DIAGONAL CYCLES AND THE NONTEMPERED GAN-GROSS-PRASAD
CONJECTURES

HANG XUE

ABSTRACT. We initiate a study of the connection between the nontempered Gan—Gross—Prasad
conjecture and the Tate conjecture. We investigate the nonvanishing properties of the cohomology
class of the diagonal cycles of product of unitary Shimura varieties, using Fourier—Jacobi periods
on unitary groups as a main input. As a consequence, under certain nonvanishing assumptions of
the central value of L-functions, we verify some cases of the Tate conjecture for product of unitary

Shimura varieties.
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1. INTRODUCTION

The goal of this paper is to initiate a study of the connection between the nontempered Gan-—
Gross—Prasad (GGP) conjecture and the Tate conjecture for some product of Shimura varieties. It
is largely inspired by a question raised in [ , Remark 6.16] which asks for the nonvanishing
properties of the cohomology class of the diagonal cycles of product of Shimura varieties. The main
input is a recent result of Boisseau, Lu and the author | |, which confirms the Fourier—Jacobi
case of (tempered) GGP conjecture for unitary group. We do not pursue the maximal generality,
but only put ourselves in the context where ideas are the most transparent and are not buried in
messy calculations. Extensions to more general situations will be considered in subsequence work.

Generally speaking the philosophy behind this work can be summarized as “functoriality produces

Tate cycles, and period integrals can be used to detect whether these Tate cycles come from some
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obvious algebraic cycles”. The pioneering work of Harder, Langlands and Rapoport [ ] is
the first in this direction. Other more recent works in this direction include the work of Ichino-
Prasanna | |, Lemma [ |, Sweeting [Swe| and others. These works deal with groups of

small ranks. We attempt to work with unitary groups of arbitrary size in this paper.

1.1. Statement of the main theorem. Let F' be a totally real number field of degree d (assume
d > 1 for simplicity) and E/F a CM extension. Fix an embedding ¢ : E — C. Let A = Ar and Ag
be the ring of adeles of F' and E respectively, A, Ap¢ the rings of finite adeles respectively, and
Foo = Qoo oy Eoo = ®yjocBy. Let 1 = ng/p the quadratic character of E*\A7, associated to the
extension E/F. Fix an additive character ¢ = @1, of F\A such that v,(z) = e 2™V=1% if | co.
Let n = 2r be an even integer. Write L for the one-dimensional hermitian space E with the
hermitian form given by the norm. Let W be a hermitian space over E of dimension n + 1, and

assume that the signatures of W at the archimedean places are
(n,1) x (n+1,0)41.
The archimedean place where the W is isotropic is ¢t. Let V' =W + L. Then the signature of V is
(n+1,1) x (n+2,0)4°L,

Put G =U(V) and H = U(W), which are algebraic groups over F.
Let

Dy = {negative lines in V'}, Dy = {negative lines in W}

be hermitian symmetric domains. Fix open compact subgroups K¢ ¢ and K of G(Af) and H (Ag).

Then we have the Shimura varieties
X =GF)\(Dv x G(Ay)/Kay), Y =H(EF)\(Dw x H(At)/Kpg).

They are projective varieties over E (considered as subfields of C via ¢) of dimension n and n + 1
respectively. We always assume that K¢ and Kg¢ are sufficiently small, and the image of the
former in G(Ay) is contained in the later, so we obtain a morphism Y — X, and hence a morphism
Y — X x Y. We are mainly interested in the cycle class of Y in the cohomology of X x Y.

Let W’ be the split skew-hermitian space over E of dimension 2r, and H' = U(W') the corre-
sponding unitary grouop. Denote by 1 the trivial character of Aj;/E*. Fix a character u = ®pu,
of A% /E* such that M|A; =1 and that p,(2) = 2/v2Z if v | co. We will consider theta lifts from
H' to G and from H to H'. For H' x GG, we use the trivial character to split the metaplectic cover.
For H' x H we use the character p to split the metaplectic cover. We refer the readers to Section 2
for more details.

The following is the main theorem of this paper, and will be proved in Subsection 5.3.

Theorem 1.1. Let 7', 0’ be irreducible cuspidal tempered automorphic representations of H'(A)

such that 7l and ol are discrete series representations. Assume that w is the theta lift of © and
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oV is the theta lift of o’V (the notation —V stands for the contragradient), and assume that © and

o are cohomological (with respect to the trivial representation). Then the cycle class of Y in
H (X Y)[(rf) ot @ (o )]

is ot trivial if and only if Homp (7 ® or,C) # 0 and

L(s,m® o)
L(s+ 4,7 Ad)L(s + 1, 0,Ad) Is=1

#0.
Remark 1.2. We will show in Lemma 4.3 that
Homp (7oo ® 0s0,C) # 0.

Remark 1.3. By | , Theorem 9.7], the L-function
L(s,m® o)
L(s+ 3,7, Ad)L(s + 3,0,Ad)

is holomorphic at s = %, and its value at s = % differs from L( %, 7’ ® o’ @ p~') by a nonzero factor.

So we may replace this condition on the L-functions by L(%7 ' ®o @ut)#£N0.

1.2. What do Arthur, Kottwitz and Tate say? We now examine the theorem in view of
Kottwitz conjecture and Tate conjecture.

We will also make use of Arthur’s conjecture on endoscopic classifications of automorphic forms
on unitary groups, and in particular Arthur’s multiplicity formulae. They are established for unitary
groups that are either quasi-split or of (rational) rank at most one, cf. [C'Z, ]. All groups we
consider in this paper satisfy these conditions.

We follow the convention that a (global) A-parameter (for unitary groups) is a formal sum
@ Iy ® Symd (CQ,
d

where Il is an irreducible cuspidal automorphic representation of GLy,(Ag) (for some positive
integer ng) which is conjugate selfdual of sign (—1)"¢~!, and Sym?C? is the d + 1 dimensional

irreducible representation of SLy(C). The A-parameters of m and o are

(1.1) I=TPaesym'C?), =p'YP1

respectively, where IT" and ¥’ stand for the A-parameter of m and o respectively (which are auto-
morphic representation of GL,(Af)), and 1 stands for the trivial representation of GL;(Ag).

We note that o is a discrete series representation, so it contributes only to the middle cohomol-
ogy. Moreover Arthur’s multiplicity formula implies that o4 is the only irreducible representation

of H, which makes of ® 0o automorphic. Computation of the cohomology of 0¥, gives that
H (V) [(of)#5] = HY(Y) (o )" 111] = (o)X @ HY (b, Koo, 05).

The group Kp_ is a fixed maximal compact subgroup of H(F). The Lie algebra cohomology

H""(h, Ky ,0%) on the right hand side is one dimensional.
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Choose a number field L over which (o} )%#:¢ is defined. Let Hy, 1, be the Hecke algebra of bi-
K g s-invariant functions valued in L. Fix a prime [ and a place A of L over [. Let Q be the algebraic
closure of Q and 'y = Gal(Q/FE) the Galois group. Then H2"(Y@7 Ly)[(of ) K] admits an action
of Hy,, X I'g. The Shimura varieties X and Y have canonical models over E, which we denote
again by X and Y (in this subsection only). The conjecture of Kottwitz, cf. | , Section 10]
(see also Appendix B for a more explicit formulation), implies that as a module over Hy 1 x I'g,
we have

W2 (Vag, L) (0 )554] = (o504 8 Ly (~r)
where Ly(—r) stands for the Tate twist.
Similar considerations applies to m (we may need to enlarge L suitably). Let Hq 1 be the Hecke

algebra of bi-Kg ¢ invariant functions valued in L. Then as representations of Hg 1 x I'p we have
H2 ) (g, L) (=) %67] = (=)< B L(—r — 1)
It follows that as representations of (Ha,r, X Hu,1,) X I'g, we have
X (X x Y, La(n + 1) [(m) 560 @ (o ) K111] = () )Fer @ (o) K1) @1

where 1 stands for the trivial representation of I'g.

Tate conjecture then predicts that the space Hz(”ﬂ)(X@ x Yg, La(n+1)[(xf) et @ (o ) K] s
generated by the cohomology class of an algebraic cycle. An obvious candidate is of course the cycle
class of Y. Theorem 1.1 indeed says that this obvious candidate generates the space if and only if
the conditions in the theorem holds. In particular our main theorem confirms Tate conjecture in

the current context when those conditions hold.

1.3. What do Gan, Gross and Prasad say? We now explain the strategy of the proof of
Theorem 1.1, and connect it to the nontempered GGP conjecture. Assume that the cycle class of
Y in H" TP (X x V) [(n ) Kot @ (o )K#4] is not trivial, and we want to prove the central L-value

is not zero. By Poincare duality, the cycle class of Y being nontrivial means that we can construct

[ aro

Note that by our assumption H*"(X x Y) [waG’f ® UfKH’f] = HT’T(X)[waG’f] ® H""(Y) [O'fKH’f]. We

construct an (r,r)-form on X via Kudla-Millson’s theta series valued in differential forms. Indeed

an (n,n)-form o on X x Y such that

one can show that all elements in H™"(X)[m¢] are of this form. We pick any differential form in

H""(Y)[o¢]. The resulting integral, after some preliminary reduction steps, reduces to
(1.2) /[H] 0] (h)p(h)dh,

where ¢ € o, f' € 7’ are automorphic forms on [H] and [H'] respectively, ¢,+1 € S(V(A)") is

a Schwartz function, and 0£;+1 stands for the theta lift. Our assumption implies that G(J;;H is

a nontempered (cuspidal) automorphic form on [G], and the integral (1.2) is precisely the one
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appearing in the global nontempered GGP conjecture, cf. | , Section 9]. Though we do not
state it explicitly as a theorem, computing this integral indeed proves a case of the nontempered
GGP conjecture.

