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REFINED GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR
FOURIER-JACOBI PERIODS ON SYMPLECTIC GROUPS

HANG XUE

ABSTRACT. In this paper, we propose a conjectural identity between the Fourier—Jacobi periods
on symplectic groups and the central value of certain Rankin—Selberg L-functions. This identity
can be viewed as a refinement to the global Gan—Gross—Prasad conjecture for Sp(2n) x Mp(2m).
To support this conjectural identity, we show that when n = m and n = m=£1, it can be deduced
from the Ichino-Tkeda’s conjecture in some cases via theta correspondences. As a corollary, the
conjectural identity holds when n = m = 1 or when n = 2, m = 1 and the automorphic

representation on the bigger group is endoscopic.
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1. INTRODUCTION

In this paper, we propose a conjectural identity between the Fourier—Jacobi periods on sym-
plectic groups and the central value of certain Rankin—Selberg L-functions. This identity can be
viewed as a refinement to the (global) Gan-Gross—Prasad conjecture [3] for Sp(2n) x Mp(2m).

The Gan—Gross—Prasad conjecture predicts that the nonvanishing of certain periods is equiv-
alent to the nonvanishing of the central value of certain L-functions. There are two types of
periods: Bessel periods and Fourier—Jacobi periods. Bessel periods are periods of automorphic
forms on orthogonal groups or hermitian unitary groups. A lot of work has been devoted to the
study of Bessel periods, starting from the pioneering work of Waldspurger [17]. In their semi-
nal work [24], based on an extensive study of the known low rank examples, Ichino and Ikeda
proposed a precise formula relating the Bessel periods on SO(n + 1) x SO(n) and the central
value of some Rankin—Selberg L-functions. The analogous formula for Bessel periods on the
hermitian unitary groups U(n + 1) x U(n) has been worked out by N. Harris in his thesis [18] .
W. Zhang [51,51] then proved a large part of the conjectural formula for U(n+1) x U(n), using
the relative trace formulae proposed by Jacquet—Rallis [25]. This has been further improved
by Beuzart-Plessis [0]. Recently, Liu [36] proposed a conjectural formula for Bessel periods in
general, i.e. the Bessel periods on SO(n + 2r + 1) x SO(n) or U(n + 2r + 1) x U(n). Some low
rank cases have also been considered in [30].

There is a parallel theory for the Fourier—Jacobi periods. They are the periods of automorphic
forms on Mp(2n + 2r) x Sp(2n) or U(n + 2r) x U(n). The case of Fourier—Jacobi periods on
U(n) x U(n) has been considered in [19,50]. We proposed a conjectural formula relating the
Fourier-Jacobi periods on U(n) x U(n) and the central value of some L-functions. We proved this
conjectural formula in some cases, using the relative trace formula proposed by Liu [35]. In the
other extreme case, where one of the groups is trivial, the Fourier—Jacobi periods is simply the
Whittaker—Fourier coefficients. In this situation, Lapid-Mao [29] proposed a formula computing
the norm of the Whittaker—Fourier coefficients. In a series of papers [30-32], they proved the
formula for Whittaker—Fourier coefficients on Mp(2n), under some simplifying conditions at the
archimedean places.

The goal of this paper is to formulate a conjectural identity between the Fourier—Jacobi
periods and the central value of some Rankin—Selberg L-functions for symplectic groups. We
also verify that this conjecture is compatible with Ichino-Tkeda’s conjecture in some cases. As
a corollary, the conjectural identity holds in some low rank cases. We now describe our results
in more detail.

For simplicity, in the introduction, we consider only the Fourier—Jacobi periods on Sp(2n +
2r) x Mp(2n) (r > 0). The case r < 0 will be explained in the main context of the paper. Let F'
be a number field and ¢ : F\Ar — C* be a nontrivial additive character. Let (W2, g2) be the



symplectic space over F' with an orthogonal decomposition Wy + R + R* where R and R* are
isotropic subspaces and R + R* is the direct sum of r — 1 hyperbolic planes. We fix a complete
filtration of R and let N,_; be the unipotent radical of the parabolic subgroup of G5 fixing the
complete filtration.

Let Go = Sp(Ws), Gy = Sp(Wp) and Go = Mp(Wy) (the metaplectic double cover). Let mo
(resp. mo) be an irreducible cuspidal tempered (resp. genuine) automorphic representation of
Go(AFp) (resp. év()(AF)) Let g € m and g € mg. Let H = Wy x F be the Heisenberg group
attached to Wy and wy, be the Weil representation of H(Ap) x CTO(A r) which is realized on the
Schwartz space S(A%). Let ¢ € S(A%) be a Schwartz function and 6y (-, ¢) be a theta series on
H(Ap) x CAJE)(AF). Let 1,_1 be an automorphic generic character of N,_1(Ap) which is stable
under the conjugation action of H(Ar) x Go(Ap). The Fourier-Jacobi period of (2, ¢o, @) is
the following integral
(1.0.1)

FT (92,00, 9)

:/ / / 2(1thgo) 20 (90)r—1 ()8 (ngo, B dudhdgo.
Go(F)\Go(Ar) JH(F)\H(Ar) J Nr—1(F)\Nyr—1(AF)

This integral is absolutely convergent since s and g are both cuspidal. It defines an element
in
Hompy, | (ap)x(H(Ap)xGo(Ap)) (T2 @ To @ wy @ 1, C).

This space is at most one dimensional [37,15].

The Gan—Gross—Prasad conjecture predicts [, Conjecture 26.1] that if the above Hom-space
is not zero, then the integral (1.0.1) does not vanish identically if and only if Li(%, T X mp) 18
nonvanishing, where S is a sufficiently large finite set of places of F' and Li(s,m X mp) is the
tensor product L-function of my and 7y (note that this L-function depends on ).

The conjectural identity that we propose is
oA L5(,m x o)
IS L5(1, m, Ad) LY (1, mo, Ad)

(102) “T-‘jw(@ZaQDO?(ZS)’Z X H av(@Q,v;SDO,va ¢U)7
es

where
— P2 = QP2.u, Pop = QPow, ¢ = Q.
n4r

- a3, =TI ¢

— Li(s,ﬂ';_x mp) is the tensor product L-function and L°(s, 72, Ad), L;Z(l,Tro,Ad) are
adjoint L-functions;

— «y, is a local linear form defined by integration of matrix coefficients (see Section 2.2 for
the definition). It is expected that «,, # 0 if and only if Homy, _, () x(H(F,)xGo(F.)) (T2,,®
To,0 @ Yr_1,0 @ W¢v,(C) #0.



— dgo in the definition of 7 is the Tamagawa measure on Go(Ar), du and dh are the
self-dual measures on N,_;(Ar) and H(Ap) respecively;
— Sz, and Sy, are centralizers of the L-parameters of my and mg respectively. They are

abelian 2-groups (see Section 2.3 for a discussion).

This conjectural identity can be viewed as a refinement to the Gan—Gross—Prasad conjecture.
It is motivated by the existing conjectural identities of this type [18,24,36,50]. The conjectural
identity claims that we should expect the same for both the Bessel periods and the Fourier—
Jacobi periods. In the first part of this paper, we show that the conjectural identity (1.0.2) is
well-defined, i.e. the local linear form «, is well-defined and the right hand side of (1.0.2) is
independent of the set .S. In the definition of the local linear form «,, we introduce a new way to
regularize a divergent oscillating integral over a unipotent group. This gives the same results as
the existing regularizations [29,30], but has the advantage of being elementary, purely function
theoretic and uniform for both archimedean and non-archimedean places.

One might be asking what happens for the Fourier—Jacobi periods on skew-hermitian unitary
groups. An identity similar to 1.0.2 should also hold. We exclude that in the present paper
for two reasons. First, sticking to the symplectic groups greatly simplifies the notation. More
importantly, in showing that the right hand side of (1.0.2) is independent of S, we make use of
some results in [11]. The analogue results for unitary groups have not appeared in print yet.
D. Jiang has informed the author that X. Shen and L. Zhang are working on a more general ver-
sion of the results in [14], which should cover Fourier—Jacobi periods for both symplectic groups
and skew-hermitian unitary groups. Once such results are available, one can then formulate the
refined Gan—Gross—Prasad conjecture in the context of skew-hermitian unitary groups.

To support our conjecture, in the second part of this paper, we show, under some hypothesis
on the local and global Langlands correspondences which we will state in Section 5, that our
conjecture is compatible with Ichino-Ikeda’s conjecture in some cases. Thus (1.0.2) holds in

some low rank cases when the Ichino—Ikeda’s conjecture is known. We have the following cases.

(1) If n =1 and r = 0, then (1.0.2) has been proved in [39, Theorem 4.5].

(2) If r = 0 and 79 is a theta lift of some irreducible cuspidal tempered automorphic rep-
resentation of O(2n), then (1.0.2) can be deduced from Ichino-Ikeda’s conjecture for
SO(2n+1) x SO(2n). In this case, if 7y is not a theta lift from any O(2n + 1), then both
sides of (1.0.2) vanish.

(3) If r =1 and 79 is a theta lift of some irreducible cuspidal tempered automorphic repre-
sentation of O(2n + 2), then (1.0.2) can be deduced from Ichino-Tkeda’s conjecture for
SO(2n+2) x SO(2n+1). In this case, if mp is not a theta lift from O(2n + 1), then both
sides of (1.0.2) vanish. In particular, when n = 1, (1.0.2) holds for Sp(4) x Mp(2), if the

automorphic representation on Sp(4) is a theta lift from O(4).



See Theorem 7.1.1 and 8.1.1 for the precise statments. See also Theorem 8.6.1 for an analogous
statement in the case r = —1. In the course of proving these results, we derive a variant for
the Ichino-Ikeda’s conjecture for the full orthogonal group, c.f. Conjecture 6.3.1 and Proposi-
tion 6.3.3. I hope that this variant is of some independent interest. See [10] for the case of the
triple product formula on GO(4).

Ichino informed the author that there is some minor inaccuracies in the original formulation
of Ichino-Tkeda’s conjecture [24, Conjecture 2.1] when the automorphic representation on the
even orthogonal group appears with multiplicity two in the discrete automorphic spectrum. In
this case, one needs to specify an automorphic realization. Moreover, the size of the centralizer
of the Arthur parameter needs to be modified accordingly. We will take care of this modification
in Section 6.

It is expected that our conjecture is compatible with the refined Gan—Gross—Prasad conjecture
for SO(2n + 2r + 1) x SO(2n) proposed by Liu [36]. To keep this paper within a reasonable
length, we postpone to check this more general compatibility in a future paper.

This paper is organized as follows. The first part of the paper consists of Sections 2, 3 and 4.
In Section 2, we first define the Fourier—Jacobi periods and the local linear form c«,. Then
we state the conjectural formula for the Fourier-Jacobi periods. In Section 3, we show that
the local linear form «,, is well-defined, i.e. its defining integral is either absolutely convergent
or can be regularized. We also prove a positivity result for «,. In Section 4, we compute a,
when all the data involved are unramified. The argument is mostly adapted from [36]. The
second part of this paper consists of Sections 5, 6, 7 and 8. In Section 5, we state some working
hypotheses on the local and global Langlands correspondences and make some remarks on the
theta correspondences. For orthogonal groups and symplectic groups, these hypotheses should
follow from the work of Arthur [2]. For metaplectic groups, they should eventually follow from
the on-going work of Wen-Wei Li (e.g. [31]). In section 6, we review the Ichino-Ikeda’s conjecture
and derive a variant of it for the full orthogonal group. In Section 7, we study the conjecture
in the case Mp(2n) x Sp(2n) via a seesaw argument. This type of argument has also been used
in [3,11,50]. In Section 8, we study the conjecture in the case Sp(2n + 2) x Mp(2n). For the
convenience of the readers, we remark that Section 3, 4 and the second part of the paper are
logically independent. Section 7 and 8 are also logically independent. They can be read in any

order.

NOTATION AND CONVENTION

The following notation will be used throughout this paper. Let F' be a number field, oz the
ring of integers and A the ring of adeles. For any finite place v, let of, be the ring of integers

of F,, and w, a uniformizer. Let g, = |0F,,/w,| be the number of elements in the residue field of



v. We fix a nontrivial additive character ¢ = ®, : F\Ap — C*. We assume that 1) is unitary,
thus ¢~ = 1. For any a € F*, we define an additive character 1, of F\Ap by v,(z) = 1 (azx).
For any place v of F, let (-,-)r, be the Hilbert symbol of F, and 7, the Weil index, which is
an eighth root of unity. Note that [], vy, = 1.

Suppose that V' is a vector space and vq,---,v, € V. Then we denote by (vq,---,v,) the
subspace of V' generated by vy, ,v,. We write S(V') for the space of Schwartz functions on
V.

Let (V,qy) be a quadratic space of dimension n over F' where V is the underlying vector
space and qy is the quadratic form. We can choose a basis of V' so that its quadratic form is
represented by a diagonal matrix with entries ay,--- ,a,. We define the discriminant disc V' of
V by

n(n—1)

discV =(-1)"2 ay---a, € F*/F*2%

Define a quadratic character xy : F*\A% — {£1} by xv(z) = (z,disc V).

Let (W, qw) be a symplectic space of dimension 2n over F' where W is the underlying vector
space and qyy is the symplectic form. Then we denote by Sp(W) or Sp(2n) the symplectic group
attached to W and Mp(W) or Mp(2n) the metaplectic double cover. By definition, if v is a
place of F', then Mp(W)(F,) = Sp(W)(F,) x {£1} and the multiplication is given by

(g1, €1)(g2, €2) = (9192, €1€2¢(g1, 92)),

where ¢(g1, g2) is some 2-cocycle on Sp(W) valued in {1} [11]. Moreover

HMp /{16M|Hev_1}

If g € Sp(W)(Ap) (resp. Sp(W)(Fy)), then we define t(g) = (g9,1) € Mp(W)(Ap) (resp.
Mp(F,)). Note that g — ¢(g) is not a group homomorphism.

By a genuine function on Mp(W)(F,), we mean a function on Mp(W)(F,) which is not the
pullback of a function on Sp(W)(F,). We always identify a function on Sp(W)(F,) with a non-
genuine function on Mp(W)(F,). Suppose that fi,--- , f, are genuine functions on Mp(W)(F,)
and hy, - hs are functions on Sp(W)(Fy) such that the product f;--- f, is not genuine. Then

we write
/ 1(9) - Fo(@)ha(g) - halg)dg = / £1(2(9)) - Fr(u(@))h(g) -~ ha(g)dg.
Sp(W)(Fy) Sp(W)(Fy)

An irreducible representation of Mp(W)(F,) is said to be genuine if the element (1,€) acts by
e. We always identify an irreducible representation of Sp(W')(F,) with a non-genuine represen-
tation of Mp(W)(F,). We make similar definitions for genuine functions and representations of
Mp(W)(AF).



Suppose v is a non-archimedean place of F' whose residue characteristic is not two. Let
B = TU is a Borel subgroup of Sp(2n) and B = TU the inverse image of B in Mp(2n)(E,).
Then T ~ (F*)" x {£1}. We define a genuine character X (t) of T by

Xw'u((t17 o ’tn)’ 6) = nywv’}/l;vl’tlmtn :

Suppose that the conductor of v, is 0r,. By an unramified principal series representation

of Mp(2n)(F,), we mean the induced representation I(x) = Indl\gp(%)(ﬂ) X, X, Where x be a
character of T' ~ F' defined by x(t1,- - ,t,) = |[t1]*" - - - [tn|*", a1, -+ , ap, € C. This convention
of parabolic inductions of the metaplectic group is the one in [13]. If m, is an unramified

representation of Mp(2n)(F,), then we can find an unramified character x of T as above and
m C I(x). The complex numbers (ai,---, ;) are called the Satake parameters of m,. Note

that the Satake parameters of 7, depend also on 1),,.
Wy
We write 1, for the rxr identity matrix. We recursively define w; = {1} and w,, = (1 " 1) .

Suppose a = (a1, -+ ,a,) € (F*)". We let diag[ay, - - , a,| be the diagonal matrix with diagonal
entries ay,--- , ap.

Suppose that G is a unimodular locally compact topological group and dg a Haar measure.
Suppose that 7 is a representation of GG, realized on some space V. Let f be a continuous
function on G. Then we put (whenever it makes sense, e.g. f is compactly supported and

locally constant)
w(hp = [ Hayeta)ada

Let S be a finite set of places of F. We define a constant A2, as follows. If G = Mp(2n) or
Sp(2n), we define A2, = [, (2(2i). If G = O(V) or SO(V) when n = dim V'
define

AV

3, then we

C§(2)C§(4) e C}g(” - 1), if n is odd

AZ =
C | F@GE@ - G- 2L5(, ), ifnis even,

Suppose that v is a place F', then we define Ag, in an analogous way, replacing the partial
L-functions by the local Euler factors at v. In this case, if T' is a split maximal torus in Sp(2n)

and T is the inverse image of T in Mp(2n), then we define Az =Ar,=1—-qg )™
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Part 1. Conjectures

2. CONJECTURES FOR THE FOURIER—JACOBI PERIODS

2.1. Global Fourier—Jacobi periods. Let (Wa, ¢2) be a 2m dimensional symplectic space over

F. We choose a basis {e},,--- ,e],e1, -+ ,em} of Wy so that ga(e},ej) = 6;;. For 1 < i < m,
let R; = (ém—it+1, " ,em) and Ry = (e}, ---,e5 . 1) be isotropic subspaces of Wy. Put

Ry = Rj = {0}. Let 0 <r < m be an integer and put n = m — r and (W, qo) the orthogonal
complement of R, + Ry. We define (Wy,q1) = Wo + (ens1,€),41). Let G; = Sp(W;) and
Let 0 <14 <mn be an integer. Let P; be the parabolic subgroup of G5 stabilizing the flag

0=RyCRyC---CR;,

with the Levi decomposition P; = M;N;. Here and below in this article, the notation P = M N
signifies that M is the Levi subgroup and N is the unipotent radical of P. We denote by W*
the orthogonal complement of R; + R} and G* = Sp(W?). Then M; = G* x GL!. Let 1y, be the
character of N,, defined by

m—1
m(n) =9 | Y q2(nef,_ji1,em—s) + q2(nei, €f)
j=1

Let v; be the restriction of ¥, to IV;.
Let H = H(W)y) be the Heisenberg group attached to the symplectic space Wy. By definition,
H = Wy x F and the group law is given by

(wi,t1) (w2, t2) = (w1 + wa, t1 + t2 + qo(wi, w2)).
The group H embeds in G5 as a subgroup of G; and H = Gi N\ N,, N, = N,_1H. Let
L = (e1, -+ ,en) and L* = (e},--- ,ej). Then Wy = L + L* is a complete polarization. We
sometimes write an element h € H as h(l 4+ [*,t) where [ € L, [* € L* and t € F. Let v be a

place of F' and wy, be the Weil representation of H(F,) which is realized on S(L*(Fy)). It is
defined by

wy, (Wy +2,0) F(I7) = Pt + @2z + 15 9) f(" + ), fe S (F)), Iz € L7(F,),y € L(Fy).

This is the unique irreducible infinite dimensional representation of H(F,) whose central char-
acter is 1,. It induces an action of CAJB(FU) on S(L*(F,)). We denote the joint action of
H(F,) x Go(F,) on S(L*(F,)) again by wy, . We take the convention that if Wy = {0}, then

wwv = w'U'



Taking restricted tensor product of the Weil representations wy,, we obtain a global Weil
representation wy of H(Ap) x CA?B(AF) which is realized on S(L*(Ar)). We define the theta

series

Oy(hgo,d) = D wulhgo)d(l"), ¢ € S(L*(Ar)),h € H(AF), g0 € Go(Ar).
I*eL*(F)

We now talk about automorphic representations. There are two cases.

Case Mp: Let m = ®ma, be an irreducible cuspidal genuine automorphic representation of
@(A r) and ) = ®m,, be an irreducible cuspidal automorphic representation of Go(Ap).

Case Sp: Let my = ®my,, be an irreducible cuspidal automorphic representation of Ga(Af)
and my = ®my, be an irreducible cuspidal genuine automorphic representation of CTO(AF).

