

which is an L-parameter of unitary groups in n — 2a variables. There is a Vogan L-packet
_ Vo
g, = U H¢0’
Vo: dim Vo=n—2a
where H};g is a finite set of limit of discrete series representations of U(Vy). The packet Il can
be constructed from the limit of discrete series L-packet Iy, as follows. If V' does not contain an
isotropic subspace of dimension a, then Hg = (). Assume that V contains an isotropic subspace
of dimension a, then let Vj C V be a hermitian space so that its orthogonal complement is a split
hermitian space of dimension 2a. We may take a parabolic subgroup P of U(V') so that its Levi

subgroup is isomorphic to (C*)* x U(Vp). Let us temporarily order &gy1,- - ,Ekrq SO that
Refkt1 > - =2 Rebprar > 0=Re&pray1 = - = Repya-

Let my € ng Then the parabolically induced representation

(1.2) Idp") €1 @ - ® Eppa ® 70

has a unique irreducible Langlands quotient. Then H(‘; is the collection of all these Langlands
quotients where my ranges over Hgg. In short, taking Langlands quotients of parabolic inductions

gives a bijection between H(‘; and Hgg



The centralizer group A, is defined to be Ay, = (Z/2Z)*. We label elements in Ay = Ay, as

k
(13) D/

i=1
where a; is a symbol corresponding to §;. Without saying the contrary we will follow this convention
of labeling characters in an L-parameter. To each representation m € Il there is a character
n : Ay — (£1) attached to it and this defines a bijection between II, and all characters of Ag.

There is a similar bijection between Il and Ag,. The following diagram commutes

H¢0 —_— HOIH A¢0, ﬂ:1>)

|

H¢, I Hom A¢, :|:1>)

where the left arrow is the bijection given by the parabolic induction as before.

This bijection II, — Hom(Ag, (£1)) depends on the choice of an equivalence class of Whittaker
datum. When n is odd, we choose it to be the unique Whittaker datum (up to equivalence)
of U(LH "T_l), which is the unitary group associated to the skew-hermitian space whose skew-
hermitian form can be represented by the matrix ¢ diag(1 nil, -1 n-1 ). When n is even as explained
in | , Section 10], this is equivalent to choosing an additive character of C which is trivial
on R. Throughout this paper, we will take this additive character to be W. These are the same
choices made in [ , Xue].

We say that L-parameter ¢ is generic if Il contains a generic representation (with any fixed
Whittaker datum). We explained in [Xue, Subsection 1.1] that if ¢ as (1.1) is generic, then II,
consists of irreducible parabolically induced representations of the form (1.2), where 7 is a limit

of discrete series representation and ranges over Il .

1.2. Fourier—Jacobi models. Let us introduce the Fourier—Jacobi models for real unitary groups.
Let W C V be skew-hermitian spaces so that V = W @ Z where Z is a split skew-hermitian space

of dimention 2¢{. We fix a basis 241, -+ , 24; of Z so that
qV(Ziaz—j) :61]7 Zvj:ila 7:l:t

Let U be the unipotent radical of the parabolic subgroup of U(V) stabilizing the flag of completely
isotropic subspaces

<Zt> C <Zt,Zt_1> c---C <Zt, <o ,21>.
We define a character of U by
t—1
Yu(u) =1 <— TYC/RZQV(Z—i—l,uZi)) , ueUl.

i=1
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If t = 0 or 1 we take ¥y to be the trivial character. The group Sy = U x U(W) is called a Fourier—
Jacobi subgroup of U(V). If ¢ = 1 it is simply called a Jacobi subgroup. Then the character
inflates to a character of Sy .

The same construction also applies to W+ = W @1 (21, z_;) and we obtain the Jacobi subgroup
S+ of UWT). Let p be a conjugate self-dual character of C* of sign —1 and w = wy,, be the
smooth Weil representation of Sy +, cf. Section 2 for a detailed explanation. There is a projection
Sy — Sy+ and w inflates to a representation to Sy which we also denote by w. Since vy is
invariant under the Sy + conjugation action, v = 1)y ® w is a representation of Sy .

Let m and o be irreducible representations of U(V') and U(W) respectively. We put
(1.4) m(n, o) = dim Homg,, (1 ® 0 @7, C).

By | , |, we have m(m, o) < 1.
Assume that 7 and o lie in generic packets. Let (¢x,7n:) and (¢4, 7,) be the parameters of m

and o respectively. Let us write

k a I b
—1 -1
¢r =P exi o P (Xk+i D Xyri ) . ¢o=EPdin; P (Nl+j D iy ) ;
i=1 i=1

j=1 j=1
and
k l
Ay, = D@/22)ai, Ay, = D(Z/22)b;,
i=1 j=1
following the convention in (1.3).
The main theorem of the paper is the following. It confirms [ , Conjecture 17.3] in this
setup. In the theorem €(-) stands for the local root numbers, as defined in [ , Section 5].

Theorem 1.1. Let the notation be as above. Then m(mw, o) # 0 if and only if
Me(0:) = €(xi ® G0 @ u™' U)o (b)) = e(x @ 1y @ p7",0F),
fOTi:17... ’k andj:17 7l'

Remark 1.2. As explained in | , Section 18], the validity of the theorem is independent from
the various choices that we have made, e.g. the characters ¢ and u, and the parametrization in a

generic Vogan L-packet.

The proof of this theorem is standard. We first treat the basic case: ¢t = 0 and 7, o both being
tempered. We prove it by reducing it to the local GGP conjecture for Bessel models, which we have
established in | ]. In fact the theorem in this case has been almost proved in | ], with
the condition m(7, o) # 0 replaced by the nonvanishing of a certain explicit intertwining map. We
prove in Section 3 that these two conditions are equivalent. Once we have establish this basic case,
we reduce all the other cases to the basic case, by making use the Schwartz homology theory | ]

and the techniques developed in [Xuc].



1.3. General notation. By a skew-hermitian space, we mean a (finite dimensional complex) vector
space V', together with a skew-hermitian form qy : V xV — C, i.e. gy is linear in the first variable,
anti-linear in the second variable, and gy (x,y) = —qv (y,z) for all z,y € V.

Let G be a Lie group, we denote by ggr = Lie(G) the Lie algebra, g the complexification, U(g)
the universal enveloping algebra of g, and Z(g) the center of U(g). All Lie groups we counter in
this paper are almost linear Nash groups in the sense of | ]. So when we say a Lie group, we
mean an almost linear Nash group.

If G is a Lie group and H is a closed Nash subgroup of G, we denote by ind% (resp. Ind%) the
unnormalized (resp. normalized) Schwartz induction functor, cf. | , Section 6.2].

We denote by ® the completed projective tensor product of (locally convex) topological vector
spaces. We denote by ®, the Hilbert space completed tensor product.

If X is a Nash manifold, we denote by S(X) the space of Schwartz functions on X, cf. | ].

This is nuclear Frechet space.

1.4. General discussions of representations. We will work with different types of representa-
tions of a Lie groups, so we make some general discussions here.

Let G be a Lie group. A representation of G on a complete locally convex topological vector
space V is a homomorphism 7 : G — GL(V) such that the resulting action map G x V — V is

continuous. Let v € V', we have an orbit map
(1.5) Yw:G—=YV, g~ m(g)v.

We say that v € V is smooth if v, is a smooth map on G. The subspace V*° of smooth vectors is G-
invariant and carries a natural representation of (g) which we denote by 7> or even 7 when there
is no confusion. The representation (7°°,V>°) is called the smoothing of (7, V). A representation
(m,V) is called smooth if V = V>°. In many cases we omit the space V and merely say that 7 is a
representation, and v € 7 is an element.

We will mainly work with two types of representations.

e Unitary representations. A representation (m,)) is unitary if V is a Hilbert space and 7(g)
is a unitary operator on V for all ¢ € G. We denote by (—, —) and ||—|| the inner product
and the induced norm on V respectively. We will mostly work with unitary representations
of finite length. To ease terminology, unless otherwise specified, we will use “unitary rep-
resentation” to mean “unitary representation of finite length”. We endow the smoothing
(72, V>°) with the topology induced by the family of seminorms v +— [|7°°(X)v||, for all
X € U(g). This is a Frechet space.

e Smooth Frechet representations of moderate growth, or simply SF-representation. These
notions are discussed in detail in | , ]. An SF-representation (7, V) is unitarizable
if there is a continuous invariant inner product on V. In this case we denote by (7% VP)

the completion with respect to this inner product.
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Assume that G is a linear reductive group, and fix a maximal compact subgroup K. An SF-
representation of G is admissible, if the underline (g, K)-module is a Harish-Chandra module,
cf. | , Section 4]. Admissible SF representations are called Casselman—Wallach representations
in some literatures, e.g. [ , |. The underline space of an admissible SF-representation is
nuclear, cf. | , Corollary 5.6]. Let (m,V) be a unitary representation of G. Then (7°°, V)
is an admissible SF-representation, cf. | , Lemma 11.5.1] and | , Corollary 2.16, Re-
mark 5.1]. We say that (m,)) is tempered if the smooth matrix coefficients satisfy the weak
inequality, cf. | , Section 2.2 (2.2.3)]. Similarly if (7,V) is a unitarizable admissible SF-
representation, we say that it is tempered if its matrix coeflicients satisfy the weak inequality.
In particular by our convention tempered representations are unitary or unitarizable. We refer the

readers to Subsection 2.3 for more discussion of tempered representations.