The integral (1.2) is computed using the seesaw method, and is reduced to the Fourier—Jacobi
period integral for 7’ ®o’. Its connection to the central L-functions is the content of the (tempered)
GGP conjecture for H' x H’', and this conjecture is recently proved in | |. This establishes the
forward implication. The backward implication can be proved by reversing this argument.

The idea of the proof as outlined above is very simple, and is carried out in Section 5. Originally
my goal was to write to a short note elaborating the above arguments. However we need to deal with
various technical issues, which makes this paper much longer than what I expected. These issues
are taken care of in Sections 2-4. We review theta lifts and doubling zeta integrals in Section 2
and 3 respectively, and establish necessary representation-theoretic results in Section 4. Most of
these materials are either well understood or expected by the experts. Experienced readers are
recommended to skip these sections on their first reading. There are two appendices. The first one
proves some results in the irreducibility of full theta lifts which are needed in the proof of our main
results. The second appendix is an exposition of the conjecture of Kottwitz in explicit terms for
the Shimura varieties we encounter in this paper. I hope that this explicit form will be of some use

in other contexts.

1.4. Notation and Convention. Throughout this paper, E/F will stand for either a CM field
extension as above, or its completion at a place. In the later case F' is either a nonarchimedean
local field of characteristic zero, or F' = R. In either case we write |-| for the absolute value on F
or A, and put |2|g = |Ng/pz| where z € Ap or E.

Assume F' is a number field. For all objects which are products of objects over all places in
a suitable sense, e.g. automorphic representations, characters, L-functions, adelic groups etc., we
write A = @y Ay, Af = @ppoc Ay and Aco = @yjo0Av-

Assume that F' is a local field of characteristic zero and V a finite dimensional vector space
over F'. We denote by S(V') the space of Schwartz functions on V. If F' = R these are the usual
Schwartz functions on V. If F' is nonarchimedean these are locally constant functions on V with
compact support.

Let G be an algebraic group over F. If F'is a number field we put [G] = G(F)\G(A), and if
v is a place we write G, = G(F,). If F is a local field of characteristic zero, we simply write G
for its group of F-points G(F'). When F is a nonarchimedean local field of characteristic zero, a
representation of G means a smooth representation. When F' = R, a representation of G means a
smooth Frechet representation of moderate growth.

If =R and G an algebraic group over F, we often use the lower case gothic letter g to denote

its Lie algebra. Let K be a maximal compact subgroup of G. We also work with (g, K)-modules.
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A Harish-Chandra module is an admissible (g, K)-module of finite length. The notation extends
to the case when F' is a number field, in which case g stands for the Lie algebra of G.

We almost work exclusively with unitarizable representations in this manuscript. Whenever we
have a unitarizable representation we denote by (—, —) a fixed (hermitian) inner product on it. The

convention is that it is linear in the first variable and anti-linear in the second variable.

Acknowledgements. This work grows out of various chats with Wei Zhang, and I thank him
sincerely for his constant and generous sharing of his insight into the subject. I am also very
grateful to Yihang Zhu for clarifying many of my confusions on Kottwitz’s conjecture. This work
is partially supported by the NSF grant DMS #2154352.

2. WEIL REPRESENTATIONS AND THETA LIFTS

We fix some notation and conventions on Weil representations and theta lifts in this section. We

do not pursue generality of the setup but only work with what we need.

2.1. Weil representations. Let us first consider the local situation. We fix a place v of F' and
suppress from all notation. Then F' stands for a local field of characteristic zero. Recall that we
fixed a nontrivial additive character vy of F. If F' = R, then our vy agrees with the choices made
in [ , ]. It also agrees with the choice made in [ ], cf. | , p- 32].

Let 7 be an integer and W’ be a split skew-hermitian space of dimension 2r. Let V be a hermitian
space of dimension n. We fix a character x : E* — C* such that x|px = 1™ and use x to split the
metaplectic cover over U(W') x U(V), cf. | ]. There is a Weil representation of U(W') x U(V)
which is realized on S(V"). The explicit formulae for the Weil representation can be found in many
references, e.g. loc. cit.. This realization of the what is usually referred to as the Schrodinger
model in the literature. We denote the Weil representation often by wy . Other relevant data are

omitted from the notation as they are all fixed throughout our discussions.

2.2. The Fock model. We now assume that ¥ = R. We recall some basics about the Fock
models for the (infinitesimal) Weil representation of U(W’) x U(V). Many calculations later in
this paper will be done in this model. A rather detailed description of the Fock model is given
in [ , Appendix]. We just summarize what we need.

Assume that the signature of V is (p,q), and p + ¢ = n. We choose basis wy, ..., ws, of W’

and v1,...,v, of V such that the skew-hermitian form and the hermitian form respectively are

V—-11, 1,
—/=11, )’ -1,

Let Wi =W’ ®@g C, and W =V ®c W(.. Define elements in W{.

wi=w; @1 +vV-1w; @vV—-1, w/=w;®1—+vV-1lw;@vV-1, 1<i<r,
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and (note the sign change)
wi=w; @1 —vV—-1w; @ V-1, w! =w;@1+vV—1w;@Vv—-1, r+1<i<2r
Let W” be the subspace of W spanned by
va@wj, 1<a<p, 1<j<2r

and
va@wi, p+l<a<n, 1<j<2r

The Fock model of the (infinitesimal) Weil representation, is the space of polynomials in W”, on

which the Lie algebra u(W')c x u(V)c acts. We denote by Z = (z45)1<a<n,1<j<2r the n x 2r matrix

Z—H— Z+—
Z:
zZ-t Z—

where ZT7 is of size p x 7. The action of u(W')¢ x u(V)¢ is given by some explicit formulae which

of variables and make the partition

are documented in [ , Lemma B.1, B.2].
We denote by K ~ U(p) x U(q) and K’ ~ U(r) x U(r) maximal compact subgroups of U(V') and
U(W’) respectively. The action of £ X £c exponentiates to an action of K' x K where K’ stands

for a double covers of K’. The Fock model is a representation of
(u(W)e, K) x (u(V)e, K).

Note that there is no cover of K because of our particular situation that W' is a split skew-hermitian
space of dimension 2r. The double cover of K’ can be described as follows. Let v be an integer

with the same parity as p — ¢, then a detz-cover of U(W') stands for

—_——

UW’) = {(g,2) € UW') x C* | (det )" = 27},

and K’ stands for the subgroup where g € K’. There is a genuine character

det? : W) —C*, detz(g,2) = =

Different choices of v give isomorphic groups. If p — ¢ (hence v) is even, then U(W’) is isomorphic
to UMW) x {£1}.
The action of K is given by

pP—q+

, s [(ZYTK 2R
((Ki, Kh),€) - p(Z) = € Hdet k)2 (det kh) ™2 p( ! 2>.

77k, Z7k,
Note that the derivative of this action is independent of the choice v (the formulae given in | ,
Lemma B.2]). The action of K is

kTlzbt Rzt
(krl,kz)-p(Z)zp( ! ' )

ks 'Z7t kytz
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Note that there is no cover over K because of our particular situation that W’ is split of dimension
2r.

We have a natural homomorphism
UW') x U(V) — Sp(4rn).

Let x : C* — C* be the character given by x(z) = (z/\/ zE)y. One the one hand, this character

gives rise to a splitting
ay : UW') — Mp(4rn)
where Mp(47n) is the Cl-metaplectic covering of Sp(4rn). On the other hand, we have a homo-

morphism
G : U(W’) = Sp(4rn) — Mp(4rn),
where the image of IW) in Sp(4rn) is the inverse image of U(W’) in Sp(4rn) and Sp(4rn) —
Mp(4rn) is the natural map. Let Q be the oscillator representation of Mp(4rn). By | ,
Proposition 3.2] we have
Qody = (Roay) @det™2

So once we choose the character x and hence the splitting, the group K’ acts by

p—g+v p—g—v ZtTE ZJF*P
PEDY - p(Z) = (det k)P (det k)~ o 2]
(k1,k2) - p(Z) = ( 1) ( 2) p(Z‘*k’l Z-k,

For the rest of this paper, by the Weil representation wy (or its Fock model), we always mean the
representation of the unitary group (or the relevant (g, K') module) via the splitting given by a
fixed character u, not the double cover.

We now come to the (probably) more familiar Schrodinger model S(V") of the Weil represen-
tation. The coordinates on V" are given by a matrix X = (2;,), 1 <i <mnand 1 <a <r. The

Gaussian function on V7 is
0o(X) = e d
Let S(V™)T € S(V") be the subspace consisting of functions of the form
P(X, X)po(X),
where p is a polynomial function. The K action is given simply by
k- (o) (X) = p(k™ X, k=1X) 0o (X).
The K’ action is given by

pP—q+v p—q—v

(K1, K3) - (ppo)(X) = (det k1) = (det k)™= p(Xki, Xkj)po(X).