Let S be a sufficiently large finite set of places of F' containing all archimedean places and
finite places whose residue characteristic is two, such that m ,, and m, are both unramified and
the conductor of v, is op, if v € S. Let (o, ,mo) and (Bi,v,- -, Bnw) be the Satake

parameters of m , and mg , respectively. Put

A diaglo v, -+ 5 Qmvs a;ﬁv, e ,041_711]] Case Mp,
2 pr—
diag[al,va oy Omy, 1a a;iyv e 7a£11;] Case Sp7
and
A diag[ﬁl,’v)"' 7571,1))1)57:})7'” 751771%] Case Mp7
0 p—

dia'g[ﬁl,’w"' 7/8717’117 1:})7 761_7;] Case Sp

We then define the tensor product L-function

Ly, (5,2 X Toe) = det(l — Ay ® A - qus)*l, Li(s, Tg X 7o) = H Ly, (8,25 X Tow).
oS
The partial L-function is convergent for Rs > 0. We denote by Ly, (s, 74, Ad) and Li (s,m;, Ad) =
vas Ly, (s, 4, Ad) the (local and partial) adjoint L-functions of m;. If 7; is an automorphic
representation of the metaplectic group (resp. symplectic group), then they depend (resp. do
not depend) on 1. We include the subscript ¥ in both cases to unify notation. We assume that
these L-functions can be meromorphically continued to the whole complex plane.
Let @g € ma, o € mp and ¢ € S(L*(Af)). Define

Fji/)(@?a ©o, (b)

w2(uhgo)po(go)¥r—1(u)by(hgo, ¢)dudhdge.

/Go<F>\Go<AF) /H<F>\H<AF> /NH(F>\NT1<AF>

The measures du and dh are the self-dual measures on N,_1(Ar) and H(Ap) respectively. The

measure dgo is the Tamagawa measures on Go(Ar).



2.2. Local Fourier—Jacobi periods. We fix a Haar measure dgg, on Go(F),) for each v such
that the volume of Gy(0,) equals one for almost all v. Then there is a constant Cy such that
dgo = Co [ [, dgo,»- Following [21], we call Cy the measure constant.

Let By, (i = 0,2) be the canonical bilinear pairing between 7; and «;” defined by
Bual') = | ol9)e (9)dg. g em, o €.
Ga(F)\G2(AF)

We fix a bilinear pairing By, , between m;, and 7szu for each place v such that By, =[], By, -

Put @, v (9) = Br,, (Tiw(9) @i, #)),) i in € Tip and @, € 7,
The contragredient representation of wy is wy-1 (again realized on S(L*(Ar))) and there is

a canonical pairing between wy, and wy-1 given by

Bo, (6,6") = / o(1)6" (), 66" € S(L*(Ap)),

L*(AF)

where the measure di* is the self-dual measure on L*(A). Similarly, for any place v, there is a

canonical pairing between w,,, and w pot given by

B (90,6 = [ 6O, 60,07 € SR

where the measure di* is the self-dual measure on L*(F). Then By, = [[, Bu,, - Put @4, 4v(g) =

Buy, (e, (9)bv, ¢))-
We now fix a place v of F. Recall that the group P,, of G2 is a minimal parabolic subgroup

which is contained in P,_;. For any real number v or v = —o0, define
Ny = {u € N(Fo) | lgz(ueq, e1)| < €7, |qa(ueiyy, e)| < €7, 1 <i<m—1}

For any v > —oo, we define N;, = N;(F,) N Ny, . Define

Fuo @y, oy (hgo) = lim Do, 0y (hgou)r—1p(u)du, @2, € T2, 03 € T3y
) 2,v y—00 Nr_l’fy(Fu) ) 2,v ’ )

where h € H(F,) and gy € Go(Fy) in the case Sp (resp. go € évo(Fv) in the case Mp). Define
av(902,v7 905/,1” ©0,v;5 (PE)/,m ¢v7 (1)1\;/) = / / Fw¢¢27v,¢¥v (hQO)(I)cpo,v,cp(\)/v (90)(1)451;,(1)1\,/ (hgo)dhdgo,
Go(Fy) JH(Fy) ' '

for iy € Tiw, 0y € Ty v, by € S(L*(Fy)). If 7 < 1, then it is to be understood that
]:1/)(1)302,1;,30{@ =
H(F,) is void.

02,003 .- Moreover, if r = 0, then it is to be understood that the integral over

Proposition 2.2.1. Assume that w2, and 7o, are both tempered. Then the limit in the defini-

tion of Fy,® exists. Moreover, the defining integral of o, is absolutely convergent.

Vv
P2.v 7@271;

10



If m;, is unitary, then we may identify TI'Zv with 7;,,. We then define

av(@?,vv P00, ¢v) = av(902,v7 P20, P0,vs PO, ¢v7 E)

Proposition 2.2.2. Assume that 7o, and 7o, are unitary and tempered. Then ou, (Y2, Po.u, Pv) >
0 for all smooth vectors @2, € T2, Pou € Tow and ¢, € S(L*(F)).

These two propositions will be proved in Section 3.

We now consider the unramified situation. Note first that the symplectic spaces W;’s, the
isotropic subspaces R;’s and hence the groups G;’s are naturally defined over op. Let S be
a sufficiently large finite set of places of F' containing all archimedean places and finite places

whose residue characteristic is two, such that if v € S, then the following conditions hold.
(1) The conductor of 1, is 0f,.

(2) ¢'U - ¢1\)/ = 1L*(0F,v)
(3) For i = 0,2, ¢, and ¢/, are fixed by Gi(or,) and satisfy Br, ,(¢iv,¢f,) = 1. In

particular, the representations m; , and 7, are unramified.
b

@) Jeo(or,,) 400 = 1.
Proposition 2.2.3. If v € S and the defining integral of o, is convergent, then

va (%’ 2,0 X 770,0)
Ly, (1,700, Ad) Ly, (1,724, Ad)

av(@Q,m 805/71)7 ©0o,v, 90(\)/71)7 ¢’U7 (bq\)/) = AGQ,U

We will prove this proposition in Section 4. Note that in this proposition, we do not assume

that the representations s, and mg, are tempered.

2.3. Conjectures. Following [21] and [30], we say that the representations 7o and 7 are almost
locally generic if for almost all places v of F, the local components 7, and 7, are generic.
Suppose that we are in the case of Mp. As explained in [24], the automorphic representations

o and 7 should come from some elliptic Arthur parameters
Wy : Lp x SLy(C) — Ga = Sp(2m,C), Ty : Lp x SLy(C) — Gy = SO(2n + 1,C)

where Ly is the (hypothetical) Langlands group of F. If 7; is tempered, then W; is trivial on
SLo(C). It is believed (Ramanujan conjecture) that almost locally generic representations are
tempered. We define Sy, (resp. Sr,) to be the centralizer of the image of W5 in Gs (resp. é;)
They are finite abelian 2-groups. In the case Sp, we have the same discussion, except that we

replace Go by G9 and replace Gy by CTO.

Conjecture 2.3.1. Assume that mo and my are irreducible cuspidal automorphic representations

that are almost locally generic. Then the following statements hold.
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(1) The defining integral of (02,0, 93 4 P0.0s PGy Pus Py ) i convergent for any K;-finite
vectors iy, cva and Ko-finite Schwartz functions ¢y, ¢y, where K; is a mazimal compact
subgroup of G;(Fy), i =0,2;

(2) av(p2,0, 900, Pv) = 0 for any K;-finite vectors p;, and Ko-finite Schwartz function ¢,.
Moreover, o, (2., Pow, Pv) =0 for all K;-finite @;, and Ko-finite ¢, precisely when

Homy,  (F,)u(H(Fy)nGo(Fy)) (T20 @ Tow @ Yr_1,0 ® wy,, C) = 0;

(3) Assume that p; = @iy € m (1 =0,2) and ¢ = Ryd, € S(L*(AF)) are factorizable,
then
(2.3.1)

C()AS LS(S,TFQ X 7T0)
FT (02, 00, )2 G2 v

— X Ay P2 v, P00, va .
[SeallSny L5(5 + 3, ma, Ad)Y LS (s + 3, 7m0, Ad) ls=4 [T e )

s==
2 veS

Remark 2.3.2. Tt follows from the Proposition 2.2.3 that the right hand side of (2.3.1) does not
depend on the finite set S.

Remark 2.3.3. Assume that w2 and 7 are both tempered. It is then believed that Li(s, o X ()
and Li(s, 7, Ad) should be holomorphic for Rs > 0. Moreover, Li(l7 i, Ad) # 0.

Remark 2.3.4. Without the assumption of almost local genericity of mo and 7y, we expect that
local linear forms «, can be “analytically continued” in some way so that it is defined for all
representations my, and mg,. This is indeed the case if v € S. Thus «, is well-defined for all v
if my and 7o satisfy the property that mo, and mg, are both tempered if v € S. Moreover, we
expect that the identity 2.3.1 holds with the quantity |Sy,||Sx,| replaced by some 2=# where f3

is an integer. The nature of 3, however, remains mysterious at this moment.

We end this section by writing Conjecture 2.3.1 (3) in an equivalent form which does not

involve the finite set S. We may define the completed L-functions
Ly(s,ma x mg), Ly(s,m,Ad), i =0,2.

The actual definition of the local Euler factor of these L-functions is not essential to us since
Conjecture 2.3.1 does not depend on the definition of these Euler factors. Put

Ly (s, X m0)
Ly(s+ %,Fz,Ad)Lw(S + %,WQ,Ad) s=1

L= Ag,

and let £, be its local Euler factor evaluated at s = % at the place v. Define
o = L .
Then the identity (2.3.1) can be rewritten as

S C
(2.3.2) fjw-fjwz#ﬁ'ﬂai-
| S [[:So

(2
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The product is convergent since there are only finitely many terms which do not equal to 1.

This is an equality of elements in

Hom(ﬂ'g Ry R Yp—1 ® ww,(C) & Hom(ﬂ'Q Ry R Yp_1 ® Wy, (C).

Note that by [37,45,46], this space is at most one dimensional. So we know a priori that there

is a constant C' such that

FTyp  FTy = C‘Haf).
v
The point of Conjecture 2.3.1 is thus to compute the constant C.

3. CONVERGENCE AND POSITIVITY

For the rest of Part I of this paper, we fix a place v of F' and suppress it from all notation.
Thus F is a local field of characterstic zero. To shorten notation, for any algebraic group G or
G = Mp(2n) over F, we denote by G instead of G(F') for its group of F-points. We have fixed a
basis {e},, - ,ej,e1, -, em} of Wa. We thus realize the group G and its various subgroups as
groups of matrices. We also identify W;, L, L* as spaces of row vectors. We put K; = G;(op).
This is a maximal compact subgroup of G;. The group P,, consists of upper triangular matrices.

The group P,, N G; is a minimal parabolic subgroup of G;.

Suppose a = (a1, - ,a,) € (F*)". Then we let d(a) € Go so that d(a)e! = a;e} for any
1 <i < n. We also put a = diaglay, -+ ,a1] € GLj,.
3.1. Preliminaries. We recall some basic estimates in this subsection. We follow [24, Section 4]

rather closely.

Let G be a reductive group over F. Let Ag be a maximal split subtorus of G, My the
centralizer of Ag in G. We fix a minimal parabolic subgroup Py of G with the Levi decomposition
Py = MyNy. Let A be the set of simple roots of (Py, Ag). Let dp, be the modulus character of
Fy. Let

Al ={a€ Ay ||a(a)] <1 forall « € A}.

We fix a special maximal compact subgroup K of G. Then we have a Cartan decomposition

G=K AgK . We also have the Iwasawa decomposition
G = MoNoK, g =mo(g)no(g)ko(g)-

Let f and f’ be two nonnegative functions on G. We say that f < f’ if there is a constant
C such that f(g) < Cf'(g) for all g € G. We say that f ~ fif f < f' and f’ < f. In this case
we say that f and f’ are equivalent.

For any function f € L'(G),

(3.1.1) Lr@aa= [ vt [ pmbo)atdraam,
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where v(m) is a positive function on Ag, such that
(3.1.2) v(m) ~ dp,(m) L.

Let 1 be the trivial representation of My and let e(g) = dp, (Mo (g))% be an element in Ind]GgO 1.
Let dk be the measure on K such that vol K = 1. We define the Harish—Chandra function

=(9) = [ etkg)at = [ op,(mo(k)) dr.
K K
This function is bi-K-invariant. This function depends on the choice of K. However, different
choices of K give equivalent functions on G. So this choice will not affect our estimates.
We define a height function on G. We fix an embedding 7 : G — GL,,. Write 7(g) = (a;;)
and 7(g71) = (b;;). Define
(3.1.3) s(g9) = sup{1,log|a;;|,1og|bi;| | 1 <i,j < n}.

There is a positive real number d such that

D=

(3.1.4) So(a)? < E(a) < do(a)2s(a)?, ac Af.

Now let m be an irreducible admissible tempered representation of G. Let ® be a smooth

matrix coefficient of G. Then there is a constant B such that

(3.1.5) [2(g)] < E(g)s(9)”.
This is classical and is called the weak inequality when ® is K-finite and due to [44] when ® is
smooth.

We finally assume that G = Mp(2n). This is not an algebraic group, but it behaves in
many ways like an algebraic group. In particular, we have a Cartan decomposition for G, i.e.
G=K AEK where K is the inverse image of a special maximal compact subgroup of Sp(2n)
(e.g. Sp(2n)(oF) if F is nonarchimedean and U(n) is F is archimedean) and A/, is the inverse
image of Aérp(%) in G. We define Z¢ = Zg,(9,) © p where p : G — Sp(2n) is the canonical

projection. Then the weak inequality holds for tempered representations of G.

3.2. Some estimates.

Lemma 3.2.1. There is a d > 0, such that
/ i (um)s(u) ~4du
Ni+1ﬂGi

1s absolutely convergent for all m € Gy. Moreover, in this case, there is an 3 > 0 so that
/ Eai(um)s(u) ~4du < Egivi (m)s(m)?,  m e Gy.
Ni+1ﬂGi
Proof. In the archimedean case, this is [17, § 10, Lemma 2]. In the non-archimedean case, this

is [13, Theorem 4.3.20]. O
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Lemma 3.2.2. There is some constant ¢ > 0 so that
Za(99) < Egr(9)e™).
In particular, if g =1, then we have
=(g") > e~s(d),

Proof. This can be proved by mimicking the argument in [18, Section 3.3] and [30, Lemma 3.11].
[l

Lemma 3.2.3. Fiz a real number D. Then there exists some B > 0, such that
/ Zai(um)s(w)Pdu < vP¢(m)PEgisa(m), m e G
Ni+1’,yﬂGi

Proof. We fix some real number b to be determined later. We denote the left hand side of the
inequality by I. Then, I = I, + I>j with

1@:/’ 1y () (um)s () Pdu

N,H_L’YQGZ

Izb = / 1§Zb(U)EGi (um)§(u)Ddu,
NiJrl,'ymGi

where 1. is the characteristic function of {u € N;11 N G® | ¢(u) < b} and 1.y is the charac-
teristic function of {u € Nyy1 N G* | ¢(u) > b}.
By Lemma 3.2.1, we have

I < bd/ 1eep(u)Eqi (um)s(u)P~4du
N¢+17—YﬂGi
< B (m)M Z g (m),
where (3 is a positive real number and d is a positive real number so that the integral

/ i (um)s(u)P~4du
Ni+1ﬂGi

is convergent.
Let A : Niy1 N G* — F be a character defined by A(n) = g2(nel, _;,em—i—1). Then by [,
Corollary B.3.1], there is an € > 0, such that the integral

‘/ Eqi(w)e“™e(u)P (1 + [Muw)|) " du
Ni+1mGi
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is convergent. We have Zq:(um) < e®™Zqi(u) for some o > 0, c.f. Lemma 3.2.2. It follows
that

Isp < e25(m) / Lesp(w)Zgi (w)s(w)Pe™ (1 + [A(w)]) "te M (1 + [A(w)|)du

Ni+1,“fmGi

< estmeb(y 4 o) / Loy (w)Z s (u)s (w)Pe“ ) (14 [A(u) )~ du
Nit1,,NG?

<o e [ 2 ws e+ )
N¢+1ﬁGi

< esm=eb(q 4 7).
There is a constant ¢ > 0, such that Zgic1(m) > =™ then we have
I < b2 gin (m)s(m)Pt + e@tstm=eb (1 1 eNE i (m).
We may thus choose b = e~ 1(log(1 + €7) + (a + ¢)s(m)) and get
I < (e7%(m)P (v + (@ + )s(m))? + 1)Zgis (m).

Note that «, £1, d and ¢ are constants which are independent of v or m. We therefore conclude
that there is some 8 > 0, such that

I < AP¢(m)PEgis(m).
This proves the lemma. O

Lemma 3.2.4. Fiz a real number D. Then there is some 8 > 0 such that

/ Zai(um)s(u)Pdu < ¢(m)PEgisi(m), m e G
Nit1,-0oNG?

Proof. Choose a subgroup Nt of N;+1NG" so that the multiplication map Ntx (N¢+17,ooﬁGi) —
N;i+1NG? is an isomorphism. Recall that ¢ is itself a matrix coefficient of a (unitary) tempered
representation which we temporarily denote by e. Thus Z¢i(g) = (e(g)v,vY) where (—, —) is
the inner product on e and v,v" € e. It follows from the Dixmier-Milliavin theorem [7] that v
is a finite linear combination of the elements of the form
(n)e(n 1)V dn,
Ny

where f € C2°(Ny). Thus Zg: is a finite linear combination of the functions of the form

9 [ Tm@mg)n,
where f(n) is a compactly supported function on NT and @ is a smooth matrix coefficient of a

tempered representation of G?, namely e. The lemma then follows from Lemma 3.2.3. O
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Lemma 3.2.5. Let f be a nonnegative function on L* such that P(z)f(x) is bounded for any
polynomial function P(x) on L* (e.g. f is compactly supported). Let p : H x Gy — L* be the
projection given by
n
hgo = Y a2(hgoes, i1, €i)e;
i=1
Then there is a real number B such that

/H =6, (hgo) f (p(hgo))dh < Za4(90)s(90)®. g0 € Go.

Proof. By the Cartan decomposition of Gy, we may assume that g = d(a) where a = (a1, -+ ,a,) €
(F), |an| < --- <lai| < 1. Then p(h(l + I*,t)d(a)) = I*a where a = diag[ay, - , a1].
We fix some v which will be detemined later. Let H, = HN Ny, , and H7 be the complement
of H, in H. Then
| zamaansaan - [
H

Hy

=, (@) @)dh + [ g, (hd(a) S,

H~

By Lemma 3.2.3, the first integral is bounded by
77Eg, (d(a))s(d(a)”.

Write [* = (I5,---, %) and " = (0,13,--- ,1%) € F". Then

/H Ea(hg)("w)dh = | S, (h(1+ 17 )d(@)h( a0, 0))](*a)dh.

H~
There is some positive constant « such that

Za, (Rl + 1", )d(a)h(lfan, 0)) < Bg, (h(I+ 1", t)d(a))e> e max{lian] 1}
Therefore

/ Z¢, (hd(a)) f(I*a)dh < / Z¢, (hd(a))dh x / eclogmax{lliant L} £, (1%q, )di7,

HY oo [lFan|>eY

where fj is a function on F' such that fi(z)P(x) is bounded for any polynomial function P on
F. Tt follows from Lemma 3.2.4 that there is a positive real number D such that

| e d@)in < =, @d@)s(d(@)”.

—o0

Since fi1(z)P(z) is bounded for any polynomial function P on F', we have
[ exemmaslliond ) 1, )i < Jan| e,
llan|>e

where the implicit constant in < does not depend on a, or v. We may choose v with v >

—loglay|. Then
/ ealogmax{|lfan\,1}f1(liﬂan)dq < 1.
15 an|>eY
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Therefore
/H Eq, (hd(a)) f(la)dh < Eg,(d(a))s(d(a))”.
.
The desired estimate then follows. O

Lemma 3.2.6. Let ® be a smooth matriz coefficient of a tempered representation m of Go. Then
the limit

lim ®(ng)r—1(n)dn, g€ Go

y—00 Ny_1-
exists and defines a continuous function in ,_1 (for a fized g). If F' is non-archimedean, then
the integral is in fact a constant for sufficiently large ~v. Moreover if g € G1, then

< Eg, (9)s(9)”.

