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1. INTRODUCTION

1.1. The refined Gan—Gross—Prasad conjecture. In this paper, as a sequel of | ], we formulate a

refinement to the global Gan-Gross—Prasad conjecture for the Fourier-Jacobi periods on U(n) x U(n) and
prove it under some local conditions, assuming some expected properties of the L-packets and some parts of
the local Gan—Gross—Prasad conjecture.

This refinement is modeled on some recent work on the refined Gan—Gross—Prasad conjecture for the
Bessel periods. In a seminal paper | ], Ichino and Tkeda formulated a refinement of the Gan—Gross—
Prasad conjecture for orthogonal groups SO(n + 1) x SO(n). The n = 2 case corresponds to Waldspurger’s
formula [ ] and the n = 3 case corresponds to the triple product formula | ]. Gan and Ichino proved
some cases of n = 4 using theta correspondences. But little is known beyond this. N. Harris then formulated
the refined conjecture for the unitary groups U(n+1)x U(n) in his Ph.D. thesis at the University of California,
San Diego | ]. Harris also verified the case n = 1 and some special cases of n = 2. W. Zhang proved
the refinement for the unitary groups U(n + 1) x U(n) under some local conditions | ]. Zhang’s work
is built on the relative trace formulae formulated by Jacquet—Rallis | |, the relevant fundamental lemma
established by Yun [ | and the existence of smooth transfer established by himself | ]

There is a parallel theory for the Fourier-Jacobi periods on U(n) x U(n). The non-refined conjecture
for the Fourier-Jacobi periods was formulated in [ ]. A relative trace formulae approach to these
conjectures for unitary groups was then proposed by Liu | ]. The relevant fundamental lemma for
U(n) x U(n) was also proved by Liu. Building on the work of Liu, we proved the non-refined Gan—Gross—
Prasad conjecture for U(n) x U(n) in | ] under some local conditions. The techniques in | | were
largely inspired by | ]. In fact, we proved the existence of smooth transfer by reducing it to the case
established in [ ]. In this paper, we first formulate a refinement to the Gan—Gross—Prasad conjecture
for U(n) x U(n), and then prove it under some local conditions. This is an analogue of | ] for the case
of Fourier—Jacobi periods.

Date: July 28, 2014.



We first introduce the Fourier—Jacobi periods on U(n) x U(n). Let k&’ be a number field and k a quadratic
field extension of k’. Let 7 be the non-trivial element in the Galois group Gal(k/k’). Let A’ (resp. A) be
the ring of adeles of k' (resp. k), n the quadratic character of k'*\A’* associated to k/k’ by the global class
field theory. We fix a character p : k*\A* — C* such that p|yx = n. We also fix a nontrivial additive
character ¢’ : K'\A’ — C*. If v is a place of k’, we write k! the completion of k" at v and k, = k ® k..

Let V be an n-dimensional skew-Hermitian space over k, U(V') the corresponding unitary group defined
over k’. Let V'V be the dual space of V' with the (dual) skew-hermitian form (—,—). Let ResV" be the
symplectic space over k' of dimension 2n whose underline vector space is V¥ viewed as a vector space over
k" and whose symplectic form is given by

{(w,v)) = % Try, /e (w0, v)

Choose a Lagrangian subspace L C Res VY over k', i.e. a maximal isotropic subspace of Res VY. Then we
have the Weil representation w, ,, of U(V')(A’) which is realized on S(L(A’)), the space of Schwartz functions
on L(A') (c.f. Appendix A for the definition). We form the theta series on the unitary group U(V)(A’) by

Op (g 8) = D wyulg)dlx), geUWV)A), ¢eSLA)).
z€eL(k’)

Let 7 and 72 be two irreducible cuspidal automorphic representations of U(V)(A'). Let ¢; € m; for
i =1,2. We define the Fourier—Jacobi period to be the integral

(1.1.1) FT g u(p1,p2,0) = / ©1(9)2(9)0y (g, P)dg.
U(V) (k)N UV (A7)

This integral is absolutely convergent since 1, @9 are rapid decaying and (g, ¢) is of moderate growth.
We are interested in determining whether the integral (1.1.1) is identically zero. The (non-refined) Gan—
Gross—Prasad conjecture predicts that the nonvanishing of the linear functional F 7, (possibly by varying
the space V and switching to another member in the Vogan packet of 71 and ) is equivalent to the
nonvanishing of the central L-value L(3,BC(m) x BC(m2) ® p~1), where BC(m;) (i = 1,2) stands for the

base change of m; to GL,(A) (c.f. | ] for the notion of base change). We refer the readers to | )
Section 25] for a discussion of Vogan packets and [ , Conjecture 26.1] for the precise statement of
this conjecture. This conjectural equivalence has been proved in | | if 71 and mo satisfy some local
conditions.

For some arithmetic applications, it is usually more desirable to have a precise relation between the period
integral (1.1.1) and the central L-value L(3,BC(m;) x BC(m2) ® p~'). We now formulate this conjectural
relation.

We take the measure dg in (1.1.1) to be the Tamagawa measure of U(V)(A’). We fix a measure dg, on
U(V)(ky,) for each v so that dg =[], dg..

For i = 1,2, let (—, =), be the Petersson inner product on 7; defined by

(0, 0") = / e(9)pY(9)dg, ¢,¢" €.
UW)(EO\U(V)(A)
We fix a pairing (—, =), , on m;, so that (=, =), =], (= =)=, .-
There is a natural hermitian inner product on wy , given by

60, = [ )TN, 6,07 € SLA)).
L(A")
where we fix an isomorphism L ~ £/, and take dz to be the self-dual measure on L(A’) (with respect to ¢').
Let dz, be the self-dual measure on L(k!) (with respect to ¢)). Then dz = [[dz,. This hermitian pairing

decomposes as a product (—, —)w,, = [[, (-, _>Ww;,w under the decomposition wys ;, = @yWyr 4, , Where

608 = [ ST @, 60,61 € SWLK)).
L(k;,)



Let ©1,0,0Y, € Tiu, 920,93, € T20, Gu,dy € S(L(K,)) be K,-finite vectors where K, is a maximal
compact subgroup of U(V)(k’). Define

av(ﬂol,va (P;/ﬂn P20, 902v,v7 (bva (bq\)/)

(1.1.2) = / (11,0(90)P1,0, P 0 )m1,0 (72,0 (90) 92,0, P30 ) 72 0 (Wit (G0) s B oy, AGor-
U(V)(k;)
We also put @, (91,0, 92,05 Bu) = W(P1,0, P10s 92,0, 92,0, Pus Do)-
We prove in Appendix D that the integral (1.1.2) has the following nice properties.
Proposition 1.1.1. Assume that w1, and T2, are tempered.

(1) The integral (1.1.2) is convergent.

(2) If Homyvy(r:) (1,0 @720 @Wyr i, C) # 0, then the linear form «, is not identically zero. Moreover,
Oév(@l,v, P25 ¢v) > 0.

(3) Let v be a non-archimedean place of k'. Assume that w1 4, Tou, Y, iy are all unramified. Recall that
this means that the quadratic extension k,/kl is unramified, the group U(V)(k.) has a hyperspecial
subgroup K, = U(V)(0)), the conductor of 1., (resp. pu,) is o, (resp. o)) and m;, (i =1,2) has a

K, fized vector. Then
av(sp(lj,v’(pg,v7¢g) :VOIK % ﬁL(Z z) X L(%’BC(TFLU) X BC(W271,)®/,L;1)
<(p(1),v’(p(1),v><(p(2),v7(p(2),v>< 10)7 9)> : i1 o L(177T1,vaAd)L(177T2,'UaAd) ’

where o, (i =1,2) and ¢ are K,-fived vectors in m;,, and S(L(k])) respectively.

Because of Proposition 1.1.1 (3), we define a normalized linear form of by

ai((plﬂﬂ wY,vﬂ P2,0) 80;/,1)7 b, ¢7\j/)

(1.1.3) n  L(Y,BC(m1.) x BC(ma) @ uyl) )
— L i 27 U U v . v \ v \% v \% .
il;[ (Zanfu) X L(l,ﬂ-l’»U,Ad)L(].,’/T27»U,Ad) « (301, 7@171;’8027 7902,1)7(? 5¢v)
As explained in [I110], the automorphic representations m; and 75 should come from some elliptic Arthur
parameters
U, : Ly — "U(V) = U(V) x Gal(F /K'), i = 1,2,
where Ly is the (hypothetical) Langlands group of &’ and U/(-V) is the Langlands dual group of U(V). We

1

define Sy, (i =1,2) to be the centralizer of the image ¥; in U(V). They are finite abelian 2-groups.
We define the following constant which is associated to the dual Gross motive defined in [ ]

n
Aywy = H L(i,n").
i1

Conjecture 1.1.2. Assume that w1 and wo are irreducible cuspidal tempered automorphic representations

of UV)(A'). If o1 = @14 € 1,02 = Qo € T2, ¢ = @, € S(L(A")), then

Aywy L(3,BC(m) x BC(ms) ® p~t)

1.1.4 FT v 2= 2 8 (1.0 .

( ) ‘ ‘7'(/1 : (30179027¢)‘ |S7-r1||57\—2| L(177T1,Ad)L(].,7T2,Ad) 1:[av(<)0171a<)027v7¢v)

Remark 1.1.3. If n =1, Conjecture 1.1.2 has been proved in Yang’s thesis | ]. Such a formula was then
applied in [ , , | to show that certain elliptic curves studied in | | has rank zero. This
formula has also found its applications in the Iwasawa theory for CM fields, see | , , ].

If n = 2, Conjecture 1.1.2 essentially follows from Ichino’s triple product formula | , ]. The triple
product formula has lots of applications in the analytic theory of L-functions. See | , , ], to
list a few. This formula has also been used in [ ] to construct triple product p-adic L-functions.
Remark 1.1.4. As explained in | , Section 5], we may avoid the use of Arthur parameters in the formu-

lation of Conjecture 1.1.2. The quantity |Sy,| can also be defined via the base change of m; to the general
linear group GL,,.



Remark 1.1.5. Let S be a finite set of places such that if v ¢ S, then m;, (i = 1,2), ¢, and u, are
unramified, the volume of the hyperspecial maximal compact subgroup K, equals 1, 1, @2, and ¢, are
K, fixed, (¢1,0,91,0) = (P2.0, P2,0) = (Pv, $») = 1. Then the right hand side of the conjecture can be written
as
S _
Aty L5(3,BC(m) x BC(me) @ puY) H o 60)
S l[Sml  LS(L,m, Ad)LS (1, mp, Ad)  LLOwEF Lo 20 00l

where Ag(v) is defined in the same way as Ay, except that the partial L-functions are used. Thus the
definition of the local L-factors at the ramified places plays no role on the right hand side of (1.1.4).

Remark 1.1.6. We can formulate a similar conjecturse for the more general Fourier—Jacobi periods for
U(n) x U(m) where n — m is even. We will do this in a forthcoming paper and verify some low rank
cases. The relative trace formulae in the general case seems much harder to establish. However, there
is another approach via the automorphic descent method, see [L.M] for the case of the Whittaker—Fourier
coefficients on the metaplectic groups.

We now look at Conjecture 1.1.2 from the representation theoretic point of view. The integral (1.1.1)
defines an element in
HOIIIU(V)(A/)(TU @ T2 & W' s (C)
Therefore the left hand side of (1.1.4) defines an element in

Homuy vy anxuwyan (T ® T2 @ Wy, @ T @ T2 @ wyy , C).

The product [], af on the right hand side of (1.1.4) defines an element in the same space. By Proposi-
tion 1.1.1 (2), if Homyyy(an (m1 ® m2 ® Wy ., C) # 0, then [, of is nonzero.
It follows from the multiplicity one theorems [ , | that
dim Homy (v (ar)xu(v)(an (M1 @ T2 @ Wy @ 71 @ T @ wyr pu, €) < 1

Thus there is a constant C, such that as linear functionals,

(1.1.5) FT o FTwp=C x ] ol

Conjecture 1.1.2 then computes the constant C'. This conjecture takes a very similar form to the existing
conjectures for the Bessel periods | , ,Liu].

1.2. Main results. We first make a series of hypotheses that we need throughout this paper. The first is
some expected properties of the L-packets, analogue to the work of Arthur on orthogonal and symplectic
groups. See | ] for some recent progresses.

Hypothesis 1.2.1. Let m be an irreducible cuspidal automorphic representation of U(V)(A'). Assume that
at some place v of k' that splits in k, the local component T, is supercuspidal.

(1) The base change BC(w) of m to GLy,(A) exists and is cuspidal with unitary central character. More-
over, the Asai L-function L(s, BC(w), As(fl)nﬂ)
for a discussion of Asai L-functions).

(2) The multiplicity of = in L>(U(V)(K")\ U(V)(A")) is one.

(3) For almost all places v, m, lies in a generic local Vogan packet.

has a simple pole at s =1 (c.f. | , Section 7]

Let V and W be two skew-hermitian spaces of dimension n. Let m (resp. o) be an irreducible cuspidal
automorphic representation of U(V)(A') (resp UW)(A')). Assume that at some split place v of k', both m,
and o, are supercuspidal. Assume that m and o are nearly equivalent, i.e. for almost all places v of k', we
have m, ~ o, with respect to a fized isomorphism V,, ~ W,,.

(4) For all places v, 7, and o, lie in the same local Vogan packet and this packet is generic.

The second hypothesis is a part of the local Gan—Gross—Prasad conjecture. Gan and Ichino [GI] has
recently proved (a stronger version) of the local Gan—Gross—Prasad conjecture for U(n) x U(n) over non-
archimedean local fields, assuming some expected properties of the L-packets.
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Hypothesis 1.2.2. Let v be a place of k'. Then in a generic local Vogan packet of U(V) (kL) x U(V)(k.),
there is at most one representation o1, & o2, of UW)(k]) x UW)(k.), where W is an n-dimensional
skew-hermitian space, such that

Homuyw) (k) (01,0 @ 02,0 ® Wy s C) # 0.

We are going to use the fundamental lemma of Jacquet—Rallis | , ] and its variant for the relative
trace formulae on U(n) x U(n) | ]. Liu proved that there is a constant ¢(n) depending only on n, such
that if v is a place of k' whose residue characteristic is larger than ¢(n), then the fundamental lemma holds.
C.f. Theorem 4.2.4 for a precise statement.

Theorem 1.2.3. Let w1 and 7a be two irreducible cuspidal tempered automorphic representations of U(V)(A').
Assume Hypotheses 1.2.1 and 1.2.2. Denote by X the finite set of non-split places of k' such that p,, m1 ,
and my,, are unramified if v € ¥. Assume the following conditions.
(1) There is a split non-archimedean place vy, such that T ., and w2, are supercuspidal.
(2) Ifv e X, then both m1, and ma, are supercuspidal.
(3) The set ¥ contains all the places of k' whose residue characteristic is smaller than c(n).
(4) All archimedean places of k' split in k.
AU(V) L(%,BC(ﬂj) X BC(7T2) ®,u71

1.2.1 , 2 _
(1.2.1) FT v (1,02, 0)] 1 L(1, 71, Ad)L(1, 72, Ad)

)
H aE}((pl,'uv P2 v, ¢v)
Corollary 1.2.4. Under the conditions of Theorem 1.2.3, we have
1
L <2’BC(7T1) x BC(ma) ®,u1> > 0.

Remark 1.2.5. Tt follows from Hypothesis 1.2.1 that the base change of m; (i = 1,2) to GL,, are cuspidal.
The order of the component group |Sr, ||Sr,| = 4. This is compatible with Conjecture 1.1.2.

Remark 1.2.6. We clarify here what the conditions in the theorem are used for. Condition (1) and (4) are
included so that we can apply the simple relative trace formulae developed in | , ]. Condition (2)
is included because we are only able to establish the local germ expansion for the distribution on the unitary
groups for supercuspidal representations. This seems to be only a technical condition, c.f. Lemma 6.4.1.
Note that Lemma 6.4.1 is the only place where condition (2) is used. Condition (3) is included because we
need to use the fundamental lemma to establish the local distribution identity at the unramified places.

Remark 1.2.7. The simple relative trace formula in [ ] requires that there are two split places v; and vy
of k', such that 7 and 7y are both supercuspidal at v; and vo. We prove in Appendix C that this hypothesis
can be weakened to that m; and o are supercuspidal at v; and tempered at vs.

Remark 1.2.8. In | , Theorem 1.2 (2)], Zhang established a formula for the compact periods (i.e. the
unitary groups at archimedean places are all compact) up to an undetermined constant depending only on
the archimedean components of the automorphic representations. Our situation is slightly more complicated.
In order to establish the relative trace formulae when the unitary groups are all compact at archimedean
places, we need slightly more than the existence of the smooth matching of test functions to handle of the
spectral side of the trace formulae, see Remark 4.2.2. Moreover, we need “Schwartz test functions” instead
of only the compactly supported ones. We will handle this in another paper.

1.3. Outline of the proof. The proof of Theorem 1.2.3 is based on the relative trace formula developed

in [ , ] and the local harmonic analysis technique of | ].
Definition 1.3.1. Let f1, fo € C*(U(V)(A')) and ¢1, ¢2 € S(L(A')). Define the global distribution
(1.3.1) Ty (f1s f2r 01,02) = Y FTyru(m(f) o1, ma(f2) 2, 01) FT yr (01, 02, 02),

P1,P2

where ¢ (resp. ¢2) runs through an orthonormal basis of w1 (resp. 7).

Let v be a place of &¥’. Recall that we have defined a linear functional o, and its normalized version aEJ.
Let f1,0, f2,0 € CZ(U(V)(K)) and ¢1,0, ¢2,0 € S(L(ky)).
5



Definition 1.3.2. Define

(1.3.2) 1 oima (F1,00 f2,00 P15 P2,0) = Z (1,0 (f1,0)P1,0, €105 T2,0(f2,0) 2,05 92,00 P10, P2,0)s
P1,v,¥2,v

and its normalized version

(1.3.3) Jﬂly,uﬂrzyv(fm,fz,v,¢1,m¢2,v) = Z A (710 (F1.0)P10, P10 T2.0 (F2.0) 92,05 P2.05 P> B2.0),
P1,v,P2,v

where in both expressions, @1, (resp. ¢2,) runs over an orthonormal basis of my , (resp. ma,).
Remark 1.3.3. The local distributions .J, and J§ do not depend on the choice of (—, =), (i =1,2).

Conjecture 1.3.4. Assume that w1 and wo are irreducible cuspidal tempered automorphic representations
OfU(V)(A/) If fl = ®fl,v; f2 = ®f2,va (7251 = ®¢1,va ¢2 = ®¢2,v are all factom’zable, then

Ayw) L(3,BC(m) x BC(m) @ ")

1.34 = b .
(1.3.4)  Jry mo(f1, f2, 01, 02) S 11Se] L. Ad)L(L, m, Ad) HJm,vm’v(fm,f2,u7¢1,v7<Z52,u)

v

Lemma 1.3.5. Conjecture 1.3.4 is equivalent to Conjecture 1.1.2.

Proof. By summing over orthonormal bases of 71 and 7y in the identity (1.2.1), we see that Conjecture 1.1.2
implies Conjecture 1.3.4.

Conversely, if for some v, Hom(7y , ® o, ® Wyr 4., C) = 0, then Conjecture 1.1.2 holds since both sides
of (1.1.4) vanish. Assume that for any v, Hom(m , ® w2, ® @Wyr 4., C) # 0. Then of # 0 for all v by
Proposition 1.1.1. By (1.1.5), there is a constant C, such that FJys , - FJ gy = C x [[af. Summing
over orthonormal bases of 71 and 72 on both sides of (1.1.5), we conclude that Jr, », = C x [] Jﬁl_vmw.