1.5. Acknowledgement. The author is partially supported by the NSF grant DMS #1901862
and DMS #2154352.

2. REPRESENTATIONS OF JACOBI GROUPS

We mainly work with the unitary representations in this section. Unitary representations and
the subspace of smooth vectors will be clearly distinguished. Recall that “unitary representation”

means “unitary representation of finite length”.

2.1. The oscillating representation. Let V be a symplectic space of dimension 2n over R, with
the symplectic form gy. The Heisenberg group H(V) is the unipotent group of the form V x R,

whose elements are denoted by (v, z) and the multiplication law is given by

2
We denote by Z ~ R the center of H(V). A polarization of V is a decomposition of V

1
(v,2)(v,2) = <v +u 2+ 2+ qw(v,v/)> )

V=XoX,
such that X and X’ are maximal isotropic subspaces. We fix such a polarization. We denote by
p = py the oscillator representation of H(V) on L*(X), namely

(2.1) p((v 4+, 2))p(x) = (z + qy(z,v') + ;qv(v,v')) dlx+v), moveX, o eX'.

This is the unique (up to isomorphism) irreducible infinite dimensional unitary representation of
H (V) with the central character v». We have L?(X)*® = S(X).
Let us define S(H(V),) be the space of all smooth functions f on H(V) such that f(zh) =
Y(2)f(h) for all h € H(V) and z € Z, and
igg\Df((’U,O))\ <0

for all algebraic diffirential operators D on V. This is an algebra under the usual convolution.
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We define a partial Fourier transform
SX)BS(X) = S(V), ¢ g,

where ¢ € S(X) ® S(X) ~ S(X x X) and

ot (v) = /qu <CL‘ + %,x — ;) Yigy(z,I))dz, v=I1+1,1€X, I'eX".

Then

(2:2) (p((v,2))$1, 62) = ¥(2) (1 @ 62)  (v).
In particular the function
(’U, z) = <p(<’l), Z))¢1, ¢2>

belongs to S(H(V), ). Since partial Fourier transform preserves the inner product, we also con-
clude that if ¢1, ¢o, @3, P4 € S(X), then

(2.3) / (p(h)br, &) (M) B da)dh = (b1, 65 (D, ).
H(V)/Z

The representation (p,S(X)) of H(V) induces an action of S(H(V),v) on S(X), which is still
denoted by p. It has the property that if ¢1, ¢2, 3 € S(X), then

B((p()br, da))bs = / (p(h)r, 2)p(R)dadh

H(V)/Z

is the unique element in S(X) such that

(PUp()p1, d2)) 3, Pa) = (P1, 3) (s, P2).

We introduce more notation. We fix a basis X1, -+, X,, of X and a dual basis X1, -, X/ in X".

Using this basis we identify V with R?". If v = (x1,--- ,22,) € V, then we put
ol = (o + -+ ad,).
The elements X;, X! are naturally viewed as elements in Lie(H(V')). Define the Sobolev norm of

order k on S(X) by

! b /
= f1~--Xg"X1’1~--X7;b”)¢|].
o]l [p(X
art-tantbit-+bn<k

Note that if we write x = (z1, -+ ,z,) € X, and we view ¢ as a Schwartz function on R”, then

p(Xz)¢ = axz¢7 p(Xz/)gb = (_27T$i)¢~

Thus ||@||x really is the usual L? Sobolev norm for function on R™. The norm ||-||; depends on the
choice of the basis, but different choices lead to equivalent norms.

For later use we need a slightly more precise estimate.
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Lemma 2.1. For any integer d > 0 there is a constant C, such that for all ¢1,¢p2 € S(X) and

v €V we have
[{p((v,0)¢1, 2)| < C (L + [0]1*) ™| P [ladll b2l 4a-
Proof. Writev=1+1',1 € X, !’ € X. Since
1 (ol < 201+ 1) (1 + [7]17),

we need to prove that

(2.4) (L4 P+ 1) /an(x+l)¢2(m)¢(qv(x,l’))dx < Cl[91laall p2llaa-

Since (14 ||/]|?)¢ is a polynomial of degree 2d in I, using integration by parts, we conclude that
there is a degree 2d polynomial Dx in Xq,---, X, depending only on d such that the left hand
side of (2.4) equals

(1 + [12]1%)

| Dx(6r(e -+ (e (ay (o).

By the chain rule we conclude that this is a linear combination of the terms of the form

(1 + 2]

)

/X Dy1(@ + 1) Dadha()b(gv (, ) )da

where Dy and Dy are polynomials of in Xy,---, X,,, and the degree of D1Ds is at most 2d. The

coefficients in this linear combination depends only on d. Each term is bounded by

(1+ [1]2)¢ / D161 (2 + 1) Do ()] .
X
Since
L+ [ <21+ [lz + 1) (A + [|lz]?),

and by the Cauchy-Schwartz inequality, we conclude that the last integral is bounded by

2

</X\D1¢1(x + )P+ ||z + l||2)2ddac>% (/X!D2¢2(3«")’2(1 n H:L‘\z)Qdd:p) ’

which is bounded by a constant multiple (depending only on d) of

P11l 1all 2l 4a-

This proves the desired estimate. (|



2.2. Representations of the Jacobi group. Let (V,qy) be a skew-hermitian space of dimension
n, and ResV be the symplectic space over R whose underline space is V' viewed as a real vector
space and the symplectic form is Re gy. Then we have the Heisenberg group H(ResV'). To shorten
notation we simply write this group as H(V'). Let Sp(Res V) be the symplectic group attached to
ResV and Mp(Res V) the Cl-metaplectic cover, cf. | ]. It is well-known that the oscillating
representation p, extends to a representation, which we still denote by py,, of H(V') x Mp(Res V).
This is called the Weil representation.

There is a natural homomorphism U(V) — Sp(ResV). Put J(V) = H(V) x U(V). Let u be
a character of C* whose restriction to R* is the sign character. Then there is a splitting map
U(V) — Mp(Res V) of the metaplectic cover (depending on ). This splitting is studied in detail
in | |. Thus we get a homomorphism J(V) — H(V) x Mp(ResV). Let ResV =X+ X' is a
polarization as in the previous subsection. We have the (unitary) Weil representation (py, L%(X))
and its smoothing (pzo, S(X)). They pull back to the unitary, resp. smooth, Weil representations
of J(V), which we denote by (wy ,, L*(X)), resp. (wyry S(X)). In most part of this paper, the
characters ¢ and p will be fixed. So the subscripts ¢ and p are often omitted from notation.

We now describe the realization of w™ on a mixed model following | , Section 7.4]. It will
be used to deduce various estimates in the next subsection. Though | ] considers only the
nonarchimedean local fields, the formulae for the Weil representation presented there are valid for
all local fields of characteristic zero. To ease notation, we drop the superscript co at all places. We
nevertheless emphasize that this is a description for the smooth Weil representation.

Let Vp be subspace of V of codimension 2r such that V- has a basis {v;,v} | i =1, ,r} with,

qv (vi,v5) = qv (v}, v;) =0, qv(vi,v}) =055, 4,5 =1,---,7
Fix any basis of Vy. Then we identify Vj with C*~?" and V with C" (row vectors), and write
elements in U(V) as matrices. Let X and X’ be the span of vy, -+ ,v, and v}, - , v} respectively,
and identify them with C" using these bases. Let P = M N be the parabolic subgroup of U(V')
stabilizing X, where N is the unipotent radical and M the Levi subgroup. Let a € GL,(C),
b€ My,_9)xr(C), ¢ € My, (C) with ‘¢ = ¢, and put

a 1 b %bb* 1 c
m(a) = 1 , n(b) = 1 b |, z(c)= 1 ,
tg=1 1 1

where b* = /—1 tB. We view b as a column vector whose rows are elements in V.