Jim [ amgybn

—1,y
Proof. First recall that N,_1 is the unipotent subgroup of some parabolic subgroup P,_1 of Go,
the Levi part being isomorphic to G1 x GL71“_1. Put T = GLZ_1 and denote an element in T by
a=(ai, - ,ar_1) where a; € F*.

If F' is non-archimedean, the constancy of the integral when -~y is large can be proved in the
same way as [18, Lemma 3.5]. In fact, suppose that ®(g) = (7(g)v,v") where v € 7, vV € 7
and (—, —) stands for the pairing between 7 and its contragradient 7. Suppose that K’ is an
open compact subgroup of Go such that v and v¥ are fixed by K’. Let K" = K'ngK'g~".
This is an open compact subgroup of Gao. Let ¢ > 0 and T, be the subgroup of 7' consisting of
elements a = (a1, -+ ,a,—1) so that |a; — 1| < e~ ¢ for all i. The intersection 7N K" is an open
subgroup of T'. Moreover 7(g)v and vV are both fixed by T'N K”. Thus there is some ¢(g) > 0
depending on g, and ¢(g) ~ ¢(g), such that 7(g)v and v" are fixed by T, (4. We have

/Nr gydrl d”_/r m/ (a~'nag)v,v*)ir—1(n)dadn

Teg)

_ /N gy ( /T . 1/)7~1(cma1)da> dn.

There is some ¢'(g), ¢/(g) ~ <(g), so that if v > /(g) and n € Ny_1,\N,_; ¢(g), then the inner

1,y

integral vanishes. It follows that if v > ¢/(g), then

/N Bo)iamdn = [ @)

r—1,c/(g)

It also follows, by Lemma 3.2.3, that if v > ¢/(g), then there is some D > 0 so that

/N R

As d(g) ~ <(g), we get the desired estimate (possibly for some larger D). This proves the lemma

D= D

< d(9)"Ea (9)s(9)”, g€ G

in the non-archimedean case.
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From now on we assume that F' is archimedean.

To simplify notation, we put

(7,9,®) = /N (ng)r_1(n)dn, g€ Gi.

—1,7
Note that to prove the limit exists, we may even assume that g = 1. By the Dixmier—Malliavin

theorem, it is enough to prove the lemma for lim,_,o (7, g, f * ®) where f € C2°(T') and

/ F() (¢ gt)dt

is a function on Gy. When there is no confusion, we write 1(vy) = I(v, g, f * ®) for short.

Let (21, -+ ,2,—1) € F" Y and n(x1, -+ ,2,_1) € N,_1 so that n(xq,--- M1)€ = €eh i+
zi—ier;q for i = 2,---r. Let Ny = {n(x1, -+ ,2r—1) | (@1, ,2p—1) € F'1} Ttis a
subgroup of N,_; which is stable under the conjugation by 7" and the multiplication map N; x
N;_1,—0c — Ny_1 is an isomorphism. Let Ni., = N; N N,_1,. We denote by ]/\T\T the group of
additive characters of Ni and by ]/V\Treg the open subset consisting of generic characters. Then
Pro1 € J/V\Jrreg. Let ' be the character of N; defined by 1'(n) = ¢,_1(tnt~'). The map ¢ > ¢
defines a homeomorphism from 7T to NTreg. A compactly supported function on T is then
identified with a compactly supported function on ]/V\Treg. We may thus talk about the Fourier
transform of f, which is a Schwartz function on N;. Let t1,--- ,t,_y € F* and t € T so that
tn(zy, - ,xr—1)t™ " = n(ti21,--- ,t,_12,-1). The measure |t;---t,_1|dt is, up to a positive
constant, the restriction of the self-dual measure of N to N8 under this homeomorphism. We
may assume that the constant is one.

We have

/ /f D(t™ ntg)d)r 1(n)dtdn
(3.2.1) :/er/Tf(t) 1y, .. (n)®(t 'ntg)yr_1(n)dtdn

= f(t) 1Nm(tnt*1)mdt ®(nn'g)dn’ | dn,
Ny \JT Nr_1,—oo

where in the last identity, we have made the change of variable n + tnt~! and split the integral
over V,_1 as a double integral over Ny X Ny_1 .

We claim that there is a constant C' which does not depend on « so that

r—1
(3.2.2) t)1n, (tnt_l)wt(n)dt’ < C [ [ max{1, |a;]} ",
i=1
where n = n(xy, -+ ,x,—1) € Ni. In fact, we integrate t; € F'* with |z;| < 1 via integration by

parts. The anti-derivative of 1fj.j<.vy(2t)y(2t) is a function of the form |z|~' X, (xt) where X,
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is bounded by a constant independent of . It then follows that

/ f 1N1L tnt ! ¢t dt / H |x1’ tl)afl(th T 7t7‘—1)dt7

iz | <1

where f1(t1, -+ ,tr—1) = f(t1, -+ ,tr—1)|t1---t,—1|7 " and Of; is the partial derivative of f; with
respect to all ¢; such that |z;| < 1. As f, so fi, are in C3°(T'), and X is bounded by a constant
independent of 7, the desired estimate (3.2.2) follows.

y [5, Corollary B.3.1], the integral

r—1
/ / H max{1, |z;|} ' ®(n(zy, -, 2,_1)n'g)dn/dn
Ny

Nr—l,—oo i=1

is convergent. By the Lebesgue dominated convergence theorem, we have

WIE&I( K / (/T vh—>nolo f(t )1Nm(mt_1)wt(n)dt> </Nr1,w @(nn’g)dn’> dn
/NT /]Vr . Y®(nn'g)dn’dn.

The rest of the assertions of the lemma follow easily from this expression. O

3.3. Proof of Proposition 2.2.1. The case r = 0 is rather straight forward. Indeed, in this
case Go = G1 = G2. By the weak inequality, we only need to prove that

/ Za(9)%] @400 (9)]dg
Go

is absolutely convergent. By the Cartan decomposition and the estimates (3.1.2) and (3.1.4),

the convergence is reduced to the convergence of

a2 logla day ---da
/an<“'<a1|<1’ o ( Z zl) '

This is clear. Proposition 2.2.1 is thus proved when r = 0.
The case r > 2 follows from the case r = 1 by Lemma 3.2.6.

We now treat the case r = 1. In this case G3 = G1. The defining integral of o reduces to

a(902780§/a<ﬂo,905/,¢,¢v)=/G /}I(I)cp,tpv(hng)(DLpO,gog(gU)(I)(b,(Zﬁv(th)dhnga
0

Since mo and 7y are both tempered, we need to prove that

/ / =, (hg0)Ecy (90) B v (hgo)|dhdgy
Go JH

is convergent.
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Let go = kid(a)ke be the Cartan decomposition of gy where a = (a1,--- ,a,) € (F*)™ with
las] < -+ < lar] < 1. We first estimate |®4 4v(hd(a))|. We claim that there is a function f on
L* so that f(I*)P(l*) is bounded for any polynomial function P on L*, such that

(3.3.1) B v (h(1 + 1%, t)d(a))| < |det al? f(I*a).

Indeed
By ({1 + 7, 1)d(a))] < |detal3 / 6(za+ a)¢" (2)|de.
L*

Thus to prove (3.3.1), it is enough to prove that for any polynomial function P on L*,
sup P [ lolea+y)6" (@)lds < .
yel* L*
We have
sup [P(y)| [ [p(za+y)o” (z)|dx < / (Sup | P(y)d(za + y)l) |6 (2)|dz.
yEL* L* * yEL*
Since P is a polynomial function, we may choose a sufficiently large N, such that
Sup |P(y)¢(a+y)| < (L+ [zran] + - [zaar )V < (14 [21] + - [aa])7,
yeL®
where z = (z1,--- ,x,) € L*. We have the second inequality because |a;| < 1 for all i. Then
[ (swp P@otaa + e’ @lde < [ (ko] 4 o) V6" (@)]ds < o
L* yeL* L*
We have thus proved (3.3.1).
By (3.1.1), to prove the convergence of the defining integral of «, it is enough to show the

convergence of
1
[ [ Za i+ v d@)Za )5k, da)ldet ol £0"@)dhda.
Go
Then Lemma 3.2.5 reduces the convergence of this integral to the case r = 0.

3.4. Proof of Proposition 2.2.2. We are going to use the notation in the proof of Lemma 3.2.6,
one paragraph before (3.2.1). To simplify notation, we write ®,, = ®y, »,;, @ = 0,2 and ¢, =
Dy .

To facilitate understanding, we divide the proof into several steps.

Step 1. The goal is to reduce the Proposition to the inequality (3.4.1)

In order to prove that a(ys2, @0, ®) > 0, it is enough to show that for any function f € C°(T),

we have

IANRCYS

o, (”hgo)%l(mtl)dn) D 1y (90) (o) £ (1) T dhdgodt > 0.

~1
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We denote this expression by I. Since f(t) is compactly supported, by Fubini’s theorem, we

have
-/ ( [ [ e, nhgo)f(t)f(t)%1(tnt1)dndt> @, (90) T (g} dclgo.
Go JH TR Nr_1,5
We denote the integral in the parentheses by I1. It follows from Lemma 3.2.6 that
lim P, (nhgo)r—1(tnt=1)dn
y—00 Ny_14

is bounded by a constant which depends continuously on 1,_1. Since f is compactly supported
on T, we can choose this constant to be independent of ¢ (but depends on hgp). Then by the

Lebesgue dominated convergence theorem, we have

IT = lim // P, (nhgo) f(t) f(t)r—1(tnt=1)dndt.

Y—00

Moreover, the double integral on the rlght hand side is absolutely convergent. We can thus

interchange the order of integration. Finally we conclude that

IT = lim /N /T<I><p2(nhgo)f(t)f(t)wr_l(tnt_l)dtdn.

Y—+00

Let fi(t) = f(t)|t1-- -tr_ﬂ*% € C°(T). Recall that the map t — 1! identifies T with ]/\T\Treg

which is an open subset of ]/V\T consisting of generic characters. The measure [t ---t,_1|dt is
identified with the self-dual measure on ]/V\T under this map. In this way, f, as well as fi1, are
viewed as compactly supported functions on ]/\T\T and we may talk about their Fourier transform
fand ]/”\1 which are functions on N;. The Fourier transform of a product of two functions is the
convolution of the Fourier transforms of these two functions. We conclude that

/f %« 1 tnt 1)dt ﬁ(nlng)ﬁ('l@)dng.

Ny

Therefore

Y—00

IT = lim/ / / Oy, (m11'hgo) f1 (n1na) fi(n2)dnadn’dny
Niy JNr—1,—00 / Ny
:/ / / <I)<p2(nlngln/hgo)ﬁ(nl)ﬁ(ng)dngdn’dnl
NT NT Nr-1,-c0

_ R / ’
B /N q)ﬂ2(f1)<p2 (n'hgo)dn’,
r—1,—oc0

where 772(]?1)(,02 =/ N ﬁ(n)m(n)apgdn. This expression makes sense since f is a Schwartz

function on NNV;. Thus to show that I > 0, it remains to show that

/G /H /N CI>7r2(]’;1)<p2 (n’hgo)fbw (go)@¢(hgg)dn'dhdg0 Z 0.
0 r—1,—oco
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Actually, we will show that

(3.4.1) /G / / P, (n’hgo)@% (go)®¢(hgo)dn/dhdgo >0,
0 Nyp—1,—

for all smooth vectors 9 € 79 and g € m. Unlike the proof of [24, Proposition 1.1] and [30,
Theorem 2.1(2)], we cannot apply [20, Theorem 2.1] directly, as G2 x HGq is not reductive.
However, we are going to mimic the proof of [20, Theorem 2.1] to prove (3.4.1).

Step 2. The goal is to reduce (3.4.1) to the case of K-finite vectors.

We claim that it is enough to prove (3.4.1) for a Ko-finite (resp. Ko-finite) vector po € mo
(resp. ¢ € mp). This is only an issue when F' is archimedean. So we assume temporarily that
F' is archimedean. Since K»s-finite vectors are dense in the space of smooth vectors in my, we
may choose a sequence of Ks-finite vectors cpéi) which is convergent to . It follows that @,
is approximated pointwisely by @@gi). Moreover by [11], there exists an element X in the Lie

algebra of GG, which depends on K> only, such that

D0 (92) < By (ma(X)), ma(X) 64" Bty (92) = Ima(X) 6t PEia(g2).

(@)

Since ¢, is convergent to ¢, we see that |ma (X ) |2 is convergent to | (X )pa|?. In particular,

(@)

it is bounded by some constant which is independent of ¢,’. Similarly we choose a sequence

(4)

@y’ of Ko-finite vectors in my which approximate ¢g. Since

/ / / Ea, (n'hgo)ZEa, (90) Py (hgo)dn'dhdgo
GO H Nr—l,—oo

is absolutely convergent, by the Lebesgue dominated convergence theorem

/// (I’wz(n/hQO)‘I’wO(QO)de'dhdgo
GO N 1,—oc0

= 'lim / / / (I)@(i) (n’hgo)<I> (4) (go)¢¢(hgo)dn’dhdgo.
CTYO Nr 1,—c0 2 o

1—00

So the positivity in (3.4.1) for smooth vectors follows from the positivity for K-finite vectors.

From now on, we assume that 9 and ¢g in (3.4.1) are Ko-finite and Ky-finite respectively.
We come back to the situation F being an arbitrary local field of characteristic zero.

Step 8. The goal is to reduce (3.4.1) to the inequality (3.4.2).

Since my is tempered, by (the proof of) [20, Theorem 2.1] (which is also valid when F is
non-archimedean), one can find a sequence of compactly supported continuous functions fz(Z]) on
G5 and a sequence of positive real numbers a() j=1,---,s;, such that ZJ 1 a.) =1 and the

functions

gh s AW (g Za / £ (920) (92)0192
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approximate @, (g5) pointwisely. Moreover, there is a constant Co, such that

|AD (gh)] < C2Z,(gh)-

Similarly, we can find a sequence of compactly supported continuous functions fé? on Gy and a

sequence of positive real numbers b(.i), j=1,--- ki, such that ki 5@ — 1 and the functions
J J=1"j

ki

go+ B9 (g Zb / foj 9090).f (go)dgo

approximate @, (g(,) pointwisely. Moreover, there is a constant C, such that

1B (g0)] < CoZe, (g0).

Since the integral

/G / / a2 (n'hgo)Ea, (90) Py (hgo)dn'dhdgy
0 'r 1,—oc0

is absolutely convergent, by the Lebesgue dominated convergence theorem, to prove (3.4.1), it

is enough to prove that for any i, j,

/G//N w(@fzj(gnhgo)f g >d92>

(/ fo,] gogo (go)dgo) <I>¢(hgo)dn’dhdg0 > 0.

(3.4.2)

We denote the left hand by (. Note that this integral is absolutely convergent. To simplify
notation, we write fo = fQ(ZJ) and fo = félj)
Step 4. Proof of (3.4.2).

We can write the inner product on S(L*) as
Bus (@)= [ wal)o(0)o WIFO1aN.
L+F\H

Using this expression of the inner product, we have

Q :/GO/H/NM,OO ( . fz(gzn/hgé)ﬁ(gﬁdg]z) (/GO fo(gogé)fb(gddgo>

( / ww(h'hga>¢<0>w¢(h’>¢(0>dh’> dn'dhdg,
L+F\H

:/GO/H/NTLOO ( ., fz(gzn'hg(/))ﬁ(gﬁdgz) ( .. fo(gogé)fb(fh))d90>

( / wzp(h’gohgé)cb(())ww(h’go)sb(O)dh') dn’dhdgy.
L+F\H

Note that we have used the fact the the pairing B,,, is Go-invariant.
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We make the following change of variables

90— 95 gh, h— gy W thgo, 0 gyt T R go, g2 — g2l go.

R N | R | ey

fo(g0) fo(go)wy (hgp)$(0)wy (7' go)$(0)dgodggdhdh’dn’dgs,
where L + F embeds in H x H diagonally.

Then

Finally we decompose the integral over G2 as

‘/67‘2/(NT‘1,OO><1(L+F)) [Vrl,w /L+F '
2

/ / f2(g2nhgo) fo(go)wy, . (hgo)#(0)dgodhdn| dgz > 0.
Nyr_1,—00c YH JGo

We conclude that

Q=
G2/(Nr71,7oo ><I(L'FF))

We have thus proved (3.4.2) and hence Proposition 2.2.2.

3.5. Regularization via stable unipotent integral. In this subsection, we give an alter-
native but equivalent way to define the linear functional o when F' is non-archimedean follow-
ing [29,36]. This definition is better for the unramified computation and is valid for nontempered
representations. In this subsection, F' is always assumed to be non-archimedean.

Let N be a unipotent group over F' and f a smooth function on N. We say that f is compactly
supported on average if there are compact subsets U and U’ of N, such that L(dy/)R(0p)f is

compactly supported. Here 0y stands for the Dirac measure on U, i.e. oy = (volU) ™! 1y, and

L((SU/)R(dU)f(n):/N/N(5U/(u')éU(u)f(u’nu)du’du.

If f is compactly supported on average, we then define

/ " fn)dn = / L(5y R (60) f(n)dn.
N N

This is called the stable integral of f on N. The definition is independent of the choice of U
and U’.

We denote temporarily by G a reductive group over F. Let Puin = MpminNVmin be a fixed
minimal parabolic subgroup of G. Let P = M N D Py, be a parabolic subgroup of G. Let ¥
be a generic character of N, i.e. the stabilizer of ¥ in My, is the center of My,. Let @ be an

irreducible admissible representation of G and ® a matrix coefficient of w. Then

Proposition 3.5.1 ([36, Proposition 3.3]). The function ®|n, - ¥ is compactly supported on

average.
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Now let G = Mp(2n). Then Proposition 3.5.1 still holds. The same proof as in [36, Proposi-
tion 3.3] goes through as it uses only the Bruhat decomposition and Jacquet’s subrepresentation
theorem, which are valid for G.

Now we retain the notation Gy, G1, G2 etc. Let ® be a matrix coefficient on Ga (resp. 672)
Define

}—;t@(g) = /S ®(gn)ipr—1(n)dn,

Nr—l

which is a function on Gy (resp. é’;) This definition makes sense because of Proposition 3.5.1.

Lemma 3.5.2. Assume that ® is a matrixz coefficient of a tempered representation of Go (resp.
@;) Then

Ftd(hgo) = Fp®(hgo), h € H,go € Go, (resp. go € Go)-

Proof. By definition,

Fir®a(hgo) = /

((Vol U)_l/ @(unhgo)wr_l(un)du> dn,

Nr_1 U

where U is an open compact set of N,_1. The inner integral, as a function of n, is compactly
supported. Therefore we may take a sufficiently large «y, such that N,._;, contains U and the

support of the inner integral (as a function of n) and that

qu)Z(th) :/ @g(nhgo)wr,l(n)dn.
Nr_1,4

It follows that
Foy @2(hgo) :/

(volU)~* / & (unhgo)pr—1(un)dudn,
Ny_14 U

:/ ®(nhgo)r—1(n)dn x (volU)l/ du
Ny—1,4

U
= FyP2(hgo),

where in the second equality, we have made a change of variable n — u ™ 'n. ([

Thanks to Lemma 3.5.2, if F' is nonarchimedean, then we may use fif instead of Fy, in the
definition of the local linear form «. We will not distinguish .th and F, from now on and write

just Fy.

4. UNRAMIFIED COMPUTATIONS

In this section, we assume the conditions prior to Proposition 2.2.3. In particular, F' is a
non-archimedean local field of residue characteristic different from two. The argument is mostly

adapted from [30], except that at the end we use a different trick, which avoids the use of
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the explicit formulae of the Whittkaer—Shintani functions as in [30, Appendix]. Some of the

arguments which are identical to [30] are only sketched.