There is an intertwining map between the Fock model and the Schrodinger model. Then there

is an isomorphism 8 : S(V")! — P, which sends g to 1, and satisfies the following relations.
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To simplify notation, we write 9, ; for derivative with respect to z,; and 5,”' for derivative with

respect to T4 ;.

Lo a1 V-1
ﬁ(x(w ;aa,j)ﬁ = —Eza,], 1<a § P, 1< ] <r
1 —1
B(Taj — =0aj)B " = —Qza,;v 1<a<pr+1<j<2r
‘ 1 V=1 ,
Bltag = Dai)f ' = sy pHISesnl<jsy
T
1 V=1 ,
ﬁ(ffa,y_;aa,j)ﬂ_l:ﬁza,ja ptl<a<nr+l1<j<2r
T

The Fock model of the dual of w‘v/, is given by the same space C[Z], with the same partition,

1

and the character p~" is used to split the metaplectic cover. With this choice, the actions differ

from wy by several signs, and in particular the group K’ acts on 1 by the character

P—q+v
2

(Ky, k) > (det k7)™ "2 (det k)% .

In terms of the isomorphism (2.1), the right hand sides of the first two relations have the plus
sign, while the last two have the minus sign. Let us note that the complex conjugation ¢ — ¢
is a anti-C-linear automorphism on S(V") (hence S(V")T) that identifies wy, with @y. Under the

isomorphism f3, it has the effect of swapping z,; and —zg j4r, i.e. if 1 < j <7, then

B(Za,j) = _ﬁ(za,j-‘r?”)v B(zad-f-?”) = _/B(Zavj)'

So we may define Z, ; = —zq j4r and Zg j1r = —2q,j4r if 1 < j < 7. The map z;4 — Zj 4 then gives
an identification of w‘v/ with wy, for the Fock models. This notation is more intuitive and convenient

for use: after all z,; and 24 j4» (when 1 < a < p) stand for the differential operators

1= 1
V=2r(30; = ~Bag), V=2r(Taj — —O):

™

2.3. Theta lifts. We start from the local situation, so we assume that I is a local field of char-
acteristic zero. Let 7/ be an irreducible representation of U(W’). We let ©y (') be the maximal
U(W')-invariant quotient of w@7" (Hausdorff quotient if F/ = R). This is a finite length representa-
tion of U(W’), and is called the full or big theta lift of 7’ to U(V'). Its maximal semisimple quotient
Oy () is irreducible, and is called the theta lift of m (from U(W’) to U(V)), cf. | , ].
The space W’ will be always fixed throughout this paper. We will drop the subscript V' when it is
clear from the context. Of course the roles of V' and W’ can be switched, and we have the theta
lifts from U(V) to U(W’). We still use the notation ©y and 6y to denote this theta lifts.

In many questions, we often need to know if O(r) is irreducible. This question is not completely

settled at the moment. We only have some partial information.

Lemma 2.1. We have the following assertions.
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(1) If F' is nonarchimedean, n —2r = 0, +1, and 7 is an irreducible tempered representation of
U(V). Then ©(m) is irreducible.

(2) If F =R and at least one of U(V) and U(W') is compact. Let m be an irreducible repre-
sentation of either U(V') or U(W'). Then ©(rw) is irreducible.

(3) If F =R, n=2r+2, © is a discrete series representation of U(W'), and the signature of
Vis (n —1,1), then ©(x’) is irreducible.

In the last assertion we consider theta lifts from U(W’) to U(V), just to make the notation

consistent with what we need later.

Proof. The first assertion is | , Appendix C]. Note that the “odd residue characteristic” as-
sumption in [ | is only included there for the validity of Howe’s duality conjecture, which is
completely established now. The second assertion is due to Howe | ]. The last assertion
requires a little more explanation and relies on the theory of doubling zeta integral which we recall

in the next section. The proof of this last assertion will be given in the appendix. O

We now consider global Weil representations and theta series. Assume that F' is a number field.
By taking tensor products of Weil representations of U(W')(F,) x U(V)(F,) at all places, we obtain
a Weil representation w = Quw, of U(V)(A) x U(V’)(A), realized on S(V(A)"). Let ¢ € S(V(A)")
we define the theta function on U(W’')(A) x U(V)(A) by

O(h,g,0) = Y w(b',g)é(x).

zeV(F)"

Let 7’ be an irreducible cuspidal automorphic representation of U(W’)(A). Its global theta lift
to U(V)(A) is the automorphic representation of U(V)(A) generated by the functions of the form

0! (g) = / FUN6(, g, 8)dl, f e, ¢eSV(AN)
W)
We denote it by 6(7’).

Lemma 2.2. If 6(n’) consists of square integrable automorphic forms, e.g. cuspidal automorphic

forms, then it is irreducible and

0(n') = @,0(m,).

Proof. This is a consequence of the Howe duality, cf. | , Corollary 7.1.3]. O

3. DOUBLINIG ZETA INTEGRALS

3.1. The setup. Assume first that F' is a number field. We keep the notation from the previous
section. In particular W’ is a split skew-hermitian space of dimension 2r and V is a hermitian

space of dimension n. To simplify notation we put H = U(W’') and G = U(V). Let —W’ be the
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skew-hermitian space with the vector space W’ and skew-hermitian form —1 times that of W’ and
W' = W'+ (-=W’) the “doubled” space. Put H'” = U(W'”) and we have an embedding

(3.1) i:H x H — H".

Here we identify U(—W') with H' via the identity map (they are physically the same subgroup of
GL(W")).

Let W'» = {(z,z) | x € W'} be the diagonal subspace of W&, and P’ = M’N’ be the parabolic
subgroup of H'" stabilizing this subspace. Recall that we have fixed a character p. Let I(s,pu)

be the degenerate principal series representation of H'™(A). More precisely, choose a basis such

_127‘
triangular matrices. The space of I(s, 1) consists of functions on H'™(A) with the property that

a * a *
Fs (( ta_1> g) = p(det a)|det |5 Fs(g), ( ta_1> € P'(Ap),

n—2r
2

for H™(A) x G(A) (recall that the character u is used to split the metaplectic cover), and ¢~ €
S(V?7(A)) be a Schwartz function. Then

1
that the skew-hermitian form of H'™ is given by ( 2 , and P’ consists of (blocked) upper

and the group H'™ acts by right translation. Put sy = . Let w" be the Weil representation

W o 7 (07) = ()87 (0)
defines a section of I(sq, 1), which we call the Siegel-Weil section. It defines a H'™ x G-equivariant
map
SV (A)) = I(s0, 1)
where G acts on the target trivially.

Restricting w” to the group H’ x H’ via the embedding (3.1) we have an isomorphism

(3.2) Wy @WVH — W s, 1@ do > (¢1 @ da)l.

The group G acts on the left hand side diagonally. In terms of the Schrodinger model, this is given

by a partial Fourier transform, and has the property that

WG, 1)) (61 @ 62)1(0) = (wv (B) 1, d2),
where (—, —) stands for the L%-inner product on S(V"(4)).

Let Fs be a section of I(s,u), and E(h'™,F;) the usual Siegel Eisenstein series. Let 7/ be
an irreducible cuspidal automorphic representation of H'(A), and fi, f5 € «’. The doubling zeta
integral is defined to be

2000557 = | T ) F3H) B ), o)l b,
"(A)xH'(A)
When f] = ®f1,, f3 = ®f3, and Fs = @F, s, we have

Z(f{’févfs = L(S’ﬂ- X :u) HZg(f{,v’fé,vva73)7
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where Zﬂ(f{m, fos Fos) = du(8) L5,y @ uv)*lZv(f{m, f3.05 Fv,s), where d, is a product of abelian
local L-factors that satisfies dy(so) # 0, and Z,(fi ,, f3,,Fs) is the local doubling zeta integral
given by

[ O B it 1)

We are particularly interested in the case where F, s is a Siegel-Weil section at s = so. Let
D1 = P14, P2 = 2, € S(V'(A)) be Schwartz functions, then the local zeta integral equals

ho T
Zo(f s Fh g Fosv@020)ly — /H T oo Foo (wv (W) 1,0, d2,0)dR,

/7
v

whenever the integral is convergent. This is the case when 7 is square-integrable and sy > —%,
ie.n>2r—1,cf | , Lemma 2.1].

We denote this last integral also by Zy(fi,, f3,, ¢10,#2,0). It is not identically zero when
Oy (my) # 0, at least when 7, is tempered and n > 2r, cf. | , Proposition 11.5] (v nonar-
chimedean) and | , Proposition 7.1] (v archimedean).

The following lemma will be useful later.

Lemma 3.1. Assume that v is archimedean, n > 2r, m, is tempered, and 6y (m,) # 0. Fix an

/

). Then there is an inner product on Oy ()

H! x Gy-equivariant linear map p : ' @wy,, — Oy (r
such that
Zv(f{;m fé,m </>1,m ¢2,U) = <p(f]/_,'u & ¢1,’U)7p(fé,y & ¢2,v)> .