The Weil representation is realized on the mixed model. Let us denote the (smooth) Weil
representation of J(Vp) by wp and fix a realization Sy of it. The Weil representation of J(V') is
then realized on S = S(C") ® Sy. We view elements in S as Schwartz functions on C” (row vector)
valued in Sp. We do not need the fully detailed description of the action as in | , Section 7.4],

but only the following. Let a € GL,(C), b € M(;,_3,y,(C) and ¢ € M,,(C) with ‘¢ = ¢. We view
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b as an element in V{j', or more precisely a column vector whose entries are elements in V. Then

w(m(a))é(x) = p(det a)|det al 26(xa),
(25) w(n(D))(x) = wolho(zb, 0))(6(x)),
w(2(0)(x) = lec'T)o(x).
Moreover it follows from (2.1) that if v =14+vo+1' € V,l € X,I' € X', vy € Vj, then

2

Here on the left hand side (v,0) stands for an element in H(V) = ResV x R, while on the right
hand side (vg,0) stands for an element in H(Vy) = Res Vp x R.
Consider the closed subspace of S

(2.6) w((v,0))o(z) = wo((vo, 0))((x +1))¢ <QV(377 1)+ qu(lv l’)) :

8% =8(C"\{0}) & So.

It is P-invariant by the formulae (2.5). Let R C GL,(C) be the mirabolic subgroup, i.e. the
subgroup of matrices whose last rows equal (0,---,0,1). Put @ = N x (R x U(V})), which is a
subgroup of P and has a quotient isomorphic to J(Vj).

Lemma 2.2. As a representation of P we have
1
S ~ indg,uHé ® Sp.
Here
1
o u|-|& is a character of R;

e the Weil representation Sy of J(Vy) is viewed as a representation of Q via the quotient map
Q — J(Vo).

Proof. Define the map
1 ~
indg (u||é ® So) — S(C"\{0})®Sy, [0,

where

_1
o) = uldeta) Mdetal 2 f [ |1 ,
and a is an element in GL,(C) such that (0,---,0,1)a = x. It is straightforward to check, using
the description of the mixed model (2.5), that this map is independent of the choice of a and is

indeed an isomorphism. O

We now study the quotient S/S°. Since Sy is a nuclear space, by Borel’s lemma, the quotient
S/S8Y is isomorphic to

(C[[Zl, Ce Ry 21yt 777"]] ®80
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Any m(a),a € GL,(C) acts on it by
(2.7) w>®(m(a))p(z1,- 2,21, + ,Zr) = u(det a)|det a|é¢((zl, ey ze)ay (Z1, 00, Z0)a).
The space of power series is filtered by the (lowest) degree. We denote

Wi ={¢ €Cllz1, -, 2,21, , %] | deg ¢ > k}.

Lemma 2.3. Each W, ® Sy is stable under the action of N, and N acts trivially on the graded
pieces Wi/ Wi11) @ So.

Proof. Let b and ¢ be as in the description of the mixed model. We will prove that if ¢ € Wy,
then w(n(b))¢ — ¢ and w(z(c))é — ¢ are both in Wy ®Sy. For this we need to show that if
peS(C) ® Sy and the partial derivatives of ¢ vanish at z = 0 up to order k, then the derivatives
of w(n(b))¢ — ¢ and w(z(c))¢p — ¢ vanish up to order k + 1.
The action of z(c) is straightforward. Since
w(z(e)dx) — dla) = (72T —1)g(a).
The power series expansion of e~ 2mV—Tze'T _ q ig

—2mv/—1zc'Z 4+ higher order terms.

We now consider w(n(b))¢. Let ResVop =Y @ Y be a decomposition where Y and YV are
maximal isotropic spaces of Res V), and we take Sy to be S(Y). We may assume that ¢ is of the
form ¢1 ® o where ¢1 € S(X) and ¢o € S(Y) such that the partial derivatives of ¢; vanish to the
order k at z = 0. By (2.5) we have

w(n(b))p(x) = d1(x)wo(ho(xb,0))2(y)-
If b € Y" we have
wo(ho(xb,0))p2(y) = P2(y + xb) = ¢2(y) + xb - Jo2(y) + higher order terms in x,
where J¢o stands for the Jacobian of ¢5. Therefore
w(n(b))p(x) — ¢(x) = ¢1(x) (xb- Jp2(y) + higher order terms in z),

which implies that the partial derivatives of w(n(b))¢ — ¢ vanish to the order at least k + 1. If
be YY" we have
wo(ho(2b,0))¢2(y) = da(y) (v, (y, 2b))
= ¢2(y) (1 + (—27v—1qv; (y, 2b)) + higher order terms in z) .
It follows that

w(n(b))d(z) — ¢p(z) = ¢1(x)p2(y) ((—2mv/—1qv; (y, xb)) + higher order terms in z) ,

which implies that the partial derivatives of w(n(b))¢ — ¢ vanish to the order at least k 4+ 1. This

proves the lemma. ]
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Lemma 2.4. As a representation of M = GL,(C) x U(Vp), the graded pieces Wy, /Wiy11 ® Sy are

isomorphic to
1 ——\ ~
(uHé ® Sym” (C" @ CT)) ® So,
where GL,(C) acts on C" via the standard right multiplication, and U(Vp) acts on Sy.

Proof. This follows directly from (2.7) and Lemma 2.3. O

2.3. Some estimates. We derive some estimates which will be needed in the next section. Let
r be the Witt index of V and Vj is the anisotropic kernel of V. Let Py = MyNy be the minimal
parabolic subgroup stabilizing the flag

C{v1} c C{v1, v} C - C Cl{og, -, v}

We let A ~ (R5o)" be the identity component of the maximal split torus in My. Let Ap, be the
roots of A in Ny and

At ={ae A|la(a)| < 1,Ya € Ap,} ={(a1, ,a;) |0< a1 <+ <a <1}
We fix a maximal compact subgroup K of U(V') such that we have the Cartan decomposition
U(V)=KATK.
The measure dg on U(V') decomposes accordingly
dg = p(a)dadk;dk,,
where ¢ is a function on AT. We will use the estimate that when a € AT we have
(28) pla) < Coz a)

where C'is a constant and dp, is the modulus character of Fp.
We choose any basis of V) and then identify V with C". If v = (x1,--+ ,x,) € V = C" then we
put

S

o] = (2171 + -+ + 2, T5) 2.

Let = be the Harish-Chandra Xi function on U(V) (with respect to the maximal compact

subgroup K), cf. | , Section 1.5]. We also fix a logarithmic height function ¢ on U(V),
cf. | , Section 1.2]. We will use the standard estimate that when a € AT we have

(2.9) C103,(a) < Z(a) < €3, (a)s(a)’

for some constant Cy and d. We will also use the “doubling principle”

(2:10) | Slankan)k = Z(0)Z(a0).

when the measure is normalized so that the volume of K equals one, cf. | , Proposition 1.5.1(iv)].
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By definition, smooth matrix coefficients of tempered unitary representations satisfy the weak
inequality. This means that if 7 is a tempered unitary representation of U(V') and e, e’ € 7, then

there is a constant C such that
(7> (g)e, )| < C=(g),

for all ¢ € G. We indeed have a more precise estimate, cf. | ]. There is an element X € U(t)

depending only on K (not 7), such that
(2.11) (7> (g)e, €')| < CE(g) |7 (X)elll| > (X )e'll,

cf. | , Section 2.2]. Here ||-|| stands for the norm on V.
We denote by C(U(V)) the Harish-Chandra Schwartz space of U(V), i.e. the space of smooth
functions f on U(V') with the property that for any d > 0 there is a constant C' such that

f(9)] < CE(g)s(9)

The (smooth) Weil representation w™ is realized on the mixed model § as described in the
previous subsection. We follow the notation there. We fix an inner product on Sy. Then an inner

product on § is given by
(0.6) = [ (0(w). ¢ (w)dw.

Lemma 2.5. Let ¢1,¢2 € S. Let g € U(V) and v € V.. Then for any d > 0 there is a continuous

seminorm v on S such that
(W™ ((v,0))¢1,w™(a)2)| < (ar---ar) (L + |[la+ 1"+ vol|*) " v(d1)v(¢2)
holds for all a = (ay,as,...,a,) € AT andv=1+vo+1'eV,leX,l'e X' vyeVp.

Proof. Since a does not act on the coordinates in V), by (2.2) we are reduced to the case Vj = 0.
Thus § is just the space of Schwartz functions on C™ and ¢1, ¢2 € S.

We need to prove that for any d > 0 we can find a continuous seminorm v such that

sup(l + a1+ 17112 < v(g1)v(e2).

/CT o1 (z + Da(za)y(qv (z,1')dz

First using integration by parts, we conclude that there is a differential operator V, on C" (with

variable ) such that

A+ 10 [ o+ Doataa)olav(@ e = [ Foln@+ Doalaa)is(ay (. 1)

By the chain rule, we conclude that V;(¢1(z + l)¢p2(za)) is linear combination of functions of the

form

¢3(x + 1)pa(za)

13



where ¢3 and ¢4 are again Schwartz functions and the coefficient involves polynomials of a1, - - - , a,.
Since 0 < a; <1 for all ¢, we conclude that in order to prove the lemma it is enough to prove that

there is a continuous seminorm v such that

1+ l1alP)? [ Joalar+ Dotaa)lde < v(oa)w(on
for all Schwartz functions ¢3, ¢4 on C". Indeed we have
1+ [llal* < 201+ [|(z + Dal*) (1 + zal®) < 201 + [l + U1 + |[zal®),
and thus
1+ 1alP)? [ fosta+ Dontaade <20 [ (14 falP)s(o)da -sup (1 + faal) 'o1()
We can find a seminorm v on § such that
/(Cr(l + [|]|*) g3 () dx - sup(l + lzal*)?¢a(za) < v(ds)v(4)).
This is what we need. U

Let 7 and o be tempered unitary representations of U(V). Recall that we denote by &, the
Hilbert space tensor product while by & the projective tensor product. We have the unitary
representation 7 &y, o @, @ of U(V) x J(V). By | , Theorem 1.1] we have
(2.12) (TR o)™ =7 ® 0™ ®w™.