4.1. Setup. Fori=0,1,2, let B; = P,,NG; = T;U; be the upper triangular Borel subgroup of G;
where T} is the diagonal maximal torus of G;. We have a hyperspecial subgroup K; = Sp(W;)(or)
of Sp(W;). Recall that the two fold cover G; — G; splits uniquely over K;. We can thus view
K, as a subgroup of G;. Let = (resp. &) be an unramified character of T (resp. Tp). In the case
Sp, we consider the unramified principal series mo = I(Z) of Gy and w9 = I(€) of CTO. In the case
Mp, we consider the unramified principal series mo = I(Z) of Gy and mg = I (&) of Gy. Note that
the unramified principal series representation of the metaplectic group depends on the additive
character 1, even though this is not reflected in the notation. We frequently identify = with an

element in C™ which we also denote by = = (E1,- - ,E,,), the correspondence being given by

E(diag[am7 e 701170’1_17 e 70/’;11]) — |a1‘51 e ‘am|5m

Similarly we identify ¢ with an element in C". The contragredient of 73 (resp. ) is I[(E7!)

(resp. I(§71)). Let fz € I(2), f=—1 € I(E71) (vesp. fe € I(§), fe-1 € I(€71)) be the Ko-fixed

(resp. Ko-fixed) elements with f=(1) = fz-1(1) =1 (resp. fe(1) = fe-1(1) =1). Let

P=(g2) = | fa(kaga)dka, Pe(g0) = [ fe(kogo)dko, Pg(hgo) =/ wy(hgo) 11+ (o) (z)d.
Ko Ko L(or)

and

I(gz,E,ﬁ,w)z/G /H]:wq)z(gglhgo)q)é(go)‘b¢(h90)dhdgo-

Then a(fz, fa-1, fe, fe1, 6:6) = I(1,5,6,4).

Let J = H x Go and J = H x G. We define the Borel subgroup B (resp. B7y) of J (resp.
J ) as a subgroup of J (resp. J ) consisting of elements of the form hby where by € By (resp. EB,
the inverse image of By in CAJE)) and h € H is of the form h(l,t), [ € L. We define the unramified

principal series representation of J (resp. J) as

I(6) = {f € C¥(J) | F(hl, lbohgo) = %, (b0)E(b)B(1)F (hgo)}.
resp.
I7(6,0) = {f € €®(J) | F(h(l,t)bohgo) = 5%,(bo)ﬁw(bo)@(t)f(hgo)},
where &xy(bo) = E(diagltn, -+, t1, 67t )xw(t1 - tn) and ty, -ty ¢, ot Tt are di-

agonal entries of by.
The group J (resp. j) acts on I7(¢£,v) (resp. I7(¢,v)) via the right translation. Let

Kj;=JN K. There is a canonical J (resp. J)-invariant pairing given by

BiF ) = [ S 0k) B, 0)ko)dkdr,
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where f € I7(¢,0), f¥ € I(€71,9) (resp. f € I7(£,0), f¥ € I7(€71,4)).

In the case Mp, there is a canonical inner product preserving isomorphism

wy @ I(€) = Ij(f@% PO fe = fep

where f; 7(hgo) = wy(hgo)$(0) fe(g0), h € H and go € Go. In the case Sp, there is a canonical

inner product preserving isomorphism

wy® 1) = I7(6,9), ¢® fe = fep

where f; 7(hgo) = w;(he(g0))¢(0) fe(¢(90)). Analogues isomorphism also holds in the case Mp.

For the ease of the exposition, we slightly modify our notation in the case Mp for the rest
of this section. For i = 0,1,2, we put G; = Mp(W;) and B; the standard Borel subgroup of
G;. Denote by J = H x Mp(W}), which is a subgroup of G, and B its Borel subgroup. We
denote by K; = Sp(W;)(or) a hyperspecial maximal subgroup of Sp(W;). The metaplectic cover
Mp(W;) — Sp(W;) splits canonically over K;, so we view K; as a compact (but not maximal)
subgroup of G; and an element in K is naturally viewed as an element in G;. Let K; = K1NJ.
The subgroup P; = M;N; (i = 1,--- ,r — 1) is a parabolic subgroup of Sp(WW5) as before. The
metaplectic double cover splits canonically over N;, so we consider N; as subgroups of G2. By
the Weyl group of Mp(W;), we mean the Weyl group of Sp(W;). We let

Wim Wn41 Wn,
W2 long = y  Wilong = y  Wolong =
—Wm —Wn+1 —Wn

be representatives of the longest elements in the Weyl groups Wg,, W, and W, respectively.
They are viewed as elements in G2, G7 and G respectively.

For (E1,--- ,E;) € C™ and (&,---,&,) € C", we denote by = and & the genuine character
of By and By respectively, defined by

E((diag[tmv et t1_17 T 7t7711]ﬂ 6)) =€ (X¢51)<t1) t (XwEm)(tm)y
5((diag[tna T at17tI17 o 7t7;1]7 6)) =€ (Xl/}gl)(tl) e (qugn)(tn)-

We have the unramified principal series representation I(Z) of Gy and I(£,4) of J. We let
fe be the K fixed element in I(&,7) such that fg,E(l) = 1. We will need to integrate over
Mp(Wp). For this, we pick a measure dz on Mp(Wj), such that for any f € C>°(Sp(Wp)), we
have fSp(Wo) f(g)dg = fMp(Wo) f(xz)dz. When integrating over K;’s or K, we always use the
measure so that the volume of the domain of the integration is one.

With this modification of notation, the integral I(gs, =, &, 1) in both cases Mp and Sp can be

written as

I(g2,5, &) :/J . Fp®=(95"9) fe p(krg)dk dg.r.
J
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4.2. Reduction Steps: r > 1. We distinguish two cases: » = 0 and » > 1. We treat the case
r > 1 first.

Let w = wi 110n W2, long be a representative of the longest element in Wg, \We,.

Lemma 4.2.1. If go € G and g5 € J, then

st
Fp®=(g5"gs) =w! Fy(ma(gs) f=) (k1in) (my (92) fz—1 ) (krin)dndky,
K1 JNp_1

where

. . Ar <AT )1
w = =(1wn) f=—1(wn)dn = 2 ! .
[ et iy = £ (52

Proof. By definition,
st

Fp®=(g95 ' 9s) = Br, (12(g5 Lgsu) f=, fo-1)1b(u) " du
Nr_1

st
[ Bumalon o) ()
r—1
By [36, Lemma 3.2] (it is valid also for metaplectic groups since the Bruhat decomposition
is valid for metaplectic groups), there is an open compact subgroup U of N,_j, such that
(73 (92) f=-1)° = R(dup)(m3 (g2) f=-1) and (m2(g2)f=)° = R(6u¥)(m2(g2) f=) are supported in
BQU.}PT,L Then
Fu®=(95'97) = /N Brs (m2(u)(m2(9) f2)°, (73 (92) f=-1)°) o (u) ' du.
r—1

We use the following realization of By,:

st
Bry(p,0Y) =w! o(k1im)e” (kyin)dndk:
2
Ky JNp_1

where

. . _Agq (An 7!
w = /N,.l f=(wn) fz-1(wn)dn = A, <AG1) .

In fact, the pairing is G2 invariant since BoK1wN,_1 is an open subset of G2. The evaluation
of w is as follows. Denote temporarily by f; (i = 1,2) the function on Sp(W;) which satisfies
filx, = 1, fi(bg) = 6;() fi(g) for all b € B; where B; is the Borel subgroup of Sp(W;) and 9; is
the modulus character of B;. Define a function fi on Sp(W7) by

fi(9) = /N  halung)dn.

Then w = f{(1). Since f{(bg) = 61(b)fi(g) and f{|k, is a constant, it follows that f] = wfi.
Therefore

/ f1 (w1 longn)dn = w J1 (w1 1ongn)dn.
NmﬁSp(Wl) NmﬁSp(Wl)
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The left hand side equals
/ f2 (w2,1ongn)dn
Nm

by the definition of f{. It follows from [16, Proposition 4.7] that
AT,

7

/ fi(wi,longn)dn = A
NmmSp(WZ) Gi

W = Ay <AT1>_1
Ag, \Ag,

We continue the computation of F,®=(gy 197). We have

We then conclude that

Favetgron) =wt [ [ [ (malan) 2) uoma (r (g2) fo-1)° ki) () i,
Np—1 JK1 JNp_1
where the integrand is compactly supported. It equals

w! / Fy(ma(gs) f=) (k1im)(my (g2) f=—1)° (kin)dndk,
K1 JNr_1

—w ! / i fw(ﬂ'g(gj)fa)(k'lwn)(ﬂg(QQ)fEﬂ)(klwn)dndkl'
K1 J Ny

By Lemma 4.2.1, we have

st
HonZ &) =w [ [ [0 [ piings )y (o) foos (iom) e ag)dkdndidgs.
JJKy JNp—1 JKy

Let
ZS = (1, o ,1) S L*, m = wl,longh(l870) € Gl, n = IUT]1 S Gz.

Lemma 4.2.2. The double coset Ban(N,_1 x By) is open dense in Gs.

Proof. This is straightforward to check. O

Thanks to this lemma, we can define a function Yz ¢, on G2 with the following properties.
(1) Yz e w(bagah(l, )bou) = (E7101,7)(b2) (€05, ) (b0) b () y—1 () Yz 6 (g2) for any by € Ba,
bo € By, l € L and u € N,_;.
(2) The support of Yz ¢ is Ban(N,—1 x By).
(3) Yeeup(n) = 1.
The space of functions that satisfy the first two conditions is one dimensional by Lemma 4.2.2.
We have

Yz ¢ (banh(l, )bou) = (Z7165%) (b2) (€6 52%) (b0) (D)1 (w),
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for by € Ba, by € By, [ € L and v € N,_;. We define a function T= ¢ on G2 as

/fwfa(gng)fw(gJ)ng, 92 € Bon(Ny—1 % By),
Tzewl(g2) =4 /7
0, otherwise.

If the defining integral of T= ¢, is convergent, then we have
Tzg(92) = Tegp(n)Yz-16-15-1(92), 92 € Ga.

We assume that the defining integral of Tz ¢y is convergent for the moment. This will be

proved later. It follows that
1(927 Ea 5) ¢)

st
:wl/ / / T= ¢ (Frimk )y (g2) fz—1 (krin)dk dndk,
Kl Nr—l KJ

st
:WilTE@d](n) / / YE_17§_17¢_1(k:lu'mkj)wg(gg)fga(k:lu'm)dkrjdndkl.
Ky JNy—1 VK

Define
(4.2.1)
st
Sé_17£_1’¢_1 (92) =w ! / / YE_1’§_17¢,_1(klwnkJ)WQV(gg)fE_1(klwn)dkjdndk:l.
Ky JNy—1 VK
Then we have

I(g92, 2, &%) = T (1) SE-1 g1 -1 (92)-

4.3. Reduction Steps: r = 0. We now treat the case r = 0.

The integral we need to compute is

HarZ6w) = [ [ ] feluatepthog; o) dhudtads

We define
lo = (1, cee ,1) €L, n= w(),longh(lo,()) e J

Similar to Lemma 4.2.2, it is straightforward to prove the following lemma.
Lemma 4.3.1. The double coset BjnBy is open dense in J.
We define a function Yz ¢, on J which is supported on B nBy by
Y .0 (h(1, bynbo) = (€163 () (Z02)(bo)(t),  bo. by € Bo,l € L.
We define the function T= ¢, on J by
f=9) fe 5(9s9)dg, g5 € BynBo,

Tz e(gs) = /G0
0, otherwise.

31



and the function Sz ¢y by
Sze0(97) :/ Yz ¢ (kg o) dkodk,.
K; JKy
It follows that

(95, 2,8,9) = T=¢4(1)Sz-1 ¢-1,4-1(97)-
We now prove the convergence of the defining integral of Tz ¢, and Sz-1¢-1,-1. Assume
that r > 0.

Lemma 4.3.2. The defining integrals for Tz ¢y and Sz-1 ¢-1 -1 are absolutely convergent if =/

=/

and & are sufficiently close to the unitary axis, where =’ is the restriction of = to T.

Proof. If r = 0, then it follows from Proposition 2.2.1 (or its proof, applied to |Z| and [¢|) that
I(gs,E,&,1) is convergent if = and ¢ are sufficiently close to the unitary axis. It then follows that
for a fixed g; € J, the defining integral of Tx= ¢ y(ksgsko) is convergent for almost all k;y € K
and kg € Ky such that k:Jg;lko € BynBp. By the definition of Tz y, its defining integral is
convergent for some gy € BynBy is and only if it is convergent for all g; € BynBy. Therefore
the defining integral of T=¢ (7)) is convergent. This then implies that the defining integral of
S=-1¢-1,4-1 is convergent.

The convergence in the case of » = 1 can be proved similarly. We only need to change the
notation at several places.

Now assume that » > 2. By [36, Lemma 3.3], there is an open compact subgroup U of N,_1,
such that for all g5 € J,

Fyfz=(ngs) = /UfE(UQJU)wr—l(U)du.

Therefore there is a constant C', such that

|Fyfz(ngs)l < C x fiz/(mgs).

The Lemma in the case r > 2 then follows from the case » = 1. O

4.4. Proof of Proposition 2.2.3. Assume that r > 1. Let Z° = (Zy,--- ,=,,) € C". Let o be

the unramified principal series representation of Gy defined by Z°. We let 7 be the unramified

principal series representation of GL, defined by the unramified characters (Z,41,- - ,Zn).
Following the notation of [24] and [36], we shall denote Tz ¢ 4 (n) by ¢(Z,&, ).

Lemma 4.4.1. We have
Ld,(%,ﬂo X 7’)
L(1,0 x T)L(1,7,A2)

1
H L(1.= ——1 Q(Eo,g,lﬁ), CCLS@ Sp’
1<i<j<r (1, Ent+iZp )

(E, &) =

L(%,WOXT) H 1

=0.¢,¢), Case Mp.
Ly(1,0 x 7)L(1, T, Sym2) C(E", &) ase Mp

=  =-1
1<igjer L EntiZni;)
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Proof. Recall that [ = (1,---,1) € L*. By definition,

(441) CEEY) = /G /H /N f=(w210gh (15, 0)uhigo) fe (90)br—1 (@) (o) SO dulclgo.

We combine the integral over H and N,_; to get an integral over N, and get

C(E7 §7 ¢) = /G N fE (w2,longh(l87 O)UQO)fé" (90)1/}7’—1(7})0‘)1!) (e(v)90)¢(0)dvd907

where ¢ : N, — H is the natural projection whose kernel is NV,_;. We make a change of variable
v h(l§,0)"tv and get

C(E, &) = / J2(W2,10ng090) [ (90) r—1 (V) wy (R(L, 0)~1(v) go ) P(0)dvdgo

Go J/ Ny

- /G [ F2n10ng0) el (0 A T 0 o070

where in the second equality we made a chance of variable v — govgy 1 and used the fact that

Q,Z)rfl(govgoil) = wrfl(v)'
Let Ng be the unipotent radical of the upper triangular Borel subgroup of GL, and

fw, =0(9) = . f=(wpng)p(n)dn, g€ Ga.

Then by the Casselman—Shalika formula, we have

fw, z0(1) = H =1y

1<icjer L EnsiBy

1

We can then write the integral (4.4.1) as

1 . "
H -1 ></ fw, =20 (W0 1ongg010v) fe (go)w(h(I§, 0) L gol(v))p(0)dvdgo,
1<icjer L EnriZnyg) e\ Jao
1,
where w = 1o, . We make a change of variable g — w %onggwo,long and v —
1,

W, %Onngo,long- Then since wo1ong € Ko and fyy, =0, fe, ¢ are all Ko-fixed, we conclude that

1

E&v) = 1

= =1
1<i<j<r L(1, “”+Z“n+j)

x / Fuv. 20 (910) fe (100 10ng9)0 (o omgh (05, 0)g€(0) ) $(0)dudyg.
Ngr\N; JGo

By definition,

C(an 57 ¢) = /G fEO (g)f§ (wO,Iongg)Ww (w(),longh(lfk)a 0)9)@5(0)(19
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We then apply [14, Theorem 4.3] and [14, End of Section 4, (4.7)] to get the lemma. (In the
notation of [14], we apply this to the case r = 0 and b, (f=o, fe, ®) = (2% &, ¢)). O

We now compute SZ_, g1 »-1(1). Define the projection pry : C*(Ge) — I(E) by

proy(F)(g2) :/B Fy(b292) (E165/%) (b2)dba,

where the measure dbs is the left invariant measure on By so that pry(lg,) = f=. Then we
define

lz¢p € Homp, s (I(2), I7 (€71, 9) @ ¢r_1)
by

Izep(f2)(95) = ; f5(9297) Yz ¢4 (92)dgo,

where f5 is any element in C°(G2) with pry(f5) = fo. It is not hard to check that lz¢ . is
independent of the choice of f5. We define

Sze(92) = Broe gy (fe gm0 (m2(g2) f2))-

The defining integral of Iz ¢ is convergent if Yz ¢, is continuous. By [12, Section 3], whose
method is valid for both cases Mp and Sp, Yz ¢ 4 is continuous if (Z,&) lie in some (nonempty)
open subset of C""% x C5. We refer the readers to [12, Section 3| for a precise description of this

open subset.

Lemma 4.4.2. S/E,g,zp = Sz¢.y-

Proof. We check that Sz ¢, and Sl&fﬂb agree when Yz ¢, is continuous. We divide the proof
into two steps.

Step 1. The goal is to reduce the Lemma to the identity (4.4.2).

Let 2! = (Z1,--- ,Z,41) and I(Z') be the unramified principal series representation of G
defined by the character Z!. Let Fu(f2)(g2) == Fy(f2)(g20). Then F (f2)lc, € I(Z'). Define
the projection pr; : C°(G1) — I(Z!) by

pr(Fla) = [ Fuan) ()76 )b,
1
where the left invariant measure db; is the one so that pri(1x,) = f=1. Note that pr; is surjective
and for any element f € I(Z!), one can choose F whose support lies in K; such that pry(F) = f.
Define the intertwining operator Iz ¢, € Homp, ;% (1(E), I7(¢71¢) @ 1) by

e o (F2)(97) = /G 129190V ¢ 4 (g110)dgy,

where f; is any element in C2°(G1) with pry(fy) = F(f2)lc, -
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Fix go € G2 and let f§ € C°(G1) be a smooth function whose support is contained in K
and pry(f3) = Fy(m2(g2) f=)|c,- Then

SLeu(gs) =w! /K [ Ve cabuien) 7y (ralgn) f2) ()b by
1 J
=W_1/K i Yz e.p(kiiky) fy (ki) dk ydks
1 J

=w ! / Yz ¢4 (k1) 3 (k1ky)dk ydk,
K JK;
=W ' Bryem (fem e (m2(92) f2))-
Therefore in order to prove the lemma, we only need to show w - lz¢ 4 = llE,E,zb‘ We have
dim Homy, _,,s(I(Z), I7 (671, ¢) @ 1) = 1.

This is proved in [12] in the case Sp, but the proof works equally well in the case Mp as it uses
only the decomposition G; = B;K;. Therefore we only have to find a function ¢ € I(Z) such
that = ¢ 4(¢)(1) # 0 and show that

(4.4.2) L ew(@)(D)/lzeu(0)(1) = w.

Step 2. Proof of (4.4.2).

Let KZ.(l) be the Iwahori subgroup of K;. Let Ti(o) = T;(op) and Tl-(l) be the kernel of the
)

reduction map Ti(0 — T;(op/w). Note here that by T;, we mean the diagonal torus of Sp(W;)
in both cases Sp and Mp. Let B; be the opposite Borel subgroup of G; and N; be its unipotent
radical. Let NZ.(O) = N; N K;, ng) = N; N Ki(l) and Nl-(l) = w;klmgﬁgl)wi,bng. Let Nﬁ)l =
Ny_1 N NQ(I). Note that in the case Mp, these subgroups of K; are considered as subgroups of
G, via the splitting K; — G;.

Let p = pr2(1K£1>n) € C°(G3). Then

lE7§7¢(1K§1)n)(1) = e Y= ¢ v (kan)dks.