Proof. Note that this defines a H}, x H/-invariant linear form linear form

Zy T @ T, @ wy, ® Wy, — C.

Therefore it factor through Oy (7)) ® Oy (7)) and gives a nonzero hermitian form on Oy (7).
Moreover it is semi-positive definite, cf. | |, and hence defines an inner product on Oy y (7’)/ K
where K is the kernel of the hermitian form. Therefore Oy (7')/K must be semisimple, and thus
coincides with the Oy (7). a

Remark 3.2. The lemma should hold when v is nonarchimedean. I however am not able to find a

reference which proves the semipositivity of Z,,.

3.2. Some calculations at the archimedean places. We study the doubling zeta integrals at
the archimedean places. Results in this subsection should be well-known to the experts. For the
lack of suitable references, we provide some details.

In this subsection, we fix an archimedean place v, and suppress it from all notation. In other
words, we assume F = R.

Recall that we have the group H' = U(W’), its Weil representation wy and wy;, and the “doubled”
group H™™, and its Weil representation w™. We have maximal compact subgroups K’ ~ U(r) x U(r)
of H' and K™ ~ U(2r) x U(2r) of H'™ respectively. Let us begin by examine the isomorphism

(33) wy Qwypu — WD’H’XH"
12



In terms of the Schrodinger model, this is given by a partial Fourier transform as in (3.2). In terms
of the Fock model, this is just the “concatenation” of the polynomials. More precisely, as explained
in Subsection 2.2, the Fock model for wy is denoted by P = C[Z] and the for wy, is denoted by
PV = C[W], where Z and W are n x 2r matrices of variables. Both Z and W take the partition

Z++ Z+, W++ W+,
7 = ., W= .
zZ=t zZ—— W+t W

Then the Fock model P of w" is given by C[U] where U is an n x 4r matrices, and

Uttt yt- z+tt Wt zt— Wwtt
U = — )
vt U~ zZ=t W z— Wt
and UTH = (ZTT* W), Ut =(Zt-WH), U T =(Z7 ", W )and U~ =(Z -, W ). If
p(Z) and q(W) are polynomials in P and PV respectively, then p(Z)q(W) is the element in P"

under the isomorphism (3.3).

Let F? be the classical section I(s, u), i.e.

. _ n—2r A B
F2(h) = (det h)“2" det(Cv/—1 + D) "|det(CvV/—1+D)|c"" 2 , h= (C D) .

If V is anisotropic and ¢" = 1 € P9, i.e. ¢” is the standard Gaussian in the Schrodinger model
S(V"™), then the Siegel-Weil section F? : equals a nonzero constant multiple of the classical section.

Let I(s, ) o be the subspace of K'™-finite vectors. By | , Lemma 2.5], as representations
of K'¥ we have

I(s,m)gm ~ @ pRpYp.
P

where p ranges over all irreducible representations of U(2r). Then the classical section F lies in
=y Kdet™ "2, ie. p= det™s".

In what follows, we calculate in the Fock model P. Recall that there is an isomorphism S :

the direct summand det

S(V")T — P. To simplify notation, we suppress 3 from all notation. This means that an element

z € P is viewed as a Schwartz function in S(V") via the isomorphism /.

Lemma 3.3. Assume thatn =2r+1, v =1 and V is of signature (2r,1). Assume that o’ is a
discrete series representation of lowest K'-type 7/ = det" ™' K det™. Let Py C P be the subspace
generated by the polynomials of the form

det ZfTdet Z7~, I,JCA{l,....,2r}, #I=#J=r.
Then the doubling zeta integral is nonzero when restricted to Po @ Py @ 7'V @ /.
Proof. Consider the element ¢" € P given by

¢7 =detUTTdet Ut~ € PV
13



Recall that Ut = (Z+F, W*~) and Ut~ = (Z+~,W'T). So Laplace expansion of determinants
tells us that
¢? = (~D)MIHI det Z+ det Wit~ det Zf~ det Wi
1,J
where I, J are order r subsets of {1,---,2r}, I¢ J¢ stand for their complements respectively, and
I Z|l, I.7]| are the sums of elements in I and J respectively. So if i’ € H', then
(3.4) FO(ur, 1) = S (=) (n') det Z;+ det 25, det Wi+ det W),
1,J

Note that det Z;/ " det ij and det Wfﬁr det W;t~ belong to Py. To see that ]:gf)D is not a zero
section, we compute fgf(l), which equals

S (=)l det ZF det Zf ~, det Wi det WET).

1,J
In the pairing, det Z;FJr pairs with det erf, and det Z}r— with det W™, It follows that the terms
with I # J¢ are all zero. So the sum simplifies to

(=) det 2 det Z, det W det WiET),

I
which is a sum of finitely many positive real numbers (up to the sign in the front), and hence
nonzero.
By its very construction, K’ acts on ¢7 by the character det”* X det™". So F;?JD is a nonzero

muétiple of the classical section. It is well-known that Z(f', f', Fg ) # 0, cf. | ]. By (3.4),
F& (u(W,1)) is a (sum of) matrix coefficient(s) in Py. The lemma follows. O

We will need a similar result when n = 2r + 2.

Lemma 3.4. Assume that n = 2r +2, v = 0 and V is of signature (2r + 1,1). Let U= be the
matriz Ut withe i-th row removed. Put
2r+1
¢7 =) det U det U~
i=1
O
Then Fg; is a monzero multiple of the classical section. In particular, if o’ is a discrete series

representation of lowest K'-type 7/ = det" "' Rdet "L, and f' € o’ in the lowest K'-type, then
O
Z(f', 1", Fo ) #0.

Proof. The proof is very similar to Lemma 3.3. In fact by analyzing the action of K'™ action, we

O O
see that ]:g:) is a constant multiple of the classical section, and we only need to check that ]{% is
nonzero. For this we just need to compute ¢~(0). The same computation as the previous lemma
show that for any fixed i, the value of det U;LJF det U;r— at 0 equals

(=) 2N “(det Z7F det Z1, det Wi det W),

I
14



where I ranges over all order r subset of {1,...,i— 1,/1'\,1'—1— 1,...,2r+1}, i.e. the set with i removed.
It follows that it is (—1)'* 2" times a positive number. The sign (—1)**2" is independent of i,
so the sum over 7 is again nonzero.

The nonvanishing of the doubling zeta integral again follows from | ]. O

4. MULTIPLICITIES

We come back to the setup of Theorem 1.1 in the Introduction. Recall that we have the split
skew-hermitian space W’ of dimension n = 2r, and hermitian space W and V of signature (n, 1)
and (n + 1, 1) respectively. We have the unitary groups H' = UW'), H = U(W) and G = U(V).

The goal of this section is to study the representation theory behind Theorem 1.1. We fix a place
v of F and work with objects over F,,. The goal is to study the space

Hompg, (7, ® oy, C).

This is the main subject of the local (nontempered) GGP conjecture. We prove various results in
this direction.

We will drop the subscript v, so F' stands for a local field of characteristic zero, G = G, is a
unitary group over F', etc.

We will be working with various theta lifts at the same time and we fix the following characters
to split the metaplectic covers. We have fixed a character u of EX, which is given by u(z) = z/v/2%
if FF=R.

e For H' x G, we use the trivial character 1. The Weil representation is denoted by wy . The
theta lifts in both directions are denoted by 6y.

e For H' x H, we use the character u. The Weil representation is denoted by wy. The theta
lifts in both directions are denoted by 6Oy .

e For H' x U(L), we use the character u. Here L = E stands for the one dimension hermitian
space with the hermitian form given by the norm. The Weil representation is denoted by
wr,.

With these choices of the characters, we can check by the explicit formulae for the Weil repre-

sentation that

(4.1) Wy | g (HxU(L)) = ww O wr,

where H' acts on the two factors on the right diagonally.

4.1. Multiplicities at the nonarchimedean places. We assume in this subsection that F' is
nonarchimedean.

Recall that 7’ and ¢’ are irreducible tempered representations of H'. We also have irreducible
representations m = 0y (7') of G and o = 6y (0’V)". Note that they are all unitary (or more precisely

unitarizable) representations.
15



Lemma 4.1. If Hompy (7 ® 0,C) # 0, then Homp (7' ® ¢/ ® wr, C) # 0.

Proof. Since Hompy (7 ® 0,C) # 0, and Oy~ v (7') maps surjectively onto 7, we conclude that
HomH(@V(ﬂ'/) ®o,C) #0,

which is equivalent to
Hompy g (wy @ 7Y ® o, C) # 0.

By (4.1), this is equivalent to

Homp: (7Y ® Ow (") @ wr,C) # 0.

Vv

By Lemma 2.1, we know that Oy (o) is irreducible and hence is isomorphic to V. This proves

the lemma. ]

Remark 4.2. In theory we can run the argument backwards and prove that the nonvanishing of the
two Hom spaces are equivalent. We however are not able to do this because we do not yet know if

Oy (7') is irreducible.

4.2. Cohomological representations. In this subsection and the next, we work at the place

v = t. We write U(p, ¢) for a unitary group of signature (p, ¢), which is a subgroup of GL,4(C)

We take the diagonal compact Cartan subgroup. We take the maximal compact subgroup to be the
diagonal U(p) x U(g). The complexified Lie algebra of U(p, ¢) is naturally identified with gl,, ,(C).