Conjecture 1.3.4 then implies Conjecture 1.1.2. |

We can define an analogue global distribution Ir1, i, and a local distribution I, , 11, , on the general
linear group where II; is the base change of m; (i = 1,2), c.f. Section 3.2 for the precise definition. It can
be proved without much difficulty that I, 11, decomposes as a product of I, , m, ,, a relation analogous to
Conjecture 1.3.4. Then to prove Conjecture 1.1.2, with the relative trace formulae and the decomposition
of I, 11, at hand, all we have to prove is a relation between the local distributions Jx, , x,, and I, , 1, -
This process can be summarized as follows. '

Rankin—Selberg convolution

\ Global distribution Iy, 1,

Local distribution I ‘
Flicker—Rallis periods ‘ 101020

relative trace formulaeﬁ ﬁlocal harmonic analysis

Conjecture 1.3.4

\ Global distribution J,

’ Local distribution J,

1,072 v

After setting up the notation and measures in Section 2, we handle the top horizontal arrow in Section 3.
The desired decomposition of the distribution Ity, 11, follows without much difficulty from known results
on the Rankin—Selberg convolution and the Flicker—Rallis periods. The left vertical arrow is the relative
trace formulae developed in | , ]. We recall some key ingredients from | ] in Section 4:
orbits, orbital integrals, smooth matching of test functions and the relative trace identity. The right vertical
arrow is the most technical part and it forms the last two sections of the paper. The key observation,
which has already appeared in [ , | is the following. The global Gan—Gross—Prasad conjectures
for U(n) x U(n) and for U(n + 1) x U(n) are quite different. However, it is quite remarkable that Liu’s
relative trace formulae and Jacquet—Rallis relative trace formula lead to very similar local harmonic analysis
problems. In fact, when suitably modified, most of the local techniques in | ] can be adapted to our
situation.

There are four appendices which supplement the main body of this paper. In Appendix A, we summarize
the definitions and facts from the theory of theta correspondences. In appendix B, we summarize some esti-
mates that are needed in Appendix C and Appendix D. The results in these two appendices are well-known
and are included only for the convenience of the readers. In Appendix C, we strengthen | , Proposi-
tion 6.1.2] and thus weaken some local conditions of | ]. In Appendix D, we prove Proposition 1.1.1.
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1.4. Bessel periods versus Fourier—Jacobi periods. As already observed in | ], the Gan—Gross—
Prasad conjecture for U(n 4+ 1) x U(n) and for U(n) x U(n) are related by the theta correspondences. In
particular, Gan and Ichino [GI] have proved the local Gan—Gross—Prasad conjecture for U(n) x U(n) in the
non-archimedean case by reducing it to the local Gan-Gross—Prasad conjecture for U(n + 1) x U(n) which
has been proved by Beuzart-Plessis [BP].

The proof of Proposition 1.1.1 follows the similar strategy. By using the local theta correspondences and
some local seesaw identities, we prove Proposition 1.1.1 by reducing it to the analogue known statements for
U(n+1) x U(n).

We apply Theorem 1.2.3 to establish some new endoscopic cases of the refined Gan—Gross—Prasad con-
jecture for U(n+ 1) x U(n) (c.tf. | ]). Note that this case cannot be dealt with directly using the simple
relative trace formulae developed in | , ] until more information on the spectral side is obtained.

The relation between the conjectures for U(n) x U(n + 1) and for U(n) x U(n) can be summarized as
follows. We write “RTF” for the relative trace formulae for short. The left (resp. right) slanted arrow stands
for Liu’s relative trace formulae (resp. Jacquet—Rallis relative trace formulae). As we have noted above,
both relative trace formulae lead to very similar local harmonic analysis problems.

Local theta correspondences

‘Local Fourier—Jacobi models‘ ‘Local Bessel models‘

Local seesaw identities

central L—valuesﬁ ﬁcentral L-values

Global theta correspondences

‘Global Fourier—Jacobi periods‘ e TN ‘Global Bessel periods‘

‘ Local harmonic analysis ‘

The seesaw identities we use (both local and global) are given by the following seesaw diagram (we are
not specifying the spaces involved).

U(n) x Ug<U(n +1)
U(n) U(n) x U(1)

We now describe the precise results. Let W,, C W, 11 be a pair of hermitian spaces of dimension n and
n + 1 respectively. Let m, and 7,41 be irreducible cuspidal automorphic representations of U(W,,)(A’) and
U(W,11)(A') respectively. Let ¢ni1 € Tpi1, ©n € . We define the Bessel period by

Bloni1son) = / i1 (L(1))pn(R)dh,
U(Wan)(E)\ U(Wn)(A")

where ¢ : U(W,,) = U(W,,41) is the embedding induced by the inclusion of the hermitan spaces W,, C W, 4.
The measure dh is the Tamagawa measure on U(W,,)(A"). We choose a measure dh,, on U(W,,)(k]) for each
place v of &’ so that dh = [], dh,. Let v be a place of k'. Let @ 0, @y ,, € Tpnw and O 1,0, Pp i1 € Tngl,e-
Then we define

Bo(Ont1,0, SOXJrl,m Pn,v, @X,v) = / (Tnt1,0(L(h))Ont 1,0, @r\{+1,v><ﬂn,v(hv)@n,va Qo'r\{,v>dh’li'
U(Wp) (k)
This integral is convergent if 7, ,, and 7,41 , are both tempered | , Proposition 2.1]. We put 8, (¢n+1,0, @nw) =

Bo(Pnt1,0s Prt1,00 Pnws Pn,v)- Then By (@nt1,w, Pn,o) > 0. Assume that m, , and 7,41, are both unramified,
ie. mpy (resp. mpi1,0) has a K, (resp. Kpy1) fixed vector ¢, (resp. @), ,), where K, = U(W,)(0},) (re-
sp. Knt+1 = U(W,41)(0))) is a hyperspecial maximal compact subgroup of U(W,,)(k.) (resp. U(W,41)(kL)).
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Then

ﬂv(SD?LJrhS@?L) _ L (%vnn+1,v X Hn»v) % ﬁL(J 77j) % vol K.
<902+1,v590707,+1,v><9091,1)7909uv> L(lvﬂ-n-i-lﬂ)aAd)L(laﬂ—nﬂHAd) j=1 o
We thus define
B Prt1,05 Prit 1,00 Prws Prvy)
-1
L (%7 Hn+1,u X Hn,v) fas

=Pv\Pn+1v M n,v M L(j ]
6 (90 +1,0s Prt1,01 Pn, a‘Pn,v) X L(lyﬁn—i-l,v,Ad)L(l,'/Tn,v;Ad) x J];[l (j’nv> )

where 11,41, and II, , stand for the base change of 7,1, and m,, respectively.
The following proposition confirms some cases of | , Conjecture 1.3]. We refer the readers to Appen-
dix A for the definitions and facts about the theta correspondences.

Proposition 1.4.1. Let m,41 and m, be irreducible cuspidal tempered automorphic representations of
UWyt1)(A") and U(W,,)(A’) respectively. Assume that w1 (resp. mp) is the theta lifting of o1 (resp.
o3), where o1 and og are two irreducible cuspidal tempered automorphic representations of U(V,,)(A") for
some n-dimensional skew-hermitian space V,,. Assume that o1 and oo satisfy the conditions of Theorem 1.2.35.
Then
1 BC(m x BC(m
|B(<,0n+1a Sﬁn)|2 — gAU(Wn+1) L((L ﬂ.nJrf’ ZBI)) (1 p— And Hﬂq; Pn+1,05 Pn, 1))

Proof. Suppose that 7,11 = 0y ,(01) and m, = 0y, (02) by Proposition A.4.1. Note that og = 01 ,-1 (7).
We omit the subscripts on the spaces in the notation of the Weil representations in this proof, keeping only
the characters.

Let S be a sufficiently large finite set of places of k' so that if v ¢ S, then 7,414, T v, ¥l pl, (hence
O1,0,02,,) are unramified, the hyperspecial maximal compact subgroup K, , (resp. Kp4+1,,) of UW,)(F,)
(resp. U(W,41)(Fy)) is of volume 1, ¢, , (resp. @n+10) is Ky (vesp. Kini1,.) fixed, (0nt1,0, Pntio) =
(@nw, Pnv) = 1. The desired identity is equivalent to the following

1 Ls ( ,BC(mp41) X BC(ﬂ'n
B n bl n AS v n v n,v
| (QO +1, ¥ )| ] U(W"Jrl)LS(l 7Tn+1,Ad)LS(1 Wn,Ad Hﬁ Pn+l,0, P )
By looking at the Satake parameters of the theta lifting of unramified representations [Liu, Appendix],

one sees that if v ¢ S, then BC(m,41,4) = BC(01,4) ® py ' B p? and BC(02,,) = BC(m.0).

Let f1 € 01, fo € 03 and ¢1 € S(L,(A')) where L,, C ResV,’ is a Lagrangian subspace. Assume that
fo = 91#/71,“71(@”,%) with ¢, € T, and ¢, € S(L,,(A’)) where L, C Res(V,, ® W,,)V is a Lagrangian
subspace. Then L, 41, = L,, + Ly, is a Lagrangian subspace of Res(V,,+1 ® W,,)". Then it is not hard to
see that

FI(f1,0p-1 -1 (n, &), ¢1) = B(Oyr 1 (f1, o0 @ ¢1), 9n),
where ¢, ® ¢1 € S(Lpt1,n(A)), 9w',u(f1, On @ P1) € Tpi1.
Then Theorem 1.2.3 together with the Rallis inner product formula (c.f. Theorem A.4.2) imply that
B0y u(f1, dn © $1), o)
L% (3,BC(o1) x BC(o2) @ u~Y) 4 . LS(%,BC(WH)(X)M")
X TTLS(L, 01, AQ)LS(1, 09, Ad) H G1r') 1, LS(j, ")

1
_1 2
- 2

H / / <Ul,v(g)f1,vaf1,1;><w1/1L,uv (gab(h))ﬁbn ® ¢1, Pn ®¢1><0'n(h)80n,va<Pn,v>dhdg-
VESU (V) () U(Wa) (k)
The double integral is absolutely convergent by Lemma A.3.1. Therefore we can integrate over g first and

then over h. Applying the explicit local theta lifting (c.f. Lemma A.2.2) and the Rallis inner product formula
8



again, we get

B( )|2 :} y LS ( ,BC(01) x BC(02) ® ™ 1 ﬁ H?Zl L3(j 4 1,p—I+1h)
Pt Pn)l =y L5(1, 01, Ad)L5(1, 09, Ad) () % 5 LS(1,BC(oy) x pm)

LS ( BC(O'Q) X /,L
ﬂu San—i-l v Qpn 1))
Hj:l L5(j,mm9) UI;L
1

5 AS L5 (3,BC(mn41) x BC(m,))

8 W) LS (1, g1, Ad) LS (1, 7, Ad) Hﬁ” (Prios ono):

]

Conversely, if one knows enough about the Bessel periods, one can deduce some cases of Conjecture 1.1.2.

Proposition 1.4.2. Assume [ , Conjecture 1.3]. Let V' be an n-dimensional skew-hermitian space over
k. Let w1 and m be irreducible cuspidal automorphic tempered representations of U(V)(A'). If my (resp. m2)
admits a nonzero cuspidal theta lift to UW,)(A") (resp. UW,41)(A')) where W, C W41 are hermitian
spaces of dimension n and n + 1 respectively, then Conjecture 1.1.2 holds.

The proof is similar to the previous proposition, except that we run the argument backwards. We omit
the details.

Remark 1.4.3. By the Rallis inner product formula and the theta dichotomy for the unitary groups [GI,
Appendix A; ], one sees that there is an n-dimensional hermitian space W so that the theta lift of
m; to U(W)(A') is nonzero if and only if L(3,BC(m;) ® ™) # 0. So the condition of this proposition is not
verified if L($, BC(m) ® p™) = L(,BC(m2) ® u™) = 0.

Now assume that L(3,BC(m1) ® p™) = L(3,BC(m2) ® pu") = 0. Then via the seesaw diagram

U(n) x U(n) Un+2) |
U(n) >§(n +1) % UQ1)

Conjecture 1.1.2 is related to the Gan—Gross—Prasad conjecture for U(n+1) x U(n+2) with the automorphic
representation of U(n + 2)(A’) being cuspidal but non-tempered. In this case, the defining integral of the
local linear form g, is not convergent and needs to be regularized. It is not clear how to formulate the
refined Gan—Gross—Prasad conjecture for the non-tempered automorphic representations. As pointed out
in [I110], the proportionality of B - B and IL, 3% depends not only on the global data, but also on the local
data. See [I110, Section 9, 10, 11] and [Qiu] for some low rank examples for the orthogonal groups. We hope
that Conjecture 1.1.2 together with the theta correspondences could shed some light on the formulation
of the refined Gan—Gross—Prasad conjecture for the non-tempered automorphic representations and the
regularization of the defining integral of f3,,.

Acknowledgement. 1 thank Y. Liu and W. Zhang for many helpful discussions. I also thank S. Zhang for his
constant support and interest in this work.

2. NOTATION AND MEASURES

2.1. General notation. Let k' be a number field and k a quadratic field extension of k’. Let 7 be the
non-trivial element in the Galois group Gal(k/k’). Let A’ (resp. A) be the ring of adeles of k" (resp. k).

Let n = ®n, the quadratic character of k’*\A’* associated to k/k’ by the global class field theory. We
fix a character yu = ®u, of k*\A* such that u|yx = 7. We also fix a nontrivial additive character ¢/ = @,
of K’\A" and extend it to an additive character of k\A by setting v (z) = ¢'(3 Try i ).

We denote by k= the set of purely imaginary elements in & and we have the decomposition k = k' + k~.
Similarly we have a decomposition k, = k! + k. for any place v of ¥ and A = A’ + A~. We fix a nonzero
purely imaginary element § € k~ throughout.



We write M, , for the additive group scheme of m x n matrices. We write M,, for M,, ,. We denote by
kn = My (k) and k" = M,, 1(k). Put e,, = (0,---,0,1) € k,,. The identity matrix in M, (k) is denoted by
1p-

Let M be a smooth manifold. We denote by C3°(M) the space of compactly supported smooth functions
on M. We denote by S(A,,) the space of Schwartz functions on A,,. Similarly we have the spaces of Schwartz
functions on other spaces, e.g. S(A]), S(ky.n), etc.

Let V be a vector space. We denote by V'V its dual space. Let V be a skew-hermitian space. Suppose
under some basis of V', the skew-hermitian form of V' is given by a skew-hermitian matrix 8. Then under
the dual basis in V'V, the skew-hermitian form of V'V is given by 5~ 1.

Let X be any set and U C X a subset. We denote the characteristic function of U by 1.

2.2. Groups. Let GL,, be the general linear group. We denote it by GL,, r if we need to specify the field
F over which GL,, is defined. We denote by B, the standard upper triangular Borel subgroup, N, its

ai
unipotent radical, and A,, the diagonal torus. If aj,--- ,a, # 0, we write diagfa;, - ,a,] = (
an

More generally if A; is a k; x k; matrix (i =1,--- ,r), we write

Ay
diag[A;,--- Ay] = ( . >
A

Let Z, be the center of GL,. Let P, C GL, be the mirabolic subgroup consisting of matrices whose last
row is (0,---,0,1).

Let H C GL, be a subgroup. We denote by H_ the subgroup of GL,, consisting of the transpose of the
elements in H. For example, B, _ is the group of lower triangular matrices and N, _ is its unipotent radical.

We use Gothic letters to denote the Lie algebra of the corresponding group. For instance, gl,, stands for
the Lie algebra of GL,,, b,, stands for the Lie algebra of B,,, etc..

We usually consider GL,,_; as a subgroup of GL,, via the embedding ¢ : GL,,—; — GL,, ¢(g) = diag[g, 1].

We denote by Herm,, (k) the set of isometric classes of skew-hermitian spaces over k of dimension n. Let
(V,{(=,=)) € Herm, (k). Let U(V) be the corresponding unitary group over k¥’ and u(V') its Lie algebra.
Denote by Zy(y) the center of U(V'). By choosing a basis of V', we write the skew-hermitian form (-, —) as
a nonsingular skew-hermitian matrix 5. Then U(V)(k’) can be viewed as a subgroup of GL, (k) consisting
of matrices satisfying ‘g7 8g = 3. The Lie algebra u(V)(k’) consists of matrices X € M, (k) with

XT3+ X =0.
We define the Caylay transform on the unitary groups
(2.2.1) c:u(V) = UV), X—(1+X)1-X)"

whenever the expression makes sense. It defines a homeomorphism from a neighborhood of 0 € u(V) to a
neighborhood of 1 € U(V).

Let Res V' be the symplectic space over k' of dimension 2n whose underline vector space is V' viewed as a
vector space over k' and whose symplectic form is given by

) = 3 Tragae (w,0)

By a Lagrangian subspace of Res V', we mean a maximal isotropic subspace of Res V.

2.3. Self-dual measures on the additive groups. Let v be a place of ¥’ and k, = k ®; kI,. Let f be a
Schwartz function on k,. Let

Fly) = / F@)(ey)dz,
ko

be its Fourier transform. Let dz be the self-dual measure on k,, i.e. the unique Haar measure on k, so

that f(x) = f(—z). We put a measure dz on M,, ,,(k,) via the identification M, ,(ky) ~ k. Let f is a
10



Schwartz function on M,, ,,(k,) and y € My, (k). Define the Fourier transform

fo= [ r@umay
M7n,n(k'u)

Then

| Fwueay = s-o)

M (ko)
We define the measures on k], M, »(k.), k= and M,, (k™) in a similar way. To do so, we only have to
note that 1| = ¢’ by definition and (z,y) — Tray is a nondegenerate pairing when restricted to each of
the above spaces. We call the measures obtained in this way the self-dual measures on the corresponding
spaces.
We then normalize our absolute value on k] by

d(az) = |a|p dz, a€ k),

and similarly for the absolute value on k,. Note that for x € k,, we have ||, = [Ny /p 2|p: .
Recall that we have fixed a purely imaginary element §. We sometimes make the identification k, ~ kI,

by sending ¢ to 1. Transporting the self-dual measure of k, to kI via this identification, we get the measure
1

0], > d on kj,, where dx is the self-dual measure on kj,.
We take the product measure do = [[, dz, on A where dz, is the self-dual measure on k,. This is the
self-dual measure for the Fourier transform

Fly) = / F(@)(ey)de,
A

where f is a Schwartz function on A. Similarly we define the self-dual measures on A’, A=, M,, ,(A), etc..

2.4. Measures on the general linear group. Let v be a place of k’. Define the normalized multiplicative
measure on k. by

=Gy (1)—
Ckv ( ) |-T‘k:;
where dz is the self-dual measure on k. We also define the unnormalized one by
d
dfz = ——.
||k,

Similarly we define the normalized and unnormalized multiplicative measures on k. On GL,(k), we take
the measure
IL;; dwi;

dg = Ck;(l)wa g = (zij) € GL,(K}),
k,

and similarly on GL,(k,). If ¢ is unramified, then the volume of GL, (o) under the measure dg is
Crr (2)71 -+ G (n) ™. On Ny (K,,), we take the measure

dn = H duij, u = (uij) S Nn(k?;),
1<i<j<n

and similarly on other unipotent groups, e.g. Ny (ky), N, —(k.), etc..