Recall that I§ = (1,---,1) € L* and 1 = wa1ongh(l5,0). By the Iwahori decomposition of Kél),
it is not hard to check that

(4.4.3) KV = T N ws ongh (15, 0T VNI N,
Therefore Yz ¢ (kan) = Yz ¢ 4(n) = 1 for any ks € Kél). Thus

lz60(1m,)(1) = vol KW,
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! .
We now compute lE,&w(pr?(lKél)n))(l)' First

Fyora(1em,))(91) = / - /B 2 1, (bagrion) (5710, %) (b2) 1 (w)dbadu, g1 € G

(1)

By the decomposition (4.4.3) again, for any u € N,_1, if bogruu € K;l)n, then v € N,”/; and

bag1w € Kél)n. Therefore

Fylors(p, Do) = vl N - [ 1,0 (bagrio) (5165 (ba)a
2

NO /B g, (roni) ()77 )

Thus
I 6. (Pra(1 e, (1) = vol N2, /G Lecn, (9119) Yzt . (g120) dgy
=vol NV, - vol KV
The lemma then follows since vol IV, (1 )1 vol K M) = wvol Ké ), ]

Lemma 4.4.3. We have

A A
SE,E,w(l) = ATchTO C(E7£7d))> 55075,1/1(1) Age C(:ngaw)

Proof. We claim that the restriction of the measure dg to the open subset BonBjN,_1 decom-

poses as
Ag,

To
where dby = dbodidt if by = boh(l,t). In fact, on the one hand,

dg‘BQWBJNT—I = A db2dn7‘—1dbj7

A
/ 1K(1) ( )dg — [K K(l)] q— dim G2+dim No4dim Tp 2 G2
GQ 2 ATQ

On the other hand, it follows from (4.4.3) that

/ / / 1w (banbyny—1)dbadn,_1dby = g~ S TodimNy=dimNe—t A
Ba r—1J By Ky

The claim then follows. Therefore

A _1 -
el ) = oo [ pebsneaan) (€8 0T G dbsdn .

We have
Ag,

S“,iw / / / f w2long (l07 )an'r‘ lh(l O)k)
ATQATO * KO BJ Nr 1

(& 5?)(bJ)mf —(h(1*,0)k)dn,_1dbdkdl*.
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We combine the integration over L, Ky and B as an integral over J and then conclude that

A . -
Szeu(1) :ACX// fz(W21ongh(15, 0)12r—19.0)r—1(ne—1) f¢ 7 (97)dnr—1dg.s
ToRTy JJ JN._1
A o
_ATQ ATO C('_‘7 §7 ¢)
The equality
Ay .
Szoe4(1) = Azoﬁ(uovfﬂﬁ)
To
can be proved similarly. In fact,
A
dgs|BmB, = A§° db ydby.
To

Therefore

Seo e (1) = /J /G 1ic,(90) Ly (90) Yoo.c.0(995 ) dgsdao
(0]

A
= 50/ / / 1k, (bynbogo) 1k, (90) Y=o ¢4 (bsmbo)dbsdbodgo
ATO Go J By J By

AZ

C(E°,€,9).
0

Proof of Proposition 2.2.3. If r = 0, then Proposition 2.2.3 can be proved in exactly the same
way as [50, Appendix D.3]. We omit the details. See also Lemma 7.2.2.

Assume that r > 1. Suppose that we are in the case Sp. It follows from Lemma 4.4.1 and
Lemma 4.4.3 that

Ar,\ "'/ Ar Ly(3,m0 x 7) 1
I(1,2 == ¢ 2
(LE&9) <AGQ> <AG0> L(1,0 x T)L(1,T, /\2) H L(1,2 =1 )

Ly(L,my x v 1
e | = 101,62 0).
L(1,0Y x 7V)L(1,7V,A2) (1,2 . Znts)

1<i<j<r T\1 Enti=ntj

Proposition 2.2.3 in the case » > 1 is then reduced to the case r = 0. The case Mp can be

proved in the same way. We only need to change notation at all necessary places. ([

Part 2. Compatibility with Ichino—Ikeda’s conjecture

The notation in this part of the paper is independent from Part I. We keep the notation and

convention in the Introduction. Additional notation will be fixed in each section.
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5. SOME ASSUMPTIONS AND REMARKS

5.1. Parameters. We will prove that Conjecture 2.3.1(3) is compatible with Ichino-Tkeda’s
conjecture [24, Conjecture 2.1]. The most subtle part is the appearance of the size of the
centralizer of the global L-parameters in the formula. To address this issue, of course, one has
to assume that the Langlands correspondence exists and satisfies some expected properties. We
begin by setting down the precise hypotheses that we require. We remark that for orthogonal
groups and symplectic groups, they follow from the work of Arthur [2] and the recent work of
Atobe—Gan [41]. For metaplectic groups, they should eventually follow from the on-going work
of Wen-Wei Li (e.g. [31]).

We first state the hypothesis on the local Langlands correspondences.

Hypothesis LLC. We assume the Hypothesis (LLC), (Local factors), (Plancherel measures)
from [9, Appendix C] at all non-archimedean places v of F. Thus [9, Theorem C.5] holds if v is

non-archimedean. It also holds if v is archimedean by [38].

We note that if v is an archimedean place, then the Hypothesis (LLC) is established by Lang-
lands [28]. Hypothesis (Local factors) is proved in [33]. Hypothesis (Plancherel measures) is
proved by [1]. If v is non-archimedean, then they should follow from [2, Theorem 1.5.1, Theo-
rem 9.4.1, Conjecture 9.4.2].

Thus, if v is a place of F' and m, is an irreducible admissible representation of G(F,), where
G = SO(2n + 1) (resp. SO(2n), resp. Sp(2n)) gives rise to a 2n (resp. 2n, resp. 2n + 1)
dimensional selfdual representation ¥, of the Weil-Deligne group WD(F},) of sign —1 (resp.
+1, resp. +1). We call it the local L-parameter of 7.

Let m, be an irreducible admissible genuine representation of Mp(2n)(F,) and O, (m,) be
the restriction to SO(V')(Fy) of its theta lift to O(V')(F,) where V is a 2n 4+ 1 dimensional
orthogonal space over F, of discriminant 1. By [9, Theorem 1.1], the map 7, — Oy, (m,) gives
a bijection between the set of irreducible admissible genuine representations of Mp(2n)(F;) and
the union of the sets of irreducible admissible representations of SO(V)(F,) where V ranges
over all 2n + 1 dimensional orthogonal spaces over F;, of discriminant 1. This bijection satisfies
several expected properties (c.f. [9, Theorem 1.3] for a list). The local L-parameter of m, is
defined to be Wg,, (r,). Note that the local L-parameter of m, depends on .

We now turn to the global Langlands correspondences. We shall be concerned only with tem-
pered cuspidal automorphic representations. To avoid mentioning the hypothetical Langlands
group L, we use the following substitute of the global L-parameters following [2, Section 1.4]
and [3, Section 25, p. 103-105].

Let 7 be an irreducible cuspidal tempered automorphic representation of G(Ap), where G =
SO(2n + 1) (resp. SO(2n), Sp(2n), Mp(2n)). By the global L-parameter of 7, we mean the

following data:
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e a partition N = Ny + -+ + N,,, where N = 2n (resp. 2n, 2n + 1, 2n);
e a collection of pairwisely inequivalent selfdual irreducible cuspidal automorphic repre-
sentations II; of GLy, (Ar) of sign —1 (resp. +1, +1, —1),i=1,--- ,r,

which satisfy the condition that for all places v of F', U, =~ &_, ¥y,  as representations of

WD(F,), where ¥y, , is an IN; dimensional representation of WD(F,) associated to Il;, by

the local Langlands correspondences for GLy, (which is known due to [19] and [21]). By [26,

Theorem 4.4], the global L-parameter of 7 is unique if it exists. We write formally ¥, = #]_,II;.
We now state the hypothesis on the global Langlands correspondences.

Hypothesis GLC. The global L-parameter of 7 exists.

For orthogonal and symplectic groups, a weaker version of this (namely, replacing the re-
quirement “for all places v” by “for almost all places v”) follows from [2, Theorem 1.5.2, Theo-
rem 9.5.3]. For metaplectic groups, this should follow from the work of Wen-Wei Li.

With this reformulation of the L-parameter of 7, we (re-)define the centralizer
Sr = Su, = {(w) € (Z/22)" | a7 -+ @) = 1}.

From now on, when we speak of the global L-parameters and their centralizers, we always
mean the one defined here.

We end this subsection by some discussions on the automorphic representations on the even
orthogonal groups. Suppose that 7 is an irreducible cuspidal tempered automorphic represen-
tation of O(2n)(Ar). We are interested in the restriction 7|so(2n)(a,)- Here by T|so(en)a ), We
mean the following. Suppose that 7 is realized on V', which is a subspace of the cuspidal auto-
morphic spectrum of O(2n)(Ar). Let V0 = {flso@nyarp) | f € V}. Then mlso2n)(a,) stands for
the natural action of SO(2n)(Ar) on VY. We summarize some recent results of Atobe-Gan [4]
as the following Hypothesis O.

Hypothesis O. Each tempered automorphic representation m appears with multiplicity one
in the discrete spectrum of O(2n)(Ap). The following three cases exhaust all possibilities of
mlso@n)(ar)-

(1) 7T|So(2n) Ap) 18 irreducible and appears with multiplicity one in the discrete spectrum of
SO(2n)(AR).

(2) 7lso2n)(ap) is irreducible and appears with multiplicity two in the discrete spectrum of
SO(2n)(Ap). In this case, there is an automorphic representation 7’ of O(2n)(Ar) such
that m # 7" and T|s0(2n)(ax) DT ls0@2n)(ar) 18 the T[g0(2n)(a »)-150typic component of the
discrete spectrum of SO(2n)(Ap). Note that 7’ is not uniquely determined.

(3) mlso@n)ar) = 7T @ 7~ where 7+ and 7~ are inequivalent automorphic representations
of SO(2n)(Ar). Both 7+ and 7~ appear with multiplicity one in the discrete spectrum
of SO(2n)(Ar). Moreover, ¥_+ = W__.
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In each case, let 7¥ be an irreducible component of ﬂ\so(gn)(AF). Then we define the L-
parameter W, of w by ¥, = ¥_o. Suppose that U, = II; B - - - HII,. where II; is an irreducible
cuspidal automorphic representation of GLy,(Ar). Then in the first (resp. second and third)
case (resp. cases), at least one of N;’s is odd (resp. all N;’s are even).

Let € € O(2n)(F)\SO(2n)(F). Conjugation by e induces an outer automorphism of order
two of SO(2n) which does not depend on the choice of the element e. We denote this outer
automorphism also by e. If n % 2, then this is the unique nontrivial outer automorphism of
SO(2n). For any automorphic representation o of SO(2n)(Ar), we let o be its twist by e. In
:I:)e

the first two cases, (7[s0(2n)(Ar))¢ = Tlso(@n)(ax)- In the third case, (%) = 7. Here we use

“=" to indicate that not only the automorphic representations are isomorphic, but the spaces
on which they realize are the same.

The automorphic representation m appears with multiplicity one in the discrete spectrum of
O(2n)(AF), so the space on which it realizes is canonical. Suppose that |so(2n)(a ) I8 itreducible
and appears with multiplicity two in the discrete spectrum of SO(2n)(Ar). The restrictions of
7 and 7' to SO(2n)(Ap) are canonical subspaces of the discrete spectrum of SO(2n)(Ar) and
give a canonical decomposition of the 7|so(2n)(a)-isotypic component of the discrete spectrum
of SO(2n)(AFr) (we are not able to distinguish the restrictions of = and 7). Moreover, these
subspaces are characterized by the fact that they are invariant under the outer twist €. In other
words, if 70 (as an abstract representation) is an automorphic representation of SO(2n)(Ar) and
appears with multiplicity two in the discrete spectrum of SO(2n)(Ar), then there are precisely
two automorphic realizations V; and Vs of 70 that are invariant under the outer twist by e.
Both Vi and V3 can be extended to automorphic representations of of O(2n)(Ar). Moreover,
Vi and Vs are orthogonal in the discrete spectrum of SO(2n)(Ar) and V4 @ V3 is the m¥-isotypic
component of the discrete spectrum of SO(2n)(Af).

Finally, assume that SO(2n) is quasi-split and 7° is an irreducible cuspidal tempered generic
automorphic representation of SO(2n)(Ar) which appears with multiplicity two in the discrete

spectrum. Suppose that W o = II; B --- HII,. Then (at least conjecturally) the descent con-

struction [15] provides us with an automorphic realization of 7° which is invariant under the
outer twist e. We refer the readers to [30, Section 5] for some further discussions on the descent
construction.

Convention. We assume the hypotheses LLC, GLC and O from now on, unless otherwise

specified.

5.2. Theta correspondences. We are going to use the Rallis inner product formula in the
later sections of this paper. We will not recall the precise form of this formula in various cases,
but refer the readers to [52,53] for the formula in the first term range and to [12] for the formula

in the second term range.
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We now consider the behavior of the L-parameters under theta correspondences.

Lemma 5.2.1. Let V' be a 2n dimensional orthogonal space over F' and m an irreducible cuspidal
tempered automorphic representation of O(V)(Ar). Let ©y () be its theta lift to Sp(2n)(Af)
with additive character 1. Suppose that Oy (m) is nonzero and cuspidal. Let V. = H]_II; be
the L-parameter of . Then II; # 1 (the trivial character of A}.) for all i.

Proof. Suppose that II; = 1 for some ¢. We may assume that ¢ = 1. Then by Hypothesis O,
T|so(v)(ap) 18 irreducible. We prove that m has a nonzero theta lift to Sp(2n — 2)(Ag). The
lemma then follows from the tower property of the theta lift [10].

If m has a nonzero theta lift to Sp(2n — 2r)(Ar) for some r > 1, then by the tower property
of the theta lift, 7 has a nonzero theta lift to Sp(2n —2)(Ar). Thus we may assume that 7 does
not have a nonzero theta lift to any Sp(2n — 2r)(Ap) for any r > 1.

We fix a sufficiently large finite set S of places of F' which contains all the archimedean places,
so that if v € S, then 7 (hence II;) is unramified. By the hypotheses LLC and GLC,

L5(s,m) = H L5(s,1I;),
i=1

where the left hand side is the standard L-function of 7 defined by the doubling method and
the right hand side is the standard L-function of II;. If i # 1, then L°(s,II;) is holomorphic and
does not vanish at s = 1 [27] and L°(s, 1) have a simple pole at s = 1. Therefore L%(s, ) has
a simple pole at s = 1.

Let v be a place of F'. By assumption, 7rU|SO(V)( F,) is irreducible. By [9, Theorem C.5], there
is an irreducible admissible representation o of Sp(2n — 2)(F,) such that m, = Oy, (o). This
means that 7, has a nonzero theta lift to Sp(2n — 2)(F}).

It then follows from [53, Theorem 10.1] that 7w has a nonzero theta lift to Sp(2n — 2)(Ap).

This proves the lemma. O

Lemma 5.2.2. Let V be a 2n + 1 (resp. 2n) dimensional orthogonal space over F and w be
an irreducible cuspidal tempered automorphic representation of O(V)(Ar). Let Oy(m) be its
theta lift to Mp(2n)(Ar) (resp. Sp(2n)(Afr)) with additive character 1. Assume that Oy (m) is

cuspidal and nonzero. Then

Vo, =VYr®@xv, resp. Yo, () = (¥-B1)®xv,

where 1 stands for the trivial character of Aj.
Proof. Let v be a place of F. By [9, Theorem C.5] and [13], we see that

\Il@wv (m0) = \Ijrrv ® XV, resp. \Ij@wv(m,) = (\Ilm, b 11)) @ XV,
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By the previous lemma, in the case dim V' = 2n, V.. does not contain 1. The lemma then follows
from [26, Theorem 4.4]. O

Lemma 5.2.3. Let 7 be an irreducible cuspidal tempered automorphic representation of O(V')(Ap)
where V' is a 2n dimensional orthogonal space over F'. There is a canonical injective map
Sr — Sgw(ﬁ). It is not bijective if and only if Y, = II; B --- B I, where II; is an irreducible
cuspidal automorphic representation of GLy,(Ar) with N; being even. In this case, Sp is an

index two subgroup of S@w(ﬂ).

Proof. Suppose ¥, = H_,1I;, where II; is an irreducible cuspidal automorphic representation
of GLy,(Ar) and Y ;_, = 2n. By Lemma 5.2.2,

Sr={(@) € (2/22)" [ @" - ap" =1}, Sem = {(@) € (Z/22)! |+ )" apyy = 1}

The map (a1,---,a,) — (a1, ,ar, 1) is clearly injective. It is not bijective if and only if there
are elements (ay,--- ,a,) € (Z/2Z)" so that al* - --al\r = —1. This is equivalent to that at least
one of N;’s is odd. O

6. ICHINO—IKEDA’S CONJECTURE FOR THE FULL ORTHOGONAL GROUP

We review in this section the conjecture of Ichino-Ikeda [24] and extend it to the full orthog-
onal group. There are minor inaccuracies in the formulation of the conjecture in [24] when the
automorphic representation on the even orthogonal group appears with multiplicity two in the
discrete automorphic spectrum. We will take care of this issue in Subsection 6.2. The Ichino—
Ikeda’s conjecture for the full orthogonal groups is stated in Subsection 6.3. We will show that
it follows from the Ichino—Tkeda’s conjecture for the special orthogonal groups. The argument
is close to [10, § 2, 3] at various points. We give details on the new difficulties that arise in our
situation (mainly due to the failure of multiplicity one in the discrete automorphic spectrum)

and only state the result when its proof is identical to that in [10].

6.1. Inner products. Let F' be a number field and (U, qy) be an n-dimensional orthogonal
group over F. Let H = O(U) and H° = SO(U). Recall that there is an exact sequence

15 H' 5 H — po— 1.

We view pg as an algebraic group over F'. We write ¢ for the nonidentity element in po(F') and
t, its image in uo(F,) for each place v of F. Note that if n is odd, then we may take ¢t = —1.
The sequence splits canonically and gives an isomorphism H ~ H® x .

Let de, be the measure on po(F}) so that vol us(F,) = 1. Then de =[], de, is the Tamagawa
measure of po(Ar). Let Z be the center of HY. Note that the group Z is trivial unless n = 2.
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Let dh and dh° be the Tamagawa measure of Z(Ap)\H(Ar) and Z(Ar)\H°(AF) respectively.
Then we have

/ f(h)dh = / / f(h%€)dh de,
Z(Ap)H(F)\H(AF) pe(F)\p2(Ap) J Z(Ap)HO(F)\HO(AR)

for all f € LY(Z(Ap)H(F)\H(AF)).

We fix a decomposition dh = [[, dh, where dh,, is a measure on H(F,). Let dh9 = 2dh, | ()
be a measure on H°(F,). Then dh® =[], dh).

Let 7 be an irreducible cuspidal automorphic representation of H(Ag). We denote by V' the
space of automorphic functions on which 7 is realized. Let 7% = 7| HO(4) and VO ={f] HO(Ap) |
f €V} Let & be the set of places v of F such that 7| HO(F,) 1s reducible. This is also the set
of places v of F' so that m, ® det, ~ m,. Let B; be the Petersson inner product on V given by

B = | [ Fmdh, f.7 €V,
Z(Ap)H(F)\H(AF)

We fix a decomposition B, =[], Br, where By, is an inner product on m,.

We distinguish two cases.

Case I: 6 = 2.

In this case, 7¥ is irreducible and the restriction to H°(Af) as functions induces an isomor-
phism V ~ V0 as representations of H°(Ar). Let B,o be the Petersson inner product on V°

(defined using the Tamagawa measure on HY(Af)).
Lemma 6.1.1. For any f, f' € V, we have
Bro(flaoae) f'laoar)) = 2B (f, ).

Proof. This can be proved in the same way as [10, Lemma 2.1]. O

Case II: G # @.

We fix an isomorphism

V:@<®n)® X oo |

S veS vgS
where V;, is the space on which 7, is realized and ¢, is an H (o, )-invariant vector in V, for
vegsS.