The infinitesimal character of a representation is identified with a sequence of p + ¢ numbers up to

consisting of matrices satisfying

permutation.

Irreducible representations of a compact group is parametrized by their highest weights. A
Harish-Chandra parameter of a discrete series representation of U(p,q) is a strictly decreasing
sequence of integers (if p+ ¢ is odd) or half integers (if p+ ¢ is even), together with a labeling of p of
them the + sign, and ¢ of them the — sign. A Harish-Chandra parater is equivalently two sequences
of strictly decreasing integers or half-integers (ai,...,ap;b1,...,bq), with the understanding that
a;’s are labelled + while b;’s are labelled —.

We choose bases of V', W, and W' such that U(V), U(W) and U(W’) are identified as group of

matrices preserving the hermitian or skew-hermitian form given respectively by

Lng1 L, V—11,
-1/’ -1/’ —/—11, )

So G = U(n+1,1), H = U(n,1) and H = U(r,r). Recall that we have the discrete series

Vv

representations 7/ and ¢’ of H', and m = 6y (') of G and o = 6Oy (c¢’V)Y. The representations

7w and o are assumed to be cohomological (with respect to the trivial representation). We now
16



describe these representations more explicitly. All the descriptions below follow from Li’s explicit
description of theta lifts of cohomological representations, cf. | l.

We consider 7 and 7’ first. Since 7 is cohomological with respect to the trivial representation,
its infinitesimal character is the same as that of the trivial representations. Li’s description gives

the following result. The representation 7’ is a discrete series representation of H’ whose Harish-

n+1 § § n—+1
5 g Ty 5 )

Chandra parameter is given by

The representation 7 can be described using cohomological induction. Let ¢ = [4+u be the parabolic
subalgebra of gl 5(C) given by the coroot

n—+1 3 3 n—+1
e, =0, —=, ..., — 0].
( 2 ) M ) M 2 9 >

Then we have m = Ay = Aq(0). The lowest K-type of 7’ and 7 are given respectively by

r+1,....r+ 1) x(=(r+1),...,—(r+1)), (1,...,1,0,—1,...,—1) x (0).
~—— —
T T
They correspond in the joint harmonics (we will not use this fact though).
Now we consider o and ¢’. In this case Li’s description gives the following. The representation

o’ is discrete series representations of H' given by the Harish-Chandra parameter

n+1 § 1 n—1
5 g Ty 5 )

The representation ¢ is an irreducible discrete series representation of H given by the Harish-

Chandra parameter
(ryr—1,...,1,-1,-2,...,—r;0),
Their lowest K-types are given respectively by
(r+1,....r+ 1) x(=r,...,—r), (1,...,1,—-1,...,=1) x (0).
—— N——
' '

They correspond in the joint harmonics (again we will not use this fact).

4.3. Multiplicities in cohomological packets. We consider a cohomological Arthur parameter

@ s @ (1 ®(C2) .

—(n+1)<i<n+1, odd
iA+1

Its corresponding A-packet is constructed by Adams and Johnson | |. The representations in
this packet are given as follows.

e T = A, as in the previous subsection. This representation gives the corresponding L-packet

within the A-packet.
17



e An extra n discrete series representations. In terms of their lowest K-type, they are of the

form

(1,...,1,=1,...,=1) x (n+ 1 —2a)

N N——

a n+l—a

where a = 0,1,...,7r—1,7r+2,...,n+ 1. In terms of Harish-Chandra parameters, they are
of the form

+1 1 1 1 1

Tt T T g )

where one of them is labelled — and the rest are +. The — is not labelled on either % or
1

3
The (tempered) A-packet of H in which o lies consists of n + 1 discrete series representations.

The Harish-Chandra parameters of these representations are of the form
(ryr—1,...,1,0,—-1,...,—(r — 1), —r),
where one of them is labelled — and the others are labelled 4+. The representation o is the one

with the — sign on 0.

Lemma 4.3. Let 1 and o1 be in the above packets for G and H respectively. Then
Homp(m ®01,C) # 0

if and only if 1 = m and 01 = 0.

Proof. By (tempered) local GGP conjecture for Bessel models, cf. | , ], we know that

Homp (m R o1, C) = 0 if m; # 7. It remains only to prove that
Homp (7 ®a1,C) # 0

if and only if o7 = 0.
By Lemma 2.1, we have Oy (7’) is irreducible and hence isomorphic to w. Therefore as in the

proof of Lemma 4.1 we have

(4.2) Hompy (1 ®01,C) # 0

is equivalent to

(4.3) Hom g (7" ® Ow (o)) @wr, C) # 0.

This in particular implies that O (o)) # 0 when (4.2) holds. But according to Li’s explicit
description of theta lifts for discrete series representations, O (o)) # 0 only when o; = 0. This
shows that
Homp(m®01,C) =0
if o1 # 0.
Finally if 01 = o, then the (tempered) local GGP for Fourier—Jacobi models | | implies that

Hom (7' ® o’ @ wg, C) # 0.
18



Since O (0¥) maps surjectively onto o’ = Oy ("), we conclude that (4.3) holds (with o7 replaced

by o). Therefore (4.2) holds when o7 = . This proves the lemma. O

5. PERIODS

We prove the main theorem in this section. The idea is very simple and has been outlined
in Subsection 1.3. We first review Kudla—Millson forms, and then construct a differential form
o € H"™(X)[r; ® of] using it. Then we compute the integral [, a by the seesaw diagram and
reduce it to the (tempered) global GGP conjecture for Fourier—Jacobi periods on H' x H' which is
recently established in | ].

Throughout this section, F' is a number field. We again need to work with various theta lifts at
the same time. Recall that we have fixed a character p of E*\A whose archimedean components
are of the form z — z/ V/2Z. The notation and the choices of the characters to split the metaplectic
covers are the same as in Section 3.

Recall also that we use gothic letters to denote the Lie algebras of the corresponding groups, e.g.
if G is an algebraic group over F', we denote by g the Lie algebra of G, and gc¢ its complexification.

If v is an archimedean place, then g, and g, c stand for the corresponding objects for G,.

5.1. Kudla—Millson forms. By our assumption, we have
Goo =U(n+1,1) x U(n 4 2)%7 1.

The notation from Subsection 4.2 applies to G. In particular we choose coordinates t(a:l, ey Tnt2)
1
on V,, for each v | oo such that the matrix representing the hermitian form on V, is ( " 1) and

on other V,’s are the identity matrix. The coordinates of V" is denoted by a (n + 2) x r matrix X.
We do not try to distinguish the coordinates at different places by adding more subscripts, as this

will be clear from the context. We take the (diagonal) maximal compact subgroup
KGoo = (U(n+1) x U(1)) x U(n +2)471,

and we have the Cartan decomposition g = pg + £¢. Note that pg = pg, as G, is compact if
v # 1. We have pgc = pg +pg where pg are identified with the holomorphic and antiholomorphic
tangent spaces of the symmetric domain Dy . The tangent spaces pg is identified with the space
spanned by “(z1, -, xpy1) (vesp. (TT,- - ,ZTny1)). Let & (resp. &) be the linear form which
sends “(z1,- -, ¥ps1) to z; (vesp. (Z1,--- ,Tny1) to T;). They give bases of pé’v. Put A™"pl =
ApEY @ ATpg Y.

For each place v | 0o, recall that we have the Schrodinger model S(V,') and the Fock model P,
of the Weil representation wy. We also have the subspace S(V/)T ¢ S(V/") and an isomorphism

By : S(VIT = P,
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We do most of the calculations below in terms of the Fock model P,. Recall from Subsection 2.2

that P, = C[Z] where Z is a (n + 2) x n matrix of variables, and has the partition

Zt+ Zt-
Z = ,
Z—t Z=-
where Z*7F is of size (n 4+ 1) x r. To simplify notation, we identify S(V] )T with P, via 3, and
suppress the isomorphism 5 from all notation, i.e. when we say z € C[Z] is a Schwartz function, it

really means the Schwartz function 871(z) € S(V;)f.

Kudla and Millson constructed an explicit differential form on Dy valued in S(V;"). Following

Kulda and Millson | ], we consider a form
_ Ka.,
(5.1) 3 det Zit det 25 (€ A Ey) € (S(Vf)T ® A”pg) “
1,J
where I and J are order r subsets of {1,--- ,n + 1}, and Z;FJF stands for the submatrix of ZT+

which keeps only the i-th rows when ¢ € I, and &5 = Ajecr&;. Similar for Zj_ and £;.
Take ® = ®@®, € S(V"(A)) ® A™"pY,, and assume that @, is the Schwartz form (5.1) and

—
(I)U — e*ﬂ'T&" XX e S(‘/UT)T
is the Gaussian function for any infinite place v # ¢. Define a theta form

O, g, @)= Y (wr(h,9)®)(x) € A(H") ® (A(G) ® A" p¢) o
zeVT(F)
Here A(H') and A(G) stand for the spaces of automorphic forms on H'(A) and G(A) respectively.
Let f/ = ®f} € n', where f] is a nonzero vector in the lowest Ky ,-type of m] (which is one

dimensional) if v | co. Let

0} (9) = (] F(W)O( g, )dR € (@ A""ph) Ko

Then @g defines a class in H™" (X)[m].
Lemma 5.1. As [’ and ® vary (with f., and O fized as above), the elements @g ’s generate
HT’T(X)[Wf] =7 Hr’r(g(c, KG,om 7Too)-

Proof. This is probably well-known to the experts. For the convenience of the reader, we provide
a brief explanation.