Let A, C GL,, be the diagonal torus. We put a measure da on A,(k,) by identifying A, (k,) with
Ap(ky) ~ (kX)™ and taking the measure d*x on k*. Let a = diaglay,- - ,a,] € A,(k,). We define the
modulus character d,, of B, (k,) by

n
5n(a) _ H|ai|n_2l+1-
i=1

The measure dn satisfies the following change of variable formula

d(ana™") = 6, (a)dn.
11



The subset N, (ky)An(ky)Np —(ky) is an open subset of GL,(k,). The restriction of dg to this subset
decomposes as
dg = ¢, (|0, (a)|dadndn_,
where a € A, (ky), n € Ny(ky) and n_ € N,, _(k,). We have a similar decomposition for the group GL,, (k).
We take the product measure
dg =[] dgu

on GL,,(A") where dg, is the measure on GL,,(k]) defined above. Similarly we take the product measure on
N, (A"), GL,(A), etc..

Let IT be an irreducible cuspidal automorphic representation of GL, (A) with unitary central character.
We define the Petersson inner product on II by

(01, 92)Pet = / 01(9)p2(9)dg, 1,02 €11
Z,(A) QL (k)\ GLo, (A)

2.5. Measures on the unitary groups. Let V be a skew-hermitian space over k. Let U(V) be the
corresponding unitary group and u(V) its Lie algebra. Let dX on u(V)(A’) be the self-dual measure for the
Fourier transform
fry= [ 0w xyax,

w(V)(A")
where f is a Schwartz function on u(V)(A’). Similarly we can define the self-dual measure d X, on u(V)(k])
for any place v of k’.

Let w be a top invariant differential form on U(V') so that its pullback ¢*w via the Caylay transform (2.2.1)
gives rise to the self-dual measure on u(V’). We choose the measure on U(V)(k;) as |w|x,. It is the unique
Haar measure on U(V)(k]) such that the Caylay transform is measure preserving when restricted to a small
neighborhood of 0 € u(V')(k}). If U(V) is unramified at v, ¢} is unramified, then the volume of the maximal
hyperspecial subgroup U(V)(o},) under the measure |wlz: is L(1,7,) " ¢e (2)71 -+ L(n, ni) L.

We define the measure on U(V)(A’) by

dg = HL(lynv)|w|kg,-

The Tamagawa measure on U(V)(A') is L(1,n7)"'dg. However, we use only the measure dg in the rest of
the paper.

Let 7 be an irreducible cuspidal automorphic representation of U(V)(A’). We define the Petersson inner
product on 7 by

(@1, P2)Pet = / ©01(9)p2(9)dg, @1,p2 €.
U(V)(K)\ U(V)(A")

3. GLOBAL DISTRIBUTIONS ON THE GENERAL LINEAR GROUPS

3.1. Period integrals on the general linear groups. Let IT = ®'II, be an irreducible cuspidal automor-
phic representation of GL,,(A) with unitary central character Q5. We extend 1 to a character of N, (A) by
setting

Y(u) = (i: Um+1> ;o u=(ug;) € Np(A).

Similar conventions apply to other unipotent groups such as N, (A), N, (k,), etc..

Let v be a place of &’. Till the end of this section, we consider GL,, j as an algebraic group over k’.
Then k, = k ®j k! an etale algebra over k] of degree two. By the local component II, of II at v, we mean
I, = ]I, lw as a representation of GLy (ky), where w runs over all the places (one or two) of k over v.

Let C*°(N,,(A)\ GL,,(A), ) be the space of smooth functions f on GL,(A) such that

flug) = ¢(u)f(g), ue Nu(A), g € GL,(A).

We also define its local counterpart C*°(N,,(k,)\ GLy (ky), ¥,) for any place v of k.
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Let ¢ € II. Define its Whittaker—Fourier coefficient by

Wo(g) = / o (ug)B(a)du € C (N (A)\ L (A), 1),
Ny (E)\Nn(A)

The map IT — C*(N,(A)\ GL,(A),v), ¢ — W, is GL,(A)-equivariant and injective. Its image is called
the (global) Whittaker model of I, denoted by W(IL, v).

Similarly, for each place v of k¥, the local component II,, is generic and we have the local Whittaker model
of II, which is a subspace of C*° (N, (k,)\ GL,,(ky), %) and is denoted by W(IL,,,). Note that W(II,, 1,)
contains C°(Ny,,—1(ky)\ GLy,—1(ky), %), where GL,,_; is viewed as a subgroup of GL,, via the embedding
g — diag[g, 1].

There is an inner product W(IL,, v,)) defined by

(3.1.1) (W1, Wy, = / W ((9)) Wa(e(9))dg.
Np—1(ko)\ GLy—1(ky)

This integral is convergent since II, is unitary. This pairing is indeed GL,, (k,)-invariant. This follows
from | ] if v is non-archimedean and from [ ] if v is archimedean. In this paper, when we speak
of the inner product on W(IL,,v,), we mean the one defined by (3.1.1). If II, and t, are unramified,
W1, Wy are both GL,,(0,)-fixed and normalized such that W;(1) = W5(1) = 1 and the measure dg satisfies
vol GLy,(0,) = 1, then

(3.1.2) (W1, Waw, = L(1,11, x IL,).

Let (—, —)pet be the Petersson inner product on II.
Proposition 3.1.1 (| , Proposition 3.1]). Let 1,99 € II. Assume W,, = @,Wi, and W, =
®yWa . Then

_ n x Ress—1 L(s, 1T x IT)
(1, 2)Pet = vol(k*\ A1) H

v

<Wl,va WQ,U>WU
L(1,10, x IT,)
where Al is the subring of A consisting of adeles of absolute value one.

Assume that Q|4 x = 1. Let ¢ € II. We define the global Flicker—Rallis period by

(3.1.3) By () = / o(h)y"+ (det B)dh.
Zn (A") GL,, (k') GL,, (A7)
Put
€n_1 = diag[d" ™!, -+ 6] € GL,_1 (k).
Let v be a place of k’. Let W, € W(IL,,¢,). Define the local Flicker—Rallis period by

(3.1.4) By (W) = / W ((en_1h))m+ (det B)dh.
Nyp—1(k,)\ GLyp_1(k%)

This integral is absolutely convergent | ]. Note that 3, , depends on §. If IT, and %, are unramified,
W, is GL,(0,)-fixed and normalized so that W, (1) =1, § € 0.¢, the measure dh satisfies vol GL,,—1(0}) = 1.
Then

(3.1.5) B (W) = L(1,T0,, A",
Define
BTL U(W’U)
3.1.6 gh L (W) = ’ —.
(3.0.6) W) = S e
Proposition 3.1.2 (| , Section 2; , Proposition 3.2]). Let ¢ € I and assume that W, = QW,,.
Then

n X Resg=1 L(s, H,AS(_l)nH) f
vol(k\A) 1557,

where Al is the subring of A’ consisting of adeles of absolute value one.
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Let I = ®'II;, and IIs = ®'IIs, be irreducible cuspidal automorphic representations of GL,,(A) with
unitary central characters €; and s respectively. For simplicity, we assume that Qs |y/« is trivial. Let ®
be a Schwartz function on A,,. Define the mirabolic Eisenstein series by

B (s.9.8) = / S (enyzg)uldet 2g)X()|det 2g°dz, g € GLy(A).
kX \AX YEPn (k)\ GLy (k)

Recall that P, is the mirabolic subgroup of GL,, consisting of matrices whose last row is (0,---,0,1). The
integral is absolutely convergent for Res > 0 and has a meromorphic continuation to the whole complex
plane. It is holomorphic at s = 1 (c.f. | ]). For each holomorphic point s, E,, (s, g, ®) is an automorphic
form on GL,,(A) with central character x.

Let ¢1 € I and 9 € II5. Define the Rankin—Selberg integral by

Z(s, 01,0011, D) = / 1(9)22(0) B o (5,9, B)dg.
Z(A) GLy, (k)\ GLy, (A)

Then Z(s, 1,2, 1, ®) is convergent and holomorphic in s whenever Ej, oy on, (8,9, ®) is holomorphic.
Define the global Rankin—Selberg period by

1
(317) /\(8017S027/J’7q)) =7 (25901,9027/’[/7 (I)) .

Now suppose Wy, = @Wi, € W1, ¢), W,, = @Ws, € W(Ily,¢) and & = @, € S(A,) are all
factorizable. For any place v of k', we define the local Rankin—Selberg integral by

25 Wi Wostin®) = [ Waalg)Wa o) (@et )8, (engldet g *dg.
N (ko)\ GLyp (ko)
This integral is convergent when Rs > 0 and has a meromorphic continuation to the whole complex plane.
The quotient
Zy (8, W1 0, Wa v, i, Do)
L(s, M x Ip, @ i ')

is holomorphic for all s. We define

Z’u(sa Wl,m W2,1n Mo, (I)v)

)\h 1% vaW vy ’Uvq)v =
’U( 1, 2, M ) L(‘S’Hl”u X 1—‘[2”0 ®/,L;1>

1

5=3
If Z,(s, W1 4, Wau, ftv, ®y) is holomorphic at s = % (e.g. II; ,, and IIy ,, are both tempered, c.f. | D,
we define
1
(318) )\’U(Wl,’LH W2,v7 Hu, (b'u) = Zv (27 Wl,vu W2,v7 Mo, (I)v> .
Then

)\’U(Wl,’U7W2,’U7/'L’U7(D’U)
L(%anl,v X HQ,'U ®M171)

If Ty, Iy, %, p are unramified at v, Wi, and Wy, are GLy(0,)-fixed, Wj (1) = Wy ,(1) = 1 and the
measure satisfies vol GL,,(0,) = 1, then

AE}(WLW WQ,va Mo,y (I)v) =

(319) AE)(Wl,ﬂ7W2,U7H7j7®’U) = ]-
Proposition 3.1.3 (| ). We have

1
/\(901#;02,#7‘1’) =L (2aH1 X HQ ®:U’_1> H)\EJ(WLvaWZvvuva(bv)'
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3.2. Global distributions on the general linear groups and their decomposition. Let II; and I,
be two irreducible cuspidal automorphic representations of GL,,(A) with unitary central characters Qy, and
O, respectively. Assume that Qp, |ax and Qr,|a/x are trivial. Let Fy, F» € C°(GL,(A)) and ® € S(A,,).
Define

(3.2.1) Iy, (Fu, Fo, @) = ) AL (Fy) e, o (Fa) @2, 1, @) B (1) B (t02),
P1,p2

where the o7 (resp. 2) runs through an orthonormal basis of II; (resp. Ily).
Let v be a place of k. Let F} ,, Fo, € C2°(GL,(ky)) and @, € S(k, ). Then for any s € C we define

(322) IH],y,HQ,U,S(Fl,U7 FZ,M q)v) = Z Z’U(S7 Hl,v(Fl,v)Wla H2,’U(F2,'U)W2a Mo, (I)v)/Bn,'u(Wl)Bn,v(WZ)v
Wi,Ws

where the sum W; (resp. Wa) runs through an orthonormal basis of W(Ily ,,1,) (resp. W(Ila 4, 1,)). We
write I, , 11, , = Ir, , 1, .2 if I, , 115 ,,s 18 holomorphic at s = . We also define its normalized version

2

(32.3)  Ih oy (Fio Fan, ®) = > A(IT1 4 (Fy o)W, oy (Fa.0) Wau, fl, @) B, (W) B0 (W)
W1,Wa

where the sum W (resp. Wa) runs through an orthonormal basis of W(Il ,, 1) (resp. W(Ila 4, 1y))-

Proposition 3.2.1. Assume that II; (resp. Il3) is the base change of an irreducible cuspidal automorphic
representation m (resp. m2) of U(V1)(A') (resp. U(Va)(A")) for some skew-hermitian space Vi (resp. Va).
Suppose Fy = @F) 4, Fo = @Fy,, € C°(GL,(A)) and ® = @@, € S(A,,) are all decomposable. Then

L(%7H1 ><H2®M_1) H b

3.24 I Fi,Fp, ®) = L(1,n)? 1 Fl v, Foy, ®y).
( ) Hl,Hg( 1,42, ) ( 77]) L(1,7T17Ad)L(1,7T2,Ad) 1'[171“1'[2,1)( 1,0y 4722 U)

v

Proof. By definition
L(s,T; x II7) = L(s,TI;, Ast)L(s,T1;, As™).

Since II; (i = 1,2) is the base change from a unitary group, we must have that II; (i = 1,2) is conjugate

self-dual, i.e. TI] ~ II,. The L-function L(s,II; x I_Tz) has a simple pole at s = 1. By Hypothesis 1.2.1,

L(s, Hi,As(_l)nH) has a simple pole at s = 1. It follows that L(s,II;, AsC"5") is holomorphic and nonzero

at s = 1. We also note that L(s,IL;, As‘™V") = L(s, m;, Ad).

The Proposition then follows from Propositions 3.1.1, 3.1.2 and 3.1.3. We only have to note that

vol(k*\ALX)

————— = = [L(1,n).
VOl(k’X\A’LX) ( 777)

4. THE RELATIVE TRACE IDENTITY
4.1. Orbits. Let M = Mat,, xk, x k™ be an algebraic variety over k. The group GL,, , acts on M by

v, z,yl.g =g €9, 29,9 "y

An element [y, z,y] € Mat, (k) x k, x k™ is called regular semisimple if the orbit of [y, z,y] is closed in M
and its stablizer in GL,, (k) is trivial. We shall call the 2n-uple

Tr/\Z’% x,-y]y, 12177’”'7.7:07)”_1

the invariants of [v, z, y].
Let S, be the algebraic variety over &’ whose set of R-points is given by

Sp(R) = {x € GL,(R®y k) | 2™ = 1},
where R is an k’-algebra and Gal(k/k’) acts on R ®j k by acting on the second factor. Note that the map

GL, (k) = S,(k), aw aa™"!
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is surjective by the Hilbert’s Theorem 90. Let X,, = S,, X k!, x k—™ and the group GL, acts on X,, from
the right by
[y,v",0l.9 =97 'vg,0"g,97 0.

The space X, (k") embeds in M (k) in a natural way. An element in X, (k") is called regular semisimple if it
is regular semisimple as an element in M (k). The invariants of an element in X,, (k') are the invariants of it
as an element in M (k). A GL, (k' )-orbit in X, (k) is called regular semisimple if all elements in the orbit
are regular semisimple. We denote by (X, (k’)// GL,,(k’))sss the set of regular semisimple orbits.

Let V be a skew-hermitian space over k. Let Y(V) = U(V) x VV be an algebraic variety over k’. The
group U(V) acts on Y (V) from the right by

€. w"].g = [g7"€g,w"g].
Choosing a basis of V and the dual basis of V'V, we then identify V (resp. V') as column (resp. row) vectors.
The skew-hermitian form on V is represented by a skew-hermitian matrix §. The space Y (V) (k') embeds
in M(k) via
(€] 6w, 7 ).
An element in Y(V)(k') is regular semisimple if it is regular semisimple as an element in M (k). The
invariants of an element in Y (V)(k’) are the invariants of it as an element in M (k). A U(V)(k')-orbit in
Y(V)(K') is called regular semisimple if all elements in the orbit are regular semisimple. We denote by
(Y(V)(K')//U(V)(K"))ss the set of regular semisimple orbits.
We say that two regular semisimple orbits [y, vV, v] € (X, (k")// GLp(k'))rss and [€,wV] € (Y (V)(K')// U(V)(E'))rss
match if they have the same invariants.

Lemma 4.1.1 (| ). The matching of orbits defines a natural bijection

(Xa(K)// GLa(K s =TT (Y(V)(R)// UV YK ) sss-

VeHerm, (k)

We also need the Lie algebra version of Lemma 4.1.1. Let s, be the algebraic variety over k¥’ whose
R-points is given by
sp(R) ={z € gl,(k®w R) | x + 2" = 0},
where R is an k’-algebra. Let ¢, = s, x kl, x k™™ and 9(V) = u(V) x V'V be algebraic varieties over k’. Then,
analogous to the case of groups, GL,, ;s (resp. U(V)) acts on r,, (resp. y(V)). The space r, (k") naturally
embeds in M (k) and the space y(V)(k') embeds in M (k) via

(€, wV] = [ wY, B V7).

Then analogous to the case of groups, we define the invariants and the notion of regular semisimple orbits.
Denote by (rn(k")// GLp(K'))rss (resp. (0(V)(k")// U(V)(k'))yss) the set of regular semisimple orbits.

We say that two orbits [y,vY,v] € (rn(k')// GLy(K'))rss and [§,w"] € (0(V)(K')// U(V)(K'))sss match if
they have the same invariants.

Lemma 4.1.2 (] , Lemma 3.1]). The matching of orbits defines a natural bijection

(®n(k")// GLA(K))rss = H (m(V)(E)// UV )(E))rss-

V eHerm,, (k)

4.2. Orbital integrals. Let v be a place of k’. We consider only the objects over k!, in this subsection. To
simplify notation, we suppress all the subscripts v from the notation. So k¥ = &/, is a local field and k = k,
is a quadratic etale algebra over k'.

Let Fy, Fy € C°(GL,(k)) and ® € S(k,,). We define a partial Fourier transform —T : S(k,,) — S(k/, xk™")
by

T (z,9) = /@(m +z )z y)dz”, ®e€S(k,), xek, yek ™
krn
We usually write F for the triple (F}, Fo, ®) and call F' a test function on the general linear group. Define
the integral transform

CZ(GLn (k) ® € (GLn (k) ® S(kn) = S(Xn(K)), F > F,
16



where

Fi(g™ ") Fa(g™" ah)(wy ,(9)®)T (vV, v)dgdh, n is odd,

GLy (k') GLy (k
(4.2.1)  Fy(y,vY,v) = () Gl ()

Fi(g™")Fa(g tah)u(det ah)(wyr . () @) (v, v)dgdh, n is even,
L, (k') GL, (k)

and v = aa™ "' € S,(K), a € GL, (k). Recall that wys, is the Weil representation of GLy (k) given by

S
wyr 11 (9)@(x) = p(det g)|det g|2®(zg). The definition of F}, does not depend on the choice of a.
Let [y,z,y] € X,,(k') be a regular semisimple element. We define the orbital integral of F' = (Fy, Fy, @)
as

(122) Ol F) = [ Bl (et h)an
GL, (k)
The orbital integral is absolutely convergent | , Lemma 3.1.1].

We defines a transfer factor as follows. Let [, z,y] € X,,(k’) be a regular semisimple element. Define

xr
Ty

T['y,m,y] = det 5

and define the transfer factor t([v,z,y]) = p (Tjy.2.4])-

It follows that t([y, =, y])O([y, x,y], F) depends only on the orbit of [y, z,y].

Let V be a skew-hermitian space over k. Let Res VY = L+ LY where L and L are Lagrangian subspaces
of ResVV. We define a partial Fourier transform —* : S(L(k")) ® S(L(k")) — S(VV) by

(61 ® o)t (w") = / 612 + 2)ba(x — 2)0((2,9))dz,

L(k’)

where w¥ =z +y, x € L, y € LY and (—, —) is the pairing on Res V".

Let f1, fa € C(U(V)(K')) and ¢1,¢2 € S(L(K')). We usually write f for the quadruple (f1, f2, @1, ¢2)
and call f a test function on the unitary group U(V). If we need to specify the skew-hermitian space V', we
write fV for f. Define an integral transform

CE(U(V)(K)) @ C2(UV)(E)) @ S(L(K)) @ S(L(K)) = S(Y(V)(E)), [~ fi
where
(4.2.3) fo([&,wV]) = / filg™) falg™ ) (wyr u(9)d1 @ ¢2)F (w")dg.
UV)(k)

Let [£,wY] € Y(V)(k') be a regular semisimple element. Define the orbital integral of f = (f1, f2, $1, P2)
by

(4.2.4) O, w"], f) = / foiE w1 h)dh.
U(V)(k")
This orbital integral is absolutely convergent | , Lemma 4.1.1].