If v € &, then 7, ® det, % 7, and 70 ~ 7 @ 7, where 7 are irreducible admissible
representations of H(F,). We have V. ~ V& @ V.~ where V' is the space on which 7 are
realized and * = 4 or 0. Note that V, ~ m,(¢)V,". For almost all places v € &, we have
¢y = ¢ + ¢ where ¢ is an HO(0f,)-invariant element in V= and ¢, = m,(t,)¢; . If v € &,

then 7¥ is an irreducible admissible representation on the space V.
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In this case, by the Hypothesis O, there are two irreducible cuspidal automorphic represen-
tations 717 and 7~ so that 70 ~ 7T @7, 7~ ~ 71t 0 Adt, VO = V* @& V~ where V* are the
spaces on which 7% are realized. We may label the two irreducible components of 70 for v € &
so that

nt o~ <®773[> @[ Q)] .

veS v S

* = lim + =
14 ?%V” ®§g%®%¢v®§q¢v
vES ve& vES ve&
Let B+ be the Petersson inner product on V' with a fixed decomposition
B+ = [[ B+ [] Br..
vEG 0e&

where

e B +isan H O(F,) invariant pairing on V,' if v € & and By, is an H(F,) invariant pairing

onV,ifv &6.

o B +(¢4,94) = Bu(,¢) =1 for almost all v.
If v € &, we define an H°(F,) invariant pairing on V= by By (¢, ¢y) = By (7o (ts) Pu, To(te) du).-
Then for almost all v, we have B (¢, , ¢, ) = 1. We then define an H(F,) invariant pairing on
Vu by
S (BE(6T,00) + B (67, 07)), ifves
By(¢v; ¢v), ifvg6.
Then for almost all v, BY(éy, ¢y) = 1.

B (¢, b)) =

Lemma 6.1.2.
B. =[] 8:.
v

Proof. This can be proved in the same way as [10, Lemma 2.3]. O

6.2. Ichino—Ikeda’s conjecture for special orthogonal groups. We review Ichino-ITkeda’s
conjecture [24, Conjecture 2.1] in this subsection. There is a slight inaccuracy in its orginal for-
mulation in [241] when the multiplicity of the automorphic representation on the even orthogonal
group in the discrete automorphic spectrum is two. We will make some modifications to the
conjecture in this case.

Let n > 2 and U, and U, be orthogonal spaces of dimension n+1 and n with an embedding
U, CUpy1. Let H? = SO(U;) (i = n,n+1). Let dh be the Tamagawa measure on HJ(Ap) and
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we fix a decomposition dh = [[, dh, where dh, is a Haar measure on H2(F,) and vol HY(0,,) =
1 for almost all v.

Let mp41 = ®yTpt1,0 and m, = ®,m,, be irreducible cuspidal tempered automorphic repre-
sentations of HSH(AF) and HO(Af) respectively. Let Vi1 = ®oVnt1,0 and V,, = @V, be
the space on which 7,11 and m, are realized respectively. Let By, , and By, be the Petersson

inner products on V41 (resp. V,,) respectively. We fix a decomposition

Bﬂ'n+1 = HBﬂnH,w Br, = HBM,U
v v

and B are inner products on V41, and V,,, respectively.

Tn,v

where Br, ., ,
Let fot1 = ®@fattos frg1 = ®f,ll+17v € Vpy1 and fr, = @ fpo, [, = ®f7/l,v € V,,. Define

T (fsts Foors fs £) = / Fusr () fu(h)dh - fs1 () ().

HY(F)\HJ (AF) HY(F)\H} (AF)

For each place v, we define
jv(fn—i—l,v, fT/H-l,v’ fTL,’Uy f?lz,v) - LO(F ) Bn+1,v (7Tn+1,v(hv)fn+1,v7 f;b_kl’v)Bn,v(ﬂn,v(hv)fn,va f;l7v)dhv.

Let S be a sufficiently large finite set of places of F' containing all archimedean places so
that if v & S, then fop1 firy (18D, fus fo) are HO, (0p,) (resp. HO(op,)) fixed and
Br, i1 (fatt, f7{L+LU) = Br, ., (fuws fhy) = 1. In particular, 7,41, and 7, are both unramified
ifvgS. Let {aq,,--- , Qo1 o and {B1p, - »ﬁ[g],v} be the Satake parameters of 7,41, and

2 b

Tn,v respectively. Let

: -1 -1
At = diaglonp, - Ouga) s Qg o 01

An,v = diag[ﬁl,va T 75[%],1;, 5[7%1]71}7 T 71817,11;]
Let

L5 (s, Tpp1 X ) = H det(1— Api1,® Apy - g, %)t
v S
be the tensor product L-function and L°(s,m,41,Ad) and L%(s,m,, Ad) be the adjoint L-

functions.

Conjecture 6.2.1 (Ichino-Tkeda [21, Conjecture 2.1]). (1) Suppose that mp11 and m, ap-
pear with multiplicity one in the discrete spectrum. Then the automorphic realization
Vi1 (resp. Vi) of mpi1 (resp. m,) is canonical. We have

|S7Tn+1 ||S7Tn‘ H2+1 LS(L Tn+1, Ad)LS(la Tn, Ad)

1T Zo(Frr Friron Frio Fo)-

vES

j(fnJrl?f'rlz—l-l?fn?f'rlz) =
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(2) Suppose n is odd and w,11 appears with multiplicity two in the discrete spectrum of

HY, (Ap). Then the automorphic realization Vi, of m, is canonical. Let L? be the
n+1 Tn+1

isotypic component of Tp41 in the discrete automorphic spectrum of HPLH(AF). Then

there are two possibilities.

(a) The linear form J is identically zero on L72rn+1 X Linﬂ X Vi X V. This is equivalent
to that either HOIan(AF)(Wn+1 ® 7, C) =0 or LS(%,ﬂnH X ) = 0.

(b) There is a unique irreducible subrepresentation V41 of L72rn+1 such that it is in-
variant under the outer automorphism of HY, | and J is not identically zero on

Vat1 X Vg1 X Viu x V. We have

! ! _# S LS(%,WTL_H X7Tn)
j(fn+17fn+17fn7fn) _|S7rn+1|‘87rn‘ H2+1 Ls(l,Trn+1,Ad)LS(1,7Tn,Ad)

H Iv(fn+1,va fylz+1,m fn,vy f?l’bm)’

vES

if fovts figr € Vast, fuo fy, € Voo Let Vi (# Vay1) be the other drreducible
subrepresentation of L72rn+1 that is invariant under the outer automorphism of H2+1-
Then J is identically zero on V, 4 x Vi | X Vi x V.

If n is even, then we have a similar statement, with the role of mh,4+1 and m, being

switched.

Remark 6.2.2. The same inaccuracy also occurs in [36]. One also needs to modify [36, Conjec-
ture 2.5] in a similar way when the automorphic representation on the even orthogonal group
has multiplicity two. In this case, the automorphic realization is required to be invariant un-

der the outer twist and (in the notation of [30]) 1/|Sy(ry)|[Sw(my)| needs to be replaced by
2/‘S\I}(ﬂ2)‘|s‘1/(770)|‘

6.3. Ichino—Ikeda’s conjecture for full orthogonal groups. Let U, and U, be orthogonal
spaces of dimension n + 1 and n with an embedding U,, C U,41. Let H; = O(U;) and Hi0 =
SO(U;) (i =n,n+1). Let dh be the Tamagawa measure on H,(Afr) and we fix a decomposition
dh =[], dh, where dh, is a Haar measure on H,(F,) and vol H,(0f,) = 1 for almost all v.
Let mp41 = ®yTpt1,0 and m, = ®,m,, be irreducible cuspidal tempered automorphic repre-
sentations of Hy41(Ar) and H,(AF) respectively. Let V11 = ®,Vp41,» and V;, = @,V be

the space on which m,11 and m, are realized respectively. Let B, and B, be the Petersson

n+1
inner products on V41 (resp. V,,) respectively. We fix a decomposition

Bﬂ'n-}—l = HBﬂ-n-l»l,v’ Bﬂ'n = HBﬂ'n,v
v v

and B

where B mn are inner products on Vi, 41, and V,, , respectively.

Tn+1,v
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Let fn-l—l = ®fn+17v S Vn+1 and fn = ®fn,v € V,,. Define

(631)  I(fars fu) = / Fusr (B fu (B) R - Fuer () fu(R) .

Hn(F)\Hn(AF) Hn(F)\Hn(AF)
For each place v, we define
(6'3'2) Iv(fn-i—l,vafn,v) = / ( )Bn+1,v(77n+1,v(hv)fn+l,vafn-i—l,v)Bn,v(Wn,v(hv)fnﬂn fn,v)dhv'
H,(F,
Let S be a sufficiently large finite set of places of F' containing all archimedean places so that if
v &S, then fr 11, (resp. fuo)is Hpy1(0Fw) (resp. Hy(ory)) fixed and By, (fat1,00 fniiw) =
Br, ., (faws fnw) = 1. In particular, 7,41, and 7, , are both unramified if v ¢ S. We define the

partial L-functions
LS(sa Tnt1 X 7Tn) = LS(S77.T71+1 X 7Tn), LS(S,T(,L',Ad) = LS(87 iy Ad)7 t=n,n+1,

where 7; is an irreducible constituent of 7r? which is invariant by the nontrivial outer automor-
phism e. The L-functions on the right hand side of each equality is independent of the choice of
this irreducible constituent.

The Ichino—Ikeda’s conjecture for the full orthogonal group is the following.

Conjecture 6.3.1. We have

27 L3(L, Mg x )
6.3.3)  Z(far1, fn) = A% 2 Zo(fas+1,0s frw)-
( ) (f +1 f, ) ’Sﬂ—nJ’»lHSﬂ-n| Hp1 Ls(l,ﬂn+1,Ad)LS(1,7rn,Ad) vl;g (f +1, f, )

where 7y is given as follows. Suppose n is even (resp. odd). Let Wr, = BIl; (resp. ¥, , = HII;)
where I1; is an irreducible cuspidal automorphic representation of GLy,(Ar). Then v =0 (resp.
1) if at least one of N;’s is odd (resp. all N;’s are even).

Remark 6.3.2. We may have a neater formulation of the conjecture if we replace our definition
of the centralizers Sy, by the one given in [1] for parameters of full orthogonal groups. We stick

to our current formulation as it is more convenient for the applications in this paper.

Similar to Conjecture 2.3.1, we may rewrite the identity (6.3.3) in an equivalent form, which

does not involve the finite set S. We may define the completed L-function
L(s, Tpy1 X ) = HL(S, T+l X Tnw), L(s,mi, Ad) = HL(S, Tiv, Ad), i =n,n+ 1.
v v

The actually definition of the local Euler factors outside the set S is irrelevant to our discussion

since the conjecture does not reply on how these Euler factors are defined. Let

L(l,ﬂ-nJrl X )
L=A 2
Pt L1 g1, Ad)L(1, m0n, Ad)’
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and by £, the Euler factor of £ at the place v. We define
=Lt 1,

Then Conjecture 6.3.1 can be written as a decomposition of linear forms

6.3.4 T=——/L. I
(6.3-4) |sﬂn+1|\sm 11

The product on the right hand side ranges over all places v of F. It is convergent since for

almost all v, i.e. v & S, IE = 1. We may write Conjecture 6.2.1 in a similar forms.
Proposition 6.3.3. Conjecture 6.3.1 follows from Conjecture 6.2.1.

Proof. We assume that n is odd. The case n being even can be handled similarly, with modifi-

cations of notation at various places. Then H, ~ H? x us. So ¥  is irreducible for all places

v of F. Let & be the set of places of F' such that 70 1018 redumble.
If v &S, then fri1,0 = dnt1,0 is fixed by Hpi1(0Fy) and f, , is fixed by H,(0p,). We may

further assume that f,41, = an L,EVE 1 fv€SNG. Thus
farw= 11 Fw 11 Forre [T dnt10
vESNG vES, VS veS
Put
=S\(SNG), s=[SnG|, =19
For any finite set of places T' of F', we define Fp =[] cp Fo-

If & # @, then
/ Foer () fu(h)dh
i)
Jna1(he) fn(he)dh
g 2 Lo fr1 )
:ﬁ 3 o (h€) fa (h€) + frs1 (het) fu(het))dh

cpa(Fgr) T HRUENHR (AF)

:% Z / fn+1(h€)fn(h€)dh

e€pa(Fgr) HR(F)\HJ (AF)
If & = &, then
Fua () fa () = [ YR
/Hn(F)\Hn(AF) 2 21 EE,L%:FS F)\H}(AF)
We fix a decomposition
B+ = B_+ Bo , resp.Bﬁo =2||B,0
n+1 n+1 v 1,v n-+ n+1 v
veS vgS v
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if & # @ (resp. & = @), so that By, , = BErnH,v if v € & (resp. Br,,,, = Byo

n+1,v

ifv g &).

We fix a decomposition
ng =2 H ng »?
v

so that B =B

Tn,v 7'(',97(‘,0 .
We say that we are in the exceptional case if the following conditions are satisfied.
- 70 41 isirreducible and appears with multiplicity two in the discrete spectrum of HY +1(AR).

— The period integral

/ Fuir(B) fu(h)dh
HY(F)\HY(AF)

is identically zero on V,2,; x V!, where we denote as before V0 = {fluo@p | f € Vil
1 =mn,n-+ 1.
— The period integral is not identically zero on the isotypic component of 70 P

Suppose that we are not in the exceptional case. Then Conjecture 6.2.1 implies that

Z(fa+1 fn) :228+2S,2m+v’ %n . LS(%,MH; Tn)
’SmL+1||S7m| LS (1, mpg1, Ad) LA (1, 7, Ad)
S T Fo a6 frsrws a1 (€) furtiws n(€) friws Tn(€) fr)s
€,¢'€pa(Fgr) vES
where

— +' =1 (resp. 0) if 70, , is reducible (resp. irreducible).
- m =1 (resp. 0) if 772 41 is irreducible and appears with multiplicity two (resp. any irre-
ducible constituent appears with multiplicity one) in the discrete spectrum of Hg 11(AR).
We note that v = m + /. In fact, in the first (resp. second, resp. third) case in Hypothesis
O, we have v =9 =m =0 (resp. v =1,m =1,/ =0, resp. v =1,m = 0,7 = 1).
Therefore to deduce Conjecture 6.3.1 from Conjecture 6.2.1, we only need to prove the following
two identities. If v € &, then

1
Zjv(fnJrl,vv fn+1,vv fn,va fn,v) = Iv(fn+l,va fn,v)-

If v ¢ &, then
]‘ / /
Z Z jv(ﬂn-l—l(f)fn—i—l,v?ﬂ-n—‘rl(e )fn+1,v77rn(5)fn,va77n(€ )fn,v) :Iv(fn-i—l,vvfn,v)-
€,€'Epa (F’U)
These two identities can be proved in the same way as [24, Lemma 3.4]. Therefore Conjec-

ture 6.3.1 follows from Conjecture 6.2.1 if we are not in the exceptional case.
Now assume that we are in the exceptional case. Let 7r§?+1 be an irreducible cuspidal auto-

morphic representation of Hy,,(Ap) which realizes on V)5 | such that V,, is invariant under
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the outer automorphism of H? 11 Vﬁrl # VY 1 and 7r§?+1 is isomorphic to 70 41 (as abstract

representations). Then the period integral

/ Fuir(B) fu(h)dh
HY(F)\HY(AF)

is not identically zero on V%, x V,2. Therefore
Hom g0 (4 ) (41 © 7y, C) # 0.

Since Vrﬂl is invariant under the outer automorphism of H? 11, there is an automorphic repre-
sentation 7/, ., of Hy41(Ap) which is realized on V|| ; whose restriction to HY, | (Ap) is V)9 ;.

Let T be a finite subset of places of F' and we let dety be the character of Hy1(Ar) defined
by

(90) = [] detgo € {1}, (90) € Hop1(Ap).
veT

Then dety is automorphic if and only if |T| is even.

Note that n > 3 in this case. Let Z,, ~ uo be the center of H, and it is identified with a
subgroup of Hy, 1 via the embedding H,, — H,11. Let | = ®l, € HomHg(AF)(W;LH ® 7y, C) and
0 = (0,) € Z,(Ap). Let I = ®1% ¢ Hom 04,y (77,41 ® T, C) be defined by

lg” (fn—f—l,v X 571,11) = lv(ﬂn—&—l,v(gv)gn-i-l,v & Wn,v(av)gn,v)v

Since 02 = 1 and dim Hom go(p,)(7, 11, © T, C) = 1, we have 190 = +1,. Tt follows that there
is finite set 1" of places of I so that 1 = dety(6) - 1. Since 7,1 and m, are automorphic, dety
is also automorphic. It follows that |T'| is even.

Let ), = 7, ® dety. Then 7, is an automorphic representation of Hyy1(Ap) and is

realized on V', ;. Its restriction to H) ;(Ap) is V)% ;. Moreover for any place v of F,

Homy,, (7, (11,0 ® Tnw, C) # 0.

Since 41 and 7/, ; are not isomorphic but their restrictions to HY, ; (Ar) are isomorphic, there

is at least one place v, such that 7,41, ~ 7/ 11 ® det,. We claim that
Hompy, (7,)(Tn+1,0 @ Tpw, C) = 0.

In fact, Homp, p,)(7) 11, @ Tnw,C) # 0 is the +1 eigenspace of 0, = —1 € Z,(F,) on
HOIIIHPL(FU)(W?L+17U ® W27U,C) while Homp, (7,)(Tnt1,0 @ nw, C) is the —1 eigenspace. Since
dim Hom o (g, (741, @ 75, C) = dimHomp, g,y (7)1, ® Tnw, C) = 1, we conclude that
Homp, () (Tn41,0 @ Tnw, C) = 0.

It follows that the linear form Z, is identically zero in the exceptional case. Therefore both
sides of (6.3.3) are zero. O
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7. COMPACTIBILITY WITH ICHINO-IKEDA’S CONJECTURE: Sp(2n) x Mp(2n)

7.1. The Theorem. The goal of this section is to study Conjecture 2.3.1 for Sp(2n) x Mp(2n).
We are going to show that Conjecture 2.3.1 is compatible with Ichino-lkeda’s conjecture for
SO(2n + 1) x SO(2n) in some cases. Result of this sort for unitary groups appeared in [50,
Proposition 1.4.1]. The local counterpart of this argument has been used to establish the local
Gan-Gross—Prasad conjecture for the Fourier-Jacobi models [3, 1 1].

Let A € F*. Let (V,qv) be a 2n+ 1-dimensional orthogonal space and V), is a 2n-dimensional
subspace such that VAL is a one dimensional orthogonal space of discriminant A\. Let H = O(V)
and Hy = O(V)) and ¢y : Hy — H be the natural embedding.

Let W be a 2n-dimensional symplectic space and G = Sp(W), G = Mp(W). Let Qd) (resp.
;) be the Weil representation of G(Ap) x H(Ap) (resp. G(Ap) x Hy(Ap)) which is realized
on S(V(Ap)") (resp. S(Va(Ar)™)). Let wy, be the Weil representation of G(Ar) realized on
S(A%). Then we have the theta series

Ou(@:h @), Oy(g: 7, ), 04, (3,9)
on G(Ap) x H(Ap), G(Ap) x Hyx(Ap) and G(Ap) respectively, where ® € S(V(Ap)"), ) €
S(VA(Ap)") and ¢ € S(A%).
Let 7 be an irreducible cuspidal tempered genuine automorphic representation of G (Afp). Let
éw(ﬂ') be the theta lift of 7 to H(Ap), i.e. the automorphic representation generated by the
functions of the form

O, (0. 0)() = / 29)Bulg, - 2)dg, wem BeSV(AR)).
G(F)\G(AF)

Let o be an irreducible cuspidal tempered automorphic representation of Hy(Ar). Let Oy(0)
be the theta lift of o to G(Ap), i.e. the automorphic representation generated by the functions

of the form

Our 200 = [ FIOu(h, Ba)dh,  f €0, By € S(VARR)").
Hx(F)\Hx(AF)

Theorem 7.1.1. Suppose that éw_l(ﬂ) and ©y (o) are both cuspidal (possibly zero). If Conjec-

ture 6.5.1 holds for (é¢71(ﬂ), o), then Conjecture 2.3.1(8) holds for (m,©y(c)) with the additive

character _ .

Remark 7.1.2. We have shown in Proposition 6.3.3 that Conjecture 6.3.1 can be deduced from
the original conjecture of Ichino-Tkeda (Conjecture 6.2.1). The theorem thus says that Conjec-
ture 2.3.1(3) and Ichino-Tkeda’s conjecture are compatible in this situation. The same remark

also applies to Theorem 8.1.1 in the next section.
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7.2. A seesaw diagram. The proof of Theorem 7.1.1 is very similar to [50, Proposition 1.4.1].