Since the group G is anisotropic (we use the assumption d > 1 here), Lemma 2.2 applies.
Moreover T, is the representation Ay described in Subsection 4.2, and 7, is the trivial representation
if v |ooand v # . By]| , Theorem 3.3], the cohomology group H""(gc, K¢ 00, Too) is One
dimensional, so the right hand side is an irreducible G(A¢)-module. Therefore we just need to

know that @g is not identically zero.
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The nonvanishing of @g follows from a “geometric” version of the Rallis inner product formula,
cf. [Li, Theorem 3.7.1], which in turn is a direct consequence of a “geometric” Siegel-Weil formula,
or sometimes referred to as a volume formula, cf. [Li, Theorem 3.6.1] and [Dun, Section 2.2] for an

exposition of the proof. To show that @g is nonzero, we compute
/X@g AOL Aei(L)

where c1(£) = 1 cicpi1 & A & € HYY(X) stands for the first Chern class of the Hodge bundle on
X. By the definition of @g, this reduces to the integral
(5.2 PGS 05 ([ ©0.1,9) A BT 18] A cx()) aniay
[H']? X

We now follow the notation of Section 3. Note that the notation is slightly different, where n
there is actually n 4+ 2 here, and p, ¢ there are n + 1 and 1 respectively here. We consider the
Weil representation w™ of H'™(A) x G(A), which is realized on C[U]. Since ®, A ®, equals the
Kudla-Millson form for the group H!” x G,, cf. | , Section 6, (6.3)], we know that

O(h,1, @) AO(hh, 1, ®) = O((h}, hb), 1, @)

where
o = @) € (S(V™(A)T @ A"pg)Kes
is given as follows. For v { oo, ®J = (&, ® ®,)t € S(V*). For v | 0o but v # ¢, 7 is the standard
Gaussian in S(V"). For v =, @7 € (S(V")T @ A pY,) K6 is the Kudla—Millson form, given by
> detUftdetUf ¢ ng
1<i,j<n+1

where U;™* is the matrix U* with i-th row removed (recall that U is a (n + 1) x n matrix),
and & =& A AGA A

The Siegel-Weil formula explained in | , Section 2.2] implies that the inner integral (5.2)

equals (up to some nonzero constant depending on the measures)

n+1

> (. ). 72

where ®Y = ®@®,, is the Schwartz function in S(V"(A))T given by @5 if v # +, and by @Y =
det Ut det U;"~ if v = 4.
The integral (5.2) then reduces to a doubling zeta integral

n+1

ZZ LILFES)

It equals L(2, 7’) (which is nonzero) times the product of local doubling zeta integrals. If v { oo, the

local doubling zeta integral is given by Z(f}, fi, ®,, ®,) which is not identically zero by | ,
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Proposition 11.5]. If v | co and v # ¢, the local doubling zeta integral equals

Z(f3s for Fos0)s

where F ;. stands for the classical section. If v = ¢, the local doubling zeta integral equals
= / / q>iDL
Z:Z(fuf/,ﬂfvso7 )7
i=1
which is nonzero by Lemma 3.4. (|

5.2. Construction of differential forms. We now work on Y. The notation we fixed on G also
applies to H. We choose the coordinates on V, such that W, consists of vectors t(xl, re Xpyo) With
Zr+1 = 0. We have the Cartan decomposition h = py+€x and pﬁ is identified with holomorphic and
anti-holomorphic tangent space of Dyy. We construct a cohomology class in H"" (hc, K 00, 0c0)-
First if v # ¢, then o, is the trivial representation and we take ¢, = 1 € o,. Now consider the place
t. Let 7 be the lowest Ky ,-type of o,, its highest weight being (1,---,1,—1,---,—1) x (0). Then
7V appears in A™"p}; with multiplicity one, and this copy of 7V is generated by & A+ A& A&t A
-+ AN &pyq. Fix a basis of v, of 7, a dual basis v of 7V. Let &, be the elements corresponding to

vy € TV viewed as elements in A""pY;. Put
(5.3) @ = V0 @& € (0,® A pp) K
o
Take a ¥, € o, for each v{ o0, ¥, = P, as above and ¥, =1 € o, for all v | co and v # ¢. Put
U= @,0, € (0@ A" pjp) e = HY(Y)[or].

Put
Q=05 AV eH"™(X xY)[r @ oyl.

o
Y

which will yield a proof of Theorem 1.1. The next lemma relates this integral to a period integral

Our goal is to compute

of automorphic forms. Let us introduce more notation before stating it. Recall that we have the
Fock model P = C[Z] of wy, at the place ¢. The Fock model at of wyy, is nothing but that of wy,
with the (r + 1)-th row removed. Let Py C P be the subspace spanned by polynomials of the form
det Z}H det Zj_ where I and J are order r subset of {1,...,r,7+2,...,n+ 1}. This subspace, as
a representation of Ky ,, is isomorphic to A™"pg. Let us note that det Z}Hr det Z}r_ and &7 A &y
form dual basis in Py and A™"pY;. The representation 7" (which is isomorphic to 7) is contained
in this Py with multiplicity one, cf. | , Corollary 1 to Theorem 2.1] or | , Lemma 2.13]
(not original but maybe easier to find reference). Let Pyy be the subspace of Py isomorphic to 7V.

So the basis v gives an basis in Pyg, which we still denote by v/.
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Lemma 5.2. Assume that for any v { oo, the function ®, € S(V;) takes the form Py, @ ®r,
where @y, € S(W)) and @1, € S(L3},), cf. the decomposition (4.1). Then

0= 67 h)@o(h)dh.
o= [ Ohy oo 02t

Here on the right hand side

e the sum ranges over the basis vy;

® Owa = (Dt dWw) ® dw,a, where dwy = Pw,y if v # 1 and Pw,a € S(WZ")T is the Schwartz
function corresponding to the element v, in the Fock model of wyw, ;

® ¢ = RuPru, v = Pry if v1ioo and ¢, € S(L}) is the Gaussian function, i.e. ¢, =

e_ﬂ—za Zn+1,azn+l,a’ ’l/fU | OO,

® Yo = (®U¢LSOU) R vy € 0.

Proof. Fix any K -invariant pairing on A™"p};. Up to some nonzero constant depending on the

measures and the choice of the inner product on /\rpg, we conclude that
[a=[©hyre=[ @) vman
Y Y [H]

The notation pr(@g(h)) means the following. First we have @g € m™® A""pl. Note that py is
naturally a subspace of p¢ given by z, 41 = 0, and hence there is a natural projection map pfs — p;
which sends &,11 to 0. Then pr(@g) € ™ ® A""p}; stands for the image of @g under this map.

Let pr(®,) be the image of ®, € S(V")T@ A pY, in S(V")T @ A" pY; under the natural projection
p& — pY;. Then

(5.4) (pr(@,),¥,) = vl ®v, €S(V)) @0,

To see (5.4), we note that by the explicit form of ®,, we have

pr(®,) = det Z*det ZJ (& A Ey) € S(V)T @ A™p,
1,J

where I and J range over order r subsets of {1,--- ,r,r+2,--- 'n+ 1}. Then

(pr(®,),,) => ) det Z T det Z~ @ va (& AEs, &)
1,J «o
We observe that &;’s are weight vectors in /\”p;}’v, and different I’s give different weights. Then
&1 A&y where T and J are order r subsets of {1,--- 7,7 +2,--- ,n+ 1} form an orthogonal basis
of A""pY;. The desired equality (5.4) follows.
It follows from (5.4) that

(pr(O5)(h), W(h)) = D" 60] o (R)palh),

«

where the notation is explained in the lemma. This is what we want to prove. (|
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5.3. Proof of Theorem 1.1. We now put what we have together. First note that by [ ,
Theorem 9.7], the L-function
L(s,Tt®0)
L(s+ 4,7 Ad)L(s + 1,0,Ad)

is holomorphic at s = %, and its value at s = % differs from L(%,TI‘I ® o’ ® p~1) by a nonzero
constant. So we may replace this condition on the L-functions by L(%, 7 ®o @ut)#£0.

Assume that the class of Y in H*™" (X x Y)[ry ® 0] is not zero. By Poincare duality, there
is a differential form o € H""(X x Y)[ms ® o¢] such that

/YOC%O.

By Matsushima’s formula, we have

H'"X xYV)[m@o] = @ (m @ o) e Fm @ H(ge x he, Kaoo X Koo T100 ® 01,00),5

T1,00,01,00

where 71 o and oy o ranges over all irreducible representations of G, and H., such that mf ®
Tl,00 ad 0f ® 01 o are automorphic. Then 7 o and 01 lie in the local A-packets described in
Subsection 4.3. If v | oo and v # ¢, then m, and o, are trivial representations, as G, and H, are
compact. The Arthur’s multiplicity formula (for tempered packets, or packets of unitary groups
of rational rank at most one, cf. | , ,C7]) then implies that m, = 7, and 01, = 0,.