We first state an estimate for the smooth matrix coefficients of 7 ®y, o ®y, @.
Lemma 2.6. Let v,v' € (1 ®,0®,w)*. There is a continuous seminorm v on (1 Q0 Q@)™
such that

(7 & 0™ & we)(g)v, )| < EVVVV) (g)u(v)u(v).
Here 29V)XUWV) s the Harish-Chandra Xi-function on U(V) x U(V), § stand for an element in
U(V) x J(V) and g is its image in U(V) x U(V).

Proof. Because of (2.12), we only need to prove that there are continuous seminorms vy, v, and v,

on 7, v and S respectively, such that if v = e® f®@ ¢, v = € ® f'® ¢ are pure tensors, we have
(T Bo®@w®)(G)e® f@¢),¢ @ f @¢)| < BV gy (e)vn(e o (f)vo(F)vu(d)vu(@).

But this follows directly from the estimates of the smooth matrix coefficients for each individual

representations m, o and w, i.e. (2.11) and Lemma 2.5. O
Let
E & HOHIU(V) (77'00 @ O'OO @W, (C)

be a nonzero continuous linear form.
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Lemma 2.7. There are a constant d and continuous seminorms (depending on d) vy, v,, Vs on

w, 0 and S respectively, such that for alle € 7°, f € ¢, and ¢ € S we have

|67 (g)e, f,0>((v,0))0)| < Z(g)(1 + [lol)vr(e)vo(f)vs(9)

for all g € U(V) and v € V. Recall that (v,0) stands for an element in H(V').

Proof. We will prove that there is a constant C' such that

(2.13) [e(m(g)e, f,w>((v,0))9)] < CE(g)(1 + [|v]|)?

for all g € U(V) and v € V. The lemma follows from this and the uniform boundedness principle
(for Frechet spaces, cf. | , Theorem 34.1]). Indeed, we apply the uniform boundedness principle

to the family of linear forms
(e, £,6) = Z(9) " (1 + o)~ (x> (g)e, £, ((0,0))6), g€ U(V), veV.
Let Y1, -+, Ya,41 be a basis of h(V), and put
A=1-Y]—--- =Yg, €U®V)).

Let £k > 2n + 1 be an integer. By elliptic regularity, cf. [ , Section 2.1}, we can find ¢ €
Ck=2n(H(V)) and @9 € C°(H(V)) such that

WX (1) (AF) + w*(p2) = L,
where 1, stands for the identity automorphism of w®. Therefore
U(m>=(g)e, f,w*((v,0))0)
=U(m(g)e, f,w™ (1) (A%)w®((v,0))8) + U(m>(9)e, f,w™(p2)w™((v,0))¢).

We estimate the first term £(7°°(g)e, f,w™ (p1)w™(AF)w™>((v,0))¢), the other term

U(m>=(g)e, f,w™ (p2)w™((v,0))¢)

(2.14)

can be estimated similarly.
We may expand AF into a sum of monomials of Y7, - - - , Yo, 11 of degree at most 2k. Note that

forany i =1,---,2n + 1 we have
(v,0)"Y;(v,0) = Y; + 1;(v),

where [; is linear form on V. It follows that for any monomial Y;*' --- Y;**1" of degree at most k,

we have
(0, 0) 7 (¥ - Y2 (0,0) = (Vi + 1 (0)™ -+ (Vang1 + langa (v)*74,

which is a finite linear combination of terms of the form

p(v)Y*,
15



where p(v) is a polynomial function on V' of degree at most 2k, a = (a1, - - , asp+1) is a multiindex,
and Y = Y{" ... Y;"7" is a monomial of degree at most 2k. Therefore to prove the lemma we

only need to bound terms of the form

p)Um>=(g)e, f,w™ (p1)w™((v,0))w(Y*)e).

By the Dixmier-Malliavin theorem, f is a finite sum of terms of the form o> (py)o*(p4)fo
where @3, 04 € C(U(V)), v (g) = p3(g7 1) and fo € 0>°. We hence may and will assume that f

actually equals o (py)o(e4) fo.
We will prove that

(> (p3)m(g)e, 0% (pa) fo, w™ (w3)w™ (p1)w™ ((v, 0))w(YH)P)

is bounded by a constant multiple of Z(g), and the constant is independent of g and v. This will
prove the lemma.
We note that

1 @ (3% p1)
gives a function in C*~2?(U(V) x J(V')) where @3 * ¢ stands for the function on .J(V') given by

w3 * p1(gh) = w3(g)p1(h), g€ UV), heH(V).

The desired estimate then follows from the following claim. To shorten notation we temporarily
denote by IT = 7 ®y, o @y, @, which is a unitary representation of U(V) x J(V).
Claim: There is a sufficiently large integer k& such that if ¢ € C*(U(V) x J(V)) then there is a

continuous seminorm v on II*° such that if x € II®°, then
(I ()1 (9)z) < EVVPVW) (g)u(x).

The notation is the same as that in Lemma 2.6.

Indeed this claim is an direct consequence of Lemma 2.6. Let us denote by IO the subspace
of Cl-vectors in II, i.e. those v € II such that the orbit map (1.5) is C* on U(V) x J(V). Then
I1*° = OZZOH(Z). Denote by II™*° the space of continuous linear forms on II*°, given the strong
topology, and equipped with a continuous action of U(V') x J(V) denoted by again II7°°. By the
continuity of £, we may take a large k such that if ¢ € C¥(U(V) x J(V)) then II=>°(p)¢ € 1), By

continuity we may assume that Lemma 2.6 holds for elements in II¥). The claim then follows. O

This lemma leads to the following proposition.

Proposition 2.8. Let the notation be as in the previous lemma. Take fi1, fo € C(U(V)), and
¢1,02 €S. Foralleen™®, f € o™ and ¢ € S, the integral

/ / / U7 (g1)e, 0™ (g2) f,w™ (g920)9) f1(91) f2(g2) (W™ (g2h) b1, p2)dhdgidga
uWv)Ju(v)JH(V)/Z

1s absolutely convergent.
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Proof. Let us make a change of variable g1 — g2g1. We need to prove that

/U(V // e, [,w™((v,0))®) f1(g291) f2(92) (w>(g2(v, 0)) P1, p2)dgaduvdg:

is absolutely convergent.
By Lemma 2.5 and Lemma 2.7, we need to show that for any d; we can find a sufficiently large
do > 0 such that

/ / / 2g0) (1 + 0] =(g201)E(92) (0 (92(0, 0)) 1, o)l (g2) %< (g1) = dwdgadgy
uw) Juwy Jv

is convergent.

We use the Cartan decomposition for go, and integrate it first. The integral becomes

/ //A// @)Z(g1)(1+ [[o]) " Z(akag1)=(a)

(W™ (k1aks(v,0))1, d2)|s(a) " ?<(g1) " dvdgadgy .

Make another change of variable v — k5 Lo to obtain

/ //A// a)E(g1) (1 + [[k5 "0 ]|*) " E(akagr)Z(a)

(W (ah(v, 0)ka)p1,w™ (ki ") 2) s (@)~ 2<(g1) " dkidkadadvdgs.