It makes use of the following seesaw diagram.

Suppose that f = ®@f, € 0, ¢ = @p, € T, Py = @P), € S(VA(Ap)") and ¢ = @¢, € S(A})

are all factorizable.
Lemma 7.2.1. We have

FTp \(0,04(f, ®r), ) =

/ F(Bo, (.83 ) ()
Hy(F)\Hx(AF)

Proof.
f‘7¢—x (QD, ®¢(f7 (I))\)v ¢)

- / / o(9) FR)Ou (g, h, @)y (g, )dhdg
G(F)\G(AF) (F)\Hx(AFr)

/ / ()8 (g, 17 (1), By © 3)F(R)dgdh
Hy(F)\Hx(Ar) JG(F)\G(AF)

-/ F()By, (¢, B @ 6) (ta(h))dh.
(F)O\Hx(AF)

O

Let v be a place of F'. We use B to denote the inner products on various unitary representa-

tions.

Lemma 7.2.2. The integral

/ / Blow () o ) B(Q, (9 1) @30, B.)B(mo(9) 20 00) By ()60 Bu)dgdh
Hy(Fy Fy

1s absolutely convergent.

Proof. To simplify notation, we suppress the subscript v from the notation in the proof. Put

L, lz| < 1;

T(x) =

27, Jal > 1.

By the weak inequality (3.1.5) and the estimates (3.1.2), (3.1.4), it is enough to prove that
the double integral

(721) /. . [ T 00 @l an 7 T T X0t s 0) s (0) dalty

i=1j5=1
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is convergent, where M is some positive real number, r is the Witt index of V) and

g -1
(I—dlag[a17"' y Ay @y =y 0t yUp

ay' € AL, b=diag[by, -+ by, 1, L b b € A

We assume that r < n. The case r = n is very similar and needs only a slight modification.
We left it to the interested readers.

We have |by] < --- < [b| < 1. Let j = (j1,---,jr) be r nonnegative integers such that
J1+ -+ Jr <nand let I; be the subset of Ag X A};A consisting of elements

ar < <aj; Kby <aj41 < <@g, Kb << b < ajqgg1 < o-<ap <1

Then A/, x A;{IA =U i Ij. Thus it is enough to prove the convergence of (7.2.1) when the domain
is replaced by I;.

Over the region I;, the integrand of (7.2.1) equals

1 2j1+1 . 2j1+1 251 +2j2—3 L
a1l - ay |2 (b e T2 a2 [bef TR
e |br\_jl_m_jﬁﬂ‘aj1+...+jr+1|2(j1+m+éjr)+l_2r o ag|

Then lemma then follows from the following elementary fact.

Fact. Fix D a positive real number. The integral

s D
/ Er R A —Zlog]wi\ dxq -+ -das
1] << |<1 i—1

is convergent if ny +---ny >0 forall 1 <t <s. O

7.3. Proof of Theorem 7.1.1. Let S be a sufficiently large finite set of places of F', such that
if v € 9, then the following conditions hold.

(1) v is non-archimedean, 2 and A are in Ufwv the conductor of v, is 0F.

(2) The group A is unramified with a hyperspecial subgroup A(or,,), where A = H, Hy,G.

(3) fvis Hx(op,) fixed and ¢, is G(0p,) fixed. Moreover B(fy, fv) = B(pv, pv) = 1.

(4) @, is the characteristic function of V) (0r,)" and ¢, is the characteristic function of 0% -

(5) The volume of the hyperspecial subgroup K4, is 1 under the chosen measure on A(F),
where A = H, H),G.

We may assume that (:)/wq(ﬂ) # 0. If this is not the case, it follows from the computation

below that both sides of Conjecture 2.3.1(3) vanish. Applying Lemma 7.2.1, Conjecture 6.3.1
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and the Rallis inner product formula (for theta lifting from GtoH ), we get
(7.3.1)

27—1AS LS l’é (M) xo L*SL (177TXXV)
[ F T (0, O (f, @), 0)|* = H (3. Oy, (7) x 0) e

S5, mlISel LS(1,0y_, (1), A) L5 (1,0,Ad)  TTi_; ¢7(20)

1 /HA(FU) /G(FU) Blow(h) fo, fo) B( Ry, (9, 1) Pr0, P20)B(mo(9)v, 00)Blwy_ , (9) P, bo)dgdh,

vES

where v is described as in Conjecture 6.3.1. We explain the use the Rallis inner product formula
here in detail. In the remaining part of this paper, we are going to apply the same sort of
argument several times. We will simply say that we apply the Rallis inner product for the rest
of the paper.

First by Lemma 7.2.1, we have

|FT 5 (0,05 (f, 1), )|* = Z(£.Op_, (9, B @ 9)),

where Z is defined in Section 6.3. Apply Conjecture 6.3.1 (in the form (6.3.4)), we have

I:

2 Ay L(,04_,(7) x o) Iz
|Séw71(7r)’|50|L(l,@wl(w)?Ad)L(l,a,Ad) v

v

Note that here the local linear form Z5 is defined using an inner product B, on (:)wl (7)y so that
I, B, equals the Petersson inner product on é¢71(ﬂ) (defined using the Tamagawa measure
on H(Ar)). We view the Rallis inner product as another decomposition of the Petersson inner

product on éw_l(ﬂ'). The integral
| B@e (0 )8 #)B(m (e 1)
G(Fy)

where we have used B to denote inner products on flwv and on m, by abuse of notation, defines

a linear form on
Qy, ® T ® Uy, O,

which descends to an inner product on éwq,v (my) which we denote by B]. Put

—1
B/h — Bl L¢v,—1(%77‘-v X XV,’L))
° ° H:‘L:1 Cr, (21)

Then in this case, the Rallis inner product formula claims that

1[@,71(%,7[' X Xv) H It
2 JLim Cr(20) !
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equals the Petersson inner product on (:jw_l (7). Let Z}, be the linear form defined in the same

way as Z, but using the inner product Bl. Define

O -1
=71 . Apg f/(%’ @1/1,1,1;(7711) X ov) Li/’u,—l(%aﬂ'v X XV,U)
v v v L(L 6"11717”(7(7})’ Ad)L<17 Ov, Ad) H?:l CFu(2’L)

It follows that we have a decomposition

27_1AH L(%7é¢71(7‘-) X G) wal(%ﬂr X XV) H h

7.3.2 7= = ) : v
(73.2) S5, IS L(1, 8y, (), A L(L o, Ad) [Ty Cr(20)

This is an identity of elements in

Homé(AF)xHA(AF)(Qlﬂ ¥Teo,C)® Homé(AF)XHX(AF)(le 7T ®o,C),

which descends to an identity of elements in

HomH,\(AF)(éw—l (ﬂ-) ® 67 (C) ® HomH/\(AF) (é¢—1 <7T) ® E? C)

We now compute Z(f, éw_l (o, @) ® ¢)) using decomposition (7.3.2). Note that

Q’/’|5(AF)XHA(AF) =y @ Wy,

where G(Ap) acts on both factors on the right hand side and Hy(Ar) acts only on Qy. We also
note that if v € S, then

T4 By @ o, 0, fo) = 1.

Then the identity (7.3.1) follows.

We continue the proof of Theorem 7.1.1. The double integral on the right hand side of (7.3.1)
is absolutely convergent by Lemma 7.2.2. Thus we can change the order of integration by
integrating over g € G(F,) first. Then we apply Rallis inner product formula (for theta lifting
from Hy to G), and get

P-IAG L3 (4,84, () x o) ( L5(1,0) )

FTp (0,6, 0) = ' 5 : '
Tl O = i ISl TS(1,6, (), AL (1, 0, Ad) \ [T, G320

Li_l(%aﬂ- X XV)
VNS

/ B(Oy, (0)(9)60s £0)B(mo(9) p0r 00) Bl (9)Bor d0)dg,
Hy(Fy)

where Oy (f, ®y) = £ = ®&, € Oy (o). Here we fixed a surjective map 9, : 7, ® Qy, — Oy, (00)
for each v and put ¥y (fy, Pr ) = &, so that £ = ®E, holds. By Lemma 5.2.3, |Séw (W)HSU\ =

—1
27_1|S,r|\5’@w(0)|. Theorem 7.1.1 then follows from Lemma 5.2.2.
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7.4. Some remarks. We end this section by some remarks on Theorem 7.1.1.

Remark 7.4.1. We have proved in the theorem that we can deduce Conjecture 2.3.1(3) from
Conjecture 6.3.1 under the assumptions of the theorem. Similarly, we may also deduce Conjec-

ture 6.3.1 from Conjecture 2.3.1(3). We only need to run the above argument backwards.

Remark 7.4.2. Instead of the seesaw diagram that has been used in the proof of Theorem 7.1.1,

we may consider the following seesaw diagram.

Mp(2n) x Mp(2n) O(2n + 2)

=

Sp(2n) O(2n+1) x O(1)

Then we can go back and forth between Conjecture 2.3.1(3) for Sp(2n) x Mp(2n) and Ichino-
Ikeda’s conjecture for SO(2n + 2) x SO(2n + 1).

In particular, if n = 1, then the Ichino—Ikeda’s conjecture, hence Conjecture 6.3.1 is known.
In this case, without assuming Hypothesis LLC, GLC and O, [39, Theorem 4.5] proved Conjec-
ture 2.3.1(3) with |Sx,|[Sx,| replaced by 1. This result is compatible with our conjecture if we
assume LLC, GLC and O.

Remark 7.4.3. Instead of the seesaw diagrams above, we may consider

Mp(2n) x Sp(2n) O(2n+2r+1) , Mp(2n) x Mp(2n) O(2n + 2r)
Mp(2n) O(2n +2r) x O(1) Sp(2n) >§+ 2r — 1) x O(1)

In this way, the Conjecture 2.3.1(3) for tempered representations on Sp(2n) x Mp(2n) will

be related to the Ichino-Ikeda’s conjecture for nontempered representations. Ichino [22] and
Ichino—Tkeda [23] made use of the following seesaw diagrams respectively.
SL(2) x SL(2) o) SL(2) x SL(2) 0(6)

SL(2) 0(4) x O(1) SL(2) 0(5) x O(1)

At this moment, there is no precise form of the refined Gan—Gross—Prasad conjecture for non-
tempered representations. We hope that Conjecture 2.3.1(3) together with the seesaw diagrams

as above could shed some light on the formulation of this conjecture.
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8. COMPACTIBILITY WITH ICHINO-IKEDA’S CONJECTURE: Sp(2n + 2) x Mp(2n)

8.1. The theorem. The goal of this section is to study Conjecture 2.3.1(3) for Sp(2n + 2) x
Mp(2n).
Let W be an 2n + 2 dimensional symplectic space and G = Sp(W). We choose a basis

{e1, -+ ,eny1,€l,--- e 1} of W so that symplectic form on W is given by the matrix

")

Let X = (eny1), X* = (e 1) and Wy = (e1, - ,eqn, €], - ,e5). With this choice of basis, we
identify W with F2"+2 and Wy with F?". Let L = (e1,--- ,e,) ~ F™ and L* = (e}, -+ ,e}) ~
F". Then Wy = L + L* is a complete polarization of Wy. We represent elements in G as
matrices.

Let R = R(Wy) = NGy be the Jacobi group associated to Wy, where N is the unipotent

radical and Go ~ Sp(Wy). The group R takes the form

a

where z,y € F™, k € F and (
c d

b
) € Gp. We write the first matrix as n = n(z,y,k). Let

Go = Mp(W;) and R = RGy,.

Let (V, qv) be a 2n+2 dimensional orthogonal space and H = O(V). Let A € F* and v} € V
such that gy (v}, v9) = A. Let Vy be the orthogonal complement of (v9) and Hy = O(V}).

Let wy, be the Weil representation of R(Ap) which is realized on S(A%). Let Qy be the
Weil representation of G(Ar) x H(Ap) which is realized on S(V(Ap)"*!). Let Q?b be the
Weil representation of Go(Ap) x H(Ap) which is realized on S(V(Ar)™). Let Qy be the Weil
representation of Go(Ar) x Hy(Ap) which is realized on S(Vy(Ar)"). Suppose that ¢ € S(A%)
(resp. ® € S(V™(Ap)), resp. ® € S(VA(Ar)™)). Then we have the theta series on R(Ap)
(resp. G(Ap) x H(Ar), resp. Go(Ar) x Hx(Ar))

HTZ))\ (Ta ¢)7 resp. @1/) (ga h7 (I))a resp. éd) (ga h)\, (AI;)

Let 7 be an irreducible cuspidal tempered automorphic representation of H(Ap). We denote
by ©y(m) the global theta lifting of 7 to G(AF), i.e. the automorphic representation of G(Ar)

generated by the functions of the form

0,(f.®)() = / FR)Ou(h B)dh, fem ®eSV(Ap)H).
H(F)\H(AF)
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Let o be an irreducible cuspidal tempered genuine automorphic representation of vao(AF) and
(:)w(a) be the theta lifting of o to Hy(Ar), i.e. the automorphic representation of Hy(Ar)
generated by the functions of the form
Oule. D)) = | (0009 B)dg.
Go(F)\Go(AF)
Theorem 8.1.1. Assume that ©y(7) and é¢(a) are both cuspidal. If Conjecture 6.5.1 holds for

(W,é¢(0‘)), then Conjecture 2.3.1(83) holds for (Oy(m),0) (with the additive character 1y ). In
particular, if n =1, then Conjecture 2.3.1(8) holds for (©y(m),o) (with the additive character

Yr)-

The proof of this theorem will occupy the following four subsections. The last assertion follows
from the fact that Ichino-Tkeda’s conjecture is known for SO(4) x SO(3). Thus Conjecture 6.3.1
holds for O(4) x O(3).

Remark 8.1.2. We don’t assume that (:)w(a) is not zero. In fact, if (:)¢(0) is zero, then it follows

from the computation below that both sides of the identity in Conjecture 2.3.1(3) are zero.

Remark 8.1.3. By assumption, there is a vf)\ € V such that qv(vf)\,fu?\) = A. If follows from

the computation below that if such a v?\ does not exist, then both sides of the identity in

Conjecture 2.3.1(3) are zero.

8.2. Measures. Without saying to the contrary, we always take the Tamagawa measure on
the group of adelic points of an algebraic group. Note that vol A(F)\A(Ar) = 1 where A =
G,Gy, H, Hy. Note also that VolGo(F)\@B(AF) = 1. Suppose that A = G,Gy, H, Hy, or CTO.
We fix a decomposition dg = [],dg, where dg, is a measure on A(F,) so that for almost all

places v, vol K, = 1 where K, = A(0F,) is a hyperspecial maximal compact subgroup of A(F).

Lemma 8.2.1. Let f € S(V(Ar)). Then

v K V,V v —AK)dK = 717)0 .
(3.2.1) /A F (/V L @t >>d)w< Ar)d /H i S0

Proof. Suppose that V' is not a four dimensional split quadratic space. Then the lemma follows
from the Siegel-Weil formula for SLo xH. Let E(g, CDSPS)) be the Eisenstein series on SLo(Afp)
where @Sf) € IndSBLz(AF ) xv || is the Siegel-Weil section where B is the standard upper triangular
Borel subgroup of SLa. Then the left hand side of (8.2.1) is the 1\-Fourier coefficient of E(g, @505))

at s = sgp = n. The right hand side of (8.2.1) is the ¢\-Fourier coefficient of the theta integral

/ 0y(g, h, f)dh,
H(F)\H(Ar)
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where 6,(g, h, f) is the theta series on SLa(Ap) x H(Ap). The lemma then follows from the

(convergent) Siegel-Weil formula

B9 8) o = [ 04(9,h, f)dh.
H(F)\H(AF)

Suppose that V is split and dim V' = 4. Without loss of generality, we may assume that A = 1.
Then V is identified with the space of 2 x 2 matrices over F' and the quadratic form is given
by the determinant. We may assume v{ = 15 € V. Under this identification, Hy (Ar)\H (Af) is
identified with SLo(Af) and the quotient measure is identified with the Tamagawa measure on
SLo(Ap). This is because the volume of H(F)H(Ar)\H(AFr) equals one.

Ty

) The left hand side of the desired identity equals
Tr3 T4

We write an element in V as

/ flx1,xe, k3, x4)Y(K(x124 — T223) — K)da1drodrsdarsdk.
Ap JaL
By the Fourier inversion formula, it equals

/2 (29 + axs, 25 + axy, 3, 24)dadzzdry,
Az Jap

where (29, 29) € A% is a fixed vector of norm one and perpendicular to (z3,z4) under the usual
Euclidean inner product on A%. The choice of (z,29) is not unique, but the above formula
does not depend on the choice. The measure dadzsdzy gives a measure on SLo(Ap) which is
invariant under the right multiplication of SLo(Ap). It is clear that it gives SLa(F')\ SLa(AR)

volume one, hence it is the Tamagawa measure on SLa(Ar). The lemma then follows. U

8.3. Global Fourier—Jacobi periods of Theta liftings. The goal of this subsection is to

compute

(8.3.1) f(h)©y(ng, b, ®)0y, (ng, ¢)p(g)dhdndg.

/GO(F)\GO(AF) /N(F)\N(AF) /H(F)\H(AF)

The idea of the computation is putting in the definition of the theta series and unfolding the
integrals. The essential step is the identity (8.3.2). In this identity, the summation over rational
points in V' of norm A is replaced by the summation over Hy(F)\H(F'). This is the key step
which enable us to unfold the integrals. We divide the computation in several steps.

Step 1. The goal is to unwinding the definition of the theta functions.

Suppose n = n(x,y,k), kK € F\Ap, v = (z1,--- ,2,) € (F\Ap)" and y = (y1, " ,yn) €
(F\Afp)™. By definition, we have

Op(ng,®) = > wy, (9ol + a1, s In+ 2n)Ayr (@1 +20) + -+ + Mg (20 + 20n) + Ak).
l1, ln€F
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Suppose ® = ®° @ @, where ®° € S(V(Ar)") and ®,,41 € S(V(Ar)). We have an H(Ap) x

Go(AF) equivariant isomorphism
S(V(AR)™) = S(V(AR)") @ S(V(AF)),

where the left hand side is the Weil representation €y, restricted to H(Ap) x Go(Afp) and this
group acts on the first factor via the Weil representation ng and on the second factor via
projection to H(Ap) and multiplication from the left.

Then we have

O(ng, h, ) = Z onp(g)q)o(hil(vl + T1Up41), ’hil(vn + TnUn41)) Prs (hilvn-i-l)

V1, ,Un,Un4+1€EV

¢(2y1QV(01, 'UnJrl) +-+ 2ynQV(Um UnJrl) + (K + yt-r)QV('UnJrly Un+1))-

Therefore

/\ ©(ng, h, ®)Yr(k)dr = > ()@ (™ (01 + 210p41), -+ s BT (00 + Tpnga))
F\Ap

V1, ,un €V
qv (Vn+1,Vn4+1)=A

D1 (B 0ng )Y 2010y (01, Vns1) + -+ 2Unqy (Un, vng1) + Y @A),

From this we get

/ O(ng. h, BBy, (ni(g), §)dn
N(F)\N(AF)

= / (9)°(h ™ (v1 4 T1vn41), -+ B (v + Tnng1)) Prgr (R opgn)
V], ,vnEV F\AF)%L
qv (vn+17vn+l
l17 o 7ln€F

wy, (L(g)) Pl + @1, I+ )P (291 (qv (v1, vpg1) = BA) + - 20 (qv (v, vng1) — InA)))dady.

Recall that if g € G, then we define (g) = (g,1) € Go.

Step 2. This is the key step. We replace the summation over rational points in V' of norm A
by the summation over Hy(F)\H (F).