Therefore
a € (m @ o7) O FEL @ (H (g, Kgo0r Too) @ H (he, K i 00, 0o0))
Then [, o # 0 implies that
Hom g (ap) (7 @ o, C) # 0.
We also proved in Lemma 4.3 that

Hompy, (7, ® ,,C) # 0.

Of course if v | co and v # ¢ we have the same assertion, as 7, and o, are trivial representations.
!
According to Lemma 5.1, the forms @é generates m¢ ® H™"(gc, KG 00, Too), 50 we can choose

f',® and ¥ as in the previous two subsections, such that

(5.5) JRCARIN

is not identically zero. By Lemma 5.2 this equals

o7 h)@u(h)dh,
5 Povsen 2a(0)
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where the notation on the right hand side is explained in Lemma 5.2. We now make use of the
seesaw diagram

UW') x UW") u(v)

>

UWw’) UW) x U(L)

and conclude that this integral equals

Z oy T FON0Z (W)L gr)dh'

By assumption H%Q(h' ) € o’¥. We now invoke the main theorem of | ], i.e. the (tempered)
GGP conjecture for Fourier—Jacobi periods on unitary groups, and conclude that

1
L(§,7T/ ®o' @p ) #0.

This shows one direction of implication.

To prove the other direction, we need some additional lemmas.

Lemma 5.3. Let v be an infinite place of F'. We have
HomH/ (7'('1/) @) (71/) ®WL,v7 (C) 7£ 0,
and any nonzero | in this space does not vanishes when restricted to the lowest K ,,-types.

Proof. The explicit descriptions of 7/, and o/, are given in Subsection 4.2. They are irreducible
discrete series representations who lowest Kp ,-types are det’ "' K det ™! and det"t! K det™"
respectively. The nonvanishing of the Hom space follows from the local GGP conjecture for Fourier—
Jacobi models, cf. | ].

To see that | does not vanish when restricted to the lowest K g/ -types, we make use of the fact
that

l®1 e Homp (' ® 0’ @@, C) @ Homp (7' ® o’ @@, C)
can be realized using integration of matrix coefficients, cf. | , Theorem 3.2]. This means that

to see that [ is nonvanishing, we just need to show that
[ G826 W) or o br)an’ 0,

where f' € 7’ and ¢’ € o' are in the lowest Kp-type, and ¢ € S(L") is the Gaussian function.
This follows directly from Sun’s positivity of matrix coefficients, cf. | , Theorem 1.5]. Indeed

using the the Cartan decomposition of H', we see that the above integral equals

(5.6) /A+ pa) (@' (a) f', f')(o’ (a)¢', ' N wLla)pr, dr)da

where A stands for the subgroup of H' = U(r,r) given by

. 1 -1
dlag[ala"'vamal ) Gy ]7 al?"'7a7‘€R>07
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and p(a) is a positive function on A™. Sun’s result then implies that

(') f', f) >0, (o'(a)¢,¢) >0.

Direct computation also shows that

(wr(a)ér,or) > 0.

As a result, the integral (5.6) is positive. O

\

Lemma 5.4. Fiz a nonzero linear form p : P ® o, — o,’. Then p restricts to a nonzero pairing

between Poo and 7. In particular, if we take the basis v of Poo and the basis vy in T, then
ZP(UX ® vy) # 0.
(0%

Proof. Fix a nonzero map p’ : wy ® o, — o,’. We first note that Py ® 7/ maps into 7V under p'.
Indeed 7’ is the only irreducible representation of K¢, that Py and o, shares. By lemma 3.1 and
Lemma 3.3, we know that the map p’ is nonzero when restricted to Py ® 7/, and hence we have a

nonzero homomorphism

piPoT =TV
This implies that the natural homomorphism

wy ®o ®a,—C

is nonzero when restricted to Py ® 7’ ® 7, which further implies that p is nonzero when restricted to
Po @ 1. But 7V appears with multiplicity one in Py, i.e. Pgg, so p restricts to a nontrivial pairing

between Pyy and . O

We now prove the other direction of implication. Assume that L(%,ﬂ'/ ®o @pt) # 0 and
Homp s,y (7 @ 01, C) # 0. By Lemma 4.1, we know that

Hom g4, (7 ® 0t @ wr t,C) # 0.

So we conclude that there is an f’ € 7’ and ¢’ € ¢’ and a ¢; € S(L(A)") such that
I (K (W)L (W, ¢1)dh # 0.
(H']

By Lemma 5.3, f,_ and ¢, can be taken in the lowest Kp o-type of 7. and ol respectively, and
brv € S(VI)T is the Gaussian function for each v | co. By Lemma 5.4, this implies that ¢’ can be
taken to be of the form ) 9%@ (h') (the notation being as in Lemma 5.2). Now we can reverse
the previous seesaw argument and conclude that we can construct @é and ¥ such that (5.5) is
nonzero. Thus the cycle class of Y in H*™" (X x V) [rY ® 0] is not zero.

This completes the proof of Theorem 1.1.
26



APPENDIX A. IRREDUCIBILITY OF SOME FULL THETA LIFTS

We prove the third assertion in Lemma 2.1 in this subsection. We indeed prove it a slightly
general form, i.e. We do not need to impose assumptions on the signature of W’. This assumption
has been in place throughout this paper, but it is irrelevant to this lemma.

For the ease of the readers, we repeat the setup. We work with F' = R. Let W’ and V be skew-
hermitian space of dimension n’ and hermitian space of dimension n respectively. The signature
of Vis (n—1,1). Put H = UW'’) and G = U(V). Denote by wy the Weil representation of
H' x G. This Weil representation depends on several choices of the characters, which we do not
mention here as they are not very relevant to our discussion. We just assume that we have fixed
these choices. Let 7’ be an irreducible representation of H', and ©(n’) be the maximal Hausdorff
H'-invariant quotient of w ® 7’V. Denote by #(7’) the maximal semisimple quotient of ©(x’), which

is irreducible.

Lemma A.1. Assume 7' is an irreducible discrete series representation of H' and n = n' + 2.

Then ©(7’) is irreducible and hence equals 0(7').

Proof. Fix an orthogonal decomposition V = Vj + L where L is a negative line and Vj is a positive
definite hermitian space of dimension n. Let K = U(V}). If p is an irreducible representation of K,
then the multiplicity of p in ©(7’)|k is either zero or one, cf. | |. We will show that p has the
same multiplicity in ©(n’)|x and 6(7')|x, and thus proving ©(z') = 0(=').

We denote by wy, and wy, the Weil representation of H x K and H' x U(L) respectively. Again

there are several choice of the characters involved, but we fix one choice, such that we have

WV H (K xU(L)) = Wy, QWL

The Weil representations wy, wy, and wy, are realized on some Schwartz spaces Sy, Sy, and Sp,
respectively such that we have Sy = Sy, ® Sy We denote by ©g the theta lifts between the groups
H' and K. Since K is compact, we know that Og(p) is irreducible (possibly zero) for all irreducible
representations p of K.

First we consider O(n’). Let
M (p) = dim Homg (O(7")| x, p)-
We make use of the following seesaw diagram

H' x H' G ,

>

H' K x U(L)

which gives
M (p) = dim Homp/(0¢(p) @ 7" ® wi, C).

The representation ©g(p) is irreducible since K is compact.
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Because ©g(p) is irreducible, by | ] we have M(p) < 1 and M(p) = 1 if and only if
Hom (09 (p) ® 7'V @ wp, C) # 0.

We now study the multiplicity of p in 8(7) using the explicit intertwining map. Put = = 6(7’).
We need the theory of doubling zeta integrals which we recalled in Subsection 3.1. Consider the

integral
| LA v (. 9)on, 62)dh
uw)
as a function of g € U(V). Here ¢1, @2 € 7/, and ¢1, ¢ € S(V"). By Lemma 3.1, it equals

(m(9)p(¢) © ¢), p(¢h @ ¢2)).

where p : 7'V ® wy — 7 is the canonical H'-invariant map.

We come back to the study of the the multiplicity of p in 7. Put
m(p) = dim Homg (7| g, p).

As 7 is irreducible, we have m(p) < 1 by [ |. Since K is compact, we know that m(p) = 1 if
and only if

/K (n(k)f. £) (p(R)o, o)k

is not identically zero, where f € m and v € p. From the discussion above on the doubling zeta

integrals, we conclude that m(p) = 1 if and only if we can find ¢ € 7’ and ¢ € Sy such that

R o (0 K)o ) ol ok 0.

Since Sy = Sy, ® 81, we can take ¢ € Sy to be of the form ¢ ® ¢, where ¢ € Sy, and ¢, € S
Since K is compact and 7’ is a discrete series representation, we know that the double integral

is absolutely convergent, and hence we can change the order of integration, and conclude that

| @ ( [ towtw vy, ¢>W><p<k>v,v>dk) wn(F)bp, d1)dH # 0.

As in the case of 7, the inner integral, as a function of A" € H', is a matrix coefficient of ©y(p). In
conclusion, we have that m(p) = 1 if and only if ©¢(p) is nonzero (and irreducible because K is

compact), and we can f’ € ©¢(p) such that

(A1) / TIPS ) wor (H)br. br)dN # 0.