Let F be a test function on the general linear group and {fY : V € Herm,(k)} be a collection of test
functions on U(V) for each (isometry class of) skew-hermitian space V. We say that F and {fV : V €
Herm,,(k)} match, or they are smooth matching of each other, if for all matching regular semisimple orbits
[v,z,y] € X, (k') and [§,w"] € Y(V)(K'), we have

t([v, ,y))O([y,2,y], F) = O([¢, w"], fV).
17



Proposition 4.2.1 (] , Proposition 5.2.1]). Assume that k' is non-archimedean. Then for any test
function F on the general linear group, there is a collection of test functions {fV : V € Herm,(k)} that
matches F. Conversely, given a collection of test functions {f¥ : V € Herm,,(k)} on the unitary group, there
is a test function F on the general linear group that matches {fV : V € Herm,, (k)}.

Remark 4.2.2. To establish the relative trace formulae, we need slightly more than the existence of the
smooth matching. More precisely, let Fy € C°(GL,(k)) and z1 € Z, (k). We define F}* € C°(GL,(k))
by Fi*(g) = Fi(gz1). Similarly we define fi* for fi € CZ(U(V)(K')) and 21 € Zy)(k'). We need the
following fact. If F' = (Fy, Fy, ®) and {fV = (f), 1Y, ¢V, ¢Y) : V € Herm, (k)} match, then (F[*, F5*, ®)
and {(f)"7), 1702 ¢V 6¥) : V € Herm,(k)} also match, where o(z;) = 27", i = 1,2. We have used
this fact to fix the central character of the representations that appear on the spectral side of the trace
formulae, c.f. | , Proposition 5.5.2 and Proposition 5.5.5]. We are not able to establish this fact in
general, but only under the condition that either &k = k' X k’ or we are in the situation of the fundamental
lemma (see below), c.f. | , Lemma 5.5.1].

Assume now that k = k' x k’. We identify V'V with &/, x k/,. The symplectic form on Res V"V is then given
by ((z1,22), (y1,y2)) = o1 'y2 — x2 'y;. We choose the Lagrangian L = k!, (resp. LY = k) that embeds in
Res V'V via the first (resp. second) component.

Proposition 4.2.3 (| , Proposition 5.3.1]). Assume that k = k' xk'. Then the test functions (Fy, Fs, ®)
and (f1, fo, ¢1, 2) match, where
(1.25) o= [ Flghmdn =12 o=605

GL, (k)

We now recall the fundamental lemma. Suppose that &’ is non-archimedean and k is an unramified field
extension of &’. Assume that the conductor of ¢’ (resp. w) is o’ (resp. 6*). The set Herm,, (k) consists of
two elements and one of them has a self-dual o-lattice. We denote this skew-hermitian space by V* and
the other one by V~. The skew-hermitian space V¥ is defined over 0. We take a Lagrangian L C Res VT
that is defined over o’. The group U(V ™) has a smooth model over o’ defined by the self-dual lattice and
KT =U(V*)(0) is a hyperspecial maximal compact subgroup.

Theorem 4.2.4 (| D). There is constant c(n), depending onn only, such that if the residue characteristic
of v is larger than c(n), then in the situation described above, the test functions

1 1
=\oar ! —1 1
(Vol GLn(U) GLy (0)> vol GLn(o) GLy(0)s on) R

and
1

vt 1 v
{f :(volK+ Lo KT 1K*71L<o'>71L<o/>>’ f =(0,0,0,0)}

match.

For later use, we introduce the orbital integrals on the level of Lie algebra. Let F' € C2°(x,(k’)) and
[X,vY,v] € tn (k') be a regular semisimple element. Define

O(X,F) = / F([X,v",v].h)n(det h)dh.
GL, (k")
Let V be a skew-hermitian space over k. Let f¥ € C°(y(V) (k")) and [Y,w"] € n(V)(k') a regular semisimple
element. Define
oyl f)= [ £’
U(V)(k")
We define the transfer factor on the level of Lie algebra as follows. Let [X,vY,v] € p, (k). Let

,U\/

vV X
T[X,v\/,v] = det

oV X1
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If [X,vY,v] € tu(K') and T[x v,y # 0, we define the transfer factor t([X,v",v]) = u(Tx v ). We say
that F' € C°(r,(k')) and a collection of test functions {fV € C*(y(V)(k')) : V € Herm, (k)} match, or

they are smooth matching of each other if for all matching regular semisimple orbits [X,vY,v] € r,, (k') and
[Y,w] € n(V)(K'), we have

t([X, 0", v])O([X,vY,v], F) = O([Y,vafv).

4.3. A relative trace identity. We now come back to the global situation. Thus k’ is a number field and
k is a quadratic field extension of k'

Let Fy = ®F ,, F» = ®Fy, € C°(GL,(A)) and ® = @9, € S(A,). Note that the products ® are over
all the places of k’. We write F for the triple (Fy, F>, ®) and call it a test function on the general linear
group. For each place v of K/, we write F, for (F} y, F 4, Dy).

Let V be a skew-hermitian space over k. Let fi = ®f1,fo = ®@f2p € CE(U(V)(A')) and ¢ =
QP1p, P2 = @2, € S(L(A')). We write f for the quadruple (fi, fa, ¢1,02) and call it a test function
on the unitary group U(V). We write fV for f if we need to specify the skew-hermitian space V. For each
place v of K/, we write f, for (f1,u, fo,u, P10, P2,0)-

Let F be a test function on the general linear group and {fY : V € Herm,(k)} a collection of test
functions on the unitary group for each (isometry class of) skew-hermitian space V. We say that F' and
{fV : V € Herm,,(k)} match if for all the places v of ¥/, F,, and {f) : V &€ Herm,,(k)} match.

In this paper, we usually need to fix a skew-hermitian space. So we introduce the following terminology.
For a fixed skew-hermitian space V, we say that the test functions F and f" (local or global, on the groups
or Lie algebras) match, if there is a test function f on U(W) for each W ¢¢ V, such that F' and the
collection {fV, fW : W 2 V} match.

For the rest of the subsection, we assume that all the archimedean places of k" split in k.

We say that a test function F' = (Fy, Fa, ®) on the general linear group is good if the following conditions
hold.

(1) There is a non-archimedean split place vy of k', such that Fj,, and F,, are truncated matrix
coefficients of supercuspidal representations. This means

Fi 0, (9) = Fiw,(9) 1oL, (k)< (9), i=1,2
where l?l: is a matrix coefficient of a supercudpidal representation of GL,,(k,,) and
GLy (ky,)" = {g € GLy(ky,) | detg € 07 }.

In particular, Fy ,, and F5,, are compactly supported.

(2) There is another non-archimedean split place vy # vy, such that the function F,, y is supported on
the regular semisimple locus of X, (k).

(3) For all archimedean places v, k, = kI, x k., the Schwartz function ® is a finite linear combination
of functions of the form ®; ® ®5 where &1, P, € S(k;m). Moreover, F, is K,-finite where K, is a
maximal compact subgroup of GL,,(k,) x GL,, (k).

We say that a test function f = (f1, fo,¢1,%2) on the unitary group U(V) is good if the following
conditions hold.

(1) There is a non-archimedean split place v of &’ such that f1 .., f2», are truncated matrix coefficients
of supercuspidal representations of U(V')(k;, ) ~ GLy(k;, ).

(2) There is another split non-archimedean place vy # v1, such that f,, ; is supported on the regular
semisimple locus of Y (V') (ky, ).

(3) For any archimedean place v, the function f, is K,-finite where K, is a maximal compact subgroup

of U(V)(ky) x U(V)(K,)-

Proposition 4.3.1. Suppose w1 and o are irreducible cuspidal automorphic representations of U(V)(A')
satisfying

HomU(V)(A/)(Wl ® T &® w¢/7H,C) #0.
Assume that at a non-archimedean split place v of k', both w1, and ma,, are supercuspidal. Assume that F'

and fV are matching good test functions on the general linear group and the unitary group U(V') respectively.
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Then
I5c(m),BC(m) (F) = AL(1,0)* Jr, 2y (fV).

Proof. We apply [ , Proposition 5.6.1]. Note that we assume in | , Proposition 5.6] that both
71,0+ and mg s are supercuspidal at another non-archimedean split place v’ of k’. This is not needed for the
desired identity, but it is needed to show that there is a good test function fV so that iy o (f¥) #0.
We will relax this condition in Appendix C, showing that the same nonvanishing result holds if 1, and
T, are tempered.

We also need to take into account of the different normalizations of the Petersson inner product. Implicitly,
the Petersson inner product

(p1,02) = / ©1(9)p2(g9)dg
Zu vy (A7) U(V)(R)\ U(V) (A7)

is used in | |, where Zy vy is the center of U(V). Note that vol Zy vy (k')\Zy(v)(A") = 2L(1,n) by our
choices of the measures. Taking into account of this modification, we find that

IBc(m) BC(ma) (F) = 4L(1,m)? Z Z Joros(fY),

W eHerm,, (k) 01,02

where in the outer sum, W runs over all the (isometry classes of) skew-hermitian spaces of dimension n over
k, and in the inner sum, o; (resp. og) runs over all the irreducible cuspidal automorphic representations
that are nearly equivalent to m; (resp. m2). Moreover, o1 ,, (resp. 02,4, ) is isomorphic to 7 4, (resp. T2 4, ),
thus it is supercuspidal.

By Hypothesis 1.2.1 (2), the o;’s (resp. o2’s) appearing on the right hand side are not isomorphic to each
other. Moreover, for any place v, the representations o1 ,’s (resp. o2,’s) all lie in the same Vogan packet
and this packet is generic. Therefore by Hypothesis 1.2.2, there is only one nonzero term on the right hand
side of the equality, namely J, »,(f"). We then conclude that

IBC(wl),BC(Trg)(F) = 4[’(177])2‘]71'17772 (fV)
O

4.4. A local distribution identity. Recall that we have fixed a purely imaginary element § € k~. For
any place v of k’, we put

_ n(n+1)
2 n(n—1)

_ 1 _ _ . _ n(n=1)
e (Gometh) T O ) i () (s V) ()

Ky = |

where d,, = (g) and disc V' € k~ is the discriminant of V.

Note that for any a € k!X, the determinant of the conjugation action of a = diag[a™™!,--- ,a] on N,,_1 (k)

is a®. It follows that if we choose a measure dh’ on N,,_;(k})\ GL,_1(k!) such that dh = dndh’ where dh
(resp. dn) is the Haar measure on GL,_1 (k) (resp. N,_1(k.)), then d(ah’) = |a\,;,d"dh’.

Theorem 4.4.1. Let v be a place of k'. Let w1, and wa, be irreducible tempered representations of U(V') (kL)
such that BC(m1 ) and BC(ma,,) are generic and unitary. Assume that one of the following conditions holds.

(1) The place v is non-archimedean and is unramified in k. The residue characteristic of v is larger than
max(2,c(n)), the representations w1 , and ma, are unramified, the character p, is unramified.
(2) The place v is split.
(3) The place v is non-archimedean and 1, T2, are supercuspidal.
Then there are matching test functions F, and f, on the general linear group and the unitary group U(V)
respectively, such that It , m,.,,s(F,) is holomorphic at s = % and

(4.4.1) Tresvma0 (fo) = L1, 00) Ko IBC(m1 ) BO(ma ) (Fo) 7 0-

Proof of Theorem 1.2.3 assuming Theorem 4.4.1. By Lemma 1.3.5, we only have to prove identity (1.3.4)
under the hypotheses of Theorem 1.2.3.
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By Proposition 4.3.1 and Proposition 3.2.1, for any matcing good (global) test functions F = ®F,, and
f=®&}f,, we have
1L (3,BC(m1) x BC(mg) @ p~1) f
4 L(1,m,Ad)L(1, 72, Ad) - BC(m1,0),BC(m2,0)

Jﬂ'hﬂ'z(f) = (FU)

We choose the test functions as follows.

(1) At the inert unramified places v such that the condition (1) of Theorem 4.4.1 is satisfied, we choose
F, and f, as in the fundamental lemma, c.f. Theorem 4.2.4.

(2) At almost all split places v, we choose the unit element in the spherical Hecke algebra.

(3) At each v € X, we choose F, and f, as in Theorem 4.4.1.

(4) At finitely many other split places v, including vy, we choose matching F,, and f, so that F' and f
are good test functions and Jr, | x, , (fs) # 0.

We prove in Appendix C that for each non-archimedean split place v, there is a test function f, such that
Jryyma0(fo) # 0 and f,y is supported in the regular semisimple locus of Y'(V)(k;,). Thus the choice (4)
above is possible. We have proved this fact in | , Proposition 6.1.2] assuming that 1, and s, are
both supercuspidal.

Theorem 4.4.1 is equivalent to the following identity on the normalized distributions

IEC(M,V),BC(M,,J)(Fv) =, ' L(1,m,) 7" (H L(iﬂ?f;)) X JE e (f0) #0.
=1

Since [[, kv = 1, with the above choice of the test functions F' and f, we conclude that

L (3,BC(m) x BC(m2) @ n~ 1) !
L(1,71,Ad)L(1, 72, Ad) 7w () # 0

1 _
J7r1,7r2 (f) = ZL(lvn) 1AU(V)

We have used the Tamagawa measure in Theorem 1.2.3 which is L(1,7) 'dg where dg is the measure in
Theorem 4.4.1. Taking into account this modification, we have proved Theorem 1.2.3. ]

4.5. Convention for the rest of this paper. The proof of Theorem 4.4.1 occupies the rest of this paper.
We will be working with a place v of k’ at a time. So we suppress the subscripts v from all the notation.
Then k' is a local field and k is a quadratic etale algebra of k’.
We also change all the measures to the unnormalized ones, i.e. the ones without the normalization factor

Ck(l)v L(l,n), etc..

Lemma 4.5.1. With this new choice of the measures, the identity (4.4.1) becomnes
(4.5-1) Jm,vnrz,u (fv) = “vIBC(Ter),BC(Wz,v)(Fv) # 0.

Proof. The proof is the same as | , Lemma 4.7]. O

5. LOCAL DISTRIBUTIONS ON THE GENERAL LINEAR GROUPS

5.1. Preliminaries. In this section, we compute I, 1, (F') for some carefully chosen test functions F' on
the general linear group. This computation is an analogue of | , Theorem 8.5]. The general line of the
argument is the same as | , Section 7, 8] while the detailed computations are technically different at
various points.

In this section, we assume that k' is a non-archimedean local field and k is a quadratic field extension of
k’. We fix a uniformizer @ of k’. To make the notation simple, we deviate slightly from our convention here
to denote the uniformizer by w instead of @’. To unify notation, we often write k™ for k' and o™ for o’.

We shall often make use of the Fourier transform. Let ¢ € C°(ky,). Its Fourier transform is a function

b € C(k™) given by

(5.1.1) ) = / o) (zy)de.
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Note that by our choices of the measure, we have

o(—z) = [ d(y)v(zy)dy.
/

Suppose that ¢ = ¢T ® ¢~ where ¢+ € C°(kF). Then we define the Fourier transform gﬁ using the same
formula (5.1.1), except that we integrate over k> instead. Then ngS = qg‘\* ® QZ:

We also need the Fourier transform on M, (k). The pairing (X,Y) — Tr XY on M, (k) is non-degenerate.
Let f € C3°(My,(k)). Define its Fourier transform by

f(v) = / F(X)(Tr XY)dX.

My (k)

Recall that the measure dX is normalized so that f(X) = f(—X).
We identify s, (k") with M,, (k7). The decomposition M, (k) = M, (k") ® s, (k") is orthogonal with respect
to the pairing (X,Y) + Tryp (Tr XY). Thus if f = f* ® f~ and f* € C°(M,(k*)), then we have the

—

Fourier transform f+.

We recall the definition of convolutions. Let G be a locally compact topological group and P a unimodular
closed subgroup of G. Let f be a function on G and ¢ a compactly supported function on P. Choose a Haar
measure dp on P. Then we define the convolution of f and ¢ as

£ dlg) = / Flap Vew)dp, éx f(g) = / o(p) f (0~ 9)dp.
P P

We define two involutions on C*°(G) as follows. Let f € C*°(G). We put f*(9) = f(g~!) and f*(g9) =
f(g~h). Then
(fxd) =9 "« f" (fx@) ="« f"
If P, and P, are two closed unimodular subgroups and f € C°(G) and ¢; € C°(P;), (i = 1,2), then we

can define f x ¢1 * @2, 1 * [ x ¢a, ete.
Suppose that 7 is a representation of G and ¢ € C2°(P). Then we define 7(¢) € End(r) as

n(6) = / o(p)(p)dp.
P

Moreover, if 7 is unitary, i.e. there is a G-invariant hermitian inner product (—, —) on =, then
(m(¢)v,v") = (v, m(¢" W), wv,v’ €.

5.2. The smoothing technique. We define the admissible test functions following | ] and introduce
the “smoothing technique” | , Section 7]. Most of the definitions are the same as in | |, except
that we need to “smoothen” the Rankin—Selberg period in a different way.

We introduce the following notation. In the rest of this paper, if the residue characteristic of k is not two,
then there is a decomposition 0 = o’ @ 0™, where 0~ consists of elements x € o such that ™ = —z. If the
residue characteristic is two, we define 0 = o’ @ 0~. Note that this might not be a maximal order of k.

Let 1, be the characteristic function of o, and its Fourier transform I; = 1,+ for some o-lattice o* in k.
Let o™ = 0* N k*. We denote by C>°(w™0/w?™0) the subspace of C°(k) spanned by the functions that
are ww?™o-invariant and supported @™o.

We now make some definitions. Let m be a positive integer.

Definition 5.2.1. We define C°(w™o0/w?™0)% to be the subspace of C°(w™0/w?™0) spanned by the
functions of the form ¢ = ¢ ® ¢~, where ¢+ € C°(w™0%) and
(1) ¢ is a multiple of 1_mg+,

(2) ¢~ is supported in @ 2Mo*\w2mHtleT*,

Definition 5.2.2. We define C2°(k"~1)Y to be the subspace of C2°(k"~!) spanned by the functions of the
form ¢ = ®¢; where ¢; is a function on the i-th entry satisfying
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(1) ¢i =1gme, 1 <i<n-—2,

(2) ¢n_1 € C®(w™0/ww?™0)".
Definition 5.2.3. We define C3°(GL,_1(k)) to be the subspace of C3°(GL,,_1(k)) spanned by the functions
of the form ¢ = (y;;) where ¢;; is a function on the (4, j) entry satisfying

(1) Pij = 1gm, ifé 7é] or j—1,
(2) @i = Lijyomo,i=1,--- ,n—1,
(3) @ii+1 € C(@™o/w?™0).

Definition 5.2.4. A pair of functions (p,¢) with ¢ € C(GL,_1(k)) and ¢ € C°(k""1) is said to be
m-admissible if ¢ € C2°(GL,_1(k))y, and ¢ € C° (k"1

Definition 5.2.5. Let (¢, ®) be a pair of functions that is m-admissible for some m > 0. Put ¢,_1 = ¢
and ¢,_1 = ¢. We recursively define p; € C°(M;(k)), ¢; € C°(k') and ¢ € C°(k;) as follows. Note that
©; is viewed as a function on M;(k) even though it is supported in GL;(k). Suppose for some i, the function
@; is defined. For X; = (Xg)1<s<i € M;(k), write

Xic1 = (Xst)i<s,t<i—1 € Mi—1(k), ui—1 = t(Xm e, X)) € ki_l, v; = (X1, -+, Xis) € k.
Define ;1 € C°(M;_1(k)), #7 € C(k;) and ¢;_1 € C°(k*~1) so that
0i(Xi) = i1 (Xi1) i1 (wim1) P2 (vy).
Finally we set ¢} = ;. Define ¢* = ®¢? as a function on B,,_1 _ (k).