Since K is compact and [[v]|? is a homogenenous polynomial, the ratio

supgerc || kv||?
[v]?
is bounded above by a constant independent of v. Moreover for any continuous seminorm v on S,
by the uniform boundedness principle
¢ = sup v(w™(k)¢)
keK
is again a continuous seminorm on S. Thus using the estimate from Lemma 2.5, we only need to

prove the absolute convergence of

(2.15) / V)/ /A+/ a)=(g1)(1 + [[v]|*) " E(akag1)=(a)

(a1---ap)” (1 + chfl +1U+ v0|| ) (a)fd%(gl)*dek:gdadvdgl

for sufficiently large d. Here we follow the notation of Lemma 2.5, a = (ai,...,a,) € AT, v =
l+vo+1U1eX, e XV, vV
Now by the doubling principle, cf. | , Proposition 1.5.1(vi)], integrating over ky € K gives

/ E(akag1)dks = Z(a)=(g1)-
K

Thus the integral (2.15) is a product of

/ 2(91)%s(g1)"®dg
)
17



and
// o(a)(1+ [lo]*)"E(a)* (a1 - ar) " (1 + [lla=" + ' + vol))"%s(a) " dadv.
vV JA+

It is well-known that the first integral is absolutely convergent when ds is large, cf. | , Propo-
sition 1.5.1(v)]. For the second one, we make a change of variable [ — la and observe that since
O<ar <---<a, <1 we have

lla+ 1"+ vl < vl

Note that dv = dIdl’dvy is the additive measure and d(la) = (a; - - - a,-)?dl. Then the second integral
is bounded above by

/ (1+ ”U||2)dl_ddv X / ©(a)Z(a)(ay - - - ar)g(a)_d2da.
v A+

The first term is absolutely convergent if d is sufficiently large. To see the second term, we apply

the standard estimates (2.8) and (2.9) to reduce it to the absolute convergence of
/ (a1---ap)(—loga; —--- —loga,)"2d*ay - --d*a,
0<a1<-<ar<1

for large do, which is clear (note that da is the multiplicative measure on A™). O

3. THE BASIC CASE: CODIMENSION ZERO AND TEMPERED

The goal of this section is to prove Theorem 1.1 under the assumptions that
et=0,soW=V,
e 7 and o are tempered.

We will be working with unitarizable SF-representation in this section. By a “tempered repre-
sentations” of a reductive group, we mean a “unitarizable admissible tempered SF-representation”.
We denote by 7 an SF-representation, omitting the subscript co. The (smooth) Weil representa-
tion is denoted by w and is realized on the mixed model § described in Subsection 2.2. This is an

irreducible unitarizable SF-representation of J(V').

3.1. Tempered intertwining. Let G = U(V) x U(V) and G' = U(V) x J(V). Let H = U(V),
which embeds in G and G diagonally. We slightly modify the notation by writing 7 for a repre-
sentation of G, instead of T ® o.

Let 7 be a tempered representation of GG. Its completion with respect to a continuous invariant
inner product is denoted by 7. We put 7/ = 7 ® @, which is a unitarizable SF-representation of
G7, and (7)) its completion with respect to a continuous invariant inner product. Let End(7) and
End(7”) be the spaces of continuous endomorphisms of 7" and (77/)", endowed with the operator
norm topology. These are Banach spaces equipped with continuous G x G and G’ x G’ actions
respectively. Note that we omit the supscripts h to ease notation. The subspaces of smooth vectors
are denoted by End(7)* and End(77)> respectively. The spaces End(7)> and End(7”)> are

identified (as topological vector spaces) with 7 ®7 and 77/ @t respectively.
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We define
L.y End(n)>®* =/ @7/ - C, T Ls(T)= / Trace(w(h)T)dh.
H
By [ , Lemma 3.3] the integral is absolutely convergent and £, is a continuous linear form.

It then follows that £, defines a continuous linear map

Loyl oV, Lj(e)=(f—L(e®f)).

TV stands for the space of continuous linear forms on 7/, and is given the strong topology.

Here 7
The image of L, lies in Homy (w7, C), the space of continuous H-invariant linear functionals on
ﬁ, which is finite dimensional. This is a consequence of the fact that 7 is admissible, and the

multiplicity one theorems [ ) ]. Therefore if T € End(7”/)> then we have the compositions
LT :7 =/, TL,:nl —x/,

which are both finite rank operators and their traces make sense. It follows immediately from the
definition that

Trace L,sT = Trace T L, = L s(T).

The importance of £, is manifested in the following proposition, which we proved in [ ,

Proposition 3.6].

Proposition 3.1. Assume that t = 0 and w is irreducible and tempered in Theorem 1.1. Then the
theorem holds if the condition m(m) # 0 is replaced by L5 # 0.

Thus to prove Theorem 1.1 in the case ¢ = 0 in the tempered case, it is enough to prove the

following theorem.
Theorem 3.2. Assume 7 is irreducible, then m(w) # 0 if and only if L_.; # 0.
The proof of this theorem occupies the rest of this section.

3.2. Parabolic induction and tempered intertwining. We first introduce some notation. We
temporarily denote by G a linear algebraic group (over R) and G = G(R). We denote by X (G) the
group of (algebraic) characters of G, A5 = X(G) ®z R, and Hg : G — Ay, the Harish-Chandra
map. For a € leAg and a representation 7w of GG, we put

(3.1) Talg) = 7(g)efe(9))

Let P = MN be a parabolic subgroup of G. Unless otherwise specified, the notation P = M N
always means M is a Levi subgroup and N the unipotent radical of P. Let o be a tempered
representation of M and a € v/—1A%,. We view 0, as a representation of P where N acts trivially,
and we have the normalized parabolic induction, which we denote by I, = IndIGg 0q, Which is again

a unitarizable tempered representation of G. It can be realized on spaces independent of « as
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follows, cf. | , Section 2.3]. Let K be a maximal compact subgroup of G. The representation

1., is realized on the space
(3.2) V={feC¥K,o)| flpk)=0(p)f(k), pe PNK}.

Here C*°(K, o) stands for the smooth functions on K valued in 0. We refer the readers to | ,

Appendix A.3] for some general discussions of smooth maps valued in topological vector spaces.
We now retain the setup of the previous subsection, where G = U(V) x U(V'). Let P = M N be

a parabolic subgroup of GG, ¢ an irreducible tempered representation of M, and « € \/—71A*M The

parabolic induction I, is realized on the space (3.2). With this realization,
ﬁ(]a)J S (V(/X\)V)V7 L(Ia)J S HOH](V,W)

The spaces VY, (V®V)Y and Hom(V, VV) stand for the obvious spaces of continuous linear forms,
and are given the strong topology. As they are independent of «, it makes sense to speak of
the smoothness of the maps a — L7 )s and a — L ys. The same argument as in [ ,

Lemma 7.2.2(i)] gives the following lemma.
Lemma 3.3. The maps
am Ly, a= Ly, o€ V1A%,
are smooth.
The main result of this subsection is the following.
Proposition 3.4. If L; s # 0 for some a € V—=1A%,, then it is not zero for all a € /—1A%,.

Proof. In theory, one could prove this directly by relating it to the tempered intertwining for o,
should we have defined it. But we take a shortcut and transport the results of | , Proposi-
tion 7.4.1] to our current situation by using theta lifts.

We introduce more notation. If a = (a',--- ,a") is a multi-index, we put 3. a = a' +---+a", and
GL, = GL,1 x - - GLgr. The parabolic subgroup P of G also has a decomposition P = Py X P,
where P; = M;N;, i = 1,2 is a parabolic subgroup of U(V). We have M; = U(V;) x GL,,(C),
i = 1,2, where a; is a multi-index V; C V is of codimension 2) a;. There is an irreducible
tempered representation o; of U(V;), an irreducible tempered representation 7; of GL4,(C). We

also have v—1A}, = V=143, x V—=1A}, and a = (a1, az) where o; € V=143, i=1,2. Then
I o, = Indgi(v) ; @T@ai, 1=1,2.
As L,ys # 0, and we may find irreducible subrepresentations

7 C Iy, i=1,2,

such that E(m Bma)7 # 0.
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The setup of theta lifts was explained in [ , Section 3| in detail. We do not need all the
details and will only summarize what we need. For simplicity we will assume from now on that n
is even. The odd case requires only a slight modification of notation, e.g. taking duals at various
places. Let V'’ be a hermitian space of dimension n + 1 and W' a hermitian space of dimension n,
such that V/ = W/ @+ L, where L, is a hermitian line of sign +1 (in the case of odd n, we need
sign —1). We consider the smooth theta lifts from U(V') to U(V’) and from U(W') to U(V'), which
we denote by 6y and Oy v respectively. Here “smooth” means that we consider correspondences
between irreducible admissible SF-representations of the relevant groups. The theta lifts involve
the choices of various characters, and we fix them as in [Xue, Subsection 3.4].

We may find a (unique) W’ such that there is an irreducible tempered representation o’ of
U(W’) such that Oy v (o) = 73. Let 7' = Oy y/(m1), which is an irreducible tempered represen-
tation of U(V'). By the induction principle of theta lifts, cf. | , Theorem 4.5.5], we have
the following description of ©” and ¢’. There are a parabolic subgroup P’ = M'N’ of U(V’) with
M’ = U(Vj) x GLg, (C) and an irreducible tempered representation mj = 6y, yr(o1), such that 7’ is

a subrepresentation of
! U V/ ! =
I, = Indp,( ) To @ T1,a1 -

There is a parabolic subgroup Q" = L'U’ of U(W’) with L’ = U(W{) x GL4,(C) and an irreducible

tempered representation oy, of U(Wy) such that Oy, v, (0}) = @3, and o’ is a subrepresentation of

I, = dy %) oy 875 a;.