Let us note that ©g(p) is a discrete series representation of H’, and is in particular tempered.
That ©¢(p) is a discrete series representation is proved in the same way as | , Proposition 16.1]
(only the nonarchimedean case is treated there, but the proof in the archimedean case goes exactly
the same). So by | , Theorem 3.2], we know that the integral (A.1) is not identically zero if
and only if Homy/(Q¢(p) ® 7’V @ wr, C) # 0. So finally we conclude that both M (p) and m(p) are
either 0 or 1, and M(p) = 1 if and only if m(p) = 1. This implies that O(7') = 6(7’) and proves

the lemma. m
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APPENDIX B. KOTTWITZ’S CONJECTURE

The goal of this appendix is to provide an explicit form of Kottwitz’s conjecture for unitary
Shimura varieties, in particular the Shimura varieties we encounter in this manuscript. The notation

is independent from the rest of the manuscript.

B.1. Shimura varieties. Let F' be a degree d totally real field and £ a CM extension. For
simplicity we will assume that d > 1. Let V be a hermitian space of dimension n over F, and the
signature of ¥V ® C is

(n—1,1) x (n,0)47L.
The unique archimedean place over which V is not anisotropic is denoted by ¢. We choose an

orthonormal basis of V such that at the archimedean places the hermitian form of V is represented

Ip—1
(” _1>,1n,...,1n.

Let G = U(V) be the corresponding unitary group, which is an algebraic group over F. Let T

by the matrices

be a diagonal torus in G. Let

z1,_
h:Resc/rC* = GR), zw #/Zln .01,
z/z1

be the usual homomorphism defining unitary Shimura varieties. Associated to this is cocharacter
wp : C — T(C), defined over the reflex field F, given by

1n—1
Z = .
z

Let D be the space of G(R) conjugacy classes of the homomorphisms Resc/r C* — G(R) containing
h, and K C G(A¢f) an open compact subgroup. Define

X = GQ\(D x G(Ap)/K)

to be the Shimura variety attached to G in the usual way. It has a canonical model over F, where
FE is viewed as a subfield of C via the embedding .

Let m = 7 ® oo be an irreducible cuspidal automorphic representation of G(A), cohomological
with respect to the trivial representation, and 7TfK # 0. Choose a large number field L over which
7TfK as a module over the Hecke algebra He 1 is defined. Here H¢ f stands for the convolution
algebra of bi-K-invariant functions on G(Ay) valued in L. Let A be a finite place of L. We consider
the cohomology

H*(Xg, L) = Z(—w’ H' (Xg, L»)
7
on which both Hecke algebra Hg  and the Galois group I'p act. The conjecture of Kottwitz

describes the mg-isotypic component it. Kottwitz’s original statement of the conjecture is quite
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involved. This is the goal of appendix is to make it explicit for the particular unitary Shimura

variety at hand.

B.2. Arthur’s conjecture. The description given in Kottwitz conjecture relies on Arthur’s (con-
jectural) endoscopic classification of automorphic representations of G(A). Significant progress has
been made towards Arthur’s conjecture for G, cf. [C7Z, , ], and it is reasonable to
expect this conjecture will be fully established in the near future. We review Arthur’s conjecture
in this subsection. For more details we refer the readers to [ ].

By an (elliptic) A-parameter ¢ of G we mean a formal sum of form

@ 1; @ Sym* 1 C2,

1<i<r
where II; is an irreducible automorphic representation of GL,,,(Ag), conjugate self-dual of signature
(—=1D)ki*tnand the (formal) direct summands are distinct. Define an elementary abelian group
Ay = (Z/2Z)", which comes with a natural basis a, ..., a,, and each a; correspond to the (formal)
direct summand IT; ® Sym* 1 C2.

Let v be a place of F'. Each II;, is an irreducible representation of GLy,(E,), and by the
local Langlands correspondence gives rise to an n;-dimensional representation ;, of Wg,, again
conjugate self-dual of a suitable sign. Let

Yo = @ vip @ Symh ! C?
1<i<r
be the representation of Wg, x SLy(C). This is the local A-parameter at the place v. There
is a elementary abelian 2-group A, , which is a counterpart of the global component group A.
Attached to this local A-parameter is a finite set of irreducible representations of G(F},), which we

call a local A-packet and denote by ®,, , and a map
®,, — Ay, = Hom(Ay,, Z/2Z), Ty — N, -

While the set ®,, is canonical, the map 7, is not and it depends on the normalization of transfer
factors or alternatively some choice of the Whittaker data. For our purpose we do not need to
make this explicit.

There is a canonical homomorphism A, — Ay, , and hence a diagonal homomorphism
A¢ — H Alﬁv .
v

Let m = ®,m, be an irreducible admissible representation of G(A), and m, € ®,,. Then Arthur’s

conjecture, or more precisely Arthur’s multiplicity formula, claims that 7 is automorphic if and

H Ny
v

is a certain quadratic character determined by 1 when restricted to Ay, cf. | ].
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B.3. Adams—Johnson packets. At the archimedean place ¢, the packet ®,, is constructed explic-
itly by Adam and Johnson using cohomological inductions, cf. | ]. We review this construction
in this subsection.

Because of the assumption of being cohomological (with respect to the trivial representation),

the parameter 1), must be of the form

D D &, @sym" I

1<i<r 1<j<n;

where m;; € Z and &p,,; is the character of C* given by z +— (z/v/2%Z)™4. The integers m;;’s are
distinct, and m;; has the same parity with &;. We note that &m,, &---®&p, ,,, is the local Langlands
parameter of II,.

The parameter 1,, or rather the sequence of integers

(B.1) (M1, .., MI1, M2, ., M2, o 2L, e s 2L, e ooy My e oy My,
k1 k1 ko ﬁ:_/
defines a parabolic subgroup @ of GL,(C) with the Levi component L isomorphic to GLg, (C)™ x
-+ x GLg, (C)". Note that @ is not necessarily defined over R while L is, and indeed Lo = G, N L
is a real form.
Recall that G,(C) is isomorphic to GL,(C) and T,(C) is the diagonal torus. Let W (G,T) ~ &,,
W(L,T) ~ (Sg,)™ X - - - x (Sk,)™ be the absolute Weyl groups, and Wg(G,T) ~ &,,—1 the relative

Weyl group. The packet ®,, is in one-to-one correspondence with the double coset

Let S be a set of representatives, and q be the Lie algebra of ), which is a #-stable parabolic of G.
Then the packet ®,, is indeed given by the cohomological inductions

q>dh = {Auﬁlqw | w e S}

To each representation 7, in ®, , Kottwitz associated a character A;, of A, which we now
explain. The group G is isomorphic to GL,(C), and let T be the diagonal torus. The parameter
1,, or rather the sequence (B.1) defines a parabolic subgroup P of G with the Levi component M.
The local component group Ay, is defined to be the subgroup of order two elements in the center
of M and is isomorphic to (Z/2Z)"+ 7. Then Ay, is viewed as a subgroup of T. We identify
W(G,T) as W(G,T) and view elements in S as elements in W (G, T).

Recall that from the definition of the Shimura variety, we have the cocharacter pp of T, or

equivalently a character of T. This character is simply given by

t1
=t
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Let m, = A,)-14, be a representation in @, , then the character A, is given by
s Ar(8) = pp(w™tsw), s € Ay,

B.4. Kottwitz’s conjecture. Recall that we have the global component group Ay ~ (Z/2Z)",
and an embedding A, — Ay, given by

(1,2, Tp) > (T, e e oy TL, T2,y ooy T2y ooy Ty o v oy ).
~— —_———
ni no za
Let x; be the character of the group Ay given by (x1,x2, - ,2,) — x;. Let v be the restriction
of Ar, to Ay. Then there is a unique ig € {1,--- ,r} such that v = x;, (this makes use of the fact

that pp, has that particularly simple form).

The irreducible cuspidal automorphic representations 1I;, give rise to an n;,-dimensional irre-
ducible representations V;, of I'g. After enlarging L suitably, we may assume that V;, comes from
a representation defined over L. After tensoring with Ly we obtain a representation defined over
L, which we still denote by Vj,. Write Vj,(a) = Vj, ® L(a) where Ly(a) stands for the Tate twist.

Kottwitz conjecture in this case states that

H*(Xg, L) [mf] = £m¢ K &y Vigla—(n=1)) [,
—(kig—1)<a<ki,—1
a=(k;,—1)mod2
as Ha,r X I'g modules.
Write the I'gy module in the above expression as V(v). Fix an embedding Ly — C. The space

V(v) ®r, C, as a vector space, is isomorphic to

@ H*(gOO7 K<>07 ﬂ—éo)
Tho

where 7’ ranges over all elements in the local Arthur packet given by 1, such that m ® 7. is
automorphic. One implication is that when 7/ ranges over the local Arthur packet, the degrees of
all nonzero cohomologies have the same parity.

As another consequence, different direct summands in V(v) have different weights (at least as-
suming Ramanujan conjecture), so they contribute to different cohomological degrees. In particular,
the m-isotypic part in each cohomology with a fixed degree is irreducible, and hence semisimple

and completely determined by the Frobenius trace.
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