Lemma 5.2.6 (| , Proposition 7.5]). Suppose (p, @) is m-admissible for some m > 0.

(1) The functions ¢’ is the characteristic function of e; +w™o; and ¢; € C°(k*)5.

(2) The function ¢ is invariant under the right and left multiplication of elements in 1 4+ w™b,_1 _(0)
and 1+ @™ M, _1(0").

(3) Decompose ¢ as o™ @ ¢~ where o* € C2°(M,,(k*)). Then ¢ is a multiple of 114 mmur, | (o)-

For any functions ¢ € C°(GL,_1(k)) and ¢ € C2°(k"~1), define a function m on GL,,_1(k) by

(5.2.1) Wosl) =d-cons) [ [ et uenah)aa (et hydud,
anl(k/)\GLnfl(k/) Nn—l(k:)
The integral is absolutely convergent. Recall that €, = diag[6"~1,--- 8] € GL,_1(k). It is clear that
W<P’¢(ug) = E(U)Wwﬂb(g)a u € anl(k)
Lemma 5.2.7 (] , Lemma 7.6]). Assume that (@, ¢) is m-admissible for some m > 0. Define the

functions ;, ¢;, QSE,@’ as in Definition 5.2.5.

(1) The function m is supported in Nyp_1(k)Bp—1,—(k) and I/I//::z, € C®(Np_1(k)\ GL,_1(k), ).
(2) Suppose g = yv € GL,,_1(K'), where y = diaglys - Yn—1, Y1 * - Yn—2,"** , Y1), and

1;
v = 1_[1 <vi 1) €Ny_1,_(K), wvi€k.
Then

n—1
Wos(en_1g) = [5]" / @ (0)db x 1"+ (det ) |81 (v) i [ dn—i(—vi(vni1,1)0),

Bono1,_ (k') =1

where d,, = (g) and 6,_1 is the modulus character of By,_1. The measure db is either the right
or the left invariant measure on Bn_1 _(k'). They give the same results since @ is supported in
1+ wbn_l (0) . o
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Let TI; and II; be two irreducible admissible generic unitary representations of GL, (k) with central
characters Qp, and Qr, respectively. Suppose (¢, ¢) is m-admissible for some m > 0. By Lemma 5.2.7,

there is a Whittaker function W, 4 € W(Ily,v), such that Wlar,,_, k) = We,¢. The “smoothing technique”
alluded in the title of this subsection refers to the following proposition.

Proposition 5.2.8 (| , Proposition 7.7]). Suppose (@, ¢) is m-admissible for some m > 0. Then for

all W € W(Ila, ), we have
Bn(Ha (") 2 (¢" )W) = (W, Wy 4),

where (—, —) on the right hand side is the inner product on W(Ila, 9), c.f. (3.1.1).

We also need to “smoothen” the Rankin—Selberg period A. Our situation is slightly different from |
Proposition 7.9].

Definition 5.2.9. Let mg > m; be two integers and ® € C°(ky,). We say that ® is (m1, ma)-admissible if
P = ®®P; where ®; is the function on the i-th entry satisfying

(1) q)i == 1w"”207 1 < 7 <n-— 17

(2) ©, = @} @ ®;,, where @ (resp. @, ) is a multiple of 1gmaor (resp. Lspwmior)).
We choose mg so that supp ®,, C §(1 + w™0).

Proposition 5.2.10. Let W1 € W(IIy, %) and W € W(Ilg, ). Suppose that WaL
modulo N,_1(k). Let W# € W(II1,%) so that

is compactly supported

n—1

W ((an—1)) = W(t(an—1))|det an_1|7%ﬁ(det an-1), an-1 € GLp_1(k).

Let m1 < ma be two integers such

(1) 6 tw™20 C w™o,
(2) W and W*¥ are invariant under the right multiplication by elements in 1+ ™ M, (o),
(3) Qm,, Qm,, 1 are trivial when restricted to 1 + w™ 0.

If ® € C°(ky,) is (mq1,ma)-admissible, then Z(s, W1, W, u, ®) is holomorphic at s = % and

AW, W, 1, @) = 18]~ % Qur, (8)Qur, (9)7(8)" x (Wi, WE) x /‘P(vn)dvm
Fon

where (—, —) is the inner product on W(Ily, ).
Proof. We first show that Z(s, Wi, W, u, ®) is holomorphic at s = % Recall that

(s, Wi, W, 1, ) = / W (g)W (9) (et 9) B (eng)|det g|*dg.
Ny (k)\ GLy, (k)

By the support condition on @, if e, g € supp ®, then we can write

_ Up—1 ]-nfl
g=u 1 Vp1 1)

where y1 € Z, (k) ~ k™, ap—1 € Ny—1(k)\ GL,,—1(k) and v,,_1 € k,—1. The measure dg decomposes as

1

= ——da,_1dv,—1dy;.
|detan_1\ Up—1AVp—1dY1

dg

By the admissibility condition, the function W is invariant under the right multiplication of (1"’1 ) if

Up—1 1
Y1(vn—1,1) € supp ®. Since Wlar, k) € C2°(Nn-1(k)\ GLyn_1(k), %), we conclude that the integration of

g is in fact over some compact region. Therefore it is convergent for any s. In particular, Z (s, Wy, W, u, ®)
is holomorphic at s = %
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We conclude that
)‘(le VV) Hy CD)
_ Ap—1 1n—l Ap—1 1n—1
L m( )G ) ()G )
kX knfl Nn—l(k)\ GLn_l(k)

p(det an—1) (1) @ (Y1 (a1, 1)), (1), (y1)|y1 | F |det an—1| "2 day,—1dv,—1dys.

Since the functions W and W* are invariant under the right multiplication of (711:: 1) if y1(vp-1,1) €

supp ®, we have
AW, Wa, i, ®)
ST e ) e ) )
EX kn—1 Np_1(k)\ GLy_1 (k)
D(y1 (vn—1, 1)), (y1)r, (1) A(y1) " |y1 | dag—1dv,—1dys.
Since the integration over a,—1 € Np_1(k)\ GL,—1(k) gives the GL,, (k)-invariant inner product on W(IIy, 9),

the expression simplifies to

AW, W, i, @) = (Wl,W)/ / D (y1(vn—1, 1)), (Y1), (1) B (y1) " 91| * dvp—1dys,

kX kpn—1
where (—, —) is the inner product on W(II;, 7). Finally we make a change of variables v, ; — 4 *v,,_1 in
the last integral and replace the multiplicative measure dy; by the additive one. Note that y; € §(1+w™0).
Since Qr,, O, and p are trivial when restricted to 1 + w10, the proposition follows. O

5.3. A formula for Iy, 11,. Let II; and I be irreducible admissible generic representations of GL,, (k)
with central characters Qy, and Q, respectively. Let ¢ € C°(GL,_1(k)) and ¢ € C°(k"~!). Define

the function I/I//::b as (5.2.1). If m € C°(Np—1(k)\ GL,—1(k),¢), then we define W, » € W(Ils, 1)) and
Wgﬁ@ € W(II;, %) such that
thytﬁ(l’(an*l)) = Wgo,¢>(an71)7

o~ _1
WE 4 (U(an-1)) = W g(an_1)|det an_1 |, *Fi(det a,_1).

(5.3.1)

Definition 5.3.1. Let r > mg > m; > m > 0 be four integers. Let (Fy, ¢, ¢, ®) be a quadruple of functions
with FO € CgO(GLn(k))v pE CCOO(GLn—l(k))a (rb € Cfo(knil) and @ € Cfo(kn)

We say that (Fo, o, ¢, @) is (m, my, ma, r)-admissible if the following conditions are satisfied.

(1) The pair (¢, ¢) is m-admissible.
(2) The function ® is (my, ma)-admissible.
(3) The function Fp is a multiple of 11 5raz, (o) SO that fGLn(k) Fy(g)dg = 1.

We require that r, m; and mo are sufficiently large so that the conditions in Proposition 5.2.10 are
satisfied, and that the functions W, 4, Wi} & and ® are invariant under the right multiplication of elements
in 14 w@w"M,(o).

We say that (Fp, p, ¢, ) is sufficiently admissible if it is (m,mq,ms,r)-admissible for sufficiently large
m, mi, Mo and r.

To shorten notation, we write F P = Fo x ¢ x ¢. We say that the test function F' on the general linear
group is (m,mq, ma,r)-admissible if it is of the form F = (FO,FSP’¢,<I>) and the quadruple (Fy, @, ¢, @) is
admissible.

Lemma 5.3.2. If the test function F' is (m,my, ma,r)-admissible. Then I, m,,s 15 holomorphic at s = 1

2
and we have

I, 1 (F) = 18] % (Qm, Q1 1")(6) % / Bum)don,  fu(WE ).
kn
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Proof. The proof of this lemma is identical to | , Proposition 8.2]. To avoid repetition, we only sketch
the argument here. We have

IHl,szs(F) = Z Z(S> HI(FO)Wlu HQ(FOLP)¢)W27 Hy q))Bn(Wl)ﬁn(WQ)
Wy, Wa

> Z(s, Ty (Fo)Wh, Wa, 1, @) B (W1) By (Tl (6% T (9% )T (F5 ) W)
Wi,Wa

> Z(s, Iy (Fo)Wr, Wa, 1, ®) B (W) (Wa, Wo, ) Proposition 5.2.8
Wy,Wa

= Z Z (5,1 (Fo)W1, Wy ¢, 1, ®)Bn(W1)
Wi

It follows from Proposition 5.2.10 that Z (s, I1; (Fy) W1, Wes ¢, i1, ®) is holomorphic at s = 1, so is It i, ,s(F).
Then by Proposition 5.2.10, we have

I, 1, (F) = ZIN*%(inQnaﬁ")@)(WhWf,,¢> X /‘D(vn)dvn X Bn(W1)
Wi Fon
— 18]~ ¥ (Qur, Q") (6) x /@(vn)dvn X Ba(WE ).
o
O

Lemma 5.3.3. Suppose the test function F = (FO,FSP’¢,<I>) is (m, my, ma,r)-admissible. Define the func-
tions qbi,gii for the pair (@, ¢) as in Definition 5.2.5. Then

Tty 1, (F) =[] 555 Qg (8) 2, (9)(6) "2 x / B(v,)dv, / & (b)db
kn Bp—1,- (k)
n—1 /\
X /|det Yl n(dety) H Gn—i(=yi(Vn—i—1,1)0)dys - - - dyp_1dvy - - - dvp o,
=1

Y1-Yn—1
where the domain of the last integral is y; € k' and v; € ki. Recall that y = ( ) € GL,,_1 (k).
Y1

Proof. By Lemma 5.3.2, we only have to compute ﬁn(Wi,qs)- By definition,

Ba(W} ;) = / WE 4 (1(en—19))n" " (det g)dg
Now 1 (K GLn 1 (k)
= / W//:;;(en_lgﬂdet €n—19|;, > Ti(det e,—19)n™ T (det g)dg.

Np—1(k")\ GLn—1(k")

Then Lemma 5.2.7 (2) yields the desired result. We only have to note that the measure dg decomposes
according to g = yv as
dg = [6n-1(y)|ip dyn - - - dyp_1dos - - - dvy_s.
O

5.4. Computing F,. Let F' = (FO,FS"’d’,(I)) be an (m,mq,ma,r)-admissible test function on the general
linear group. Note that Fy = F§ * Fy. Let Fj be the integral transform defined by (4.2.1). Let P, be the
mirabolic subgroup of GL,,. For later use, we define ¥ € C°(P,(k)) by

v ((“ 1) (1"—1 ﬁ‘)) — o()d(w), a € GLy 1(k), u€ kn_1.

Let p be the Lie algebra of P,,. Then p >~ M,,_; ,. We always view M,,_1, as a subspace of M,, consisting
of matrices whose last row is zero. By admissibility, the support of ¥ (resp. ¢, resp. ¢) is contained in
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1+ @w™p(o) (vesp. 1+ @w™M, _1(0), resp. w™o” !). We have the decomposition p(k) = p* + p~ where
pt = p(k) N M, (kT). Note that any element in P, (k) can be written as p = p, (1 + p_) where p; € P, (k')
and p_ € p~.

We decompose ¥ as ¥ = ¥+ @ ¥, where U € C°(1+ wp™ (o)), ¥~ € C(p~) and

U(p+(1+p-)) =T (p) ¥ (p+p-), p+ € Pulk), p- €9~

Note that U is a multiple of 1, om M,_1..(c")- 1t follows from the admissibility condition that if py €
supp¥T and p_ € p~, then
(5.4.1) U (prp-) =¥ (p-).
We have U~ = ¢~ ® ¢~ where ¢~ € C°(M,,—1(k™)) and ¢~ € C°(k—"~ 1),
Lemma 5.4.1. The support of Fy is contained in (1 +w™Mp(07)) x kj, x k=",

Proof. This follows from the definition of admissible test functions. |

By this lemma, we may identify F}, as a function on r, (k") supported in @w™M,(0~) x kj, X k=" via
the Cayley transform. We shall always make this identification in the following. Recall that the Caylay
transform is a map

(5.4.2) cisp(K) = Su(k), X—(1+X)(1-X)1

which gives a homeomorphism from a neighborhood of 0 € s, (k') to a neighborhood of 1 € S, (k"). We
extend the map ¢ to a map r, (k') — X,, (k") which is the identity on k!, x k™. We also call this the Caylay
transform. Similarly, the support of Fy is 1 4+ w"M,,(0) for some sufficiently large . We define a function
Foy € C(sn(K')) by

Fo((1+ X)h)dh n odd,

GL. (k")
Foq(X) =

Fo((1+X)h)u((1 4+ X)h)dh n even.
QL. (k)
Lemma 5.4.2. Put
W= [ v
1+wwpt(o’)
Then for (X,vY,v) € s, (k') x kI, x k=™, we have

FUX,0",0) = o) x [ FoslX 4 p )0 (p-)dp- x BT007,0).
i
Proof. This computation is very similar to [ , Lemma 8.7]. To avoid repetition, we only sketch the
argument for the case n being odd. The case n being even only requires the change of notation at several

places.
By the admissibility conditions, we have

R0 = [ [ WeR Xk x BT 0)
GL, (k") P(k)
We write p as p4(1+p_). We make use of (5.4.1) and the fact that Fp is invariant under the conjugation
of elements in 1+ wM, (o). We get

F(X,vY,v) =c(TF) x / / Fo((1+p-)1+ X)h)¥~ (p_)dhdp_ x ®F(vV,v).
p~ GLn (k)
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It follows that
FL(X, 0", 0) = () x / / Fo((1+p-X)(1+ (1 +p_X) " (p_ + X)) T~ (p_)dhdp_ x BT(0¥,0)
p~ GLn (k')
() x / / Fo(l+ (14 p_X) " (p_ + X)) (p_)dhdp_ x BT (07, 0)
p~ GLn (k')

= c(¥7F) x /F%((l +p-X) " p- + X)) (p-)dp- x T (vV,v)
i

= (W) x [ Fos(X 4+ p) ¥ (p-)dp- x B0,

h
where in the last equality, we have used the fact that Fyy is a multiple of w"s, (0’) and is thus invariant
under the multiplication of elements in 1 + wl,, (o). O
5.5. Some lemmas from | ]. We recall some lemmas from [ ]. We write them in the form

that we are going to use.
Let £, = s, X k™ x k,,. The group GL,, acts on f,, by

[v,v,vV].h = [h" vk, b~ v, vV ).

We say that any element [y, v,v"V] is regular semisimple if its stabilizer in GL,, is trivial and its GL,-orbit is
closed.
Let z,y € k™. Set

0 Tn
1 0 Tn—1 =
Ax) =3 € M, (K), :<>
... o o T
1 x1

and A(z,y) = [0A(z),y,0e,] € 5,(k') x k'™ x k, . Note that for any z,y, the stabilizer of A(x,y) in GL,, is
trivial.

Lemma 5.5.1 (] , Corollary 6.5]). The map 3 : GL, (k") x (K™ x k') — s, (k") x k'™ x k,, given by
(h, (2, y)) = Az, y)-h

,UV
is an open immersion. The image consists of all elements [y, v,v"] with det : #0.
,U\/,Y"n.—l
Let [y,v,vY] € £,. Let W be the subvariety of r,, defined by the following equations, where we write
v = (Vijhi<ij<n
Vij—1 =0, (i=2,---,n); 7 =0, (i >j+1); v’ =de,.
Let V be the subvariety of ¢, defined by the same equations as W, plus the equation v = 0. There is a
natural morphism p: W — V., [y,v,vY] — [7,0,v"]. For z,y € k', define a map «a,,, : Ny, (k') — W(EK') by
u— Az, y).u.

Lemma 5.5.2 ([ , Lemma 6.6]). For any x,y € k'™, the composition p o oy, : Ny(k') — V(K') is an
isomorphism whose Jacobian is 1.

Let X € £, (k') and F € C°(f,(k')). We define the orbital integral

(5.5.1) O(X,F,s) = / F(X.h)n(det h)|det h|*dh
GLy (k')

If X is regular semisimple, then this integral is convergent for any s. We define O(X, F) = O(X, F,0) if X
is regular semisimple.
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Let £_ = A(0,0) € @ (K), ie.

o0 ) () 0]
.= |0 N | 3(0,"'a075) :
1o 0

Lemma 5.5.3 (| , Lemma 6.9]). As a function of s, O(£-, F, s) is absolutely convergent if Rs > 1—1.
It extends to a meromorphic function for all s € C which is holomorphic at s = 0.

By this lemma, we define the regular nilpotent orbital integral O(_, F) = O(£_, F,0). If for some F, the
integral (5.5.1) is convergent when s = 0, then it computes O(¢_, F)).

5.6. Orbital integrals of F\h
Lemma 5.6.1. Let ® = d+ @ &~ € S(k,,), ®* € S(kF). Then
BT (0,0Y) = )T (), vek™ v k.
Proof. This is the Fourier inversion formula. ]

Put
Fog # ¥ (0) = [ Fas(X + )0 (- )dp.
i
Then Fyy + ¥~ € C®(My(k™)). Similarly to Definition 5.2.5, we define the functions ¢;, ¢;, ¢I;’7 and
qbb; . More precisely, we put ¢, = Fyy * ¥~ and define inductively the functions ¢; , ¢;, ¢E’_ so that

_ _ b,— _
@i (Xi) = i1 (Xic1)@; (vi)d;_ (ui—1), where

X; = < Xiilv‘ uil) , X;_ 1€ G]-_Ji,l(k/)7 Ui—1 € ki717 v; € k.
Note that ¢~ is a multiple of 1, We define ¢*~ = ®¢Z’7 and view it as a function on b, (k7).

Lemma 5.6.2. Suppose Sh='A(z)h € supp Fm*, Then the last column of h=*A(z)h is bounded by a
polynomial of the norms of x; (1 <1i<n) and w™ ™, independent of ma and r.

Proof. This is the “claim” in the Step 1 of the proof of | , Lemma 8.8, p. 603]. For the convenience
of the reader, we point out that our A(z) (resp. Fop* ¥™) is the o(z) (resp. ;) in | . O
If [y,v,vVY] € £p(k'), then we put
T([y,v,0"]) = det ( : ) :
,U\/,Yn—l

and t([y,v,v"]) = u(T([,v,0"])).

Lemma 5.6.3. Let Y be an open compact neighborhood of [0,0,0] € tn(k'). Then there are sufficiently
large integers (m,my, ma,r) and an (m,my,ma,r)-admissible test function F = (FO,FS"’QS,(I)), such that
t(X)O(X, F}) is a constant if X € Y. Moreover, this constant equals t(€_)O(¢_, F}).