For any tempered representation p’ of U(V’) x U(W’), a tempered intertwining linear form £, has

been introduced in | ]. Since E(m B # 0, by [Xue, Lemma 3.8], we have L, 5 , # 0 (this is
where n being even or odd makes a slight difference, as [Xue, Lemma 3.8] involves the characters
D" and p(~D"). Therefore Ly gp # 0 for this a; and az. By | , Proposition 7.4.1] we
have

E T O
oy ® 1oy 7
for all oy and «s. Therefore if 8; € \/—1A% ., ©=1,2, there are irreducible subrepresentations
/ ! / !
T C Iﬁl’ T, C I,BQ’

such that E% o, = 0. Again by the induction principle there is an irreducible subrepresentation
1

m1,5, C Ip, such that v,y (m g,) = mp , and m2 g, = Oy v (0}, ) is an irreducible subrepresentation

of Ig,. Using [Xue, Lemma 3.8] again we conclude that E(Wl,ﬁl Bmapy) # 0 and hence £ Is, 8157 #

0. This proves the proposition. O

3.3. Proof of Theorem 3.2. We denote by Temp(G) the set of (isomorphism classes of) irre-
ducible tempered representations of G. Define Xiemp(G) to be the set of (isomorphism classes of)

tempered representation of G of the form IndJCSv o where P = M N is a parabolic subgroup and o
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is an irreducible square integrable representation of M, cf. | , Section 2.6]. Then Xemp is a

topological space with infinitely many connected components, and the image of
{Ind% o, | @ € V—1.A4%,}

in Xemp(G) is a connected component. There is a Plancherel measure on Xiemp(G), which we
denote by du, cf. | , Section 2.6].

Let O be a connected component of Xiemp, and assume that it is the image of
{Ind}Gp oo | e V=1A3}.

As in Subsection 3.2, we realize representations in O on the vector space V defined by (3.2), which
is independent of a.. Define
C®(0,VRV)
to be the compactly supported smooth functions on @ valued in V®YV. We view each T, €
C>®(O,V®YV) as a family of endomorphisms in End(Ind% 0,)>°. By the matrical Paley-Wiener
Theorem as stated in | , Theorem 2.6.1], for any T, there is a unique f € C(G) such that the
map
KXeemp(G) 2 m = 7(f)

is supported on O and equals T, on O.
If T € End(m)* and é1, ¢ € S, then we define 79?2 € End(7/)> to be

T2 (e ® ¢) = (¢o, ) (T(e) @ ¢1), e€m, ¢ ES.

In particular for e, f € 7, ¢1, ¢2 € S we have the element (e® f)??2, which sends an element ey ® ¢

to (eo, ) {2, P)(e ® ¢1). Note here in this notation, it is linear in e, eg and ¢o, and anti-linear in

f7 ¢ and ¢1-
Lemma 3.5. Let 7 € Temp(G) or Xiemp(G), and S, T € End(n?)>®. Then
(3.3) L.r(S)Lri(T) =L (SLT).

Proof. We will assume that Homp (7”7, C) # 0 for otherwise £, = 0 and the lemma is void.
The fact that SL,sT € End(n”)> and the smoothness of 7 + SL_sT is proved in the same
way as | , Lemma 7.2.2(iii)]. Moreover both sides of (3.3) are continuous linear forms on both

variables S and T'. Thus to prove (3.3) it is enough to assume that
S=(ea®f1)"?, T=(ea® f2)?%, er,e0f1,fa€m, ¢1,6,¢3 01 €S.
If eemand ¢ €S then
SLyiT(e® @) = (¢a,9)(e, f2) Lri(e2® d3 @ f1 © P2)e1 @ ¢1.

It follows that SL,,T as an element in 7/ &/ equals

Loi(e2 ® g3 ® f1 ® o) ((e1 @ ¢1) @ (f2 ® ¢a)).
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Therefore
Li(SLuT) = Ls(e2®¢3® f1 @ p2)Lrs(e1 @ 1 ® fa @ ¢g).
We also have by definition that
L.7(S)L(T)=L,r(e1 @1 @ f1 @ pa)Lr(e2 @ P3 @ fa @ ¢g).

Assume 7 € Temp(G). Then Homy (77, C) is one dimensional and we fix a nonzero element ¢ in

it. Thus there is a constant a depending only on 7 such that
Lr=a(l®7).
We conclude that
L.(S)L.(T)=L,s(SL.,T)
as they both equal
a*l(e2 ® 3)0(f1 @ d2)l(er ® d1)l(f2 @ ba).
Now assume that 7 € Xiemp(G). We can find a parabolic subgroup P = M N and an irreducible

square integrable representation o of M such that
7 =Ind%o.
We put
I, =nd%o,, ocV—1A4%.
Then I, is irreducible for almost all o, and hence

’C(IQ)J (S)c(la)J (T) — ’C’(IQ)J (SL(IQ)JT)

for almost all a. Then since both sides are continuous functions in «, we conclude that it holds for

all a and in particular o = 0, i.e. it holds for 7. O

We define
L2 n 57V e (f Li(e@¢1Q f® o).
It follows from the definition that if A, B € End(m)> then

(3.4) /H Trace(An(h)B)(w(h)p1, p2)dh = Trace(ALL 92 B).

Lemma 3.6. Let S = A%192 T = B?:% where A, B € End(7)® and ¢1, ¢2, ¢3, ¢4 € S. Then

(3.5) SL.sT = (ALg392B)91:94,

Proof. Observe that in the variables A and B, both sides are continuous linear maps
End(7)> x End(7)>® — End(7”)%°.

Thus we only need to check this when A = e; ® f1 and B = e3 ® fo, €1, €9, f1, fo € . Then the
proof of Lemma 3.5 gives that the left hand side of (3.5) equals

Loi(e2 ® g3 ® f1 ® o) ((e1 @ ¢1) @ (f2 ® ¢a)).
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The right hand side also equals this by definition. O
If f S C(G) and ¢1, g2 € S, then

gh = f(g)<¢17w(92h)¢2>7 g€ G7 h e H(V)7

is a smooth function on G, which we denote by f#1:92. Here we write g = (g1, 92) € G, g; € U(V).
We let C(G”)° be the space of functions that are finite linear combinations of functions of this form.
If fe C(G) and ¢, ¢s € S, then

ﬂ-J(ffbhdn) — 7T(f)¢1’¢2.

Lemma 3.7. For all f € C(G”)° such that the map Xiemp(G) > ™ — w7 (f) is compactly supported,

/ F(h)dh = / Lo (w” () dpa(),
H Xiemp (G)

Proof. We may assume that f = ff)lm where f1 € C(G), ¢1,¢2 € S. Then

we have

Trace ﬂJ(ffl’@) = (¢1, P2) Trace 7(f1).

The right hand side equals
Lo o, 0 o) Teace( ()b,
Xtemp

Since the map 7 +— 77 (f) is compactly supported we conclude that the double integral is absolutely

convergent and hence we can change the order. It follows that the right hand side equals

/ /X ¢1,¢2>Trace( (R)m(f))dp(m)dh.

By the Plancherel formula for G, cf. [ , Theorem 2.6.1], the inner integral equals f(h~!). The

lemma then follows. 0
We are now ready to prove the main result.

Proof of Theorem 3.2. We choose an ¢ € Homy(7/,C) and v € 7/ such that £(v) # 0. We may
assume that v = e ® ¢ where e € 7, ¢ € S and (¢, ¢) = 1.
We can find a connected component O of Xiemp(G) such that 7 is a subrepresentation of a

representation in J. More precisely P = M N is a parabolic subgroup of G, and O is the image of
{Io | € V=1A},}

such that = C Iy where I, = IndIGD 0a, 0 an irreducible square integrable representation of M. As
before we realize I, on the space V which is independent of «.
Let f € C(G7)°. By Proposition 2.8, the integral

(3.6) /G U (o) (),
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is absolutely convergent. Moveover it equals £(7” (f)v), cf. the argument in | , (7.5.4)]. Assume
the function f is of the form ff%*, f; € C(G) and é1, ¢y € S, and the function

Xiemp(G) 2 m— w(f1)

is compactly supported in O. By Lemma 3.7 we have

(= [ e ( L £<fa>1<<fa>J<f><Ia>J<x1>>du<a>> da.

Here du(a) is the abbreviation of du(I,). Since any T, € CX(O,V&YV) is of the form I,(f1)
for some f; € C(G), we conclude that for any T, € End((I,)”)> of the form A$?* where A, €
C®(0,V®V) and ¢y, ¢s € S we have

(3.7) o) = [ @ < / o ﬁuaw<Ta<fa>J<w-1>>du<a>) d.

We first find a T, = A%? such that Age = e and Aglrr = 0 for all #’ C Iy and 7’ # w. Then
{(Tyv) # 0. By (3.7), this implies that there is an o such that L(; s # 0, and by Proposition 3.4
we conclude that L), # 0.

We can therefore find an S, = B3V with B, € C°(0,V®V) and ¢1, ¢2 € S such that

L 157 (So0) # 0.