Let Ay = {v € V | gv(v,v) = A}. Then the group H(F') acts transitively on A)(F') and
identifies Hy(F)\H (F) with A\(F) by h+ h~'0}. It follows that
(8.3.2)

(8.3.1) = / / / f(h)
o1 (F\AFR)2" JGo(F)\Go(AF) J Hx\(F)\H(AF)

,on€V
l1 lnGF

Q?b(g)q)o(h_l(vl + l‘lv())\), T h_l(vn + xnvg))q)nJrl(h_lU())\)w?ﬁ,\ (g)¢(l1 +x, e+ :L‘n)
»(2y1(qy (v1, vf)\) — L)+ 4 2y (qy (vn, 1)9\) —1,N))p(g)dhdgdzdy.
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Then

(8.3.1) = / / / / FOR)
(F\AFR)?™ JGo(F)\Go(AF) Y Hx(Ap)\H(AFR) J Hx(F)\Hx(AF)

V1, ,0n €V
lly' lneF

QY (g)@o(lflh_lvl +ath 8, R o 4 2 h T R) @ (RS )ws, ()l + @1, -

D (2u1(qv (v1,08) — A + - + 20 (qy (Vn, 13) — 1nN))@(g)dhadhdgdady.
Step 3. Simplifying the expression. This step is mostly formal.

Integrations over y;’s yield

(8.3.1) = > / / / /
(F\AF)™ JGo(F)\Go(Ar) Y Hx(Ap)\H(AF) J H\(F)\Hx(AF)

V1, 0n €V
l17 . lnGF
qV(vl,UA) ;A\ Vi

F(hah)Q,(9)®° (b hy toy + ah ™R, -+ R R oy + @k )
D1 (b 0wy, (9)d(l + 21, -+, I + 20)(g)dhrdhdgda.

The variables v; have to be of the form l-v?\ + w; where w; € V). Therefore

(8.3.1) = / / / /
wy (F\Ap)™ JGo(F)\Go(Ar) JHA(AF)\H(AF) v Hx\(F)\Hx(AF)

RISA%N
ll, . lneF

Fhan)Q,(g) @0 (R Ry Mwy + (I + 210) R0, -+ b7y wg + (I + @) R 10)
D1 (b 0wy, (9)d(l + 21, -+, I + 20)(g)dhrdhdgda.

Thus
(8.3.1) = Z / / / / f(hxh)
Wi W EVA Go(F)\Go(AFr) JH\(Ap)\H(Ar) JHx(F)\Hx(AF)
Q%(g) (hilh; wy 4+ x1h ™! v)\, e ,hilhglwn + xnhflvg)
<I)n_|r1(iflvg]\)wwA (9)o(x1, -+, xn)p(g)dhydhdgdx.
We define

(8.33) @ xg(w, - wy) =/ O (wi + @108, wn +200R) G2, ) - A

Then ®° x ¢ € S(Vy(Ap)").
It is straight forward to check that

Q(F, 7)(@° 5 8) = (W (9, 1) 2°) * (wy (@)6), G € Co(Ar), ki € Ha(Ap),

where g is the image of g in Go(Ap). With this definition, we have

7ln +xn)

(8,3-1):/ / F(hah)Oy (@, (%(h)@°) * @) (ha)dhy | Pps1 (R 0)dh.
Hy(Ap)\H(AF) (F)O\Hx(AF)

We summarize the above computation in the following lemma.
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Lemma 8.3.1.

/ / / ()84 (ng, h, @° © @410y, (ng. &)p(g)dhdndg
Go(F)\Go(Ar) JN(F)\N(Ar) JH(F)\H(AF)

Hy(Ar)\H(AF) Hy(F)\Hy(Afp)

8.4. Local Fourier—Jacobi periods of theta liftings. We now switch to the local situation.
We fix a place v of F' and suppress it from all notation. So F' stands for a local field of charac-
teristic zero. We have the local version of all the previous objects, e.g. Weil representations, the
representations 7, o, and the theta liftings O, (), @)¢ (o), the orbit Ay of v} under the action of
H(F), which is identified with Hy(F)\H (F'), etc. We denote by B the inner products on various
unitary representations.

The goal is to compute

(3.4.1) / / / B (W), 1)B(Q(ng, h)®, ®)Blar,, (n9) 6, 6)B(0(9), ¢)dhdndy,
Go(F) JN(F) JH(F)

where ® = ®° @ ®,,1 where ®° € S(V") and @, € S(V).

The computation is parallel to the global computation as given in the previous subsection. The
idea is again to unwind the definition of the Weil representations. The unfolding argument in the
global situation is replaced by several integration formulas in the local case. The computation,

however, is messy and technical. We list the main steps.
(1) Showing that the integral (8.4.1) is absolutely convergent. Thus we may change the
order of integration.

(2) Computation of the integral over N (F'), namely,

/ B(y(ng, h)®, ®)Blwy, (n1(9))6, #)dn
N(F)

for g € Go(F) and h € H(F). The goal is to unwinding the definition of the Weil
representations and show that this integral equals (8.4.6). The key point in this step is
the integral formula Lemma 8.4.3.

(3) Simplifying the results from the previous step. Here we make use of the integration
formula Lemma 8.4.4 which is a variant of the fact that Fourier transform preserves
L? norm of Schwartz functions. The final outcome is a clean expression (8.4.7) of the
integral over N(F).

(4) Computing (8.4.1) using (8.4.7). The final result is summarized in Lemma 8.4.5. This

steps requires no more than making change of variables.

We organize the following computation in the above described steps.

Step 1. Absolute convergence.
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Lemma 8.4.1. The integral (8.4.1) is absolutely convergent.

Proof. In view of Proposition 2.2.1 (the case r = 1), we only need to prove that for some A > 0,

we have

(8.4.2) / E(h)|B(Qy(g, h)®, ®)|dh < E(g)(1+<(9))", g€ G(F).
H(F)
Note that

< E(g)(1+<(g)? g€ G(F),

/ E(h)B(Qy(g,h)®, ®)dh
H(F)

since the left hand side is a matrix coefficient of a tempered representation.
Even though in general |B(€y (g, h)®, ®)| is not a matrix coefficient of the Weil representation,
we claim that it is dominated by a matrix coefficient of the Weil representation. In fact, by the

Cartan decomposition, we only need to prove this when g = a € Ag and h=">0¢€ AE. Then

B o)< [ (20 e
V(F)7L+1

We may find a Schwartz function ®* so that |®| < ®* (pointwise). We have proved the claim

and hence the lemma. O

Step 2. Computing the integral over N (F).

We recall the following well-known lemma.

Lemma 8.4.2 ([36, Lemma 3.18]). There is a unique measure dh on H)(F)\H(F'), such that
for any f € S(V), we have

| fea= [ [ F(h ) dhdn,
1% FX JHA(F)\H(F)
where dv is the self-dual measure on 'V and d\ is the self-dual measure on F.

For the rest of this section, when we use the notation d to denote a measure on Hy(F)\H (F),
we always mean the measure defined in this lemma.

We need the following integration formula.

Lemma 8.4.3. Let f € S(V). Then fV f)(kqy (v,v))dv is absolutely integrable as a function

of k. Moreover,

_ _ -1,0
813 [ ([ retamena)scama= [ et
Proof. The integral [}, f(v)(kqy (v, v))dv equals

(L))
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where @? is the Siegel-Weil section of IndSb2(F) xv|-|* at s = s9 = n. Then by the decomposition

O L S [

the order of magnitude of [, f(v)¥(kqy (v,v))dv is || "' when |x| is large. The integrability
then follows.
By Lemma 8.4.2,

/f(v)w(nqv(v,v))dv:/ (/ f(h%&)dh) Y(=Nrk)dN.
\% FXx H,/(F)\H(F)

Since f is Schwartz, [ Hy (F)\H(F) f(h~'Y,)dh is integrable as a function of X\’ and is continuous

on F*. The lemma then follows from the Fourier inversion formula. O

Thanks to Lemma 8.4.1, we may change the order of integrations in (8.4.1). We integrate
over N(F) first. By definition,

B(Qiﬁ(nga h)(I)v (I)) _/ +1 Q%(g)(bo(h_l(vl + 1’1Un+1)7 T h_l(vn + x’n’l}n+1))¢)0(’01, T avn)
V’ﬂ
P(2y19v (v1, Vnt1) + -+ - 29nqv (Vn; Ung1) + (5 + 4" 2)qv (Vnt1, Vnt1))
@1 (B M0y 11) @1 (V1) doy - - dog .
Here n = n(z,y,k) and x = (x1, - ,2n) € F", y = (Y1, ,yn) € F", k € F. It follows from
Lemma 8.4.3 that
(8.4.4

)
/ / QT/)(”Q? h)q)(vla *t 5y Un, 'Un+1)q)(7}1, ©y Un, ’Un+1)¢)(—)\/€)d’l)1 to dvndvTH*ld/{
F Jyn+l

:/ / Q%(g)@o(hfl(vl + xlhlflvg), cee hil(vn + xnhlflvg))fﬁo(vl, cee L vp)
Hy(F)\H(F)JVn

(2y1qv (v1, B 10R) + - 2uqy (v, K TH0R) + (1 4 - Tayn) A)

D1 (BRI @pppr (W10 dwy - - - dvpdh.

The integral on the right hand side is absolutely convergent. In fact, the integrand is bounded
by
C‘(I)O('Ulv T ,Un)q)n+1(h/_lv[))\)|,

where C is a constant which is independent of x and y.

By definition,
B(wy, (n(z,y,0)9)¢, ¢)

_/ W¢>\ (§>¢(l1 + X1, 7ln + xn)¢(l17 e 7ln)w()\y1 <1’1 + 211) + -+ )\yn(wn + 2ln))dl1 o dlna

where g € Go.
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We claim that
(8.4.5) / / #|[B(wy, (n(x,y,0)9)¢, ¢)|dvy - - - dv,dh’dzdy
Fen JH (F\H(F) Jvn

is convergent, where * stands for the integrand of the right hand side of (8.4.4). Indeed, this

integral is bounded by the convergent integral

C x / |®(v1, -+ Vny Vna1) Prpr (B )|dv1 -dv,dh’
(F)\H(F)Jvn

< / B(wr(n(z, y,0)5)6, ) dedy,
F2n

where C' is some constant.
Thanks to the convergence of (8.4.5), we can change the order of the integration of x,y € F"™

and h' € H\(F)\H(F). We end up with
/ B(y(ng, )@, 8)Blay, (n(9))8, )dn
N(F)

equals the following integral:

(8.4.6)

/ / / / () BO(h (01 + 21 08), -+ B o+ 2 00) B g, o)
Hy\(F\H(F) JF2n Jyn JFn

$(2y1qv (01, K 0R) + -+ 2unqy (v, B TH0R) + (mayn 4 - Zayn)A)

wyy (L(g) Pl + 21, I + @) P(l1, - S ) P(=Ayn (@1 + 20) — - = Ayn(zn + 205))

B 1 (B 0) By (W= 100)dly - - - dlydoy - - dopdy, - - - dypday - - - dz,dB.

Step 3. Simplifying the three inner integrals of (8.4.6).

We need the following integration formula.

Lemma 8.4.4. Let f be a Schwartz function on V" and ¢ a Schwartz function on F™. Let

00 € V with qy (v°,0°) = X and {v°} be its orthogonal complement. Then
/ / D(2y19v (v1,0°) + - 2ynqy (U, V) = 2911IA — - — 2yl )
n n F'VL
f(vla , U )qb(lla l )dll e dlnd’U]_ e dvnd?/l e dyn
equals

|2\ 7" / Flv® +wy, - 100 +wp)p(ly, -+, 1y)dly - - - dlpdwy - - - dwy,
{UO}J_ n

Proof. Let annd Zzg be the Fourier transform of f and ¢ respectively (with respect to ). Then

the first integral in the lemma equals

f(zylvoa Tt 72ynvo)$(2y1)\) e 72yn)\)dy1 e dyn
n
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The lemma then follows from the fact that the Fourier transform preserves the inner product of

Schwartz functions. O

Applying this lemma, we see that

Inner three integrals of (8.4.6)

:|2)\]_”/ / / Q?p(g)@o(h_lh’_l(wl + 1) + 210Y), - AR T (w4 10 4 200)))

(I)O(wl + llhlilvg)a ce,Wn + l h'= lv)\)wwx( ( ))(b(ll + 21, aln + ZEn)@(ll, e 7ln)
dwq - - -dwpdly - - - dl,,dxq - - - dzy,
This integral is absolutely convergent. We then make change of variables x; — x; — [;. Then

Inner three integrals of (8.4.6)

—\2/\|”/ / Q%(g)@o(hflhlfl(wl + 210, bR T (wy, + 2p0)))
n n Fn

QOB =1 (wy + 110Y), -, W= (wp, + 1,0)))
wy, (L(g))p(x1, - xn)d(l1, - -+ L 1n)dl - - - dlpdwy - - - dwpday - - - day,.

We define a local analogue of (8.3.3), i.e

®° *5(7}17 T ,Un) = / (I)O(Ul + 1'17)9\, T, Up F CUnU?\)(ﬁ(ﬂUla T 7xn)dx1 <o dy,.
Then ®° % ¢ € S(V{") and

Q(F, 1) (@° 5 8) = (U (9, 1) 2°) # (wyy (@)6),  § € Go(F), hy € HA(F),

where g is the image of g in Go(F).
We conclude that
(8.4.6) = \2)\|"/ B(QO (g, 1) ® * wy, (9) 0, Qw( "N * )
HX(F)\H(F)
D1 (BRI @y (B 10 dR.

(8.4.7)

Step 4. Computing (8.4.1) using (8.4.7).

Recall that we have fixed a measure on H(F') and H)(F) respectively. Let dh’ be the quotient
measure on H)(F)\H(F) and ¢ a constant so that ¢-dh’ = dh’ where dh’ is the measure on
H)\(F)\H(F) defined in Lemma 8.4.2. Then we get

(8.4.1) =c - [2A] " /H . /H [ B DB 0)e, 9B . M) 50, (510, 2 (1) )

D1 (B R T1O) g1 (B~ 108 dgdhd .
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We make a change of variable h — h'~'h and get
(8.4.1)

-n / 0 *w 0 / "
- /H oo S BERIE BB )0, B0, 1 50, (5)5, 04 )0 +7)

Oy 1 (W)@ g1 (B~ 108 )dgdhdh’.

The group H)y embeds in H x H diagonally. This integral is absolutely convergent.
We further split the integration over h as hyh where hy € Hy and h € Hy\H. Then

(8.4.1) =c- |2\ ™" /(H \H)Q/H ; B(w(hah) f,m(W) f)B(o(9)e; »)

B(Sy(g, 1) (2, () ® % ). (2, ()@ * §)) B (b~ 0R) @r (W= 10]) dgdhadh'dh.

We summarize the above computation into the following lemma.

Lemma 8.4.5. Suppose ® = ®° @ ®,, 1 where ®° € S(V") and ®,,41 € S(V). Then

/ / / BOr(h)F, FB(2 (ng, h)®, ®)Blw, (n9) 6, 6)B(0(9), 9)dhdndg
Go(F) JN(F)

=C- -n o QO 0 *7 0 ! *7
ey f /H ([ B 8@ b2 3. (200)8 53

B(m(hah) fow(R) f)®pi1 (B~ 0R) ®ppr (R 109)dhydhd R
8.5. Proof of Theorem 8.1.1. By Lemma 8.3.1, we have

| FT 60 (On(f, @), 0, 0)? // D1 (W1 0R) gy (W 107)
(H(Ap)\H(Ar))?

(/ F(hah)Oy (@, (2,(h)®°) *¢)(hx)dhx>
HAX(F)\Hx(AF)

( / F(RAR)O (@, (25, (h) @) ¢)(h&)dh&> dhdh'.
(F\Hx(Ar)

We fix a sufficiently large finite set of places S of F' so that if v &€ S, then the following

conditions hold.

(1) v is non-archimedean, 2 and X are in ofﬁjv, the conductor of 1 is 0p .

(2) The group A is unramified with a hyperspecial maximal compact subgroup K4, =
A(op,) where A =G, Gy, H, Hy.

(3) fo and @, are Ky, and Kg,, fixed respectively. Moreover, they are normalized so that
B(fv, fv) = B(vw, vy) = 1. In particular, 7, and o, are both unramified.

(4) ®, is the characteristic function of V (0f,)" ™!, ¢, is the characteristic function of 0% -

(5) The volume of the hyperspecial maximal compact subgroup K4, is 1 under the chosen
measure on A(F,), where A = G, Gy, H, H).
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Lemma 8.5.1. Ifv & S, then ¢, = Ly(n+ 1,xv,)"*. Recall that dh, = ¢, - dhy,\dh, where

dh, is the measure defined in Lemma 8.4.2.

Proof. We denote temporarily by f, the characteristic function of V' (0f,). Recall from the proof
of Lemma 8.4.3 that

-1,,0 — n 1 1 & _
/H/\(Fv)\H(Fv)f”(h UA)dh_/Fu fo ((_1 > < 1>> Uy (—Ar)dK

where ®% is the Siegel-Weil section of IndSt2(#) |-|° at s = sop = n. It is well-known that

the right hand side equals L,(n + 1, xy,) "t
We note that since A € o, the orbit Ay of vf)\ is defined over op,. The group H(or,)

XV,

acts transitively on V)(og,). Therefore Hy(opy)\H(0Fy) — Ax(0p,) is a bijection. Thus
fo(h™ 1Y) = 14, (0p.0)\H(op.,) (). Therefore under the quotient measure dhy,\dhy, the left

hand side equals one. The lemma then follows. O

Lemma 8.5.2.

H co = L¥(n+1,xv).
vES

Proof. 1t follows from Lemma 8.2.1 that [, ¢, = 1. Then

HCU—H Lsn—l-l)(V)

veS vES

O

Conjecture 6.3.1, the Rallis’ inner product formula (for theta lifting from CTO to Hy) and
Lemma 8.4.5 lead to

27-1 LS(1.m x Oy(0))
FTua(O4(f,®),0,0)> = I
FT0r(Ou(f, @), ¢,9)] 571156, ()| LS (1,7, Ad) L5 (1, Oy (o), Ad)

AS LS %,0’ X XVA 1
) oy Lle
ITj=: ¢2(24) Go(Fy) IN(F) JH(FY)

veS
BU (W(hv)fva fU)BU(Q’(/JU (hm nvgv)(pvy (I)U)BU (ww%v (nvgv)¢va ¢U)BU (UU (gv)QOm @U)dhvdnvdgvv

where v is described as in Conjecture 6.3.1.
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We then apply the Rallis inner product formula for the theta lifting from H to G. We conclude
that
_ L5(}, 7 x 8y(0))
|5%[158,, ()] L5 (1,7, Ad)L5 (1,04 (0), Ad)
A% L@SD(%’O—XXVA) < LS(LW)
J ¢2(27) \ITiz, ¢R(20)L%(n +1,xv

H / Bv (91% (7rv) (nvgv)‘fva év)Bv (Ww/\’v (nvgv)¢va ¢U)BU (Uv (gv)@v, Sov)dnvdgva
veS Go(Fy) J N(Fv)

|FT (€0, 0)]?

-1
)> LS+ 1)

where { = ®&, € Oy(m). Note that \Sﬂ\|5(:)w(a)| = 27_1|S@w(7r)||50| by Lemma 5.2.3. Conjec-
ture 2.3.1(3) then follows from Lemma 5.2.2.

8.6. A variant. So far we considered the case Sp(2n+2)xMp(2n). The case Mp(2n+2)xSp(2n)
is similar. We only mention the following theorem.

Let (V,qy) be a 2n 4+ 3 dimensional orthogonal space and H = O(V'). Suppose that A € F*
and there is an element v{ € V such that gy (v,v)) = A. Let V) be the orthogonal complement
of 1)9\ and Hy = O(V)). Let m be an irreducible cuspidal tempered automorphic representation
of H(AF) and ©y(7) its theta lift to Mp(2n + 2)(Ar) (with additive character ). Let o be an
irreducible cuspidal tempered automorphic representation of Sp(2n)(Ar) and Oy (o) its theta
lift to Hy(Ap).

Theorem 8.6.1. Suppose that ©y(m) and Oy(o) are both cuspidal. If Conjecture 6.5.1 holds
for (m,04(0)), then Conjecture 2.3.1(3) holds for (©y(m),o) (with the additive character 1y ).

The proof of Theorem 8.6.1 is analogues to Theorem 8.1.1 and we leave the details to the

interested reader.
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