Proof. By Lemma 5.5.1, it is enough to prove that for any compact subset X C k' x k', we can find
a sufficiently admissible test function F', such that the orbital integral O(A(z,y), F}) is a constant for

—~

regular semisimple A(z,y) with (z,y) € X and this constant equals O(£_, F}). Note that t(A(z,y)) =
I ((—1)[%}6w) for any x,y.
By Lemma 5.4.2, if A(x,y) is regular semisimple, then the orbital integral of ﬁ takes the form
(U x / Fog + U (6h~* A(z)h)®F (h =y, de, h)n(det h)dh.
GL. (k')

Without loss of generality, we may assume that ¢(¥*) = 1.
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It follows from Lemma 5.6.1 that if a(hfly, denh) # 0, then the lower right entry of h is not zero. We

therefore decompose h as
_ ]-nfl Wn—1 Ap—1 ]-nfl
n () ()G )

where 21 € Z,(k') =~ k', ap_1 € GL,_1(K'), wy—1 € K™% v,_1 € k,_;. The measure dh decomposes as

dh dziday,—1dw,—1dv,—1.

" Jdet an_1]

It follows from the admissibility conditions on ® that 2; € 1 + @™'¢’ and v,_1 € 5*1wm20;71. Therefore
by Lemma 5.6.2, we can take a suitably large mo (and r), such that Fy; « U~ (resp. ®*) is invariant under

the conjugation (resp. left multiplication) by (11)2: 1). Then

O(A(z,y), F,) = / Fop * U= (001 A@)hn 1) 0% (27 it )

1

&7 (821 (vn-1, )n(det 210n-1) et

dan,ldwn,ldzldvn,l,
where the domain of integration is 21 € Zn (k') ~ k', vp_1 € ki, 1, hp—y = ("2 “771) (71 ), wpot €
k/’/n_l, Up—1 € GLnfl(k/).

We now argue as in | , Proof of Lemma 8.8, Step 2 and 3]. We may inductively show, using the
admissibility conditions of Fyy * W™, that we can write a,,—1 as uav, where

29 2n n—2
w€ N (K), a= Co=]] (L' 1) € GLi (K), v ek

Vs
i=1 N\

z2
Moreover, v; € wmog for 1 <14 <n — 2. Note that the measure decomposes as

da,_1 = 16,1, (a)|dzs - - - dzpdudoy - - - dvy,_o.

Recall that we have defined the functions ¢; , (;52’7 and ¢”~. Using the fact that Fom* is invariant
under the left and right multiplication by 1 4+ @™ M, (0"), we conclude that

o n—1 __ —~
O(A(%Z/%ﬁ) Z/Wi’_((s(ua)_lf‘l(x)(“a)) (H ¢; (—02zn—it1(vi1, 1))) O+ (27 (ua)ty)
(5.6.1) i=1

= (Fz1(vn-1, (et 21016, (@)

dzy - -dz,dudvy - - - do, 1,
where 2; € k'*, u € N,,_1(K'), v; € ki. Furthermore, by the admissibility conditions, z; € 6 ‘w0’ (i > 2),
v; €Ew™o) (1 <i<n—2).

We now make use of Lemma 5.5.2 and make a change of variable u — u; = p o a4 (u). The integral
in (5.6.1) over u then takes the form

(b/b’\— ((5a_1X(u1)a)a(zfla_l*)dul,
b,—1(k")

where X (u1) = X;; is a matrix of the following form. The triangle (X;;) with 1 <14 < j < n—1is the matrix
Uy, X;i-1 = 1for ¢ = 2,---,n, the last column is a polynomial in the entries of u1, u, , y. The other
entries of X (uq) are zero. The « is also a polynomial in the entries of u1, u, z, y. Note that the last colum

of ¢~ (resp. ®+) is a multiple of 1 —r,—+n (Tesp. 15-magr). Since z, y lie inside some compact region,
z;’s are bounded by some bound which is independent of mo and r, we may increase mo and r suitably so
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that the restrictions on the last column of da='X (u1)a and 27 Ya=1x are superfluous. We conclude that

O(A(z,y), Ff) /d’b 0™ X1 (u1)a)B (0) (1:[ in:(&n—wl(vi—hl)))

i=1

(5.6.2)

D= (621 (vp_1,1))n(det zla)\égi dzy - -dz,durdoy - - - dvg,—1,

1
l(a)| |det CL|
where X (u1) = (X;;) is a matrix of the following form. The triangle X;; with 1 < ¢ < j < n —1 is the
matrix u1, X; ;-1 = 1 for ¢ = 2,--- ,n, the other entries of X (uq) are zero. The domain of integration is
uy € by_1(k'), 2z; € K’ and v; € kj. The integral (5.6.2) is then independent of x,y. It also follows that the

integral equals O(A(0, O)j?;)7 which is precisely the nilpotent orbital integral of f?’; O
Lemma 5.6.4. The nilpotent orbital integral ofﬁ equals
— L T'(’" 1) R
Ole- ) =c(¥) x |o]; * H 67 x [
(5.6.3) ) Fon
T 1
X / };[1 ¢; (—02zn—it1(vi—1,1))n(det a)md@ <oodzpdvy - - - dop 1,

z2 Zn
where the domain of the last integration is z; € k' and v; € k. Recall also that a = < ) €
z2
GL,—1(k").

—

Proof. All we need to compute is the integral (5.6.2). Since ¢”~ is normalized so that qb?{_(()) =1, it follows

that
¢"’ (6a ' X1 (u1)a <®¢) ) (6a uia),

where u; € b,_1(k"). We make a change of variable u; — auja ~! then

n—1 ____
<® ¢5’_> (6a" tura)duy = [0,_1(a) <® ¢5’ ) (duy)duy
i=1

No 1 (k') Noa(kr)y N1
n—1

b,—

= |6n—1( |5|k Héf’z

_ n(n-1)
Note that the extra factor [§|, * comes from the difference between the measures on £~ and 6&’. In the

integral over z; and v,_;, we make a change of variable v,_1 — v,_12] 1 and replace dz; by the additive
measure. By the support condition of &, z; lies in a small neighborhood of 1. It follows that

. 1 .
/ / ~(621(vn-1,1))dv,—1dz =/<I>—(6vn)dvn = |571/(I>—(11n)d11n.

W R w2, ok
Thus
_n_ n(n=1) n—1 — .
O, F) =lol; ¥~ [ & (0)@+(0) / 5 (v,)do,
=1

krn
n—1___ 1
/ H &7 (—0zn—ix1(vi—1,1))n(det a)7|det p dzg -+ -dz,duy -+ - dop_1,
i=1

Finally, since

O (0) = | ®F(w,)dw,,
/

n
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we have

We then get the desired result. O

5.7. A truncated germ expansion of I, ,.

Proposition 5.7.1. Let Iy and Ils be two irreducible admissible generic representations of GLy (k) with
central characters Qu1, and O, respectively. Then there is a test function F' on the general linear group, such
that Irt, n, s(F') is holomorphic at s = % and Fy is supported in A x k], x k=™ where A is a sufficiently small
neighborhood of 1,, € Sy, (k'). Moreover, if we view Fy as a function on t, (k') via the Caylay transform (5.4.2),

then
n(n+1)

Ity 1, (F) = 8] 1, (8)Qmr, (0)7(8) % O(6_, Fy) # 0.

Proof. We choose integers (m, my,ms,r) as in Lemma 5.6.3 and take an (m, mq, mso, r)-admissible test func-
tion F = (Fy, F9?, ®). It follows from Lemma 5.3.3 and Lemma 5.6.4 that

n(n+1)

I, 1, (F) = [0]¢ Qu, (8)Qu, (0)m(8) ™2 O(€_, Fy).

It is clear from the formula (5.6.3) that we can choose a test function so that O(g,ﬂ) # 0. O

6. PROOF OF THEOREM 4.4.1
6.1. The unramified case.
Proof of Theorem 4.4.1 in case (1). First we note that if we replace § by ad where a € k’*, then the dis-
tribution I, 11, is multiplied by \a|i". Moreover, replacing ' by v/ amounts to replacing J by ad, where

P! (x) = ¢/'(ax). Therefore we may assume in addition that § € o’* and the conductor of ¥ is o’.
It follows from Theorem 4.2.4 that we have a matching pair of test functions

1 1
(V01 GLy(0) ~ " Vol GL, (o) ~ ()7 0) 7

and

v+ 1 1 V-
{f = <V01K+ 1K+’V01K+ 1K+71L(0’)71L(o’))7 f :(0707070)}

Let WP (resp. W23) be the unique normalized spherical Whittaker function in W(II;, %) (resp. W(Ila,v)),
i.e. WO(1) = W9(1) = 1. Then

1
WP, i=1,2.

?

BC(m)(F)WY) = G o)

It then follows from (3.1.2), (3.1.5) and (3.1.9) that

L(3,BC(m) @ BC(m2) @ p~ 1)

I F) =
BO(r)B0(r) (F) L(1, 71, Ad)L(1, 3, Ad)

The distribution Jx, », is computed in a similar way where we use Proposition 1.1.1 instead. We finally
conclude that

+
I8C(m1),BC(rs) (F) = oy s (FV).
The Theorem 4.4.1 in case (1) is thus proved. O
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6.2. The split case. We assume that k = k&’ x &’ in this subsection. We make an identification U(V) ~ GL,,
once and for all in this subsection.

Let 7w and 7o be two irreducible admissible unitary generic tempered representations of GL,,(k’). Let
II; = m X7, I = mo K73 be the base change of m; and my to GL,, (k) respectively. Let W(my,) and

W(ma, 1) be their Whittaker models respectively. Let f = (f1, f2, ¢1, ¢2) be a test function on the unitary
group. We define a distribution

Th e (F) =D A (f1)Wh, ma(f2)Wa, 11, 1) AW, Wa, 1, 2),
Wi, Ws

where W7 (resp. W2) runs over an orthonormal basis of W(my, ) (resp. W(ma,)).

Lemma 6.2.1. Let F' = (Fy, F5, ®) be a test function on the general linear group. Suppose F' and f match
as described in Proposition 4.2.5. Then I, n,(F) = =1 JL . (f).

T, T2

Proof. By definition
I(Fy, F>, ®) = Y MIL(F)(Wh @ WY), TIy(Fo)(Wa @ Wy), 1, @)

ﬁn(Wl & W)Bﬂ(WQ ® W)a

where Wy and Wy’ (resp. Wa and Wy') independently run through an orthonormal basis of W(m1, ') (resp.

W(ﬂ-27 W))
Recall that we have fixed a purely imaginary element § € k~. Then by the definition of 3,,, we have

Ba(W; @ WY) = |8[3"2 (Wi, W), i=1,2,

where the pairing on the right hand side is the inner product on the Whittaker model of ;.
It follows that

I(F,F5, @)= |0

Y ALY (W © W), T (Fy) (We © Wa), 1, @),

W1, W2
where W, (resp. W) runs through an orthonormal basis of W(my,v') (resp. W(m2,%’)). The desired
equality then follows from the definitions of I and J’. |

We fix an isomorphism
7T1—)W(7T1,’ll)/)7 §01—>W1,
so that (@1, 01)x, = (Wi, Wi)w(r, 4) Where (=, —)r, is the inner product on 71 while (—, =)y, 4 is the

inner product on the Whittaker model. We fix an isomorphism mo — W(me,1)’) with the same property.
Under these isomorphisms, we write the linear form « as a linear functional on the Whittaker models

(Wi Waid) = [ (ma(g)Wa, W) (ma(g)Wa, Wa) o 96 e
GL, (k)
Recall that wy . (9)6(x) = p(det g)|det g|2 p(xg).
Proposition 6.2.2. For all Wy € W(m1,v'), Wa € W(ma,7’) and ¢ € S(kl,), we have
a(Wr, Wa, ¢) = X(Wr, Wa, i, ))NW1, Wa, 1, ¢).

Proof. Since both a and A ® X belong to the one dimensional space Homgr,, (k) xGL,, (k') (T1 @ T1 @ T2 @ T2 @
Wy @ wyr u, C), it is enough to prove that for some Wi, W and ¢, we have
OZ(W]_, WQ) ¢> = )\(Wla W27 M, (b))‘(Wl? W27 M, ¢) # 0.

We will denote by ¢ the embedding GL,—; — GL,,g — diag[g, 1], or the embedding GL,, — GL,1
defined in a similar way. We always consider GL,,_; as a subgroup of GL, via this embedding. Let
f€C(By-1,—(k')). Then there is a Whittaker function W; € W(m,¢’), such that

supp Wf|GLn,1 C Nn_1(k‘/)Bn_17_(k/), Wf|Bn71y7 = f
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Let ¢ € C°(kl,_, x ) and F(g) = W;(g)d(eng)u(det g)|det g|z € C®°(GL,(K)). If F(g) # 0, then the
lower right entry of g is nonzero. It follows that g takes the form

_ An—1 lnfl
= (") ()

where z € Z,(k'), n € Np(K'), an—1 € GL,—1 (k') and v,_1 € kI,_,. Moreover, a,,_; lies in a compact subset
of B,_1,_(k'). It follows that F(g) € C°(N, (k')\ GL,(k"),¢").

Let o be any irreducible generic tempered representation of GL,,11(k’). Then Homgr,, (k) (0 ® w2, C) # 0.
There is a Whittaker function Wr € W(0o,¢’), such that Wr|qr,, () = F.

We now apply [ , Proposition 4.10]. Tt follows that

621 [ CC@WeWedmlWaWaldg= [ Well)Waloddg [ Weltle)Walo)ds,
)

GL, (k") GL,, (K’ GL,. (k)
where (—, —) stands for the inner products on the corresponding Whittaker models.
We have
(o(Ug)Wr, Wr) = / We(hg)We(h)dh

N, (k")\ GL, (k")

= [ W@l ole.h) det b
Ny (k")\ GL, (k")

Note that if ¢(e,h) # 0, then the lower right entry of h is nonzero. We then decompose

_ Gp—1 a1
() ()

where z € Z,, (k') 2 E'*, an—1 € Np—1(K')\ GLp—1(K'), vp—1 € k],_;. The measure dh decomposes as

1

dh=——
|det a1

dzdan_ldvn_l .
We conclude that

cupwewe = [ [ [ m@Wa- )W)
No—1 (KN GLyy_y (k) k"% K
Wy 1 (9)P(2(Vn—1,1))d(2(vn-1,1))|2|"dvy—1dzdan—1.
Note that we have used the fact that the pairing on W(my, ")

(W, wy') = Wi (an—1))Wy' (e(an—1))dan—
Ny—1(k")\ GL,,—1 (k")
is indeed GL,,(k')-invariant.

Recall that the inner product on S(kJ,) is given by

(6,6 = / o(2)8" (@) dz,
J

where dz is the self-dual additive measure on k/,. Thus
(0(Ug)Wr, Wr) = (mi(g)Ws, W) (wyr 1 (9)¢, 9)-
Therefore identity (6.2.1) gives

Oé(Wf, WQa ()b) = A(I/I/v]% WQa/-l/v ¢)A(Wf’ WQa Hy ¢)
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We are left to show that we can choose f, Wy and ¢, such that A(Wy, W, u, ¢) # 0. For this, we choose
an f € C°(By-1,—(k')) and let Wy € W(m,9") be the Whittaker function such that supp Wa|gr,,, ) C
N1 (K)Bp—1,— (k') and Walp, , ) = f. By definition,

N Wamd) = [ Wig)Walg)a(det gJ6(eag) et g Hdg.
Ny (k)\ GLn (k)

In order that ¢(e,g) # 0, the lower right entry of g is nonzero. Then by a similar argument as above, we
have

AWy, Wa, i, ¢) = F(b) f(b)m(det b)|det b|%db X d(2(vn_1,1))|2|? dzdv,_;.
) /]

n—1,— kn—1 kX

It is clear that we can choose f, f and ¢ such that AWy, Wa, p, ¢) # 0. O

Proof of Theorem 4.4.1 in case (2). Theorem 4.4.1 (2) now follows from Lemma 6.2.1 and Proposition 6.2.2.
|

6.3. Some preparations for the proof in the supercuspidal case. From now on, we always assume
that k" is a non-archimedean local field and k is a quadratic field extension of &’. We need some preparations
for the proof of Theorem 4.4.1 in the supercuspidal case.

Recall that we have defined the Caylay transform ¢ : u(V)(k') = U(V)(K'), c.f. (2.2.1). We extend it to a
map H(V) (k') — Y (V) (k") which is the identity on V'V. We also call this map the Caylay transform.

Lemma 6.3.1. Suppose that F is a test function on the general linear group and {f¥ : V € Herm, (k)} is
a collection of test functions on the unitary group U(V') for each V. Suppose that the support of the integral
transform F, (resp. f)) is contained in a neighborhood of [1,,0,0] € X, (k') (resp. [1,,0] € U(V)(K))
such that the Caylay transform is well-defined and is a homeomorphism. We then identify Fy (resp. fhv
for each V) with a function on r, (k') (resp. w(V)(K') for each V) via the Caylay transform. If F and

{fV : V € Herm,,(k)} match, then so do 1(2) n<n71)n(—1)[%]Fh and {fhv : V€ Herm,, (k)}.

Proof. We only need to compare the transfer factors on X, (k') and r, (k). Let X € s,(k’) be an element
that lies in a sufficiently small neighborhood of 0 € s,,(k"). Then ¢(X) = (1-X)"1(1+X)=2(1-X)"! -1.

It follows that
vV vV
n(n—1)
det ( ) =272 det ( )
oV e(X)" 1 oV (1—Xx)~ (=D

n(n—1)

U\/
=2 det(1 — X)" D (—DEldet | ).
oV xn—1
We temporarily denote by t, and ta, the transfer factors on X, (k) and on r, (k') respectively. It follows
that

n(n—1)

top([c(X), 0", 0]) = (2) " T (= 1) Ele (X, 07, 0]).
O

Lemma 6.3.2 (| , Theorem 2.6], | , Theorem 5.2.4]). For any F € C®(rn(k')), there is a
collection of test functions {fV € C(y(V)(k')) : V € Herm,,(k)} which matches F. The converse also holds.

We make an identification t,, ~ £, by 2 = [y,v",v] — t& = [tv, 0, 0V]. A test function F on £, (k') is thus
identified with a function on r,(k’). We say that two regular semisimple orbits x € £, (k") and y € y(V) (k)
match if ‘x € r,, (k') and y € y(V) (k') match. We say that the test functions F on g, (k") and f on n(V) (k)
match if they match when F is viewed as a function on r, (k') via the above identification.

Lemma 6.3.3 (| , Theorem 4.17]). If the functions F € C°(xn (k') and f € C(n(V) (k') match,
the so do F and e(%,n,w’)"(”“)/zf, where ™ stands for the Fourier transform on the corresponding spaces.
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Lemma 6.3.4 (| , Theorem 4.6)). If f1, fa € C°(n(V)(K')), then

[ rvow ey = [ Ao, gy
n(V) (k') n(V)(k")
Remark 6.3.5. Despite the name “Lemma” that we put on the last three theorems, they are in fact very

deep and hard and are the main ingredients in Zhang’s proof of the global Gan—Gross—Prasad conjecture for
U(n) x U(n + 1). We proved Proposition 4.2.1 in | ] by reducing it to Lemma 6.3.2.

Definition 6.3.6. Let f be a test function on the unitary group U(V). Let » > ms > m; > m be four
positive integers. We say that f is (m,my, mz,r)-admissible (resp. sufficiently admissible) if there is a test
function F on the general linear group that matches f and F' is (m, my, mo, r)-admissible (resp. sufficiently
admissible).

We briefly recall some facts about the categorical quotients. We refer the readers to [ , Section 3.1]
for a discussion of this notion.