Consider a family of endomorphisms L7 ys(Sa)Ta, o € v—1A},. Since T, = A%? we have
L1y (Sa)Ta = (E(IQ)J(SQ)AQ)¢’¢ and Ljys(Sa)Aa € C®(0,V®V). We now apply (3.7) to
L1,)7(Sa)To € End ((Ia)‘])oo we obtain

U (z)v) (/X . E(IQ)J(Sa)ﬁ(la)J(Ta(Ia)J(m_l))d'u(O‘)> dz.

By Lemma 3.5 the right hand side of (3.8) equals

J J,.—1
(3.9) / (@) ( / e For (Sak s T ) @ ))du(a)> d.

By Lemma 3.6 we have
SaL1)iTa = (BaL?jZAa) P10
and BaL?fQAa € C®(0,V&®V). Apply once again (3.7) to SalL,)1Te € End ((Ia)7)™ we con-
clude that
(3.9) = L(SoL14)7 To(v)).
It follows that we have
0 # L(14)7 (S0)€(Tov) = £(SoL(1,)1 To(v)).

Since Ty = Ag’d) and Aol = 0 if 7' C Ip and 7’ # 7, we conclude that L), is not zero when

restricted to 77/, i.e. L_s # 0 or equivalently £ _; # 0. O
25



4. REDUCTION TO THE BASIC CASE

4.1. Some conventions. We will work with the SF-representation, not necessarily unitarizable.
By a “representation” we mean an SF-representation.

All Lie groups G we encounter are linear algebraic, so are almost linear Nash groups. If
H is a closed Nash subgroup, we denote by ind% and Ind% the unnormalized and normalized

Schwartz inductions respectively. We make extensive use of the Schwartz homology theory de-

veloped in | , ] in this section. Useful properties of Schwartz homology are summarized
in [Xue, Section 2]. We denote the Schwartz homologies of G by H;(G,—), i = 0,1,2,--- (the
notation in | , Xue] was HY).

We recall that we denote by &,,, m € Z, the character of C* given by

wo=()"

4.2. Reduction to the tempered case. We still assume ¢ = 0 in this section, so W = V. We

return to the notation from the Introduction, and denote by 7 and o representations of U(V).
In the Weil representation we fix the character p = &;. The argument is essentially the same as
that in [Xue, Section 4]. We will emphasize only the parts different from [Xuc], in particular those
involving the study of the Weil representations.

Let o be a representation of U(V') of the form
1814%
(4.1) Indp) )<§mly-|€cl®~-®§mby-|§3®ob),
where
o 1}, C V is a skew-hermitian subspace such that its orthogonal complement is a split skew-
hermitian space of dimension 20,
e )y is a parabolic subgroup of U(V) such that its Levi component is isomorphic to (C*)? x
U(V),
e my, -+ ,my €7Z and ty,--- ,t, are complex numbers with nonnegative real parts,
e 0} is an irreducible limit of discrete series representation of U(V}).

Assume that V' has a decomposition
V=V @ (21,2.1)

such that gy (z1,2-1) = 1 and z1, z_; are isotropic vectors. Let P = M N be the parabolic subgroup
stabilizing the line generated by z;. Then M = C* x U(Vp). Let 7y be an irreducible admissible
representation of U(Vp), u a complex number, x = §|-[¢ and

V)

= Indg X ® 7.

Proposition 4.1. Assume that |+ 2u is not an integer with the same parity as n+1. Assume that

for any nonnegative integer j, either

l+2u+2j+2#—m;£2t;, i=1,---,b,
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or
l—2u—2j#-m;+2t;, i=1,---,b.
Then

m(m, o) =m(o,m).

Proof. First by | , Proposition 7.4], we have
7@w=nd2") ((x © m) Bwlp)
and it follows that
Homy (7 ® 0 @w, C) = Homyy, (Indg(v) ((x ® m0) ®w|p) ® o, (C) .
We make use of the mixed model
S =38(C) &S,
as described in Subsection 2.2, where (wp,Sp) is the Weil representation of the Jacobi group S =
N xU(Vp). Then S has a closed P-invariant subspace
S =8(C) RS,
whose quotient is isomorphic (as vector spaces) to
Cl[z,7]] ® So.

The space C[[z,Z]] is filtered by the degree which gives a filtration on C[[z,%]] ® Sp. By Lemma 2.4,
the group N preserves this filtration and acts trivially on the graded pieces. Moreover C* acts on
Cl[z,z]] by
o L itjt1 p o
27— p(a)|a|ga'd 27 = pla)lal| ® &i—j(a)2'7, a€C*, 2'7 € C[[z,Z]].
In conclusion, the induced representation

Indg(v) (x ® ™) ®w|p

has a subrepresentation

Iﬂdg(v)(X ®70) ®SY,
and the quotient has a filtration whose graded pieces (indexed by k) are direct sums of
; 1814% .2 )
p{g :IndP( )£l+2j—k+1|'|g > ®@m, j=0,1,--- k.
By [Xue, Lemma 4.2], our assumptions on [ and u imply that

H(U(V),pl.&0) =0
for all i. Therefore by [Xue, Corollary 2.14] we have

Homy vy (Indg(v) (x®m)®@S|p) @0, C) = Homy v (Indg(v) ((x ® o) @@) o, (C) .
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Recall that we have the Jacobi group J(Vp) = N x U(V}). By Lemma 2.2, as a representation of
P we have S? = ind];(vo) So. Note that in the current situation the mirabolic subgroup R appearing

in Lemma 2.2 is trivial. Thus the above Hom-space is
1 ~T =\ ~
Homy v, (indg(v) <X51% QMR indIJD(VO) So> ® o, (C) )
which, by | , Proposition 7.4] and the induction by stages [ , Proposition 7.2], equals

HOInU(V) <1nd[j((“//0)) (7o ® 870) ® o, (C) .

Finally Frobenius reciprocity, cf. | , Theorem 6.8], gives the proposition (note that S is uni-
modular). O
Proof of Theorem 1.1 assuming t = 0. We follow the strategy of [ , Subsection 4.2]. Let 7 be

an irreducible admissible representation of U(V') and assume that 7 lies in a generic packet. Then

m can be written as an irreducible parabolic induction

(4.2) &y llE X o X &, g x mo,
where

o ll’ 7lCL €Z7

® 51, -, 8, € C with nonnegative real part,

&,|-|¢ is not conjugate self-dual of sign (—1)",
e V, C V is a hermitian subspace such that VaL is a split hermitian space of dimension 2a,

e 7 is a limit of discrete series representation of U(V,).

Let o be an irreducible admissible representation of U(V), lying in a generic packet. Then it
is of the form (4.1) and the parabolic induction is in particular irreducible. Moreover by [Xue,

Lemma 4.4], [; £2s;, i =1,--- ,a, and m; £2t;, j = 1,--- ,b, are not integers of the same parity

as n + 1. By relabeling, we may assume that

and
Re%ZRewv i=1--,b-1L

If a = b =0, then we are in the tempered case so the theorem is proved.
Assume that
el1+281+1 > Re —m1+2t1,
2 2
or b =0. Then Re(l; +2s1 +2j+2) > Re(—m; £2¢t;) for all ¢ = 1,--- ,b and all nonnegative

integer j (this is a vacuum statement if b = 0). This is because by our ordering, —m; + 2¢; has the

R

maximal real part among —m; &+ 2t;’s, i = 1,--- ,b. The conditions in Proposition 4.1 are verified.
Put

= &7 X - x &, | x mo.
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Then by Proposition 4.1, we have
m(m, o) =m(o,m ).
Choose s] € v/—1R such that Im s} # 0,+Imt;, i =1,--- ,b, and
m =[x Gy 2 % x g, | X mo.
still lies in the generic packet. The conditions in Proposition 4.1 are verified again and we conclude
m(mi,0) =m(o,my).

The net effect is that we replace a possibly nonunitary quasi-character &, |-|*' by a unitary

character |-|S,1. We can of course repeat this process for &, |-|¢, i =1,2,--- , ¢, as long as
li +2s;+1 —mq + 2t
Re% > Re%, i=1,2,--,c,

or b = 0. The net effect is that we replace &,|-| by |-|¢, i = 1,2, , ¢, where s, € /=IR is a

generic purely imaginary number. Put

’ ’ ) .
T = |‘fC1 NEEE ’|(SC’L X é’liJrl’.‘fCH'l X oo X é’la‘.’(‘é‘l X T, 7 = 1’2’... ,C.
We have
m(m, o) =m(m,0) = =m(me0),

Suppose now that we have

l 2 1 — 2t
(4.3) Re < + 241 < Re T + 1,
2 2
or we are in the case either ¢ = 0 or a = 0. The case ¢ = 0 or a = 0 simply means that we have
lh+2 1 — 2t
Re Lt 2L cRe TSN

or a = 0 to begin with, and thus do not implement the procedures as described above. We let
7. = 7 if this is the case.