Let w(V) — w(V)//U(V) and s, — s,//GL,, be categorical quotients. In this case, the quotients
w(V)//U(V) ~s,//GL, ~ Speck’[ X1, -, X,]. The morphism u(V) — u(V)//U(V) ~ Speck’[ X1, -, X;,]
is given by X; = TrA‘g,i = 1,---,n, g € uw(V) and similarly for the morphism s, — s,//GL, =~
Speck’[ X1, -+, Xp]. The induced maps w(V)(k') — (w(V)//UV))(¥) and s,(k'") — (s,//GL,) (k') are
continuous.

We also need to consider the categorical quotients n(V) — n(V)//U(V) and r, — tn//GL,. In this
case, the quotients y(V)//U(V) ~ r,//GL, ~ Speck’[X1, -+, Xn,Y1,--+,Y,]. The morphisms y(V) —
9(V)//U(V) ~ Speck'[ Xy, , Xpn, Y1, -, YpJand y(V)// U(V) ~1t,// GL,, >~ Speck’[ X1, -+ , Xp, Y1, -+, Y3]
are given respectively by

X; =TrA'g, YVi=w"g" tw, [gw] €y(V)=uV)xVY,

and
X; ="Tr Ai77 Y, = ,U\/,yi—lv’ [,77,0\/’1}] € In = 6p X k;L X k"
The induced maps n(V)(k') — (9(V)//U(V))(k') and r, (k') — (tn// GLy)(K') are continuous.
We have (r,// GLy,)(K') = tn(K)ss// GLy(K') and

W)/ UW)E) =TT oW (K )ss// UW)(E),

W eHerm,, (k)

where the right hand side of each identity stands for the set of semisimple orbits (i.e. closed orbits) in 1, (k)
and (W) (k') respectively.
Lemma 6.3.7. There is an open and closed neighborhood of 0 € s,,(k') (resp. 0 € w(V)(k')) such that

(1) it is invariant under the conjugation action of GLy (k') (resp. U(V)(K'));

(2) the Caylay transform is well-defined and is a homeomorphism.

Proof. We prove the case of u(V)(k’). The case of s, (k') is similar.

Let ag be a neighborhood of 0 € (w(V)//U(V))(k"). We can take this neighborhood to be small enough
so that the Caylay transform is well-defined on the inverse image of this neighborhood in u(V)(k’). The
inverse image of ag is then the desired neighborhood. O

6.4. The supercuspidal case.
Lemma 6.4.1. Let m and wa be two irreducible supercuspidal representations of U(V) (k') which satisfy
Homuy vy (71 ® T2 @ Wy 1, C) # 0.

Then there is a U(V) (k") invariant neighborhood a of [0,0] € (V) (k') = u(V) (k") x VY and a locally constant
locally integrable function © € C(y(V)(K')) supported in a, such that
(1) the Caylay transform ¢ is well-defined and is a homeomorphism on a;
(2) ©(0) =1;
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(3) if f is a test function on the unitary group such that supp fy; C A = c(a), then

J7T17772 (f) = / fh(y)O(yv @)dya
9(V) (k')
where we have identified fy with a function on y(V)(k') via the Caylay transform.
Proof. Let ¢f € w1, ¢5 € ma and ¢° € S(L(k')) where L C Res V" is a Lagrangian subspace and wy , is
realized on S(L(k')). Assume that a(p], 93, ¢°) = 1. Let © € C°(Y (V) (k') = C(U(V)(K') x VV) defined
by

Blgw)= [ b ke mah 0)65, o) (a0 9.67) (w)dh, g € UVIE), we VY.
U(V)(k")
This function is compactly supported because m; and 7, are supercuspidal.
We prove in Appendix C that the function on Y (V) (k') defined by
y = O(y, )
is locally integrable as m; and 7 are both supercuspidal. Moreover, é(l, 0) =1 and

oo (f) = / £.(1)0(y. 6)dy.
Y (V) (k")

Let ap be a neighborhood of 0 € (u(V)//U(V))(k’) as in Lemma 6.3.7 and a the inverse image of
ap X kI, C (n(V)//UWV))(K') in 9(V)(E'). Put A =c(a) CY(V)(K'). Let 14 be the characteristic function
of Aand © = © -14. Then © € C=(Y(V)(K)) since © is compactly supported. Note that we still have
O(1,0) = 1. We identify © with a function on y(V')(k’) via the Caylay transform. Then © is the desired

function in the lemma. O

Lemma 6.4.2. There is a sufficiently admissible test function F' on the general linear group and a matching
test function f on the unitary group U(V'), such that O(&—, Fy) # 0 and fy is supported in A.

Proof. Let ap be a neighborhood of 0 € (w(V)//U(V))(K') = (s,//GL,)(K') as in Lemma 6.3.7 and
a C yn(V)(K') the inverse image of ag x k/, C (n(V)//U(V))(K¥'). Then A = ¢(a) C Y(V)(K'). Let F be
an (m,my, ma,r)-admissible test function on the general linear group. We can take (m,my,ma,r) to be
sufficiently large such that the support of F} is contained in a B x kj, x k™" where B is a small neighborhood
of 1 € S, (k') and thus we can identify F, with a function on r,. We require that the image of supp F} in

(tn// GLy,)(K') is contained in ag X k],. We also require that O(f,,ﬁ) # 0. Such an F exists.

Let fy" be a test function on U(V) that matches F. Let f" = f}, - 1o € C*(n(V)(K')). Then f” has
the same regular semisimple orbital integrals as f) since the integral of fgf , on any regular semisimple orbit
which is not contained in a is zero by the support condition of F'. We identify th with a function on Y (V') (k')
supported in A via the Caylay transform. Let fV € C(U(V)(K') x U(V)(K') x L(K') x L(k")) be a test
function on the unitary group so that its image under the integral transform (4.2.3) is fhv . We can find such
an fV since the integral transform (4.2.3) is surjective (c.f. [ , Lemma 4.1.2]). The function fV is the
desired test function on the unitary group. |

Proof of Theorem 4.4.1 in case (3). Let F and f be sufficiently admissible matching test functions as in
Lemma 6.4.2. It follows from Lemma 6.3.4 that
Tnm) = [ 6wOw R
9 (V) (k")
where © is the inverse Fourier transform of ©. Therefore by Lemma 6.3.3, for regular semisimple matching
orbits y € y(V) (k') and x € g, (k"), we have
_n(nt)

0. 7 =1 -0 (gn0) T ea)06 ).
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We need to compare t(*z) and t(z). Suppose z = [y,v,vY] € £, (k') and y = [€,w"] € y(V)(K') match.
We first note that
det(vy" Y v)o<ij<n—1 = det({w" €', w € ) yv)o<ij<n—1 € K.
The right hand side and discV" differ by an element in Ny, k*. Note that both of them are purely
imaginary elements in k7. It follows from the definitions of t and t that

t(tw) _ et(v.vv. -+ . n—1\\ e U.V . —n(n+1)
@ = p(det(v, vy, ,vy" 7)) M(“(le)) pu(6) it

= p(disc V)"t p(6) T HD),

For any subset X C f,(k'), we put ‘X = {tz | z € ,(K)} C rn(k'). Since © is compactly sup-
ported, we may choose a sufficiently large compact neighborhood X C f,(k’) of 0, such that the im-
age of ‘X in (v,//GLyn)(K) = (n(V)//U(V))(K') contains the image of supp® in (n(V)//U(V)) (k).
Thus we may take F' (and hence f) sufficiently admissible so that f(m)O(m,E) is a constant and equals

n n(n+1)

77(—1)[7]/1(5) z O(f,,ﬁ) if # € X. Thus if y € supp ©, then O(y, J?h) is a constant. Therefore

_ n(n+t1)
2

T n n(n—1) 1 . _ _ n(nt1) — -
InesD) = B En2) e (o) utaisev) o) S0 B [ ey
yen(V) (k')
) ETCESY
n n(n—1) . _ _ n(n+1) —
=00 e (o) adser) ) 0l ) £
where in the second equality, we have used the fact that ©(0) = 1.
It then follows from Proposition 5.7.1 that
1 _ n(n2+1)
_ _ _ . _ n(n—1)
J7r1,71'2 (f) = |6| dne <2a 777¢I> Q1_11 (6) 1QH2 (5) 1/.t(dISC V) 177(2) 2 IH1,H2 (F) 7é 0.

APPENDIX A. THETA CORRESPONDENCES FOR UNITARY GROUPS

We recall briefly the relevant facts on theta correspondences for unitary groups. The readers may refer
to | , , ,GI, , , , ] and the references therein for more details.

A.1. Local theory. Let k' be a local field and k a quadratic etale algebra over k/, i.e. either k = k' x k¥’ or
k is a quadratic field extension of k’. Let 7 be the nontrivial element in Gal(k/k’). Let n be the quadratic
character of k'* associated to the extension k/k’ by the local class field theory. Let p : kX — C* be a
character such that p|px =n. Let ¢’ : ¥ — C* be a non-trivial additive character.

Let (W, (—,—)w) (resp. (V,{—,—)v)) be a skew-hermitian (resp. hermitian) space over k of dimension
m (resp. n). We consider the symplectic space ResW ® V' of dimension 2mn over k' whose underline vector
space is W ® V, viewed as a space over k' and whose symplectic form is given by

s = 5 Trigurd=, —hw @ (= —)v-
We then have an embedding U(W) x U(V) — Sp(W @ V). Let Mp(W ® V) be the metaplectic group which
is an extension
1—=C* - Mp(WaV)(K)— Sp(W e V)(K)— 1.
We choose the pair of characters (4™ V| u4m W) and split the map Mp(W @ V)(k’) — Sp(W @ V))(k') over
UMW) (k") x U(V)(k"), This means that we fix a homomorphism U(W)(k') x U(V)(k¥') — Mp(W ® V)(k')
over Sp(W @ V)(k') using (pdimV, ydimW) as in | |. Then we get a Weil representation wyy, vy, of
U(W) (k') x U(V)(K'). As the notation suggests, this representation depends on the character ¢, u and the
spaces W, V. To simply notation, we usually omit some (or all) subscripts when there is no confusion. If
V = k, the one dimensional hermitian space whose hermitian form is given by (z,y) = 2"y, then we speak
of the Weil representation of U(W)(k').
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Let m be an irreducible admissible representation of U(W)(k’). The m-isotypic part of ww v,y is of
the form 7 & Ow, v,y . (7) where Ow, v,y () is a smooth representation of U(V)(k’) of finite length. Let
Ow,v,y,u(m) be the maximal semisimple quotient of Oy, (7). We remark here that even though we
talk about Oy, v,y . (7), the following discussion is valid for the similarly defined representation 6y, . . (o)
where o is an irreducible admissible representation of U(V')(k’).

Theorem A.1.1. (1) The representation O,y . (7) is irreducible.
(2) o~ Zf and only Zf owvv’w/#(ﬂ') ~ owvv’w/“u(ﬁl).

This theorem is known as the Howe duality conjecture. If k¥’ is archimedean, then the Howe duality
conjecture is proved by Howe [ ]. If &' is non-archimedean and the residue characteristic of k' is
not two, it is proved by Waldspurger | ]. It is recently proved for non-archimedean local fields of
characteristic not two and arbitrary residue characteristic and for all unitary (and symplectic-orthogonal)
dual pairs by Gan—Takeda [GTa, ]

A.2. Explicit local theta liftings. We keep the notation from the previous subsection. Let L C Res(W ®
V)V be a Lagrangian subspace of Res(W ® V)Y, where Res(W ®@V')" is the dual space of Res W ®V. Then we
can realize the Weil representation wy, v, , on S(L(k’)), the space of Schwartz functions on L(k’). There
is a natural pairing on S(L(k"))

062 = [ Gie)m@ds
L(k")

Let m be an irreducible admissible unitary representation of U(W)(k’). We assume that 7 is a local
component of an irreducible unitary cuspidal automorphic representation. This assumption is innocuous to
the applications in this paper. Let (—, —) be the hermitian form on 7. Let ¢1,ps € 7, ¢1, P2 € S(L(K)).
Define

(A21) Zorononod = [ T@hon e wurle,h)ér, dald.

U(V)(K)
Lemma A.2.1 (| , Theorem 9.1; , Lemma 7.2]). Assume that n —m = 0 or 1 and that 7 is
tempered.

(1) The integral (A.2.1) is convergent.
(2) If Ow,v,y u(m) # 0, then the integral (A.2.1) is not identically zero.

Lemma A.2.2. Assume that n —m = 0 or 1 and that 7 is tempered. The integral (A.2.1) gives a matrix
coefficient of Ow, v,y (). More precisely, fix a nonzero UMW )(k") x U(V) (k') equivariant map

0T @ww, vy — 0w, vy u(T)-

Then there is a pairing on Ow, v,y () such that
Z(p1, 2, 91, 92) = (o ()1, P1), (P2, P2))-

Proof. One argues as in | , Lemma 5.6, Lemma 5.7]. Even though the authors studied only the case
of theta lifting from GO(4) to GSp(4), the method is completely general. Note that we make use of Theo-
rem A.1.1 here instead of the results in | , Appendix Al. O

A.3. A local seesaw identity. In this subsection, we assume that n = m + 1. Suppose that V' admits an
orthogonal decomposition V' =V, + k where V; is an m~-dimensional hermitian space. Let ¢ : U(Vy) — U(V)
be the embedding corresponding to the inclusion Vy C V. Let 7 (resp. o) be an irreducible admissible
tempered representation of U(W)(k') (resp. U(Vp)(k')). Let 1,02 € m, f1,fo € o and ¢1, ¢2 € S(L(K'))
where L C Res(W ® V)V is a Lagrangian subspace. Consider the integral

(A.3.1) / / (m(g)er, p2)(a () f1, fa)ww,v.pr 1 (g; L(h))d1, ¢2)dhdy,
UMW) (k') U(Vo) (k')
where (—, —) stands for various hermitian inner products on the corresponding spaces.

Lemma A.3.1. The integral (A.3.1) is absolutely convergent.
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Proof. The lemma is proved in the same way as [ , Lemma 9.1]. We omit the details. Note that we
assume that 7 and o are both tempered while [ , Lemma 9.1] does not. The Kim—Shahidi estimate is
used in | , Lemma 9.1] instead of the temperedness. O

A.4. Global theory. Now let &’ be a number field and &k a quadratic etale algebra over k’. Let 7 be the
non-trivial element in Gal(k/k’"). We fix a non-trivial additive character ¢’ : ¥’\A’ — C and multiplicative
character p : k*\A* — C* such that u|yx = n, the quadratic character associated to the extension k/k’ by
the global class field theory.

Let (W, (—,—)w) (resp. (V,{—,—)v)) be a skew-hermitian (resp. hermitian) space over k of dimension
m (resp. n). Analogue to the local case, we define the sympletic space ResW ® V' of dimension 2mn and a
Lagrangian subspace L C Res(W ® V)V over k’. By taking the restricted tensor product of the local Weil
representations, we get a global Weil representation wyy, v,y ,, realized on the space S(L(A’)) of Schwartz
functions on L(A’). We form the theta series on U(W)(A") x U(V)(A) by

QWVd/,,u 9, h ¢ Z WW, V', g,h)¢($), g€ U(W)(Al)v h e U(V)(A/)a ¢ € S(L(k/))
2€L(k’)
Let 7 be an irreducible cuspidal automorphic form on U(W)(A’). By the theta lifting of 7, denoted by
Ow, v,y .u(m), we mean the automorphic representation of U(V)(A’) generated by the functions of the form

hi= Ow,v.yr (e, 8)(h) = / ©0(9)0w. v,y (g, h,d)dg, @em
U(W)(k")\ UW) (A7)

Proposition A.4.1 (] , Proposition 1.2]). If Ow,v,y () is a cuspidal automorphic representation
of U(V)(A), then it is irreducible and is isomorphic to the restricted tensor product &' 0w, v, ! u, (M)
Moreover, the theta lifting of O v y-1 ,-1 () back to U(W)(A') is isomorphic to .

If V = k, the one dimensional hermitian space whose hermitian form is given by (z,y) = 27y, then we
speak of the Weil representation of U(W)(A’). It is realized on S(L(A’)) where L C ResW" is a Lagrangian
subspace. In this case, we suppress the subscript V' from the notation.

Suppose that V' = Vy + k, where Vj is an (n — 1)-dimension hermitian space. Let Ly be a Lagrangian
subspace of Res(W ® V)V and Ly a Lagrangian subspace of ResWV. Then L = Lo + Ly is a Lagrangian
subspace of Res(W @ V). The Weil representation wyw,v,y-,, is realized on S(L(A)). Let ¢ : U(Vp) — U(V)
be the embedding corresponding to the inclusion Vy € V. Then we have a UW)(A") x +«(U(Vp)(A"))
equivariant isomorphism

S(L(A)) = S(Lo(A")) @ S(Lu (A)),
where ¢(U(Vp)(A’)) acts on S(Lyw (A")) trivially. If ¢ = ¢o @ ¢pw with ¢ € S(Lo(A’)) and ¢w € S(Lw (A")),
then for g € U(W)(A’) and h € U(Vp)(A'), we have

Ow,v,p,u (g, t(h), do @ dw) = Ow,vi w0, (95 Iy P0) 0w, (9, dW ).

Suppose n—m = 0 or 1 and 7 is an irreducible cuspidal tempered automorphic representation of U(TW)(A').
We record the Rallis inner product formulae in this setting.

We use the Tamagawa measure dg (resp. dh) of U(W)(A') (resp. U(V)(A’)). We choose a measure dg,
(resp. dh,) on U(W)(k]) (resp. U(V)(k.)) for each place v so that dg = [[dg, (resp. dh =[] dhy).

For any multiplicative character x = ®x, : k*\A* — C* and any place v of k’, put

bu (s, Xv) = H L(2s + ivxv\kmﬁ*i% b(s, x) = Hbv(s, Xo)-
=1 v

Suppose p = ®p, € 7 and ¢ = ®¢, € S(L(A’)) are factorizable. Recall that we have defined the integral

Zy(Pos Py Pv, Pu), cf. (A2.1). Put s = 5™ and

by (50, 13y)
25 vy Poy Pvy Pv) = o Zy(Pv, Puvs Pv, Pv)s
(v, Pu;s Do, P0) Lo+ Lo x ) (0,0 Do, Pv)
where L(s,m, x u?) is the local L-factor defined by the doubling method [ ]
The following Rallis inner product formula is a culmination of the work of many people. It is due
to | ) | in this case. See | , Introduction] for some history of this formula.
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Theorem A.4.2. Assume that Ow v,y . () is cuspidal. Then

L(SO + %771— X ‘un
b(507/~1’n)

O (0 0) (W)2dh = ¢ L 220000 60.60).

U(V)(EO\U(V)(A)
where L(s,m x pu™) is the L-function defined by the doubling method | ] and

1, n—m=0;
C_{Q, n—m=1.

APPENDIX B. BASIC ESTIMATES

We recall some basic estimates in this appendix. We follow | , Section 4] rather closely. In this
appendix, k' is always a local field. For any algebraic group G over k', we denote by G instead of G(k') for
its group of k’-points.

Let G be a reductive group over k’. Let Ag be a maximal split subtorus of G, My the centralizer of A
in G. We fix a minimal parabolic subgroup Py of G with the Levi decomposition Py = MyNy. Let A be the
set of simple roots of (Py, Ag). Let dp, be the modulus character of Py. Let

Af ={a € Ay |la(a)] <1 for all a € A}.

We fix a special maximal compact subgroup K of G. Then we have a Cartan decomposition G = K Aar K.
We also have the Iwasawa decomposition

G = MyNoK, g=mo(g)no(g)ko(g)-
For any function f € L}(Q),

(B.0.1) /f(g)dgz/A+ v(m) //f(klmkz)dkldkgdm,
G 0 KXK

where v(m) is a positive function on A7 such that there is a constant A > 0 with
(B.0.2) A 6p,(m)~t < v(m) < Adp,(m) .

Let 1 be the trivial representation of My and let e(g) = dp, (mo(g))2 be an element in Indg0 1. Let dk be
the measure on K such that vol K = 1. We define the Harish—Chandra function

=(0) = [ elka)dr = [ sp,(mo(kg))la

This function is bi-K-invariant.
The Harish-Chandra function = has the following property. For any g1, g2 € G, we have

(B.0.3) /E(Qlkgz)dk‘ = E(g1)=(g2)-
K

We define a height function on G. We fix an embedding 7 : G — GL,,. Write g € G as g = (a;5) and
g~ = (b;;). Define

(B.0.4) lgll = sup{lai; . [bij] | 1 < 4,5 < nj,

and o(g) = log||g]|-
There are constants C, Co and a positive real number d such that

(B.0.5) Chdo(m)? < E(m) < Cado(m)* (1+ o(g))™.

Now let 7 be an irreducible admissible tempered representation of G. Let ® be a matrix coefficient of G.
Then there are constants A and B such that

(B.0.6) [@(9)| < AZ(9)(1+0(9))".

This is called the weak inequality.
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ApPENDIX C. COMPLEMENTS ON | ]

C.1. Statement of the results. In this appendix, we strengthen [ , Proposition 6.1.2]. This will
enable us to weaken some local conditions in | , Theorem 1.1.1]. We keep the notation from the main
body of this paper. Fix a non-archimedean place v of k’. We are always in the local situation and will work
with objects over k. So we suppress all the subscripts v from the notation in this subsection. Thus £’ is
a non-archimedean local field and k is a quadratic etale &’ algebra. We let Ay be the maximum split torus
in U(V)(k'), AZ as in Appendix B and K a special maximum compact subgroup of U(V)(k’). Then the
Cartan decomposition U(V)(k’') = KAZ K holds.

Let m and 7o be irreducible tempered representations of U(V)(k"). Let ¢1 € 71, w2 € mp and ¢ € S(L(K')).
Let © be a function on Y (V)(k') = U(V)(K') x V'V defined by

Blgw)= [ mherenmalh s (a6 @ 6) ()b, g€ UVIK), we VY.
U(V)(k")
This integral is convergent since 7, and 7y are both tempered (c.f. Proposition 1.1.1 and its proof in Appen-
dix D.1). N
Define the orbital integral of © defined by

O(lg,w], ©) = / O([g, w].h)dh.

UV)(E)

If 7y and 7o are both supercuspidal, then Ois compactly supported and O([g, w], é) is defined for all regular
semisimple [g, w]. The following proposition shows that if k = k&’ x &/, then the orbital integral is absolutely
convergent except for a measure zero subset of Y (V) (k').

Proposition C.1.1. Assume that either k = k' x k' or my and wo are both supercuspidal. Then as a function

on Y (V)(K'), O([g,w],®) is locally integrable. This means that for any f € CZ(Y (V) (K)), the integral

/ £(g,w)[O([g, w], ©)|dgduw
Y(V)(K)

18 convergent.

Corollary C.1.2. Assume that either k = k' X k' or m1 and my are both supercuspidal. Suppose that
Homy vy () (1 @ T2 @ Wy 1, C) # 0.

(1) The distribution Jr, r, is represented by O([g, w], ). More precisely, for any test function f on the
unitary group, we have

Trema(f) = / J1(9, w)O(lg, w], ©)dgduw.
Y (V)(K")

(2) For any Zariski open subset Q C Y(V)(k'), there is a test function f on the unitary group such that
supp fy C Q and Jx, -, (f) # 0.

Proof. We have proved this corollary in | , Proposition 6.1.2, Theorem 7.1.1, Theorem 7.3.3] assuming
that both 7 and o are supercuspidal and k = &’ x k’. These conditions are imposed because

(1) we have only proved that the integral of matrix coefficients (1.1.2) is not identically zero under the
hypothesis that 71 and w2 are both supercuspidal;

(2) in the case k = k' x k', we have only proved Proposition C.1.1 under the hypothesis that 7 and m
are both supercuspidal.

The representability of the distribution J in the case k = k' X k' and the nonvanishing of (1.1.2) are now
proved under the weakened hypothesis that 7, and 75 are both tempered. Then we can repeat the argument
in [ , Section 7] to deduce the corollary. O
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Corollary C.1.3. In this corollary, we temporarily switch to the notation of | |. Theorem 1.1.1 of |

] holds if we replace the first condition by “At a non-archimedean split place v1 of k', the representations
1,0, and T 4, are both supercuspidal and at another non-archimedean split place vy of k', the representations
T, 6nd T, are both tempered”.

Proof. The supercuspidality condition at vs was only used in | , Proposition 6.1.2]. We now get | ,
Theorem 1.1.1] under the weakened hypotheses using Corollary C.1.2 instead of | , Proposition 6.1.2].
|

C.2. Proof of Proposition C.1.1.

Proof of Proposition C.1.1 assuming w1 and 7o are supercuspidal. We first assume that & is a field and 71, 7o
are both supercuspidal. The case k = k' x k' and 71, w5 being supercuspidal has been proved in | . It

follows that é(g, w), as a function on Y (V') (k'), is compactly supported. We are then reduced to show that
for any compactly supported function f on Y (V)(k’), the orbital integral

Ofg.ulf) = [ fgulmdn
UW)(E)
as a function on Y (V) (%), is locally integrable.

Let Z be the Harish-Chandra function on U(V)(k’) defined as in Appendix B. Since Z(g) > 0 for any g,
to prove Proposition C.1.1, it is enough to prove that the integral

=(h=gh)o(wh)dh,
U(V)(k)
as a function on Y (V)(k’), is locally integrable, where ¢ is a nonnegative compactly supported locally
constant function on VV. We choose a basis of V and a dual basis of VV. We write elements g € U(V)(k')

as matrices and elements in VY as row vectors. By the Cartan decomposition for U(V)(k'), it is enough to
show that for any v € Aar, the integral

/ / / E(h k1vkah)d(wh) ¢ (w)dwdhdky dks
K2 U(V) (k) Fon

is absolutely convergent for any nonnegative compactly supported locally constant function ¢’ on V. Using
identity (B.0.3), we have

/ / / E(h ™ k1ykaoh)d(wh) ¢’ (w)dhdwdk,dky = Z(7) / / Z(h)?¢(wh)p(w)dwdh.
K2 U(V)(K') kn U(V) (') kn
Let
h = ky diag[ay, -+ ,ap, 1,--- ,1,a77 % - - 7(JLI’_l]kg, la1] < - <ar] <1

be the Cartan decomposition of A. Then

/qb(wh)(b'(w)dw <lar-al.
kn
By the estimates of v and E (c.f. (B.0.2), (B.0.5)), it is enough to prove that the integral

a1 -+ - ay| Z(l —logla;|)®da

lay| << lar|<1 =1

is convergent for any real number B, where da is the multiplicative measure of (k'*)". But this is clear.
Proposition C.1.1 is then proved under the assumption that m; and 7y are both supercuspidal. O
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Proof of Proposition C.1.1 assuming k = k' x k’. From now on we assume that & = k' x k’. We fix an
isomorphism U(V) ~ GL, (k') and take K = GL,(0’). The Weil representation of GL, (k') is realized on
C (kL) by wyr ,u(9)p(x) = p(det g)|det g|z¢(zg). In particular, it is independent of /. For simplicity,
we assume that p is trivial. The general case requires nothing more than some additional notation. We
denote the Weil representation by w instead of wy- , for the rest of this appendix. Recall that for any
@1, 02 € C°(k!,), the partial Fourier transform is defined by

(61® d2)t (2, ) = / b1z + 2)bal( — )/ (2 y)dz.
p

Moreover, for any h € GL,(k’), we have

(W(h)dr @ w(h)a)} (w,y) = (¢1 ® ¢2)t (whyy 'hh).

By the weak inequality (B.0.6), to prove Proposition C.1.1, we only have to prove that for any f €
C(Y(V)(K')), the integral

S i
f(g. 2, E(hT HE(hy *hy  ghs) (W(h1)¢1®¢2) (Ihz,ythgl) dgdhodhidzdy

(k7,)? (GLn (K"))? GLin (k')

is convergent for any ¢1,¢s € C°(kl,). It is enough to prove the convergence for ¢; = laywrre and
¢2 = 1piwre, A, B € k!.. Then by changing variables, we may further assume that » = 0. We may also
assume that f(g,z,y) is of the form f(g) 1ome () 1o, (y) for some compactly supported function f on
GL,, (k') and integers M, N.

Lemma C.2.1. For any hy, hy € GL,(k'), we have

t,
Tt () Lginvgr (Y) ’(w(hl) laye ® 1B+%)i (xh2,y hy 1)‘ dzdy
(k7,)?
t,
< / 1t () Lginvgr (Y) ’(w(hl) 1, ® lo/n):t (xha,y hs 1)‘ dady.
(k7,)?

Proof. First using the Cartan decomposition for h;, we see that we may assume that hy = t; € Aa” .
Straightforward but tedious computation gives that

Aty'+B
(w(tl) 10;L ®10/n)i <;U — 1+7y)

)

‘(w(tl) late, ® 1B+%)i («Tyy)‘ =

2
and
(C.2.1) (W(t1) Tor @1 ) (2,) = Lo (2t]) Lor (w7 )| det £ 2 [det 7|~ 20 ('),
where t; = diaglay, -+ ,an], |a1| < - <lap| <1< |arp1| < -+ < anl,

tf :diag[ala"' 7a/T717"' 71]5 t; = dlag[17 517a7"+17"' 7an}-

Let R = (At]' + B)/2 and hot! = kitks be the Cartan decomposition. Then we have

/10%((xh2 - R)t)) 1oy (z)dz = /1% (wkithy — Rt]) 1 (z)dx

k7, ks,
:/10#’1@ — RtTky 't 1o (w)dz < /lo/ntq(:z:) 1oy ()dz = /1% (wht]) 1y (7)da.
k;, kj, k7,
The lemma then follows. |
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By this lemma, to prove Proposition C.1.1, we only need to prove that the integral
F(9) Logaroy () Loy (y)2(h7 )E (AT "hy ' gha)
(k7,)? (GLn (k"))? GLn (k')
‘(W(hl) 1, ® 10;)jt ($h2»yth51) dgdhaodhidzdy

is convergent. It follows from (C.2.1) that we may write 15m, and 15v,, as a sum of functions of the form
144 wro, for some sufficiently large integer r such that if x € A+ w"o, and y € B + @'}, then

V' (—A'B) (w(hy) 1o ® 10;)1 (xh%ythz_l) > 0.
for any hy, hs € GL,(k"). So we are reduced to show that
[ 70 Lasr (5) Loy, )= 20 3 g
(GLn (K)? GLa, (k") (k},)?
(w(h1) 1o, @14, ) (who, y 'y " )dedydgdhadhy

is convergent. Since the partial Fourier transform —*¥ preserves the L?-inner product, we are reduced to show
that

F(@)|®(z,y)[E(hy HE(hT ' hy  gha)w(hahi) 1o (2)w(h2) 1o, (y)dadydgdhadhy
(GLn(K"))? GLn (k') (K7,)?

is convergent, where ®(z,y) is the inverse partial Fourier transform of 144 rer ® 14 ror . As @ is a finite
sum of the functions of form ®;(x)®(y), we are reduced to show the convergence of
(C.2.2)

F(9)@1(2)@2(y)E(hT M )E(hy  hy P gho)w(hahi) 1oy (2)w(hs) 1oy (y)dzdydgdhodhy .
(GLn (k")) GLn (k') (KJ,)2

We may assume that f = 1g,x for some v € GL, (k') and &1 = ®y = 1sor for some sufficiently large
negative integer s. Then

(C22)= / / / Lorsor (2) Lo, () (hy )E(RT  hy tk1vkzha)
(GLn(K"))? K2 (k7,)?
UJ(thl) 1021 (.’E)UJ(}LQ) 10;’ (y)dl’dydkldethdhl
We make a change of variables hy +— hy 'hi. Then
(C2.2) = / / / Lorsor (@) Loreor (9)2(hT " ha)Z(hT k1 ykohs)
(GLn(K"))? K2 (k7,)?
w(hl) lo’n ({L‘)w(hg) 10% (y)dxdydkldkgdhgdhl

Now using identity (B.0.3) and the Cartan decomposition of hy and hg, we are reduced to prove the conver-
gence of

//E(a)21/(a)w(a) 1o (2) Lgrsor (w)dada.
Af ko
Using the estimates of Z and v (c.f. (B.0.2), (B.0.5)), we only need to prove the convergence of
/ /10'” (za) 1grsor (x)|det a|% (1 + o(a))Bdzda.
Al K,
Decompose AJ into regions of the form

QT - {diag[ala"' 7a'n] | |CL1| S S |ar| S 1 < |ar+1| S S ‘an‘}a
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We have

/1% (2a) 1o (2)da < C X |apyy - an| ™
k;L

for some constant C'. Then the desired convergence follows from convergence of

/|a1 . ~-ar|%|ar+1 . -~an|7%(1 + a(a))Bda.
Q.

Proposition C.1.1 is then proved. |

APPENDIX D. SOME LOCAL THEORY

In this appendix, we prove Proposition 1.1.1. We keep the notation from Proposition 1.1.1. All the
subscripts v are suppressed from the notation. We warn the readers that the notation is slightly different
from Appendix A.

D.1. Convergence.

Proof of Proposition 1.1.1 (1). By the Cartan decomposition (B.0.1), the weak inequality (B.0.6) and the
estimate of v (B.0.2), we only have to prove that

[ 0w @)1+ ofa)?da
Ay
is absolutely convergent, where A{ is defined as in Appendix B,
a = diaglay, - ,a.,1,---,1,a>71, - ,a;’fl] c Ay, |a| < <las| <1,
and r is the split rank of U(V). We have

{wir (@), 0)] < las -+ ar|?.

Proposition 1.1.1 then follows from the fact that for any real number B, the integral

T

|z - - -xr|% Z(l — log|z;|)Pda

o1 | << <1 =1
is convergent, where dx is the multiplicative measure of (k'*)". O
D.2. Nonvanishing and positivity.
Proof of Proposition 1.1.1 (2). By the local theta dichotomy | , Corollary 4.4, , Theorem 11.1],

there is a unique n-dimensional hermitian space W,, and an irreducible admissible tempered representation
oy of U(W,,), such that 8w, vy . (67n) = T2. Then it follows that

(D.2.1) Homyw,)xuv)(T1 ® Tn @ Bw, Vrp @ Wy ) # 0.

Let Wyp1 = W, + k and ¢ : UW,,) — U(W,,41) be the corresponding embedding of groups. Let L, C
Res(W,, ® V)V (resp. L1 C ResVV) be a Lagrangian subspace. Then L, 1 = L, + L1 C Res(Wp11 @ V)V
is a Lagrangian subspace.

It follows from (D.2.1) that

HOHIU(WW) (GWn+17V,¢/,H(7T1) K oy, C) 75 0.

Let 0py1 = 0w, vy u(m). Apply [SV, § 6.4], we see that there are fni1,fY 1 € ong1 and fo, fY € on,
such that
(Onp1((R) fugrs Fupi)(on(h) fu, £ )R # 0.

U(Wn) (k)
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We now apply the explicit local theta lifting from Appendix A. We can then find o1, ) € 71, ¢n, ¢y € S(Ly)
and ¢1, ¢y € S(Ly) so that

(m1(g)e1, o7 Hww, 1 v (g, L) (6n ® 61), 6 @ 67 )dg | (o0 (h) fu, £ )dh # 0.
UWa)(R) UV

By Lemma A.3.1, we can change the order of integration. Since

WW, 41 Vi (95 L(R)) (Pn @ 01) = ww, Vi u(gs ) Pn @ wyr 1u(9) P15

we conclude that

(m1(g)p1, @Y ) (m2(9) @2, 03 ) (wyr u(9) b1, &) # 0,
UV)(k)

where as in Proposition A.2.2,

(72(9) 2, ) = / (O (1) s £ v (93 1), 8Y)
U(Wn) (k)

We prove a(¢1, 92, ¢) > 0 in a similar way. We can find f, € o, and ¢,, € S(L,,) such that

(ma(g) o2, o2) = / Ol T o w1 v (92 D)o b )

U(Wy) (k")
Then
a(p1, 02, 6) = / (s () fas 1, Fin) (@ (1) o fu)dlh > 0
U(Wh)(E)
by | ], where

(Ony1(e(h)) frg1s fur1) = / (m1(g)e1, 802><WW”+1,V,1ZJ’,N(97 t(h))pn @ ¢, b @ ¢)dg.
U(V) (k")

D.3. Unramified computations.

Proof of Proposition 1.1.1 (3). Assume that we are in the unramified situation as described in Proposi-
tion 1.1.1 (3). We keep the notation from the previous subsection. The groups U(W,,) and U(W, 1) are
unramified. We may choose the Lagrangian subspaces L,, L; and L, 11 so that they are all defined over
o’. The representations o, and 0,41 are both unramified. Let f,, € o, (resp. fnt1 € opnt1) be the normal-
ized spherical vector in o, (resp. ont1), i.e. fn (vesp. frni1) is UW,)(0") (resp. U(W,41)(0")) fixed and
(frs fn) =1 (vesp. (fus1, fur1) =1). Let ) € m and ¢ € 72 be normalized spherical vectors.

Let ¢, = 1y, (o) and ¢1 = 1, (o1, then ¢py1 = ¢y, ® ¢1 = 1y, (o) Let dg (vesp. dh) be the measure
on U(V) (resp. U(W,,)) so that volU(V')(0’) =1 (resp. vol U(W,,)(0’) = 1). Note that dg (and similarly dh)
equals L(1,1)Ck(2) - L(n,n™) times the (unnormalized) measure |w|g that we have fixed in Section 2.

By [ , § 7], we have

L l,BC n "
<07t(h)f7lvfn><an,Vﬂ//7H(g7h)¢n7¢n>dh: (f—[n 27(]):])“ )<7T2(g)<,0g,(ﬂg>,

(W) (#) =
and
L(l BC(’]Tl) X Mn+1)
0 0 )
<7rl(g)§01a901><an+17‘/,¢'7#(97h)¢n+17¢n+1>dg = ?:1 L(] ¥ Lanrl) <Un+1(h)fn+17fn+1>'
UV)(k")
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Consider the absolutely convergent integral (c.f. Lemma A.3.1)

(D.3.1)

<7T1 (9)90(1), ‘P(l)><an+1,V,¢',#(gﬂ L(h))¢n+1a ¢n+1><0n(h)fna fn>dgdh
UWn) (k) U(V)(K)

Integrating over g first and applying [[Tar12, Theorem 2.12], we get

L(1,BC(m) x p"*Y)  L(3,BC(0(m)) xBC(m2)) _T1 . ..
[ LG+ L) L(1,29(7T1),Ad)L(1,9(7r2)7Ad) x EL(J’" )-

j=1

(D.3.1) =

Integrating over h first, we get

1 BC(a,) x u™
(031) =~ (ﬁfci(j?;)“ ) a(el, 5, ¢1).

j=1

Looking at the Satake parameters of the theta lifting of unramified representations [LLiu, Appendix], one sees
that BC(0,,41) = BC(m;) ® p~t B8 u™ and BC(o,) = BC(ms). It follows from the definition of the adjoint
L-function that

L(s,0(m1),Ad) = L(s,n)L(s, m,Ad)L(s,BC(m;) ® u" ).

Proposition 1.1.1 (3) then follows. O
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