The condition (4.3) is equivalent to

Re my —2t1 + 1 < Re —ler1 — 2ucl,
2 2
which implies Re (m1 —2t1 —2j) < Re (—[; —2u;) for all nonnegative integer j and alli = c¢+1,--- b,
since by our ordering, Re (—lc4+1 — 2uc41) is the smallest among all Re (—=l; — 2u;), i =c+1,--- ,b.
Moreover by our choice of the s}, i =1,--- , ¢, we conclude that

my — 2t; — 2j # :i:QS/Z-,

for all nonnegative integer j and all ¢ = 1,---,c. Thus we can apply Proposition 4.1 to ¢ and 7,

and argue as in the previous step. Let us put

O] = Wiy || X -+ X wpy, |- % 0.
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By Proposition 4.1 we have
m(me, o) = m(me, 07 ).
Let t} € v/—1R be a generic purely imaginary number, and put
o1 = |-t X Wiy |2 X -+ X Wi, || % 0.
Then by Proposition 4.1 again we have
m(me, 07 ) = m(me, 01).

The net effect of this process is to replace a possibly nonunitary quasi-character wy,, ||"* by a

unitary one |-|'1. We may repeat this process for &, H%, e afdefcd as long as
le41 + 25 —-m; + 2t .
Re%<Re#, i=1,---,d.

The net effect is that we replace fmszé by |-|%, i=1,---,d, where t; € /—1R is a generic purely

imaginary number. Put

_ Lt t tit1 ty
Ui_H(C X"'X"|(fomi+1|"((j X"'X‘EmbH(C X Q.

We have
m(me,0) = m(me,01) = -+ = m(me, 04q).

Suppose that we have

leta ‘|’2250+1 > Re —md+12+ 2td+1.

Then we can switch back to 7. and make modifications of it in the same way as to 7. We do the

Re

modification to the characters &e1|-[¢", &etal-|¢"* and so on in m. as m until we are not able to,

and then switch to o4 and make modifications to it in the same way as o. We keep repeating this
process and switching back and forth between m and . The process terminates after a + b steps

and the ultimate effect is that we find generic purely imaginary numbers
Y A FERRN = V—1R,
so that we have
Ta = |51 x - X | x w9, o= |1 x - x || x 50,
with
m(m,0) = m(nq, op).

Since 7, and o} are both tempered, Theorem 1.1 holds for (74, 0p). By the description of the
generic packets, we have Ay, = Ay, Ag, = A(bob and N = Nr,, Mo = Ny,- Theorem 1.1 thus holds

for (7, 0). O
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4.3. Reduction to the codimension zero case. Let us recall the following setup from the
Introduction. Let W C V be skew-hermitian spaces so that V. = W @1 Z where Z is a split

skew-hermitian space of dimention 2¢. We fix a basis 241, -+ , 244 of Z such that
QV(ZZ,ZL]) :(51]7 Zaj:ilv 7:l:t

Let U be the unipotent radical of the parabolic subgroup of U(V') stabilizing the flag of completely

isotropic subspaces
(2) C (2, 20-1) C -+ C{2g,7 -, 21),

We define a character of U by

t—1
Yu(u) = (- Tr(C/RZQV(Z—i—I’UZi)> , uel.

i=1
If t =0 or 1 we take 1y to be the trivial character. Let Sy = U x U(W) be a Fourier—Jacobi
subgroup of U(V'). Then the character ¢y inflates to a character of Sy .

The same construction also applies to W+ = W &+ (21, z_1) and we obtain the Jacobi subgroup
Sy+ of UWT). The group Sy+ is isomorphic to the Jacobi group J(W), and we prefer the
notation Sy+ which emphasizes that it is a subgroup of U(W™). Let w be the Weil representation
of Syy+. There is a projection

SV — Sw+

and w inflates to a representation to Sy which we also denote by w. Since 1y is invariant under
the Syy+ conjugation action, v = ¢y ® w is a representation of Sy.

Let 7 and o be irreducible admissible representations of U(V') and U(W) respectively and assume

that m and o lie in generic packets. Let sq,---,s; be complex numbers. Let 7 be the principal
series representation of GL;(C) induced from the characters |-|,--- ,||#. Let P = MN be the
parabolic subgroup of U(V') stabilizing (21, -+, 2). Put

ot = Indg(v) T®o0.
Proposition 4.2. Assume that s1,--- ,s¢ are in general position, i.e. they avoid the zero set of

countably many polynomials in t variables. Then
m(m,0) =m(r,o").

Proof of Theorem 1.1 assuming Proposition 4.2. We have already proved Theorem 1.1 in the case

t = 0. Thus the theorem holds for (¢, 7). Theorem 1.1 then holds for (7,0) as A, , = Ay, and

Ng+ = No. This finishes the proof of Theorem 1.1. O

Proof of Proposition 4.2. The argument is essentially the same as that in [Xue, Section 6]. Again
we emphasize only the parts different from [Xue].
The first step is similar to the proof of Proposition 4.1. The Weil representation is realized on

the mixed model & = S(C?) ® Sy where Sy is a realization of the Weil representation w of Sy+.
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There is a P-stable subspace S = S(C'\{0}) ® Sy whose quotient is isomorphic (as vector spaces)

to
C[[Zl, e R, R, 72‘7]] ®SO

The quotient has a filtration by the degree of the power series. The group N acts trivially on the
graded pieces, and the graded piece as representations of GL,(C) are

1 — ~
Pk = <:u||((2j Symk((c'r @ CT)) @Sy, k=0,1,---,

where C" is the standard representation of GL,(C), and GL,(C) acts trivially on Sp.
We have

Homy(r®o" ®8,C) = Homyy (7[' ® (Indg(v) TR0 ® §\p> , (C) .
We claim that if s1,--- , s; are in general position, then

Homyy) (7T 2ot ®S, C) = Homy v (7[' ® (Indg(v) TRo® @) , (C) .
Indeed this follows from
(4.4) H; (U(V),ﬂ@lndg(v) (T ® pr) @(U@ST))) =0

for all ¢ and all k. To see this we use the technique developed in | , Subsection 3.2] where we
have constructed elements in Z(u(V)) which annihilates Indg(v)(T ® pr) @(0 @Sp). Let 2 be one of
them given in [Xue, Lemma 3.5]. Since 7 is irreducible, the element z acts on 7 by a constant A;
which is a nonzero polynomial function in s, -+, s;41. Thusif (s1,-- -, s¢11) avoids the zeros of this
polynomial, we have A\; # 0 and thus obtain the desired vanishing for H; from [Xue, Corollary 2.8]
for this k. Since there are only countably many k’s, we conclude that if sq1,--- , s;y1 are in general
position, then H; = 0 for all k.

The second step is to understand SY. This is close to the analysis in [X e, Subsection 6.3]. Let R
be the mirabolic subgroup of GL,(C) and put @ = N x (R x U(W)), which has a natural quotient

isomorphic to Sy +. Then by Lemma 2.2 we have
t
S = indf pl-|12 ® So,

where the action of Q) on Sy is via the Weil representation through its quotient S’;,FV. Using induction

by stages, we conclude that
~ ~ e ~ t 1
Homy 1 <7T® (Indg(v) T®0®50) ,(C> = Homy(y) <7T® (indg(v) T|rul-[&0p? ®U®SO> ’(C> :

The restriction of 7 to the mirabolic subgroup R has been carefully analyzed in [ , Section 5].

0

It has a subrepresentation 7% isomorphic to

. R
indy, ¥,
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where Uy is the usual upper triangular unipotent subgroup of GL;(C) and v is the generic character

of U given by
Ye(u) = Y(urg + - +w—1y4), u=(uy) € U

The quotient (7|z)/7° admits a countable filtration whose graded pieces are isomorphic to various
induced representations. The point is the same as before. For each graded piece, one can find
an element in the center of the universal enveloping algebra which annihilates this piece, and this
element acts on 7" by a scalar, which is a polynomial function in sq,---,s;. Then the same

argument as the proof of (4.4) gives that

[

H; (U(V) T® (mdQ P \ P2 ® J@&))) =0

for all i and all graded pieces p of (7|g)/7° when sy,---,s; avoid the zeros of this polynomial

function. Since there are only countably many graded piece, we conclude that as before that if

@U@«%) ,C)

= Homy (v (Tr@) (indg( (md ¢t) R0 @?0) ,(C) .

S1,--- ,8¢ are in general position, then

M\»—‘

Homyy(y <7r® (mdQ T|Rp|- ’(c

Observe that
Sy = U x (N x U(W))

and 1); ® Sy is precisely the representation v appearing in the Fourier-Jacobi model. Induction by

stages again gives that

Homy vy, (ﬂ@ (indg( (md wt) ®0 @)So) ,C> = Homy v (WQA{J (indg‘(/v) U@?) ,C> .

Another application of the Frobenius reciprocity gives that this equals (note that Sy is unimodular)

~

Homg,, (7r® oD, (C) .

This is what we are after. O
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